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MEAN-VARIANCE HEDGING AND OPTIMAL
INVESTMENT IN HESTON’S MODEL WITH
CORRELATION

ALES CERNY AND JAN KALLSEN

ABSTRACT. This paper solves the mean—variance hedging problem in
Heston’s model with a stochastic opportunity set moving systematically
with the volatility of stock returns. We allow for correlation between
stock returns and their volatility (so-called leverage effect).

Our contribution is threefold: using a new concept of opportunity-
neutral measure we present a simplified strategy for computing a can-
didate solution in the correlated case. We then go on to show that this
candidate generates the true variance-optimal martingale measure; this
step seems to be partially missing in the literature. Finally, we derive
formulas for the hedging strategy and the hedging error.

1. INTRODUCTION

We examine a classical problem in mathematical finance: how to opti-
mally hedge a given static position in a derivative asset H with payoff at
time T' by dynamic trading in the underlying asset S if the hedger wishes
to minimize the expected squared hedging error. A crucial step on the
way to the optimal hedge is to derive the density process of the so-called
variance-optimal martingale measure (VOMM) or, more or less equivalently,
the optimal strategy of a pure investment problem with quadratic utility.
We focus on a model with stochastic volatility in which the instantaneous
Sharpe ratio of stock returns changes with the volatility level and volatility
itself is correlated with the change in stock price. This model is a modifica-
tion of [Heston (1993)!

In the case of zero correlation the problem at hand has been solved by
Heath et al. (2001), drawing on the results of Laurent and Pham (1999). In
principle, the VOMM in the correlated case has been explicitly determined
by Hobson (2004)l Our contribution is threefold: using a new concept of
opportunity-neutral measure (cf. Cerny and Kallsen 2007, hereafter CKO07)
we present a simplified strategy for computing a candidate solution in the

Date: 24/01/2008.
2000 Mathematics Subject Classification. Primary 91B28; Secondary 60H05, 60J60,
93E20.
Key words and phrases. mean-variance hedging, stochastic volatility, Heston’s model,
affine process, option pricing, optimal investment.
We would like to thank two anonymous referees for their thoughtful comments.
1



2 ALES CERNY AND JAN KALLSEN

correlated case. We then go on to show that this candidate is the true
VOMM. Finally, we derive formulas for the hedging strategy and the hedging
error, again based on CKO07.

The assumption of zero interest rates is standard in the literature and
it entails no loss of generality within the class of models with deterministic
interest rates; we shall therefore adopt it here. The task of the hedger is to
solve

ing((x+29’ST*H)2>,

where z is the initial endowment and 9 belongs to the set of admissible
strategies to be described in Section Here ¢ » St stands for fOT ¥+dS;.

Consider the following model for the stock price S and its volatility process
Y,

L(S) = (WY eI+Y W, (1.1)
Y2 = YO2—|—((0—|—§1Y2)°I—|—JY°(pW—l—\/l—pZU), (1.2)

where £ denotes stochastic logarithm, W and U are independent Brownian
motions, I; = t is the activity process and o > 0,y > 02/2,(1 < 0,11, —1 <
p < 1 are real constants. Translated into the dW/dt notation the model
reads
dSy
S
dY? = (¢ +GY2)dt+ oY, <det +/1- p2dUt) .

The model is set up in such a way that the instantaneous Sharpe ratio equals
1Y; and because Y is an autonomous diffusion it follows that the opportunity
set (the maximal Sharpe ratio attainable by dynamic trading in the stock
from ¢ to maturity) is a deterministic function of ¥;. Conditions on (y and
(1 make sure that the volatility process is strictly positive and has a steady
state distribution under P (cf. |(Cox et al. 1985)).

We consider information filtration generated by S, which in the present
model coincides with the filtration generated by W and U. In particular,
the hedger can back out the current level of volatility from the quadratic
variation process of the stock price. In contrast, there is a growing literature
in which the volatility is filtered from the stock price data, cf. Brigo and
Hanzon (1998) and Kim et al. (1998).

pY2dt 4+ Y, dWy,

1.1. Computation and verification. We make use of the structural re-
sults reported in CK07. There is an opportunity process L and a portfolio
process a (called an adjustment process) that solve the optimal investment
problem in the absence of the contingent claim. The opportunity process
has a natural interpretation in that L, 11 equals the square of the maximal
Sharpe ratio attainable by dynamic trading in asset S from ¢ to maturity (cf.
CKO07, Proposition 3.6). L is a deterministic process when the instantaneous
Sharpe ratio is deterministic (cf. CKO07, Proposition 3.28).
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In general, process L defines the so-called opportunity-neutral measure (a
non-martingale equivalent measure) P* which neutralizes the effect of the
stochastic opportunity set in the sense that the dynamically optimal strategy
under P can be computed as the myopically optimal portfolio under P* (cf.
CKO07, Corollary 3.20). In addition, the variance-optimal measure Q* can
be computed as the minimal martingale measure relative to P* (cf. CKO07,
Lemma 3.23). Optimality of the opportunity process L requires that the
expected growth rate of L under measure P equals the squared instantaneous
Sharpe ratio of the risky asset(s) under P* (cf. CK07, Lemma 3.19).

Since Y2 is an autonomous affine process and it is the only driver of the
instantaneous Sharpe ratio we guess a candidate opportunity process in the
exponential affine form

L = exp(s + 3 Y?), (1.3)

where 3¢y and ¢ are deterministic functions of time to maturity such that
Ly = 1. For this functional form of L we write down the optimality criterion
described above which yields a Riccati equation for s and a first order
linear equation for s that are readily solved. With P* in hand we evaluate a
candidate adjustment process a as the myopic mean-variance stock portfolio
weight under P~

a=b")c5 = (u+ s10p) /St

where b°* represents the drift of the stock price under measure P* and V¢S
represents its volatility under P (and hence also under P*).

The computational procedure described above provides an alternative to
the use of so-called fundamental representation equations proposed in [Bi-
agini et al. (2000) and Hobson (2004). The advantage of our method stems
from the fact that it is readily extended to discontinuous price processes, that
it does not require martingale representation assumptions, and that it offers
a natural economic interpretation of all computed quantities. Comparison
of the different approaches can be found in (Cerny and Kallsen (2008).

It still has to be verified that the obtained candidates coincide with the
true opportunity and adjustment processes. Specifically, we must show that
the candidate adjustment process a corresponds to an admissible trading
strategy. To this end we first prove that L&(—a * S) and L (&(—a * S))? are
martingales which means that the candidate variance-optimal martingale
measure QQ*,

* .
dQ :é"(—a S)T’ (1.4)

dP Ly
is a martingale measure with square integrable density. This, however, does
not yet imply that Q* is the true VOMM. Merely, we have now constructed

an equivalent martingale measure required by Assumption 2.1 in CKO7.

In the final step of the verification (this step is left out in the theo-
retical characterization of Hobson 2004) we show that the wealth process
&(—a ¢ S) is generated by an admissible strategy. This is essentially

equivalent to demonstrating that &(—a * S) is a true martingale under
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all equivalent martingale measures () such that F ((dQ/ dP)Q) < oo. We
use Novikov’s condition combined with Holder’s inequality to show that
E (elmtop)Y)**In) o is a sufficient condition for a to be admissible.

We then apply the characterization of regular affine processes provided in
Duffie et al. (2003), henceforth DFS03, to compute an upper bound of

E (e((”Jr”l"p)Y)Q'IT) and hence characterize a subset of time horizons T for

which a and L described above represent the true solution, and for which
Q* computed in is the true VOMM.

Once we have the true opportunity and adjustment process, the rest of
our analysis is a straightforward application of results in CKO07. The op-
timal hedge of the contingent claim H is given by the Follmer—Schweizer
decomposition of H under measure P* (cf. Lemma 4.8 in CKO07). First
we compute the mean value process V as a conditional expectation of H
under the variance-optimal measure Q*, cf. CKO07 (4.1). V happens to be a
deterministic function of 3 state variables, S,Y? and I. The optimal hedge
© = (x, H) is then given by

90(337H) = §+a(v_x_90(x7H).S)v
£ = cVS/cS,
where z is the initial capital, ¢V represents the instantaneous covariance

between V and S and ¢ stands for the instantaneous variance of S. The
minimal squared hedging error equals

E(@+e(@ H)»Sr—H?) = Lo(x—V)* +,

g = E((L(cv—(cvs)2/05>)'IT),

where ¢" stands for the instantaneous variance of V, c¢f. CKO07 Theorem
4.12.

1.2. Interpretation. By CKO07, Lemmas 3.1 and 3.7, we have that
ps = ¢(1,2) =aé(—a*S) =a2—(1+¢s°*59)) (1.5)

is a mean-variance efficient strategy for an agent wishing to maximize the
unconditional Sharpe ratio of her terminal wealth. The maximal squared
Sharpe ratio equals

SR% = 1/L(] —1= e_”‘O(O)—%1(U)YO2 _1,

where 3¢, 711 are non-positive functions of time to maturity computed in Sec-
tion [3] Thus, in this model, higher volatility means more lucrative dynamic
stock investment opportunity.

The optimal stock trading strategy ¢g can be interpreted as a solution
to quadratic utility maximization with bliss point at 2 and initial wealth
level at 1. At an intermediate point in time the distance of agent’s wealth
from the bliss point is 2 — (1 4+ pg * S) which is exactly equal to &(—a * S).
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In view of we observe that the agent becomes more risk averse as her
wealth approaches the bliss point. Vice versa, when the risky investment
performs poorly the gap between agent’s wealth and the bliss point widens
and the agent increases her risky position in direct proportion to the gap
size. (The optimal dynamic investment clearly has an element of a doubling
strategy and this is why it is important to check admissibility of a candidate
solution for a). One can view as a dynamic portfolio insurance strategy
(cf. Black and Jones 1987) in reverse, whereby the investor specifies a fixed
ceiling rather than a floor for wealth and uses a state-dependent multiplier
a.

We next examine the impact of the stochastic opportunity set on a. When
there is no correlation between stock returns and the volatility we have
po b
S
which interestingly means that the investor acts as if the opportunity set
were deterministic (or at least predictable, in the sense of L being a pre-
dictable process of finite variation) even though this is clearly not the case
and P* # P, cf. CKO7 Proposition 3.28. Empirical research on equity data
finds negative correlation (so called leverage effect) implying that the opti-
mal value of a should be revised upwards by the factor »;0p/S relative to
the uncorrelated case (cf. equation .

The mean value process is a sufficiently smooth function of three state
variables

bS*

_CS_

Vi=f(T —t, Y72, 8.
It represents a price at which an agent holding dynamically efficient portfolio
of equities would not wish to buy or sell the option. The optimal hedge
o(z, H) consists of two components — the pure hedge £ and a feedback
element a(V —z — ¢ * S). The quantity (V —x — ¢ * §) represents the
shortfall of the hedging portfolio relative to the mean value of the derivative
asset. Since a is typically positive the optimal strategy tends to overhedge
when it is performing poorly and underhedge once it has accumulated a
hedging surplus.
The pure hedging coefficient satisfies

Vs o 0
ft = 273 = 6[]{;(1—1 — t,n27st) + po—ax.];(T - t7}/;52’ St)/St
t

The pure hedge therefore has two components: the standard delta hedge
using the representative agent price V;, and a leverage component exploiting
the correlation of the representative agent price with the volatility process.

To appreciate the role of the minimal expected squared hedging error 5(2)
suppose now that in addition to the optimal equity investment the agent is
able to sell (issue) an equity option with payoff H at time T at initial price
Co > Vo (when Cp < Vj it is optimal to buy the option). Suppose that the
initial option position is held to maturity and the agent does not trade in
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any other options, but she is allowed to engage in additional stock trades
for hedging purposes. We show in Lemma that in order to maximize
— Vi

her Sharpe ratio the agent should sell n = 0052 u W options and hedge
0 S,H

them optimally to maturity using the strategy
o = e(nCo,nH) =né + a(nV —nCo — i * S). (1.6)
The unconditional maximal squared Sharpe ratio of the combined strategy
¢s + pu equals

(Co — Vo)?
€3 ’

which means that 0057_0‘/0 is an incremental Sharpe ratio generated by trading
in the option. Based on this observation we conclude that when ¢¢ is very
high one may observe a significant deviation of the market price Cy from the
representative agent price V) which does not give rise to excessively attrac-
tive investment opportunities, beyond the ones that already existed in the
market before the option was introduced. One can invert the relationship
between the unconditional incremental Sharpe ratio and the selling (buy-
ing) price to compute unconditional good-deal price bounds (cf. Cerny and
Hodges 2002).

SRy := SR% +

1.3. Organization. In Section 2 we define the admissible trading strate-
gies. In Section 3 we compute the candidate adjustment and opportunity
processes and characterize a time horizon T such that the candidate pro-
cesses represent the true solution for all T < T. In Section 4 we give an
explicit formula for the mean value process and the pure hedge. Section
5 concludes by giving an explicit formula for the unconditional expected
squared hedging error and the incremental Sharpe ratio of an optimally
hedged position.

2. PRELIMINARIES

2.1. Trading strategies and martingale measures. We work on a fil-
tered probability space (£, F7,F =(%).c(0,1), P) where T is a fixed time
horizon. In this subsection, and in this subsection only, S represents a gen-
eral semimartingale.

Definition 2.1 (Delbaen and Schachermayer 1996). A semimartingale S is
locally in L?(P) if there is a localizing sequence of stopping times {Up }nen
such that
sup{E (S?) : 7 < U, stopping time} < oo

for any n € N.

Remark 2.2. Every continuous semimartingale is locally in L?(P) since we
may take

Uy := inf{r: 2 > n}

as the sequence of localizing times.
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Definition 2.3. Consider a price process S locally in L*(P) with the corre-
sponding localizing sequence {Up}nen. A trading strategy 9 is called simple
if it is a linear combination of strategies Y 1}, -, where 1 < T2 are stopping
times dominated by U, for somen € N and Y is a bounded %, -measurable
random variable. We denote by ©(S) the set of all simple trading strategies.

Definition 2.4. For a price process S locally in L*(P) a trading strategy
¥ € L(S) is called admissible if there is a sequence {0}, ey of simple
strategies such that

9™ e S, — 9«8, in probability for any t € [0,T]; and
9™ e Sp — 9 Spin L2(P).
We denote the set of all admissible strategies by ©(S).

Remark 2.5. The set O(S) does not depend on the choice of the localizing
sequence {Up nen in Definition[2.9 (¢f. CKO07, Remark 2.8).

The following lemma shows admissible strategies are economically indis-
tinguishable from simple strategies.

Lemma 2.6. For S locally in L?(P) we have
Ky ={9*Sr:9€0(S)}={9*Sr:9e0(S)},
where {.} denotes closure in L*(P).

Proof. See CK07, Corollary 2.9. [l

We now state a result on the duality between admissible strategies and a
suitably chosen class of martingale measures for continuous semimartingales.

Definition 2.7. Consider a semimartingale S and denote by s (S) the
subset of equivalent martingale measures with square integrable density, i.e.

M5 (S) :={Q ~ P:dQ/dP € L*(P), S is a Q-local martingale} .

Theorem 2.8. Let S be a continuous semimartingale with nonempty A5 (.S).
Then the following assertions are equivalent:
(1) ¥ € 6(S)
(2) ¥ € L(S), ¥ » S € L3(P) and ¥ * S is a Q-martingale for every
Q € A5(5).

Proof. (1)=(2): This is shown in CKO07, Corollary 2.5.

(2)=-(1): By Delbaen and Schachermayer (1996), Theorems 1.2 and 2.2,
we have ¥ * ST € K». Since martingales are determined by their final value,
the claim follows. O

Theorem shows that for continuous processes ©(S) coincides with
the class of trading strategies used in |Gourieroux et al. (1998). For a
general result on the duality between the admissible strategies and (signed)
martingale measures we refer the reader to CK07, Lemma 2.4.
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2.2. Semimartingale characteristics. From now on all processes in this
paper are continuous semimartingales. For any R™-valued process X we
write X = Xg + BX + MX for the canonical decomposition of X into a
predictable process of finite variation and a local martingale under measure
P, and similarly X = X + BX* + M** for the decomposition under some
P* ~ P. We set

CX = [X;, X,

where X1,...,X,, denote the components of X. For continuous processes
one always has

(Xi, X;) = (MX, M) = (X3, )T = (MX, M) =, (20)

where the angle brackets (., .), (., .>P* stand for predictable quadratic covari-
ation under P and P*, respectively. This means that all angle brackets in
CKO07 can be replaced with square brackets in this paper and we shall do
so without further discussion. We wish to point out, however, that in the
presence of jumps equation generally contains five distinct stochastic
processes and [X;, X;| is no longer predictable.

By Jacod and Shiryaev (2003), 11.2.9 there is an increasing predictable
process A, a R"-valued predictable process b and R™*"-valued predictable
process ¢X whose values are symmetric, nonnegative definite matrices such
that

BX =pXe 4, CX =cX oA

Xi=cX, X=X

We write interchangeably ¢ i -
In this paper the activity process A can be chosen such that Ay = I :=t¢
and we adopt this convention henceforth. Thus in this paper bX refers to

the drift and VX to the volatility when X is a univariate process. For
example, for X = (Y2, 5) in (1.1) and (1.2) we have

Y2 2
() - (o). e

CY2 CY2S _ 02Y2 pJSY2 (2 3)
CSY2 CS pO’SY2 S2Y2 ) )

Let f : R® — R be in C? and denote by f; := g—xfi,fij = 8:228ij its

derivatives. Consider an R™-valued semimartingale X. Then f(X) is a
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semimartingale and the It6 formula in our notation reads

b z FOOBY + 1 sz (2.4)

i,j=1
JX) z:fz s (2.5)
i,j=1
SEOX Zf](X)cfj( (2.6)
j=1

For a univariate process N its stochastic exponential is given by &(N) =

eN—3IV.N], Conversely, for a positive process L its stochastic logarithm

equals £(L) =InL —InLy+ 3[In L,In L]. In terms of characteristics

P = s, N = (V)N
pelL) — -1l AL — 2.l

Suppose &(n* MX) is a martingale and define a new measure,
dP* := &(n e MX)pdP. (2.7)
Girsanov theorem (cf. [Jacod and Shiryaev 2003, 111.3.11 and Kallsen 2006,
Proposition 2.6) then yields characteristics b** and ¢** under P* as follows
b+ KT, (2.8)
&= K (2.9)

bX* _

3. THE MERTON PROBLEM

From now on we consider the stock price process S given in equations
and and filtration F generated by the two uncorrelated Brownian
motions U and W specified therein. Admissible trading strategies belong to
the set ©(S) described in Theorem

In this section we identify the opportunity process L and the adjustment
process a which characterize the dynamically optimal investment in the un-
derlying asset and the bank account, as discussed in Section [1.2] This type
of dynamic asset allocation is generlcally referred to as the Merton problem.

Definition 3.1. We say that L is a candidate opportunity process if

(1) L is a (0,1]-valued continuous semimartingale,
(2) Ly =1,
(3) For K := L(L) we have

bK

(b5 + ¢55)? /5. (3.1)

In such case we call a = (bS + cKS) /¢’ the candidate adjustment process
corresponding to L.
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The computation of the opportunity process is a key step in the present
approach. Recall from the introduction that L; is closely related to the
maximal Sharpe ratio from dynamic trading between t and T'. The process
Y2 is Markov. Moreover, for t < u < T the distribution of the stock return
Su/ St conditional on %, is a function of Y; and u — ¢ only. Consequently, it
is natural to assume L; = f(t,Y;?) with some function f. Why should f be
of exponentially affine form as in ? Naively, the exponential function
comes to mind because L > 0, Ly = 1. The affine exponent is the simplest
conceivable one and hence worth trying.

Less naively, one may apply It6’s formula to L; = f(t,Y;?) and equate
both sides of . This leads to a specific partial differential equation for
f, where an exponential affine form seems appropriate from experience with
affine interest rate models.

Proposition 3.2. Set
2 L, 2
A = —HK, B:CI—QPU% 0250- (1_2;0 )7 FZCO?
Yo = w0:O7

and for functions w,y and parameter 7% = 7 (A, B,C,wqo) of Lemma
set

i (t) = w(T —1),
%0(t) = y(T_t)7
T = 7"
Define
Li = exp(so(t) + Y2(t)), (3.2)
ar = (u+ posxi(t)) /St (3.3)

Then L is a candidate opportunity process and a is the corresponding can-
didate adjustment process for T < T*.

Proof. The proof proceeds in two steps, i) computation and ii) verification.
i) Consider L in the form (3.2) for as yet unknown functions of calendar
time s and s, and define K := £(L). The It6 formula yields

1
K = L(L)= <%6 + Y% + 202Y2%%> oI+ °Y?
1
— (%6 + Y24 + §U2Y2%% + (G +GY?) %1> o]

+(aoY) s (oW + V1= p2),
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which in terms of characteristics means

1
bV = LR = Y+ 5021/2%% +(Co+GY?) s, (34)

K = L72F = (0Y )7,
K = pVeKeS = poSY 2, (3.5)

Y = VK = (0Y)? 5.

Substitute from (2.2)), (2.3)), (3.4) and (3.5)) into the local optimality condi-
tion (3.1). On collecting powers of Y we obtain

—n(t) = Gorl(),
1
A = 1+ (G 2pop)alt) + 10 (1 207) A0,
with terminal conditions (7)) = »;(T) = 0 implied from Ly = 1. The
solution for ¢y, 21 is obtained from Lemma [6.1] in the manner indicated
above.

ii) We have s(t) < 0,51(t) < 0, for all t € [0,7],7 < T* hence L €
(0,1]. Since 3¢ and s are continuous and of finite variation L in (3.2) is a
continuous semimartingale. By construction of 3¢, 51 equation (3.1} holds.
Therefore L is a candidate opportunity process and

b + K5
0= = (pt pom) /S (3.6)
is the corresponding candidate adjustment process. O

Since 0 < L <1 and holds the process
Z = L£exp (—bK . I) =& (MK) =& ((%mY) . (pW+ val —pQU)>
0

is a bounded positive martingale and by virtue of Girsanov’s theorem
W* = —(aopY)eI+W, (3.7)
Ut o= - (%10\/1 - p2Y) eI+ U, (3.8)

are Brownian motions under P* with dP*/dP = Zp. In view of (1.1)), (1.2),
(3.7) and (3.8)) the P*-dynamics of S and Y read

L(S) = (u+4s0p)Y2eI+Y e W*, (3.9)
Y2 = Y2+ (G4 GY2)eT+oY e (pW* /1 p2U*> ,(3.10)
(= G+o’m (3.11)

and we have
a=b"/c = (u+ s0p) /8.
To be fully in the setup of CK07 we have to verify that the price process
S admits an equivalent martingale measure with square integrable density.

The following lemma shows that the candidate variance-optimal measure
(see equation [1.4)) has the desired property.
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Lemma 3.3. For a, L and T < T* in Proposition[3.3 define
Z := L& (—as S) /L.
Then

(1) the local martingale Z is a martingale,

(2) the measure Q*, dQ* = ZpdP, is an equivalent martingale measure,

(3) the local martingale L(& (—a * S))* /Lo is a martingale and there-
fore Q* € A5(9).

Proof. One can write

Z = K-a*S—a*[K,S5))
= EME —ae M5+ (bF —a(d” 4+ K5)) o 1) = &(ME —a» M5),
t}le last equality a consequence of the local optimality criterion . Thus
Z is a local martingale and by Section 5 in Hobson (2004)| also a true mar-

tingale. Let b* denote the drift of S under measure Q*, then by Girsanov’s
h

theorem ([2.7]

b = b7 + K5 —ac® =0,
where the final equality follows from the definition of a, equation ({3.6]).
Consequently, @* is an equivalent martingale measure and &(—a * S) is a
local @*-martingale. It follows (cf. [Jacod and Shiryaev 2003, II1.3.8) that
Z&(—a*S) =L(&(—as8))? /Lo is a local martingale and by Section 5 in
Hobson (2004 )| it is a true martingale. O

Remark 3.4. Under conditions (1)-(3) in Lemma[3.5[Hobson (2004) con-
jectures that Q* is the true VOMM. The validity of such a statement is not
obvious in general (cf. |Cerng and Kallsen 2008). While Q* may be the
true VOMM in the present model for any T < T* we are not aware of any
proof to that effect. In general, to conclude that the candidate measure QQ*
is the true VOMM one has to show that & (—a * S) is a Q-martingale for all
Q € A5(S). In the sequel we are able to prove that Q* is the true VOMM
for sufficiently small T'.

Proposition 3.5. Take T < T* in the notation of Proposition[3.3 If
E (e[“°S’G°S]T) < 00

then L and a in Proposition[3.9 are the true opportunity process and adjust-
ment process, respectively, in the sense of CK07, Definitions 3.8 and 3.8.
Consequently, Q* defined in Lemma (2) is the VOMM.

Proof. Step 1: We show that & ((—al]].rﬂ) . S) L is of class (D) for any
stopping time 7. Fix a stopping time 7 and set
N:=K-a*S—-[K,a*S5|].

Lemma shows that Z = & (—a* S)L/Lo = & (N) is a positive martin-
gale. Then o
Z|ZT=&(N)/ENT)=EIN —NT)
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is a positive local martingale and therefore a supermartingale. Since
E((Z/Z7)r) = E(E(Zr/Z:| %)) = E(E(Zr| %)/ Zy)
= E(Z;/Z;)=1=(2/27)
Z/Z7 is actually a true martingale and hence of class (D). Since L is bounded
& ((—aly ) e S)L=L"2/Z"
is of class (D) as well.
Step 2: We show that A\ := aly, & ((—al]]ﬂT]]) . S) is an admissible

trading strategy for any stopping time 7. Consider a measure @) € .5 (S).
By Holder’s inequality and hypothesis we have

EQ (e%[(al]]f,ﬂ])°S’(a1]]nT]]).S]T) < \/E ((dQ/dP)2> B (ele9etslr) < oo,

whereby Novikov’s condition implies that & (— (al]]TyT]]) . S) is a Q-martingale
for any Q € #5(S5). Noting that 1 —A* S =¢& ((—al]]T’Tﬂ) . S) we conclude
that EQ (A s S7) = 0 for all Q € .#5(S). By virtue of Lemma (1,3) we

have
7))

E((A*Sr)?) = E <E < (1 =& ((—aljrmy) S)T>2
ﬁT>> =FE(1-L;) <1,

E(—a*8S)p 2
B E<E<<1 £<—a-5>7>
implying A * Sy € L?(P). Theorem [2.8| yields A € ©(9).

Step 3: We have shown in Proposition that conditions 1, 2 and 3
of CKO07, Theorem 3.25 are satisfied. Steps 1 and 2 of this proof show
that condition 4 (CKO7, equations 3.33, 3.34) is satisfied, too. Hence a
and L represent the true adjustment and opportunity process, respectively.

Proposition 3.13 in CKO07 implies that Z is the density of the variance-
optimal martingale measure. ([

Remark 3.6. It is likely that the condition FE (e[a's’a'S]T) < o0 is far from
necessary since the proof is based on Hélder’s inequality and subsequent ap-
plication of Nowvikov’s condition. It is an open question whether one can
prove weaker sufficient conditions for admissibility of a and in particular
whether a is admissible for oll T < T*.

Proposition 3.7. Consider the function 3¢, and the parameter T* defined
in Proposition |3.4. For T <T* define

v(T) := tgf(%):;} (1 + ops(t)?. (3.12)

For x € Ry set }
T(x):=71" (x,(1,02/2,0)
T

where the parameter T = 7* (z,(1,02/2,0) € Ry U{oc} is defined in Lemma
(61
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(1) If T(v(T)) > T then a, L in Proposition represent the true ad-
Jjustment and opportunity process, respectively.
(2) The condition
T(w(T)) >T
s always satisfied for small enough T > 0.

Proof. 1) i) We have
E(e[a'&a’S]T) - E (e((u+0p%1)Y)2’IT> <E (eV(T)(YQ.IT))

with v(T') defined in (3.12).
ii) On defining R := Y2 ¢ I DFS03 yields (see Theorem 3.2 in Kallsen

2006/ for details) that (Y2, R,In S) is conservative regular affine and therefore
for Rez < 0 we have

E (eZRt) — euo(t)—i-ul(t)Y02+UQ(t)R0+u3(t) In Sy

)

where the complex functions wg,u1,us, us satisfy the following system of
Riccati equations,

U6 = Coula u/2 = ué} = Oa
1
uy = Guitus+ (p—1/2)us + 3 (UQu% + 2pouquz + u%) ,
UO(O) = ul(O) = ’LL3(O) = 0, UQ(O) =Z.
This implies

us = 0,
U = =z,

/ 1 2,2
uy = z+§1u1+§a ui.

iii) Fix 2 > 0 and ¢t < T(z). By continuity and monotonicity of T (cf.
Lemma 6.2) we have t < T(x 4 ¢) for all & > 0 sufficiently small. We
now show that for all sufficiently small ¢ > 0 functions wug(¢) and wuq(¢)
(considered as functions of z) possess analytic extension on the strip z €
(—1,7+¢) xi(—¢,¢). For A=z, B = (1, and C = ¢2/2 function g in Lemma
does not attain the value 0 on [—1, z +¢]. Hence for all sufficiently small
e > 0 function g in Lemmal6.1]is bounded away from 0 on [—1, z+¢] xi[—e, ].
It follows that both wug(t) and u(t) are analytic on (—1,z +¢) x i(—¢,¢€).

iv) By iii) and Lemma A.4 in DFS03 E (exp (zY? * I)) < oo for T <
T(x).

2) Since s is a continuous function and 3 (7") = 0 there is € > 0 such
that for all T < ¢ we have 0 < »(T) < p? + 1. Furthermore inf{7T () : 0 <
r < p?+1} =: 6 > 0 because T is a positive function and continuous when
not equal to +00. Consequently for 7' < min(e, d) we have

T (v(T)) > T.
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4. OPTIMAL HEDGING

From now on fix a time horizon T > 0 such that T (v(T)) > T. Existence
of such a time horizon is guaranteed by Proposition Furthermore, we
need to make sure that the contingent claim H has a finite second moment
under P. For technical reasons (cf. Proposition we restrict our at-
tention to bounded contingent claims such as European put options. This
automatically guarantees H € L?(P).

The optimal hedge is given by the Follmer—Schweizer decomposition of H
under measure P* as follows. By Lemma 3.23 in CKO07 the variance-optimal
measure Q* coincides with the minimal measure relative to P* (see also

equation
dQ”
dP~*

& (—as M), =& (—(aS) s (Y * W)y
= E(—((u+3a0p)Y) s W)y
By virtue of Girsanov’s theorem
W* = ((u+sa0p)Y) s I+ W*,
o = U*

are uncorrelated Brownian motions under Q* and therefore the Q*-dynamics

of S and Y read

L(S) = YeW*,
Y2 = Y@+ (G V) T oY s (oW /1= p207)),
G = = po(p+a0p) =G — pop+ a0” (1-p?).

Define the mean value process V'
Vi == EY (H|.%,).

Proposition 4.1. If the contingent claim H is given by g(Y2, St) where g
is a bounded continuous function then V; = f(T —t,Y?2,S;) for f € €1%?
and f is the unique classical solution of the PDE

0 —fi+ <C0+ffy> f2+%y (02 fa2 + 2p0s fog + 5° f33) ,
f(0,y,8) = g(y,s),
with fi == 0f/0z;, fij := 0*f ] (0x;0z;) .
Proof. The proof is given in Heath and Schweizer (2000), Section 2.1 for
p = 0. The reasoning for p # 0 is identical, since in either case Q* is

equivalent to P and 51* is continuously differentiable in time regardless of
the value of p. (|
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Proposition together with Proposition 4.7 in CKO07 and It6’s formula
yield an explicit expression for the pure hedge &

(T =1, Y2, 8)e5 + f3(T — £, Y2, Sp)c?

& = cfv/cf— oS
t
= fg(T_t,Yf,St)+pO’f2(T—t,Y;2,St)/St, (41>

where fi(x1,x2,...,2,) := 0f /0x;.

Remark 4.2. It is possible to provide more explicit expressions for V and &
subject to technical conditions whose verification we defer to future research.
(Y2,1n S) form a time-inhomogeneous conservative reqular affine process un-
der Q*, and one can use the characterization of \Filipovi¢ (2005) to evaluate
their joint characteristic function. For Rez = 0 we have

EQ* (ezlnST|g~t> _ evo(t,z)Jrvl(t,z)YtQJrzlnSt
where both v; are functions of t and z solving

_QUO(ta Z) = C[)’Ul(t, Z)

ot
—%vl(t,z) = % (22 —z)+vi(t,2) (G —op(p—2)+ o? (1- p2) (1))

1
+§0’2v%(t,z),
v(T,z) = vi(T,z)=0.

These Riccati equations are time-dependent and can only be solved numer-
ically. If the Q*-characteristic function possesses analytic extension for
Rez > 0 and subject to further technicalities one obtains

. B+ioco
V; = E© </ m(2)e* 9T 4
B

—ioco

B+ioco
ﬁt) _/ W(Z)evo(t’z)—H)l(t’z)yt2+21nStdZ
B—ioco
(4.2)
where B € R is a suitably chosen constant and mw(z) are the Fourier coeffi-
cients of the contingent claim (cf. |Cerny 2007, | Hubalek et al. 2006),

—ioco

B+ico
H= / m(2)e*m5T .
B

For example, a European put option with strike ¥ yields m(z) = %, 16}

< 0.
Subject to additional conditions one can differentiate under the integral

sign in and from obtain

B+-ioco
& =571 / z 4 povi(t, 2)) W(z)e”o(t’z)”l(t’z)ytuzln Stdz. (4.3)
B
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5. HEDGING ERROR

Proposition the It6 formula (2.442.6)) and equation (2.3)) yield

= el = g = (T - 4. ¥2.5)) 0™V (1 - 7).
t

By Theorem 4.12 in CKO07 the minimal squared hedging error with initial
capital Vj satisfies

= E((o+e(Vo.H)» Sr—H)’) = E((L7)  Ir)

T
- 2 (1 _ p2) E </ e%o(t)-‘r%l(t)yfyf (fQ(T —t, }/tZ7 St))2 dt> ]
0

Remark 5.1. Subject to technical conditions one can use the Fourier expres-
siton for the mean value process together with the “extended” Fourier
transform of \Duffie et al. (2000) to write

T
g = )t =5 ([ )
0
! ®) : (t,21)
— 1— 2 2/ %ot/ i i ; uo (t,2;
(1-p°)o ; dte ng(dzvl(t,z)w(z)e )

><¢(t,%1(t) +U1(t, 21) —I—Ul(t, ZQ),Zl —1—22) (5.1)

where ¢ is computed in Appendiz B. We leave the detailed analysis of the
technical conditions required to make rigorous to future research.

We conclude this section by linking the hedging error 5(2) to option prices
and performance measures. Recall from Section that Cy is the price at
which the contingent claim with payoff H can be sold at time zero.

Definition 5.2. We call

E@ e Sr+n(Co—H))
V/Var(d « Sy +n(Co — H))

SR g := sup { ¥ € O(9),ne R} (5.2)

the maximal unconditional Sharpe ratio, where we set % = 0.

Lemma 5.3. The maximal unconditional Sharpe ratio is given by

1 (Co — Vp)?
SRZ, = — —1 + —F, 5.3
S7H LO 83 ( )

with convention 0/0 = 0.
Proof. Define X :=19 ¢ Sp+n(Cy — H). Easily,

2y . (B(X))? 1 1-su
) = GarX) ~ e (B (1= a X)) 1ae§{

1
E((1-aX)?)

_1}_



18 ALES CERNY AND JAN KALLSEN

Then
SR%, = sup  {SR*(X)} = sup {1 - 1}
' 9¥EB(S) neER acR,9€6(S) nek L L ((1-aX)?)
1

- _1

infycg(5) per{E (1 — X))}

1

- 1

inf,cp {infﬁe@(s){E (1 X)z)}}

1

_ 17
inf,cr { Lo(1 — n(Co — Vp))? + n2e3}

where the last equality follows from CKO7 Theorem 4.12 with contingent
claim 1 — n(H — Cp). By CKO07 Theorem 4.10 with contingent claim 1 —
n(H — Cp) the optimal investment cum hedging strategy is given by s+ pm
(see equations and . Straightforward calculations yield the optimal
number of shares and the maximal Sharpe ratio,

Co—VWo 1

= e 1+SR§7H’

SRey = 1/Lo—1+(Co—Vp)*/ep.

6. APPENDIX A

Lemma 6.1. Consider the following system of ordinary differential equa-
tions for >0, A, B,C, F,wp,yo € C

w'(r) = A4 Bw(r)+ Cuw’(r), (6.1)
w(0) = wo, (6.2)
y' (1) = Fuw(r), (6.3)
y(0) = wo. (6.4)
Define
@y = B/2+ Cuy,

D = +/B2-4AC,

by taking the principal value of the square root with branch cut along the
negative real line. Let

7= 7"(A, B,C,wp) := inf{7 > 0 : w(r) unbounded on [0,7)}.
Then w,y given below represent a solution of — on [0,7%). Where

w,y might be multivalued we take the unique version continuous in T on
[0,7%) and satisfying the initial conditions.
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(1) ForC=0,D #0

A
w = w0+<B+wo> (eBT—l),

= y+F (A 1
¥y = Y woT B Wo B T )

" = +o0.

(2) ForC=0,D=0

w = wy+ AT,
A
y = yo+F(on+272),
" = +o0.

(3) ForC#0,D =0

_ W B
- o= _=
v <1—1ZJOT 2)’

1 B
y = yo—F<Cln(1—on)+2£),
7% = 400 for Im (o) # 0, orwy <0,

*

= 1/11)0 for g > 0.
(4) ForC#0, D #0
B D (wo+ D/2)e P72 4 (wy — D/2) eP7/?

20 " 2C (o + D/2) e=D7/2 — (g — D/2) eP7/2’

B B 1 (o + D/2) e=P7/2 — (g — D/2) eP7/?
y = yO—I—F(—QCT—Cln< i) ,

T = in{’T >0: (’IIJO —|—D/2) e_DT/2 — (7110 _ D/Q) eDT/Q _ 0}

Furthermore, for B,C,wqy and 7 fized the functions
(o + D/2) e P7/2 4 (wy — D/2) eP7/?
(o + D/2) e=P7/2 — (g — D/2) eP7/2’
wo + D/2) e P72 — (g — D/2) eP7/?
o) o DD (i = D

are complex differentiable on the set {A € C: 71 < 7*}.

Proof. Straightforward calculations show that (1)-(4) solve the Riccati equa-
tions (6.1))-(6.4). The complex function f(A) is differentiable everywhere
apart possibly from the branch cut on the set

D?>=B?2—-4AC e R_.
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However, since

~ D/2) e—D7/2 o — D/92) eDPT/2
WD) = pliotD/2e o= D2ye Ty p)
(o + D/2) e=P7/2 — (g — D/2) eP7/2
it follows that f(A) is continuous and differentiable also at D? € R_, and
in particular at D = 0 where it has a removable singularity. The same
argument applies to g(A). O

Lemma 6.2. For B,C € R fized define the function T : R — R, U {co} by
setting T'(x) := 7 (x, B, C,0) with 7* given in Lemma . Then
(1) For C =0 we have T(z) = +o0;
(2) For C #0 T is continuous on R, that is there is A* € R such that
T(x) < oo for Cx > A*C,

lim T(z) = oo,
CaNA*C

T(x) = oo for Cx < A*C.

Specifically,
(a) For B <0 we have A*C = B?/4 and
- +00 for Cx < 32/4
T(z) = { 2arcta1\1/(4\éT/B) for G > B4
(b) For B > 0 we have A* =0 and
+00 for Cx <0
T(x) _ 5/321401 n (gi\/v gz:iﬁi) for 32/4 i Cx>0
/B for B°/4 = Cx
Qarcm;%ﬁ/ 2 for Cx > B2/4

(3) T is differentiable on R in all points where it is finite valued and
CT'(z) < 0 for T(z) < co.

Proof. Ttems (1) and (2) follow from Lemma by direct calculation. An-

other calculation shows that the real function 7T is continuous at z = % and
differentiable there when finite-valued. We now examine the monotonicity
of T. For B> 0 and y := vVB? —4Cz/B € (0, 1] we have

- 202 1—vy 2
CT/ [ — < _21 + >
(z) B2vBT—acz \" 14y y(1-4?)

202 L y( 2z >2
B2VBZ —dcz’  Jo \1- 22

2
since for g(z) :=In }_T_z + 13222 we have g(0) =0 and ¢'(2) = < 22 ) )
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For B2 — 4Cxz < 0, B # 0 we obtain for y := £v/4Cx — B2

~ 202 2 arctany 2
CT'(x) = <— + >
(@) B2\/4Cx — B? y? y(1+y?)

_ _202/y<2z>2dz<0
40z —B2)*? Jo \1+22 ’

2
since for g(z) := —2arctan z + 1_2;,2 we have g(0) =0 and ¢'(2) = (ﬁ;) .
(|

7. APPENDIX B

Define z = (z1,22), then DFS03 (see Theorem 3.2 in Kallsen 2006, for
details) yields that (Y2,In.S) is conservative regular affine and therefore for
Rez; < 0,Rezs = 0 we have

¢(z,t) S (ezlyt%,_zg lnSt> _ evo(t,z)+v1(t,z)YO2+U2(t,z) lnSo’

where vg, v1, v9 solve the following system of Riccati equations,

oualtz) _
o Y (7.1)
duolt,
UO(‘th) = CGourt,2), (7.2)
(911 t,Z 1 1 0_2
18(t) - §z§ + 22 (M - 2> + (poz2 + G)vi(t, 2) + ?v%(t, 2)(7.3)
U0(07 Z) = 0,1)1(0, Z) = Zl,UQ(O, Z) = 29. (74)

Set A = %Z%‘i‘ZQ (u — %), B =pozn+(,C = %Uz,F = (o and take w, y as
in Lemma with wg = 21,40 = 0. Then the system ([7.117.4)) is solved by
vy = Y, V1 = W,V = 29.

Under technical conditions (cf. Duffie et al. 2000) one has

0 2
t, .= F <Y2 ZIYt2+221nSt) . N 21 +221n Sy
o(t, z) t € 8z18
— iE (€Z1Yt2+22 lnSt) _ 81/}@7 Z)
(92’1 821
_ evo(t,z)+v1(t,z)Y02+z2lnSO ivo(t Z)_'_}/()inl(t Z) ]
821 ’ 621 ’
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