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Abstract

We consider a system representing self-gravitating balls of dust in an expanding Universe.
It is demonstrated that one can prescribe data for such a system at infinity and evolve it
backward in time without the development of shocks or singularities. The resulting solution
to the Einstein-A-dust equations exists for an infinite amount of time in the asymptotic
region of the spacetime. Furthermore, we find that if the density is small compared to the
Cosmological constant, then it is possible to construct Cosmological solutions to the Einstein
constraint equations on a standard Cauchy hypersurface representing self-gravitating balls
of dust. If, in addition, the density is assumed to be sufficiently small, then this initial
data gives rise to a future geodesically complete solution to the Einstein-A-dust equations
admitting a smooth conformal extension at infinity which can be regarded as a perturbation
of de Sitter spacetime. The main technical tool in this analysis are Friedrich’s conformal
Einstein field equations for the Einstein-A-dust written in terms of a gauge in which the flow
lines of the dust are recast as conformal geodesics.

1 Introduction

Much of Physics is the study of evolution of a system under certain conditions and laws. In
Cosmology one is thus interested in the evolution of our Universe from the far past to the distant
future. The dominant law governing galaxies and the evolution of the Cosmos is embedded in
Einsteins theory of gravitation. In the large scale structure of the Universe, galaxies can be
treated as dust —i.e. each galaxy is represented by a ”dust” particle— exerting no pressure on
the surrounding particles. Given that current observations suggest our Universe is expanding, the
setting to investigate the evolution of our Universe is thus the Einstein equations coupled to dust
matter with a positive cosmological constant. There is a challenge associated to the study of our
Universe at such large scales and its evolution over long time: namely, the global properties of the
theory become important. Accordingly, any comprehensive study of a solution to the Einstein
field equations should also take into account its global properties.

In the attempt to model astrophysical objects such as stars and galaxies and solar systems, it is
necessary to consider solutions of the Einstein field equations which represent an isolated system.
This is far from a trivial endeavour. In Newtonian gravity and relativistic electrodynamics, one
has a flat background metric upon which the fields propagate, and one can meaningfully speak
about the fall-off properties of the fields as one moves away from the sources. In these terms an
isolated system is a system for which the field strength vanishes at infinity and the source density
is zero outside a finite radius. In General Relativity, the metric is part of the unknowns for which
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one solves the equations. Thus, there is no ”background” metric upon which the gravitational
field propagate and in terms of which we may define fall-off properties in a meaningful way.
Accordingly, attempts at solving the Einstein equations for an isolated system by introducing
approximations in terms of a background metric plus perturbations cannot be satisfactory as
they disregard the non-linear aspect of the full theory.

A procedure which has proved successful in the study of global properties of spacetimes de-
scribing isolated systems was devised by Roger Penrose in [15], and involves a conformal com-
pactification of space time —essentially allowing for a treatment of infinity as a three dimensional
submanifold; see [16] for details. This allow for a rigorous description of the asymptotic behaviour
and global properties of a space time [10} [0, [14]. But not all spacetimes allow for a conformal treat-
ment. Accordingly, one is interested in knowing which solutions to the Einstein field equations
admit a smooth conformal compactification.

One important aspect of Penrose’s conformal method which will be extensively used in the
present article, is that a small conformal time can represent an infinite amount of physical time.
Hence, if the equations describing the conformally rescaled spacetime imply a regular system of
evolution equations one could, in turn, apply general results of the theory of partial differential
equations to show global existence and stability. The seminal work of H. Friedrich has established
that the Einstein vacuum equations [12], including de Sitter-like spacetimes with positive cosmo-
logical constant [8 [7], the Einstein-Maxwell-Yang-Mills equations [9] and the Einstein-A-dust
equations [IT], all can be described in terms of a set of regular conformal Finstein field equations
from which, in turn, one can extract a symmetric hyperbolic evolution system for which general
theory is available —in particular, locally the Cauchy problem is well posed and stability over a
small time is guaranteed.

In [], Y. Choquet-Bruhat & H. Friedrich have established the local existence in time of solu-
tions to the Einstein field equations representing isolated self-gravitating dust bodies. However,
the mathematical technology available did not allow to pursue the pressing question of the global
existence of solutions. One of the key technical aspects of their analysis is the use of a formulation
of the evolution equations which is well behaved independently of whether the density of the dust
vanishes or not. This formulation crucially depends on the fact that the flow lines of the dust are
geodesics.

A suitable framework for the analysis of global properties of solutions to the Einstein-A-dust
system by means of conformal methods was given in [I1]. This setup was used to study the
backwards evolution of asymptotic data prescribed on the conformal boundary Z+. The work in
[11] is remarkable in that it is one of the few conformal treatments of a matter model with non-
vanishing trace of the energy-momentum. The conformal evolution system used in this analysis is
well-defined up to and beyond the conformal boundary. Its construction depends crucially on the
observation that the flow lines of the dust can be recast as certain conformally invariant curves
—the so-called conformal geodesics. Moreover, as in the case of the analysis in [4], the evolution
system is also regular independently of whether the density vanishes or not. Accordingly, as it
will be discussed in this article, it provides an ideal framework to study global properties of the
evolution of isolated dust bodies in General Relativity in the presence of a positive Cosmological
constant. The analysis of these relativistic self-gravitating matter configurations is a subject of
physical relevance as the Cosmological constant is generally believed to be connected with the
observed expansion of our Universe, and dust to the solutions to the Einstein field equations are
good models for the description of the matter content of the Universe.

In this work we combine the approaches followed in [4] and [1I] to provide a toy model of
self-gravitating dust balls in an expanding Universe for which it is possible to make assertions
regarding global existence and stability. More precisely, we show that in a spacelike conformal
boundary (which, for simplicity one can assume as having the topology of S*) one can prescribe
asymptotic data which represents patches of dust on the conformal boundary. Using then the
conformal evolution equations one can then show that these configurations will exist for some
small amount of conformal time —which, when translated into the physical picture corrresponds
to an infinite amount of physical time. To complement the above backwards evolution problem,
we provide sufficient conditions for the existence of solutions to the Einstein constraint equations



on a standard Cauchy initial hypersurface which represent patches of dust in a de-Sitter-like
universe. We further show future stability of these patches, provided the density function sat-
isfies a smallness condition. The resulting spacetime is future geodesically complete. The above
analysis provides a non-trivial example of fairly generic matter configurations which exist arbi-
trarily into the future. The physical mechanism ensuring this result is the expansion driven by
the Cosmological constant .

Outline of the article

The structure of the article is as follows. In Section [2] we introduce the geometric framework we
will be working in. Section [ gives a brief discussion of the conformal evolution system for the
Einstein-A-dust system of equations that will be used in our analysis. This framework is based on
the work in [I1] —this discussion includes a brief discussion on the conformal method. Section M
discuss the construction of asymptotic data for self-gravitating dust balls and provides a proof of
the evolution, backwards in time, of this data. In Section Bl we show how the conformal method of
Licnerowicz can be used to obtain solutions to the constraints describing an initial configuration of
dust balls. Moreover, it is proven that under certain smallness assumptions this initial data gives
rise to a future geodesically complete spacetime with positive Cosmological constant containing
self-gravitating dust balls. The final Section provides some concluding remarks.

Conventions and notation

In this article, Lorentzian metrics are assumed to have signature (— + 4++). Throughout, a
coordinate free notation will be preferred where it is most convenient. To avoid confusion, we
specify here the precise meaning of some symbols. Where indices are used, the following hold:
Greek and Latin letters will be used as coordinate indices in the spacetime manifold, where
vy Ay = {0,1,2,3} and 4,5, k... = {1,2,3}. To denote frame indices we will make use of
bold latin letters where a,b,c... ={0,1,2,3} and ¢,5,k... = {1,2,3}. Hence, the components
in a frame basis of a vector v € M is thus labelled v®.

Derivative expressions. Given local coordinates z# and a covector w, we write

Vw =V, w,dz" @ dz",

V. .w=Vi,,

Viw = 9"V, Vywyda?,
VVw=V,V,w,dz" @ dz” @ dz”.

where V,, denotes the usual covariant derivative, and g,, the components of the metric tensor
expressed in a local coordinate system.

Covariant and contravariant tensors. We will use the musical notation ff and b to distinguish
between contravariant and covariant tensors, respectively. Given the coordinates z#, we may write

g = gudz, @dz,, gt = g""o, ® 0,.

Note, however, that this will not be used consistently, but only where it is important to distinguish
between the two. The introduction of indexfree notation allow the discussion on the conformal
field equations to focus on the structural aspects, and thus be more conseptual, rather then paying
attention to the gory details.

2 Geometric background

In what follows, let (M, g) denote a spacetime represented by a 4-dimensional manifold, M, with
a Lorentzian metric g. In the following we assume the existence of a smooth timelike vector field
u. Moreover, it is assumed that

g(u,u) = -1,



and that at each point p € M there exists a g-orthonormal frame field —i.e. it is assumed that
g(ea,eb) = Nab-

Associated to the frame {es} one has a coframe, {w®} satisfying
(€q,w?) = 64°.

In the following all tensorial objects will be expressed in terms of their components with respect
to the frame and coframe unless otherwise stated. The metric tensor g gives rise to a natural
connection V such that Vg = 0, which is the metric compatibility condition. In terms of the
frames, this condition takes the form

1—‘a,bc77bd + 1—‘abdnbc =0, (1)

where the frame connection coefficients are defined by the directional derivative along the direc-
tion of the frame indices
Vaeer = T'g%pec, Vo ={€q,V).

Furthermore, if the connection V is torsion-free, we have that
$a =0, (2)
where the frame components of the torsion tensor are defined by
Yabec = [eq,ep) + (e — I'va) €c.

The commutation of the connection may be expressed in terms of the Riemann curvature tensor
and the torsion tensor

ViaVev© = Rqapv® + Lq%Vave,
v[avb]wc = _Rdcabwd + Ea,dbvdwc-
The frame components of the Riemann curvature tensor is given by
R°4ab = 0alb%a — Oolaa + T#%a(Te?a — Ta®e) + Tolal'a®s — Talal's®s — Safel$%  (3)

—=see [I6] for details. The Riemann tensor has all the usual symmetries, and it satisfies the
Bianchi identity for a general connection

R cap) + ViaZote + SaEq e = 0, (4)
ViaB% ejpe) + ZjaT 8RB e = 0. (5)

Furthermore, we recall that the Riemann tensor admits the irreducible decomposition
R¢dab = Cab + 2(6°a Lbja — NdjaLle)), (6)

with C€gqp the components of the Weyl tensor and

1
Lap = Rap — anab (7)
denotes the components of the Schouten tensor. The connection V is called the Levi-Civita
connection of g if it satisfies () and (). In what follows we will assume the connection to be
Levi-Civita.



A projection formalism

At each point in the spacetime manifold M the flow lines give rise to a tangent space which can
be split into parts in the direction of w and those orthogonal. This means that without implying
a foliation, we may decompose every tensor defined at each point p € M into its orthogonal and
timelike part. This may be done by contracting with u and the projector defined as

he = nab + uqub, u = ue,.

Thus, a tensor T4, may be split into its time-like, mixed and space-like parts given, respectively,
by
Too = uaubTaba T(l)c = uahbcTab7 c/d = hachdeab,

where / denotes that the free indices left are spatial —e.g. T,ou® = 0. In what follows we will
not put a ’ on projected tensors, as we will mostly deal with timelike parts and pure spatial parts
— in which case we use the components {2, j,...}. Decomposing Vu we obtain

vaub = Xab + uaaba (8)

where yq? and a® are the components of the Weingarten tensor and 4-acceleration, respectively,
defined by
YXa? = haVeu?, a® = u°v ub.

In the literature (e.g. see [I7] p.217) the trace, trace-free and antisymmetric part of (&) is
called, respectively, the expansion, shear and the twist of the fluid. Given a tensor Ty, which
is antisymmetric in its two last indices, we may construct the electric and magnetic parts with
respect to u. In frame indices this is, respectively, defined by

Wed = Tabehcahdbue; w:;d = T*abehcahdbuea
where the Hodge dual operator, denoted by *, is defined by

N 1
T abe = *56

mn
be Tamn )

and has the property that
T**abc = _Tabc-

Depending on the symmetries and rank of the tensor, the above definition for electric and magnetic
decomposition may vary slightly. Central for our discussion is that omegaqp and w}, are spatial
and symmetric.

3 Conformal Einstein dust flows with positive cosmological
constant

In the following let (M, g) denote a spacetime satisfying the Einstein field equations. Following
the standard usage we call (M, g) the physical spacetime. We will also consider a conformally
rescaled spacetime (M, g), the unphysical spacetime, whose metric satisfies

g=9%, g¢'=0"%" (9)

with 2 a smooth function defined on M which plays the role of a boundary defining function.
The conformal boundary ZT is defined as all the points where Q vanish — i.e. ZT = {p €
M | Q(p) = 0}. Again, following standard usage we identify the interior of M by M, and adopt
the standard convention that fields with/without a tilde indicate they are defined in relation to
the physical /unphysical spacetime.



3.1 Einstein-\-dust system

In this article we are concerned with the Einstein-A-dust system governed by the equations

Ric[g] — (%R[g} - >\> g=nrT, (10a)
T =p5U U, (10b)
VU =0, (10c)
V-j=0, (10d)

where Ric|g], T and U are the Ricci tensor, energy momentum tensor for the physical metric
and the four velocity of the particle trajectories, respectively. Furthermore, we have defined the
matter current 3 as, ~ ~

J=pU,
where p is a positive function representing the energy-density of the matter. We also let x and A
be positive constants. In the following we shall set kK = 1 to simplify the discussion.

Remark 1. Note that equations (I0d) and (IQd) are the equations of motion for the matter fields
obtained through the divergence-free condition V « T = 0. In particular, equation (I0d) states
that the flow lines of the dust matter model are geodesics.

3.2 Conformal transformations

The conformal transformation (@) implies the following relationship between the two respective
connections,

(V—@)w:Q-w, (11)
where @ is a symmetric 3-rank tensor defined in local coordinates x* by

Q=9"(VsQgug® —V,Q5", —V,Q57,) dat ® 8, ® dz”.

Furthermore we introduce an unphysical 4-velocity U related to the physical tangent vector to
the flow lines U in such a way that g(U,U) = g(U,U) = —1 — i.e. we have

U=0Q'U U’=QU".

Since p is a scalar field independent of the metric, its transformation rule can be freely specified.
It is convenient to define the unphysical energy density as

p=07"p

Using the conformal transformation (@) one can thus use ([I]) to obtain the transformation rule
of Ricci tensor of the physical metric Ric[g],

Ric[g] — Ric[g] = —207'VVQ - g® (Q7'V?Q - 307%(VQ)?). (12)
Contracting the above equation with g, we find the transformation of the Ricci scalar R[g],
R[g] — Q7 2R[g] = -6 'V2Q + 12073 (VQ)>. (13)

Remark 2. Observe that equations (I2) and (I3) are singular at the points where Q = 0.
Thus, using the form of the Ricci tensor and scalar as above will not directly lead to a set of
field equations which extends to the conformal boundary ZT. It is, therefore, necessary to find
another set of equations which are equivalent to (I2)) and (I3]) but that extends smoothly to the
conformal boundary. Another issue is the freedom in the choice of the conformal factor €. This
gauge freedom means a solution to the equations (I2) and ([[3) are, in some sense, not unique.
Hence, the new set of equations must be constructed such that one can fix this gauge freedom.



3.3 The conformal regular Einstein-\-dust system

We refer to [I6] for a derivation of the regular conformal field equations. In what follows we will
only give a short summary of some results from [I1] which make up the basis of the next section.
We refer the interested reader to the original paper for details.

As in Section] we introduce a g-orthonormal frame field {e, } on M such that in local coordinates
x = (z") we have that eq = e/40,,. Furthermore, gap = g(€a, €n) = Nap and we assume the frame
connection defined by () to be such that the metric compatibility condition () holds. Then, one
can recover the physical metric g by the transformation ([@). Most equations and tensor fields are
henceforth given in terms of frame indices.

Using {eq} as the fundamental geometric unknown, we may write a new set of equations entirely
in terms of fields on M which is equivalent to the system ([Qal)-(I0d) in the domain Q > 0
—namely

1
65Q — 3V,QVe0 — \ = ZQ%, (14a)
1 1
VoVaQd + QLpg — 5gba = 592p <UbUd + Zgbd> ) (14b)
S 1 1 1,
Vas+ VaQL% = §V Qp | UgUq + Zgad + ngVdQ + ﬂQ Vap, (14c)

1
2V gLejp — VaQW % pae = Q2 (P (ViaUgUs + UV qUs) + VapUgqUs + gv[dpgc]b)14d)

+prdc
1
VaW%de = p (ViaUgUs + UiV qUs) + ViapUeqUs + gv[dpgc]b + %Zbdc- (14e)
The matter equations are given by,
1

UsVUe = 9 (9% + Ua), (15a)
UNap =—px2a- (15Db)

In the above, the following fields has been defined:
= 1V“V Q-+ iQR[ ] (16a)
s = 1 a o g9l a
Wdabc = Q_1(jda,bc; (16b)
Lbde = V[ngc]b + QV[dQUC] Uy + U[dgc]bgereQUf- (16C)

Remark 3. The main interest is to find solutions to the system ([Za))-([I5L) in the domain 2 > 0
which admit a meaningful limit on Z*. It was found by Friedrich that a necessary condition to
have this type of solutions is that the geodesics generated by U approach Z orthogonally —see

[11].

In the above and in what follows, the frame field is fixed by choosing eg = U and the Lagrangian
gauge — i.e. given coordinates z* in a neighbourhood U C M then the frame components of eq
are given by eg" = dg". Moreover, Fermi propagation of the spatial components of the frame will
be employed. More precisely, one has that,

To% = 0.

3.4 Regularisation of the equations

In order for the above system to be of use, it is necessary to deal with the singular equations
(IZe) and ([I5a). To do so, one makes use of the conformal geodesic equation,

VoU +2(b, VYU — g(U,U)b* =0



- 1 -~
Vub = (b,U)b+ 34(b,b)U" — LU, ) =0,

where L is the Shouten tensor for the physical metric and b a one form associated with a curve
~(7) for which U is the tangent vector. A solution (b(7), U(7)) to the conformal geodesic equation
is called a conformal geodesic.

Remark 4. The one form b can be thought of as an accelleration associated with U. Thus, for
b =0, a conformal geodesic coinsides with a metric geodesic.

Given local coordinates = (z*) and a curve parametrised by o € R, Friedrich defines a new
1-form f with components,
fu(o)=b,(0) — Q_1VI,Q|1(U), (18)

where b, are the components of a one-form satisfying the geodesic equation. If, in addition, the

i
components of a vector V' are given by V# (o) = o then (f, V) is a solution to the equations
o

VvV +2(f,V)V —g(V,V)ft =0 (19a)
Vv - (F V)4 Se(f V- LV, ) =0, (190)

Remark 5. Observe that equations ([9al) and ([I9h) involves only conformal fields, as opposed
to the conformal geodesic equation.

By assuming that V is related to the tangent vector of a geodesic of the matter particles via

V=w'U wt= ﬂ
’ T do
and with the relations
gV.V)=-0"2 0= % Vb = 0U, f),

it can then be shown, using the definition for f, that one obtains a reqularising relation which in
frame indices takes the form,

Vol = = (Vo + QfolUa) = Qfa (20)

Using the above equation in ([4d) and (I5a) one removes the singularities in the system of
equations (I4a))-(I5h) which now can be smoothly extended to the conformal boundary. In other
words, one has a regular system of field equations. Moreover, it can be shown that these equations
imply a symmetric hyperbolic system of equations for the unknowns

2 *
(eiuvrk 7 fdag’ijagvﬂ; EdvvaOivLij;p;wijvw ’LJ)

More precisely, one has the equations

does" = —fido" — xiles", (21a)

1
dfo = *§fafa+L00, (21b)
dofi = Los, (21c)

1 2 _
Oosij = —§2 (gikgkj - §§M§Lk9ij> -3 (Vo)™ (Q€ - 35) i — Woioy, (214d)
_ 1 ; 1

8o = (VuQ) ™" (Q€ — 3s) (—55 + fif* — Loo + ZPQ) — Vs,

; 3

+3f*Lio — ZpVUQ, (216)

Vol = %o, (21f)



1 1
VoXaq = —QLog + Sgoa + 592P <U0Ud + ZgOd) ; (21g)

1 1 1 1
Vos = =V*QLgo = §vaa9 (UOUd + —QOd) + gQPVoQ + ﬂQ2VOPa (21h)

4
g 1
VoLoi = h"” VL, + gviR + K%, (21)
VoLii = ViLoi + Kioi, (21j)
VoLij = ViLoj + VjLoi + Kioj + Kjos, (21k)
Vow;j + Dkw*l(jei)kl =L.O.T, (211)
Vow*ij — Drwy(j€)™ = L.O.T, (21m)

where L.O.T stand for ’lower order terms.” In the above, the following fields have been defined,
* 1 mn Cc ™ S
Wab = WedrsUSUTh%ah%p,  wip = 5 Wedpg€™ " rsUU hah®y (22a)

1
G =7t (&j - §g,-jg) : E=Q N (VuQy + 3s), Ya = Vo (22b)

It has also been made use of the following relations,

Xig = Dty + 5 (Vo)™ (96 - 39) i (230)
sij = — (Vo)™ <Difj — fifi — Lij — % (Dif* = fef® - kagij)) : (23b)
E=—Dif* + fif '+ Li* - ng, (23¢)
—Loo + 97 Lij = Ly = %R- (23d)

3.5 Relation to the physical field equations

The equations ([4a)-([[Zd) and ([I5al)-([I5L) are evolution equations to the reduced system. This
is, however, only a subset of the full Einstein-frame-equations. The remaining equations are
constraints. It is therefore necessary to show that these constraints propagate, which indeed has
been done in [T1]. We thus have the following theorem adapted from Friedrich:

Theorem 1. A solution
u= (e, T'5, fa.<ij: &2, 2a, 8, Loi, Lij, p,wij, w*iz)

to the symmetric hyperbolic system 2Ia)-@Iml) satisfying the constraint equations associated to
the conformal equations (I4a)-[I4d) and ([I5a)-{A5L) on an initial hypersurface implies a solution
to the Finstein-\-dust system ([[0al)-({I0d)) whenever Q # 0.

In the following we will consider two different types of initial hypersurfaces for the conformal

evolution equations (2Ial)- (2Im):
(i) the conformal boundary ZV;

(ii) standard Cauchy hypersurface S,.

As it will be seen in more detail in the sequel, initial data for the conformal evolution equations
on a standard hypersurface can be obtained from the solution of the Hamiltonian and momentum
constraints implied by the Einstein-A-dust system (IQal)-(I0d).



4 Backward evolution of self-gravitating dust balls

The purpose of this section is to study the (backward) evolution of asymptotic initial data for
the conformal Einstein-A-dust system which describes a collection of self-gravitating dust balls.

The following result is obtained by assuming certain gauge choices on a hyper surface S which
later is interpreted to be the conformal boundary Z*. These are,

S = 0, 5,-3- = 0, VaVbQ = 0, Lo,’ = Li() =0.

Note, however, that these choices may not be satisfied if one evolves a solution from M to S. In
that case, the reader is referred to the original article [T1] for details.

4.1 Asymptotic initial data for self-gravitating dust balls

All throughout it is assumed that the initial hyper surface ZT representing the conformal boundary
is a compact 3-manifold. For (asymptotic) initial data prescribed on an hyper surface correspond-
ing to the conformal boundary the following holds:

Lemma 1. Any smooth initial data set for the conformal evolution equations (2Ia)-@2Iml) is
uniquely determined on It by a Riemannian metric h;j, the density p > 0, the acceleration f;
and symmetric, h-tracefree tensor field w;;, which are arbitrary up to the relation

1
sDjp —pfjs (24)

D’wij = 3

on I, and where D denotes the Levi-Civita operator defined by h;.

Observe that p is allowed to be zero. This suggest to consider a density profile which represents
patches of dust in an otherwise empty space. In the case of a strictly positive density function,
the data p,w and h can be prescribed freely, and equation (24]) is read as a defining equation for
the acceleration f, unless one has further conditions on f such as hyper surface orthogonality
etc., in which case the equation must be treated as a differential equation.

In the following it will be shown how the above result can be used to construct asymptotic initial
data representing a collection of dust balls.

The starting observation of our analysis is the fact that equation (24]) in Lemma[Ilis an underde-
termined condition (3 equations) for the 5 independent components of the tracefree tensor wy;.
Nevertheless, this type of divergence equations are well understood in the context of the analysis
of the momentum constraint —see e.g. [2].

In the following it will be convenient to define

2
w;j = Djisj + Djs; — ghijDkSk + \I/;-j, (25)
where \Ifgj is a symmetric h-tracefree tensor field which may be freely specified and s; is an
arbitrary covector field. A direct computation shows that w;; is a solution of ([24)) if s; satisfies

. 2 ;
Ansj + D'Djs; = 3D;Dys® = kj = D, (26)

where we have defined

1
ki = ngp — pfj.

Equation (26) is of elliptic type —in particular, it provides 3 equations for the 3 components of
si. It is convenient to reformulate the above equations by defining the operators

0 (w),;

. 2 . 2
= Dlwij, L (S)ij = DiSj—l—DjSi—ghijDkSk, L (S)j = Ath—l—Dlesi—ngDkSk.

10



We shall refer to these throughout as the divergence operator, the conformal Killing operator and
the wvector Laplacian operator, respectively. It is readily seen that the vector Laplacian operator
is a result of the composition of the divergence and conformal Killing operator —i.e. we have

L(s)=(6oL)(s). (27)
In terms of the above definitions, equations ([24) and (20]) take the simple form

0 (w); =k, (28a)
L(s); = kj — D'V, (28b)

A solution s of equation ([28B) solves equation (28a)) if the symmetric tracefree tensor w is of the
form given by (25]). To solve the elliptic equation for the covector s we make use of the following

[5l:

Fact (Fredholm alternative). Given any w and v € L%, then there ewists a solution u of the
elliptic equation

L(u)=F

if there exists a v which solves L£* (v) = 0 and satisfy the L*-inner product
(v, F) = / h¥v; Fydp = 0. (29)
S

The operators § and L can be regarded as formal adjoints of each other under the standard L?-
inner product over a compact 3-manifold S. It then follows that their composition, the operator
L, is self-adjoint —that is,

(u, L(s)) = (L (u),s).

In order to make use of the Fredholm alternative to establish the existence of solutions to equation
(28] it is necessary to identify the Kernel of the operator £. For this, it is observed that

0= (v, L(v)) = (v, (6 0 L)(v))
= (6"(v), L(v)) = (L(v), L(v)).

Consequently, any element of the Kernel of £ satisfies the equation L(v) = 0 —that is, the Kernel
comnsists of conformal Killing vectors. Thus, if the pair (S,h) does not have conformal Killing
vectors (this is the generic situation) then there are no obstructions to the existence of solutions
to equation (28B). On the other hand, if conformal Killing vectors are present then the Kernel
orthogonality condition in the Fredholm alternative, equation (29)), has to be satisfied.

The discussion of the previous paragraph is summarised in the following result where all the
relevant fields are assumed to be suitably smooth:

Lemma 2. Let S denote a compact 3-dimensional manifold. Given a (Riemannian) metric hij;,
a h-tracefree tensor \I/;j, a covector f; and a scalar p over S then one of the following holds:

(1) if (S, hij) admits no conformal Killing vectors then the tracefree tensor w;; given by equation
@8 gives a solution to the asymptotic constraint (24));

(11) if (S, hij) admits conformal Killing vectors then w;; given by equation [25) gives a solution
to the asymptotic constraint 24)) if and only if

/ v* (ki — D7) dp =0
S

for any conformal Killing vector v*.

Remark 6. In the present context, the simplest example of a pair (S, h;;) with conformal Killing
vectors is the 3-sphere S? with the round metric. In this case one has, in fact, the maximal number
of conformal Killing vectors (10) for a 3-dimensioanl manifold.
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Remark 7. The freely specifiable data given by the tracefree tensor \Ilgj can be thought of as
describing some gravitational wave content.

In order to construct initial data representing a collection of balls of dust, let ¥;, i = 1,...,n
denote n compact open subsets on & and consider a smooth non-negative scalar field p over S
with support on the union of the sets ;. That is, we require that

p>0, pe U,
=1 " (30)
p=0, peIt/ .
i=1

1=

Lemma [2 gives the conditions for the existence of solution to the asymptotic constraint (24]) for
this type of density profile p and a given choice of metric h;; and fields \I/;j and f;.

Remark 8. Let p be a smooth non-negative scalar field given by [B0). Furthermore, let ¥’ be
a symmetric, h-tracefree spatial tensor field, h the projector metric and f a one form, then we
say that (p, h, ¥’ f) is n-body dust asymptotic data if either condition (i) or (ii) of Lemma
holds on Z.

4.2 Evolution of the asymptotic data

The asymptotic data constructed in the previous subsection can be readily combined with the
conformal evolution equations of Section [B.4] to obtain the asymptotic region of a spacetime with
positive Cosmological constant containing a collection of n balls of dust. The key observation
here is that as we are working in the conformal picture, any interval of time of the conformal
boundary represents an infinite time domain from the physical perspective. The existence result
can be stared as follows:

Theorem 2. Given a choice of asymptotic data representing a collection of n dust balls, there
exists a time T > 0 such that the conformal Einstein-A-dust equations have a unique smooth,
solution on the slab [0,7) X S associated to this data. This solution implies, in turn, a solution to
the (physical) Einstein-A-dust system on (0,7) xS for which the hypersurface {0} x S corresponds
to the conformal boundary I .

Remark 9. By restricting the existence time further, if necessary, it is possible to ensure that
the congruence of conformal geodesics on which our gauge is based remains non-intersecting for
the interval [0,7]. This, in turn, ensures that dust balls in the initial asymptotic configuration
do not intersect each other in the past.

In terms of physics, theorem 2] suggest the following. If, in the infinite far future of an expanding
universe, one is given a matter distribution representing patches of dust balls, then one can evolve
this system backward in time for as long as one wish, and still have that the patches of dust remain
non-interacting.

5 Forward evolution of dust balls

In this section we consider the more physically realistic setting of the evolution of dust balls
from a standard Cauchy hypersurface in a spacetime with positive Cosmological constant. Our
strategy is to consider this setting as a perturbation of the de Sitter spacetime in order to make
a statement of the future global existence of the dust balls. As in the case of the backwards
evolution we start by constructing suitable initial data.

5.1 Standard Cauchy initial data for self-gravitating dust balls

Let 7 € J\;l~ be a positive function such that for t € R, 7(p) = t gives the level surfaces S;. We
denote by S, C M the hypersurface which coincides with the level surface 7(p) = 0, and interpret
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this as an initial hypersurface at some fiduciary time. Finstein constraints on S, are given by
rlh] + K2 — Kij K7 =2(p— \), (31a)
D'K;; — D;K = —j;, (31b)

where h and f(ij denote, respectively, the intrinsic metric and extrinsic curvature of S,, D is

the Levi-Civita connection of metric b and T[iL] its Ricci scalar. Moreover, p and 5 denote,
respectively, the energy-density and fluz current of the matter content.

The constraints (3Ia) and B1h) will be solved using the conformal method of Licnerowicz-
York —see e.g. [2]. Following the discussion in [I6], Chapter 11, let h;; = Q?h;;. Implementing
this rescaling in equations ([BIa)-(31h) leads to

) ) 1 1 ..
20D, D'Q) — 3D,QDQ) + 5927« +3%% + 592 (K? — KiyK7) — 208K = Q'p — ), (32a)
QD D'K;j — 2K';D;Q — QDK + 2D % = Q%jy., (32b)

where ) _
p=0""% =0,  S=VDE,
and 2 = E[g . Now, by setting 2 = 0=2, equation (BZal) leads to the manifestly elliptic equation

Lnb = %9 (K? — KijK7) — %922[( - 295 (0% =), (33)

where we have defined the Yamabe operator
- 1
Lpd=D;D'6 — gT[h]@.

Now, defining

1
Vij = 0 K, Kijy = Kj — gKhip
it follows that equation (B2L) leads to the equation
i 2 o :
Dty = geﬁDjK —20°D;% + jj. (34)

Remark 10. We will consider equations (33)) and ([B4)) in the particular case that
K=Y=0.
It can be readily verified that the above conditions imply that S, is a maximal hypersurface.

In order to put equation ([34) in an elliptic form, we make use of the York splitting —i.e. given
an arbitrary covector field X;, we consider solutions 1;; of the form

1% = (EhX)ij + ¢§j, (35)

where 7,/11’.]» is a freely specifiable symmetric and tracefree tensor field, and £ X is the conformal
Killing operator defined by

2
(LnX);; = DiX;+ D; X, — ghijDka.

For simplicity, we set 1;; = 0, so that substituting (33]) into equation (4], we obtain the elliptic
equation
D' (LhX),; = jj- (36)
We thus seek to show that there exist a solution to the elliptic equations (B3]) and (B6]) which
represents initial data for a de Sitter-like spacetime with an energy density function given by (30)
—so0 that it can be regarded as describing a collection of dust balls.

With regards to the solution to equation ([B6]) we adapt the following result from [2], Chapter
VII, Section 6:
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Proposition 1. Let h € HQ(S*) and & be, respectively, a Riemannian metric and a conformal

Killing vector over S,. Then equation [B8) has a solution X € H*(S,) if j € L*(S,) and
/ h#(j,€)en = 0.
S*

The solution is determined up to the addition of a conformal Killing vector. Furthermore, the
solution is unique if one imposes

/ <X7 €>6h =0.

In that case there exists a positive constant C such that
2 12

1 X122 < Cliglze-

Now, setting K = ¥ = 0 and the using tracefree tensor v¢;; defined in equation (B3, the
Licnerowicz equation ([B3)) can be written as

D;D'0 —af +b0~" + ch® = 0, (37)

where,

1r[h] bilw--wij czl(~—/\) p=Qp =08

<rihl, = gviv”, =7=N. P p-

Following the theory developed in [2] Chapter VII, Sections 5, 6 and 7 (see also [I]) the above
equation has a unique solution § > 0 if b > 0 and ¢ < 0. Since one readily has that ;1% > 0,
the only condition to be imposed is

p <A

Thus, one has the following

Proposition 2. Forr[h] > 0, ¥;;4% > 0 and X > 0, the condition p < X is a sufficient condition
for the existence of a unique solution 0 to the Lichnerowicz equation (B7).

Together, Propositions[Iland 2l ensure the existence of a large class of solutions to the Einstein
constraint equations representing an arbitrary configuration of dust balls at a some fiduciary time.
For this, as in the asymptotic problem, one chooses the density p as in eqution (B0 —the method
for the construction of solutions to the Einstein constraints described above works irrespectively
from the fact that the density is only non-zero on a finite number of subsets of S,. If, in addition,
one chooses the metric h as a constant multiple of the round metric on S* —as in the case of the
de Sitter spacetime— one can then regard the dust balls as matter-sourced perturbation of the
de Sitter spacetime. The size of p as described in terms of Sobolev norms controls the closeness
of 0 to the value 1 (the de Sitter value). This observation is of importance in the discussion of
the stability of solutions to the evolution problem.

Remark 11. For the purpose of simplicity of presentation of the subsequent discussion it is
convenient to consider a setting in which the initial current vector j vanishes. This choice of
free data is consistent with the 4-velocity u being orthogonal to the initial hypersurface S,. This
choice is made throughout the whole hypersurface regardless of whether the density vanishes or
not in a given region. For this choice, if the density vanishes all over the initial hypersurface,
then one obtains trivial data corresponding to the de Sitter spacetime.

Following the discussion in [I6] Chapter 11, from a solution to the Einstein constraint equa-
tions it is possible to obtain a solution to the conformal Einstein field equations by algebraic
manipulations and differentiation. The deviation of this data from (vacuum) data for the de
Sitter spacetime is controlled by the size of the current j and the density p.
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5.2 Long time evolution

In this section we discuss the evolution of the initial data given by Propositions [I and In
particular, we discuss how the ideas used in the stability of the de Sitter spacetime [§] (see also
[16], Chapter 15) can be used to obtain a future global existence statement for the dust balls if
the initial density is sufficiently small.

In the following let u denote a solution to the conformal evolution equations discussed in
Section B4l Moreover, let t denote the solution to these evolution equations with p = 0 (i.e.
vanishing density) and the 4-velocity u® chosen so that it is tangent to timelike geodesics in the
physical spacetime —see Remark [[1l Denote by u, and 1, the associated initial data on some
fiduciary initial hypersurface S,. The solution u provides a conformal representation of the de
Sitter spacetime which is smooth up to and beyond the conformal boundary Z+. In particular,
it has vanishing rescaled Weyl tensor. For concreteness assume that the conformal boundary
for this (background) solution is given by the condition 7 = 7, for 7o some constant. To
this background solution one can readily apply the standard theory of stability for symmetric
hyperbolic equations —see [13]; also [I6]— to ensure the existence of nearby solutions (in the
sense of Sobolev spaces) to the evolution equations with a similar existence time. Accordingly,
these solutions extend up to and beyond the conformal boundary. This amounts to a future global
existence result. More precisely, one has the following:

Theorem 3. Let u, denote smooth initial data for the conformal-A-dust evolution equations on
a compact manifold S, describing a configuration of dust balls as given by Propositions [ and[2
There exists € > 0 such that for any initial data u, such that

lu, —a.,, <e, m > 5,
there exists a smooth solution u to the conformal evolution equations over the domain
M =14, Too| X S,

S =~ S,. Moreover, given a sequence of initial data uin), as above, such that

lu, — 0., =0, as n — oo,
one has that the corresponding solutions satisfy
HU(T,') 71?1(7',')”7” HO, as mn — Q.

The solution u implies, in turn, a future geodesically complete solution to the (physical) Einstein-
A-dust system for which T corresponds to future (timelike) infinity.

Proof. The proof of this result follows the same structure of that of the stability of the de Sitter
spacetime [8], [7] —see also [16], Chapter 15. Here we provide a brief outline of the main ideas. As
already mentioned, the evolution equations ([21al)-(@2Iml) implies a symmetric hyperbolic evolution
system for the components of the vector unknown u. Now writing u = u + u where u denotes
the background de Sitter solution, it follows that the perturbation u also satisfies a symmetric
hyperbolic evolution system. Existence of solutions for this system follows from the theory devel-
oped in [I3]. Moreover, as the perturbed initial data u, is small (in the sense of Sobolev spaces),
it follows then from Cauchy stability that its existence interval includes the time 7., —so that
the development includes the conformal factor. Finally, a propagation of the constraints argu-
ment ensures the the solution to the reduced evolution system implies a solution to the physical
Einstein-A-dust system. O

Remark 12. From the discussion leading to Propositions[Il and [ it follows that the size (in the
Sobolev norm) of the initial data u, is controlled by the initial value of the density over S,. In
particular, if p, = 0 then u, = 0,. Accordingly, Theorem [ states that the initial configuration
of dust balls will exist globally into the future if the density is sufficiently small —that is, if the
dust making up the balls is sufficiently diluted.
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Remark 13. The spacetimes arising from Theorem [ can be readily shown to be geodesically
complete. The simplest manner of doing this is to make use of the theory developed in [3]. The
required estimates needed to establish geodesic completeness follow from the closeness (in the
sense of Sobolev spaces) of the solution provided by Theorem [B] and the background exact de
Sitter solution. In the present case it is possible to show even more: as the background 4-velocity
u® is chosen to be tangent to a congruence of non-intersecting conformal geodesics, it follows
that if the perturbed solutions given by Theorem [3] are the flow lines of u®, then they are also
non-intersecting. This observation shows, in addition, that the various members of an arbitrary
configuration of dust balls never intersect in the future.

The purpose of this article is the development of a model of self-gravitating bodies in General
Relativity for which it is possible to make statements of long-term existence. As mentioned in
the introduction, the well-posedness and local existence in time of self-gravitating balls of dust
has been given in [4]. These self-gravitating bodies possess a smooth boundary (in the sense that
the density is assumed to go to zero smoothly). This observation, combined with an evolution
law for the 4-velocity which is well defined even in the regions where the density vanishes allows
to obtain a suitable evolution system for which existence theory is available. The analysis of
the Einstein-A-dust system in [I1] provides a conformal analogue to this system and thus, it
allows to implement an argument establishing long-term existence of dust ball configurations.
The physical mechanism making it possible to run this argument is the acceleration provided
by the Cosmological constant A. It should be mentioned that an extension of this result to an

asymptotically flat setting (where A = 0) is made much more challenging by the fact that in this
scenario, and following a conformal point of view, timelike geodesics converge at future timelike
infinity ¢*. Accordingly, any attempt to analyse the long-term existence of matter configurations
is tied to the development of a suitable description of this asymptotic point.
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