
              

City, University of London Institutional Repository

Citation: Chicherin, D., Henn, J. M. & Papathanasiou, G. (2021). Cluster Algebras for 

Feynman Integrals. Physical Review Letters, 126(9), 091603. doi: 
10.1103/physrevlett.126.091603 

This is the published version of the paper. 

This version of the publication may differ from the final published version. 

Permanent repository link:  https://openaccess.city.ac.uk/id/eprint/32423/

Link to published version: https://doi.org/10.1103/physrevlett.126.091603

Copyright: City Research Online aims to make research outputs of City, 

University of London available to a wider audience. Copyright and Moral Rights 

remain with the author(s) and/or copyright holders. URLs from City Research 

Online may be freely distributed and linked to.

Reuse: Copies of full items can be used for personal research or study, 

educational, or not-for-profit purposes without prior permission or charge. 

Provided that the authors, title and full bibliographic details are credited, a 

hyperlink and/or URL is given for the original metadata page and the content is 

not changed in any way. 

City Research Online



City Research Online:            http://openaccess.city.ac.uk/            publications@city.ac.uk

http://openaccess.city.ac.uk/
mailto:publications@city.ac.uk


 

Cluster Algebras for Feynman Integrals
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We initiate the study of cluster algebras in Feynman integrals in dimensional regularization. We provide
evidence that four-point Feynman integrals with one off-shell leg are described by a C2 cluster algebra, and
we find cluster adjacency relations that restrict the allowed function space. By embedding C2 inside the A3

cluster algebra, we identify these adjacencies with the extended Steinmann relations for six-particle
massless scattering. The cluster algebra connection we find restricts the functions space for vector boson or
Higgs plus jet amplitudes and for form factors recently considered inN ¼ 4 super Yang-Mills. We explain
general procedures for studying relationships between alphabets of generalized polylogarithmic functions
and cluster algebras and use them to provide various identifications of one-loop alphabets with cluster
algebras. In particular, we show how one can obtain one-loop alphabets for five-particle scattering from a
recently discussed dual conformal eight-particle alphabet related to the Gð4; 8Þ cluster algebra.
DOI: 10.1103/PhysRevLett.126.091603

Introduction.—Recent years have seen the emergence of
unexpected mathematical structures in scattering ampli-
tudes, especially so inN ¼ 4 supersymmetric Yang-Mills
(SYM). Planar loop integrands in this theory are, in
principle, known to all loop orders [1], with the on-shell
data entering the former being described by a positive
Grassmannian [2]. Furthermore, the integrand has a dual
geometric description [3]. There is considerable evidence
that cluster algebras play an important role for the
amplitudes, both at the level of the loop integrand [4]
as well as for the functions obtained after integration [5].
For example, planar six- and seven-gluon scattering
amplitudes appear to be governed by the finite A3 and
E6 cluster algebras, respectively. This suggests that their
function space is a certain set of generalized polylogar-
ithms, which is the starting point for the bootstrap
program [6,7]. Further constraints come from the absence
of discontinuities in overlapping channels, the (extended)
Steinmann relations [8–10], which are closely related to
cluster adjacency properties [11,12]. These findings
have been instrumental for bootstrapping amplitudes to
very high loop orders; see, e.g., [13–16], and the
review [17].

How general is the appearance of cluster algebras in
quantum field theory? On the one hand, all known cases are
related to planarity and concern finite parts of amplitudes in
N ¼ 4 SYM, which have additional symmetries [18–20].
On the other hand, it motivates us that several structures
initially found in N ¼ 4 SYM, such as insights into the
transcendental structure of Feynman integrals [21], their
evaluation [22], and dealing with their analytic properties
and identities between them [23], are by now common tools
in generic quantum field theories, as reviewed in
Refs. [24,25]. In this Letter, we initiate a study of cluster
algebras in Feynman integrals in D ¼ 4 − 2ϵ dimensions,
without relying on extra symmetries.
Cluster algebras and associated function spaces.—

Cluster algebras [26–29] (see [30–33] for introductory
articles) are commutative algebras equipped with a dis-
tinguished set of generators ai, the cluster A coordinates,
grouped into overlapping subsets a≡ fa1;…; adg of rank
d, the clusters. Starting from an initial cluster, they may be
constructed recursively by a mutation operation on the
cluster coordinates. They may be generalized to contain
frozen coordinates fadþ1;…; adþmg that do not change
under mutations.
How the cluster coordinates transform under a mutation

is encoded in an integer ðdþmÞ × d exchange matrix B,
whose components we will denote as bij. Restricting to the
components with i; j ≤ d corresponds to the principal part
of B, which must be skew symmetrizable. Then, mutating a
cluster ða; BÞ along the kth variable, with 1 ≤ k ≤ d, we
obtain the new cluster ða0; B0Þ, whose exchange matrix B0 is
related to the previous one by
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b0ij¼
�−bij; if i¼k or j¼k;

bijþ½−bik�þbkjþbik½bkj�þ otherwise;
ð1Þ

where ½x�þ ¼ max ð0; xÞ. The cluster coordinates ai are
unchanged for i ≠ k, and ak is mutated according to

a0k ¼ a−1k

�Ydþm

i¼1

a½bik�þi þ
Ydþm

i¼1

a½−bik�þi

�
: ð2Þ

The C2 cluster algebra will play a prominent role in this
Letter. For the coefficient-free case m ¼ 0, it is defined by

B ¼
�

0 1

−2 0

�
: ð3Þ

Then, it is easy to show that under a mutation (1) B changes
only by a sign, and, thus, the corresponding cluster trans-
formation (2) simplifies to

amþ1am−1 ¼
�
1þ am if m is odd;

1þ a2m if m is even;
ð4Þ

where fa1; a2g are the A coordinates of the initial cluster,
a3 ¼ a01, and so on. The coordinates obtained in this
manner are shown in the exchange graph in Fig. 1, where
clusters fai; aiþ1g are represented by vertices and the
mutations relating them by edges. The circle topology
indicates that mutating six times takes us back to where we
started, aiþ6 ¼ ai.
Below, we will also find it useful to consider an alternative

set of coordinates, called cluster X coordinates [34],
which are defined as

xi ≡
Ydþm

l¼1

ablil ; i ¼ 1;…; d: ð5Þ

The A-coordinate mutation (2) and Eq. (5) imply a relation
between the associated X coordinates, which may be written
directly as

x0i ¼
�
1=xi k ¼ i;

xið1þ x−sgnðbkiÞk Þ−bki k ≠ i:
ð6Þ

In fact, the latter provide another way of defining cluster
algebras (more precisely, cluster Poisson varieties): One may
start with theX coordinates and the principal part of B of the
initial cluster and obtain all other clusters by virtue of the X -
coordinate mutation (6).
Let us now associate a natural function space to a cluster

algebra, given a set faig ofA (or, similarly,X ) coordinates.
A cluster (polylogarithm) function f [35] of (transcen-
dental) weight w has the defining property that its differ-
ential has the form

dfðwÞ ¼
X
i

fðw−1Þi d logai; ð7Þ

where the fi are again cluster functions, of weight (w − 1).
The iterative definition starts with the weight zero function,
which is a constant. From this, it follows that cluster
functions of weight w can be expressed as w-fold Chen
iterated integrals [36].
The definition (7) is very similar to canonical differential

equations satisfied by certain classes of Feynman
integrals [22]:

dfðz⃗; ϵÞ ¼ ϵ

�X
i

Aid log αiðz⃗Þ
�
fðz⃗; ϵÞ; ð8Þ

where f is a basis of Feynman integrals under consideration,
Ai are constant matrices, the αi are algebraic functions of the
kinematic variables z⃗, and d ¼ P

j dzj∂zj . Solving Eq. (8)
as a series in ϵ yields Chen iterated integrals, with the weight
corresponding to the order in ϵ. Moreover, the symbol [23] of
the answer, which amounts to the solution modulo integra-
tion constants, can be read off from Eq. (8). The set of α’s is
called the alphabet, and its elements are called letters.
In the following, we wish to study whether the alphabets

of certain Feynman integrals coincide with the A or X
coordinates of some cluster algebra.
C2 cluster algebra and four-particle scattering with one

off-shell leg.—We consider four-particle scattering proc-
esses with one off-shell leg and massless internal lines;
cf. Fig. 2. This kinematic situation has many important
physical applications. It applies to helicity amplitudes of a
Higgs boson and three partons [37,38] or of a vector boson

1 + 2a1 + a
2
1 + a

2
2

a1a22
,
1 + a1
a2

1 + a1
a2

, a1 a2,
1 + a22
a1

1 + a22
a1

,
1 + a1 + a

2
2

a1a2

1 + a1 + a
2
2

a1a2
,
1 + 2a1 + a

2
1 + a

2
2

a1a22

a1, a2

FIG. 1. The exchange graph of the C2 cluster algebra, with
cluster coordinates ordered as ai; aiþ1.

p1p2

p3 P

FIG. 2. Examples of known two- and three-loop four-point
integrals with one off-shell leg, P2 ≠ 0.
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and three partons [39]. Interestingly, it has been observed
that the Higgs amplitudes bear a close resemblance to
N ¼ 4 SYM form factors of a composite operator inserted
into three on-shell states [40]. What is more, very recently,
an integrability description for form factors inN ¼ 4 SYM
was derived [41], which provides valuable all-loop and
even nonperturbative information.
Denoting the Lorentz invariants by z1 ¼ s=P2 and

z2 ¼ t=P2, with s ¼ 2p1 · p2 and t ¼ 2p2 · p3, we note
that all known Feynman integrals (i.e., all planar and
nonplanar two-loop integrals [42,43] and certain planar
three-loop integrals [44]; see Fig. 2) in this kinematics can
be expressed in terms of the following alphabet (to all
orders in ϵ):

Φ2DHPL ¼ fz1; z2; z3; 1 − z1; 1 − z2; 1 − z3g; ð9Þ

with z1 þ z2 þ z3 ¼ 1. The associated class of func-
tions, dubbed two-dimensional harmonic polylogarithms
(2DHPL), is well studied in the physics literature
[38,45,46].
We now show that, surprisingly, the 2DHPL alphabet (9)

is equivalent to the C2 alphabet given in Fig. 1. To see this,
one applies the mapping

z1 ¼ −
a22

1þ a1
; z2 ¼ −

1þ a1 þ a22
a1ð1þ a1Þ

: ð10Þ

We make a number of interesting observations.
1. The cluster X coordinates are useful for choosing a

particular polylogarithmic representation of the functions
and for writing down functional identities [35,38,45,47].
For example, if x is an X coordinate, then Linð−xÞ is a
cluster function, as can be understood from Eq. (6). In
Ref. [35], an algorithm for constructing a basis of An cluster
functions at any weight is given. Moreover, we note that the
C2 cluster mutations generate automorphisms of the
2DHPL alphabet.
2. In certain functions in N ¼ 4 SYM, the interesting

property of cluster adjacency [11] has been observed,
which in the language of differential equations (8) trans-
lates to the statement that Ai:Aj ¼ 0 if αi and αj do not
appear together in any cluster. Note that this proves the
adjacency property to all orders in ϵ. Inspecting the
differential equations for the two- and three-loop planar
integrals of Refs. [42,44], we observe that they obey a
subset of C2 adjacency conditions, namely,

Ai:Aj ¼ 0 for i; j ∈ f1; 3; 5g with i ≠ j: ð11Þ

Equation (11) also holds for the non-planar integrals of
[43], as was first noticed in [48]. In terms of the equivalent
alphabet (9), this implies that the letters 1 − zi and 1 − zj
for i ≠ j never appear next to each other in a symbol. The
adjacency conditions we observe significantly reduce the

dimension of the space containing the aforementioned
integrals, as shown in Table I.
Furthermore, the adjacency property extends to rational

functions [12], as can be seen by inspecting, for example,
the two-loop amplitudes of Refs. [40,49]. This is obvious,
because the latter contain poles only at zi ¼ 0.
3. We can interpret the observed adjacency in the follow-

ing way: As shown in Fig. 3,C2 is the parity-invariant surface
of the A3 cluster algebra, relevant for six-gluon amplitudes in
N ¼ 4 SYM [50]. On the latter surface, corresponding
to Δ≡ ðuþ vþ w − 1Þ2 − 4uvw ¼ 0, where u, v, and w
are the dual conformal cross-ratios parametrizing the
kinematics, only parity-even combinations of the A3 A
coordinates are relevant. Choosing them as

a1¼
ffiffiffiffiffiffi
u
vw

r
; a3¼

ffiffiffiffiffiffi
w
uv

r
; a5¼

ffiffiffiffiffiffi
v
uw

r
;

a2¼
ffiffiffiffiffiffiffiffiffiffi
1−v
v

r
; a4¼

ffiffiffiffiffiffiffiffiffiffi
1−u
u

r
; a6¼

ffiffiffiffiffiffiffiffiffiffi
1−w
w

r
; ð12Þ

where fa1; a2g are associated to the leftmost equatorial
cluster in Fig. 3, fa6; a1g to the left front cluster, and so on,
we find that they satisfy exactly the C2 mutation rule, Eq. (4),
on the Δ ¼ 0 surface. By virtue of Eq. (12), we recognize
that the adjacency restrictions (11) precisely correspond to
the extended Steinmann relations [9,10] (i.e., applying to any
consecutive entries in the symbol) for six-particle massless
scattering [52,53].
4. Finally, let us comment on the massless limit P2 → 0.

Denoting z ¼ t=s, Eq. (9) reduces to the alphabet fz; 1þ zg
in the limit. This is consistent with the fact that all currently
known Feynman integrals in this kinematics (up to three

FIG. 3. The intersection of the exchange graph of the A3 cluster
algebra with the parity-invariant plane (in pink) is shown in white.
It can be identified with the C2 cluster exchange graph shown in
Fig. 1.

TABLE I. Dimension of the C2 cluster functions space (modulo
transcendental constants), after constraints.

Weight 1 2 3 4 5 6 7 8

First entry condition 3 12 45 165 597 2143 7653 27 241
Adjacency constraint 3 12 42 138 438 1362 4182 12 738
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loops, planar and nonplanar) satisfy differential equations (8)
with this alphabet [54–56]. It is interesting to note that one
can obtain this on-shell four-particle alphabet from an A1

cluster algebra with one frozen variable.
Matching function spaces and cluster algebras, and

applications.—There are many other cases where Feynman
integrals evaluate to generalized polylogarithmic functions
that are characterized by an alphabet. Are any of them
associated to cluster algebras? If so, how can we find this
relation?
We use the following procedure to find embeddings of

alphabets into cluster algebras. Let α⃗ be an alphabet depend-
ing on d variables z1;…; zd in a rational way. We would like
to express all letters α⃗ in terms of the letters β⃗ of a candidate
cluster alphabet (with more or equal number of letters):

d logðαiÞ ¼
X
j

nijd logðβjÞ; ð13Þ

where nij are integers. We order the letters α⃗ according to
their “complexity,” namely, the number of z variables they
depend on. Parsing though the transformations with small
integer coefficients nij, we identify those which are con-
sistent with the one-variable letters. Then we further restrict
the set of allowed transformations demanding that two-
variable letters also factorize into the cluster letters, and so on
for letters of higher complexity. This yields a host of novel
matchings, which are indicated in Table II with the ⊂ sign.
Let us illustrate this for the two-mass-easy box integral

family with massive legs p1 and p3. The corresponding ten-
letter alphabet is given by [58]

Φ2me ¼ fs; t; p2
1; p

2
3; s − p2

1; s − p2
3; t − p2

1; t − p2
3;

st − p2
1p

2
3; sþ t − p2

1 − p2
3g: ð14Þ

The change of variables

z1¼−
p2
1

s
; z2¼−

t
p2
3

; z3¼
t−p2

1

s−p2
3

ð15Þ

brings it to a simpler form:

Φ2me ≈ fz1; z2; z3; 1þ z1; 1þ z2; 1þ z3;

z1 − z2; z1 − z3; z2 − z3g; ð16Þ

where we dropped a trivial mass scale. This nine-letter
alphabet is equivalent to the cluster A3 alphabet.
We can find further identifications by considering degen-

erations of cluster algebra alphabets with fewer variables.
What we mean by this is to consider the subalphabet
obtained at a hypersurface αi ¼ 0 (for some i). We have
already seen an example of this, when going from C2 to A1.
We note that another degeneration of C2 yields the important
alphabet fz; 1þ z; 1 − zg corresponding to harmonic poly-
logarithms [59]. The results of our heuristic search with this
method are denoted in Table II by “lim.”
The identifications of alphabets discussed so far are valid

to all orders in the dimensional regularization parameter ϵ.
However, when computing finite physical quantities, often
simplifications occur, and a reduced alphabet is sufficient to
describe the answer. Moreover, it could be that cluster
algebras appear, in general, only for integer dimensions.
For these reasons, we find it interesting to look for cluster
algebras for finite Feynman integrals or when truncating the
ϵ expansion. It is known that the (dual conformal) six-
dimensional hexagon integral corresponds to the A3 cluster
algebra. Here find that its one-mass version [60,61], which
has 20 letters and four dimensionless variables, corre-
sponds to the D4 cluster algebra. Likewise, we find that a
“two-mass-easy” hexagon [61] can be embedded into the
D5 cluster algebra. See Table III.
So far, we have discussed finite cluster algebras; how-

ever, in N ¼ 4 SYM, also infinite cluster algebras are seen
to play a role. For example, the infinite Grassmannian
Gð4; 8Þ algebra is expected to govern dual conformal eight-
particle scattering, generalizing the six- and seven-particle
case, with A3 ∼ Gð4; 6Þ and E6 ∼Gð4; 7Þ, respectively.
Very recently, a natural way of identifying a finite set of
letters from Gð4; 8Þ has been proposed in Refs. [62–64].
Starting from the eight-particle alphabet thus obtained in
the latter paper, here we will establish a connection with
five-particle scattering in generic gauge theory. The eight-
particle alphabet of Ref. [64] consists of 272 rational and 18
square-root letters and contains both the alphabets of the
two-loop maximally-helicity-violating [65] and next-to-
maximally-helicity-violating amplitudes [66] (see also
[67–69]). In a first step, we specify the kinematics to
describe two adjacent massive legs. We find that this
reduces the Gð4; 8Þ alphabet to 30þ 5 rational and

TABLE II. One-loop integrals related to cluster algebras.

Integral family Number of
variables

Number of
letters

Cluster
algebra

One-loop Bhabha
scattering [57]

2 8 ⊂ A3, limC3

Two-mass-easy box 3 7 (9) ⊂ A3

Two-mass-hard box 3 10 ⊂ C3, limD4

Three-mass box 4 16 ⊂ C4

TABLE III. Six-dimensional integrals and cluster algebras.

Integral Number of
variables

Number
of letters

Cluster
algebra

One-mass hexagon 4 16 D4

Two-mass-easy hexagon 5 24 ⊂ D5

Two-mass-hard hexagon, ∼
pentagon with one off-shell leg

5 27 limGð4; 8Þ
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algebraic letters, consistent with the symbol of the six-
dimensional two-mass-hard hexagon, as obtained from
Ref. [70]. The alphabet we find also applies to non-
dual-conformal five-particle scattering with one off-shell
leg, as the latter can be obtained from the hexagon by a dual
conformal transformation. Indeed, we reproduce all letters
appearing in the one-loop integrals of Ref. [71], except for
W48 andW49. Taking in addition the limit to massless five-
particle kinematics, we find 22 letters from the planar
pentagon alphabet [72]. These include all one-loop letters
except forW31 (using the notation of Ref. [73]). Moreover,
the reduction of the octagon alphabet also captures some of
the additional two-loop letters; upon cyclic symmetrization,
we obtain all planar two-loop letters, apart from W31. This
is very interesting, because W31 has been observed to drop
out of appropriately defined finite quantities, such as the
hard part (after infrared subtraction) of the two-loopN ¼ 4
SYM [74,75] and N ¼ 8 supergravity [76,77] amplitudes.
The same is true for the hard part of the two-loop qq̄ → γγγ
amplitude [78,79] and the two-loop five-gluon amplitudes
[80–82] in QCD.
Interested experts may find the technical details of

the identifications mentioned above in Supplemental
Material [83].
Discussion and outlook.—In this Letter, we have pro-

vided for the first time evidence that cluster algebras are
relevant to Feynman integrals beyond N ¼ 4 SYM.
In particular, we have uncovered that the important class

of two-dimensional harmonic polylogarithms corresponds
to the C2 cluster algebra. This suggests that a number of
physical processes, including Higgs plus jet amplitudes in
the heavy top quark limit, may be amenable to bootstrap
methods [84]. Moreover, we found unexpected adjacency
relations that further constrain the function space. By
identifying C2 as a subspace of the A3 cluster algebra,
we have shown that these adjacencies are equivalent to the
extended Steinmann relations of planar six-particle scatter-
ing in N ¼ 4 SYM [9,10]. Such relations have been used
for six- and higher-particle amplitudes (and five-particle
scattering with one off-shell leg [71]), but their implications
are not yet known for massless five-particle scattering. This
makes the adjacency relations we found in a five-particle
kinematics all the more interesting. We have demonstrated
that the constraints we found significantly reduce the
relevant functions space; cf. Table I. This should prove
valuable in bootstrap approaches. This is very timely in
view of the recent integrability results for form factors in
N ¼ 4 SYM [41].
We have outlined heuristic procedures for matching

Feynman integrals with cluster algebras and found a host
of one-loop identifications. This suggests a number of
questions. What other processes are related to cluster
algebras? What cluster algebras describe the higher-loop
versions of the cases discussed here? We leave these
questions to future work and hope that our results motivate

a systematic taxonomy of the relationship between
Feynman integrals and cluster algebras.
In planar N ¼ 4 SYM, there is a direct link between the

kinematics and geometry of the scattering process and
cluster algebras. This leads us to the most pressing open
question: Is there a similar story for generic Feynman
integrals?
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