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IRREDUCIBLE COMPONENTS OF EXOTIC SPRINGER FIBRES

VINOTH NANDAKUMAR, DANIELE ROSSO, AND NEIL SAUNDERS

ABSTRACT. Kato introduced the exotic nilpotent cone to be a substitute for the ordinary nilpo-
tent cone of type C with cleaner properties. Here we describe the irreducible components of
exotic Springer fibres (the fibres of the resolution of the exotic nilpotent cone), and prove that
they are naturally in bijection with standard bitableaux. As a result, we deduce the existence
of an exotic Robinson-Schensted bijection, which is a variant of the type C Robinson-Schensted
bijection between pairs of same-shape standard bitableaux and elements of the Weyl group; this
bijection is described explicitly in the sequel to this paper. Note that this is in contrast with
ordinary type C Springer fibres, where the parametrisation of irreducible components, and the
resulting geometric Robinson-Schensted bijection, are more complicated. As an application, we
explicitly describe the structure in the special cases where the irreducible components of the
exotic Springer fibre have dimension 2, and show that in those cases one obtains Hirzebruch
surfaces.
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1. INTRODUCTION

The Springer Correspondence gives a bijection between the irreducible representations of the
Weyl group of a connected reductive algebraic group G, and certain pairs (O, ¢) comprising a
G-orbit on the nilpotent cone N' = N (g) of its Lie algebra g, and certain simple local systems
on O. In type A, the nilpotent cone N (gl,,) consists of all nilpotent n x n matrices, and the G-
action (by conjugation) on N has connected stabilisers, so no non-trivial local systems occur in
the Springer Correspondence. In this case, one has a bijection between the G-orbits on N (gl,,)
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and the irreducible representations of S,,, the Weyl group of GL,,, which are parametrised by
partitions of n.
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The Springer Correspondence in type C, using the ordinary nilpotent cone, is more compli-
cated than that in type A for a number of reasons - the isotropy groups of the orbits are not
connected, and one does not obtain a bijection between nilpotent orbits and irreducible repre-
sentations of the Weyl group of type C. Kato introduced the exotic nilpotent cone 91 to evade
these complications, and Kato’s exotic Springer correspondence, as constructed in [Kat09], does
give such a bijection. This relies on the fact that the Sp,(C)-orbits on 91 are proven to be in
bijection with Q,,, the set of bipartitions of n (and thus also with irreducible representations of
the type C Weyl group).

Exotic Springer fibres have also been used by Kato for various geometric constructions. In
[Kat09], Kato studies representations of multi-parameter affine Hecke algebras, by using the
exotic nilpotent cone (and the equivariant K-theory of its Steinberg variety, following techniques
used by Kazhdan, Lusztig and Ginzburg in the case of one-parameter affine Hecke algebras). In
particular, the standard modules for these Hecke algebras are realised via the total homology
of exotic Springer fibres and, as is the case for the classical Springer Correspondence, the top
homology gives the irreducible representation of the Weyl group. In Corollary 1.24 of [CK11] the
authors establish a connection between the homology of exotic Springer fibres, and of ordinary
Springer fibres in types B and C (see also [Katal, for a purity result).

Following Kato’s foundational papers on the exotic nilpotent cone, there has been subsequent
work extending various results about the nilpotent cone to the exotic setting. In [AHO8], Achar
and Henderson conjecturally describe the intersection cohomology of orbit closures in the exotic
nilpotent cone; these have since been proven independently by Shoji-Sorlin (see Theorem 5.7
in [SS14]); and by Kato (see Theorem A in [Kat15], Theorem A.1.8 in [Kata] and Remark 5.8
in [SS14]). Achar, Henderson and Sommers make an explicit connection between special pieces
for 9 and those for the ordinary nilpotent cone in [AHS11]. The Lusztig-Vogan bijection can
also be extended to the exotic nilpotent cone, as shown by the first author in [Nanl13]. These
results all demonstrate a strong connection between the exotic nilpotent cone and the ordinary
nilpotent cone of type C. In some respects, the former has properties which are better than
those of the latter; the present work is another example of this.

The main result of this paper is a description and a combinatorial enumeration of the irre-
ducible components of exotic Springer fibres. In [Spa76], Spaltenstein gives an explicit bijection
between the irreducible components of Springer fibres in type A and standard tableaux of the
corresponding shape. Using his techniques, we will show that the irreducible components of
exotic Springer fibres are in bijection with standard Young bitableaux, and explicitly describe
an open, dense subset within each component. The fact that the cardinality of these two sets is
equal follows from Kato’s constructions in [Kat09] for the following reason: the top homology
of the exotic Springer fibre has a basis given by the classes of the irreducible components, but
it also carries an action of the Weyl group, and is isomorphic to the corresponding irreducible
representation. Our proof of this fact has the advantage that it gives an explicit bijection, and
is more elementary.

The irreducible components of Springer fibres in type B, C' and D were first described by
Spaltenstein in Section I1.6 of [Spa82], but the combinatorics is quite subtle and involves signed
domino tableaux (see also Section 3 of van Leeuwen’s thesis [vL] for an exposition, and also the
simplified version given by Pietraho in [Pie04]). In [Ste88], Steinberg constructs a geometric
Robinson-Schensted correspondence by looking at the irreducible components of the Steinberg
variety in two different ways. In type A, this coincides with the classical RS correspondence
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defined combinatorially using the row bumping algorithm (see [Ste88]), but in types B, C and
D, it is quite different, and was computed by van Leeuwen in [vL]. In the exotic setup, we
obtain a variant of the Robinson-Schensted correspondence in type C. We give a combinatorial
description in [NRS17], the sequel to this paper, and this is discussed briefly in Section 7.
Note that this is different from the exotic Robinson-Schensted correspondence constructed by
Henderson and Trapa in [HT12].

Let us now briefly summarize our paper; see Sections 2 and 3 for more detail. The exotic
nilpotent cone 9 is the Hilbert nullcone of the Sp,, (C) representation C** @ A*(C?"). Like the

ordinary case, the exotic nilpotent cone has a natural resolution 7 : 91 — 91, with 91 being a
vector bundle over the symplectic flag variety. Given (v,z) € I, the exotic Springer fibre is
Cozy =7 *(v,2). We have:

Cloo) ={(0C Fy C - C Foy CC*) | Fi" = Fypy, dim(F;) =i, v € F,, o(F;) C Fy1}.
Given (v,z) € M and a bipartition (u,v) € Q,, define the ezotic type eType(v,z) = (u,v) if
(v,x) lies in the Sp,,(C)-orbit indexed by (u,v). Let T be a standard Young bitableau (see

Example 2.5 for a complete definition). Define C(Tv’c;) C Cv,z) to be the subset of all flags (Fy),

such that for each 1 < i < n, eType(v+F,_;, Fi: ,/F,_;) is the bitableau obtained by deleting all
entries of T" which are larger than 7. Our main theorem states that the irreducible components

of the exotic Springer fibre C, ,) are equidimensional, and are given by the closures CZ}’Z), as T
ranges over all standard bitableaux of shape (u,r). It should be noted here that that fibre is
not the union of the C(Tv’c;) and that taking closures is necessary.

The proof is inductive, and relies on analysing the projection map p : C(j;vx) — P(ker(x)),
given by p(F,) = F;. The fibres of this projection map are easily seen to be either empty,

or isomorphic to C(T' where T” is obtained from T by removing the box labelled n.

oLl e )
The bulk of the proof lies with Proposition 3.2, where we describe the image of the map p; the
main theorem essentially follows once we know the dimension of the image, and its irreducibility
(since the total space of a fibre bundle with irreducible base and fibres is also irreducible). This
strategy is roughly the same as that used by Spaltenstein for type A Springer fibres in [Spa76];
in that case, instead of the exotic type one simply looks at the Jordan type of the nilpotent x

on the subspace F;, and understanding the image of the map p is much easier.

As an application, in Section 8 we study the special case where the exotic Springer fibre has
dimension two. Using our main theorem, we show that in this case the irreducible components
are P'-bundles over P!, and classify them.
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DP150104507: Symmetry via Braiding, diagrammatics and cellularity. Finally, we thank the
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2. BACKGROUND AND NOTATION

We let U be an n-dimensional vector space over C and we let V = U @ U*. We endow V' with
a symplectic (i.e. nondegenerate, skew-symmetric, bilinear) form thus:

((u, f), (', [1)) :== f'(w) — f(u), for u,u’ € U and f, f' € U*.
If W C V, we denote by W+ its perpendicular space with respect to the form ( , ).

We define the symplectic group as the group of invertible linear transformations of V' pre-
serving the form

Spy, = Sp(V) := {g € GL(V) | {gv, gw) = (v, w), Vo,w € V}
and we identify its Lie algebra as follows
§p,, 1= Lie(Sp,,) = {z € End(V) | (xv,w) + (v,zw) =0, Yo,w € V'}.

The adjoint action of Sp,,, on sp,, is the restriction of the Sp,,-action on gl,, = End(V') given
by conjugation. This action gives a direct sum decomposition of Sp,,-modules gl,,, = sp,, B S.
We can also describe S directly as

S ={z € End(V) | (zv,w) — (v,2w) =0, Yo,w € V}.

An easy fact following directly from this definition is that (z'v,z%v) = 0 for all v € V and all
i,7 > 0. Finally we let N (gl,,) := {x € End(V) | 2% = 0, for some k} be the nilpotent cone of
GLs,.

Definition 2.1 ((Exotic Nilpotent Cone)). The ezotic nilpotent cone is the (singular) variety
N:=V x (SNN(gly,)).

We denote by F (V) the variety of complete symplectic flags in V, that is F, € F(V) is a

sequence of subspaces
Fo=(0=FR CFC-FC- CFpyyCFy=V)

such that dim(F;) =i and Fi* = Fy,, ;.

There is a resolution of singularities

T N—->N (1)
where _
N={(F,(vz) e FV)xN|vekF, x(F,)CF_Vi=0,...,2n}
given by the projection
w(F,, (v,7)) = (v, ).

Notice that the map 7 is equivariant for the natural diagonal action of Sp,, on both N and N
with the explicit action on 0N given by g - (Fy,v,z) = (gF,, gv, grg™').

A partition of n is a sequence A = (Ay,..., \;) of nonnegative integers with A\; > ... > A
and zk: Ai = n. We denote it by A F n or |A| = n. The length of a partition A, denoted by £(\) is

i=1
the number of nonzero parts of A. If we have two partitions p, v, we can define new partitions
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p+v = (u+vy,...,0s+vs), and g U v which is the unique partition obtained by reordering
the sequence (py, ..., by, V1, ..., Vs) to make it nondecreasing. A bipartition of n is a pair (u,v)
of partitions such that |u| + [v| = n. We denote the set of all bipartitions of n by Q,,. The set
Q,, is important for us because of the following result.

Theorem 2.2 ([AHO08, Thm 6.1]). The orbits of Sp,,, on N are in bijection with Q,,.

More precisely, following Section 2 and Section 6 of [AH08] we can say that, given a bipartition
(u,v) € Q,, the corresponding orbit Oy, ,) contains the point (v, ) if and only if there is a
normal basis of V' given by

{vig, 05 [ 1 < i < l(p+v),1 <j < (p+v)i = A},

£(p)
with (vi, vji;) = 6iwdjj, v = ) v;,, and such that the action of x on this basis is as follows:
i=1
TV = Vi =1 lf j = 1‘1); = U;j+1 1f ] <pi+v—1
0 if j=1 J 0 if j=p+ v

In particular the Jordan type of = is (u +v) U (u + v).

Definition 2.3. If x is a nilpotent transformation on a vector space W, we denote by Type(x, W)
the Jordan type of x, which is a partition of dim(W). If (v,z) € OQ,,) as defined above,
we say that the bipartition (u,v) is the exotic Jordan type of (v,z) and we denote it by
eType(v,z) = (u,v).

Associated to a partition A there is a Young diagram consisting of A\; boxes on row i. We say
that X is the shape of the diagram. In the same way, a bipartition gives a pair of diagrams.

Example 2.4. Consider the bipartition (u,v) = ((3,1),(2,2,1)), and a point (v,z) € Q).
Then we can represent the normal basis as

’UH‘UH V13JV14|V15

V21|U22|VU23

U31

*
U31

* * *
Ug3|V22|V21

*
V15

* * * *
U14|V13JV12|V11

with the action of z given by moving one block left (and zero if there is nothing further left),
and v = v13+v9; is given by the sum of the boxes just left of the dividing wall on the upper half
of the diagram. Notice that the wall divides the two diagrams corresponding to the partitions
that form the bipartition (the one on the left of the wall is facing backwards) and that the
bipartition is repeated twice.

Given a Young diagram, we can fill the boxes with positive integers to obtain a Young tableau.
We call a Young tableau, of shape A  n, standard if it contains the integers 1,...,n and it
is strictly increasing along rows and down columns. For a bipartition (u!,u?), a bitableau of
shape (p!, u?) is a pair (T, T?) where T" is a tableau of shape u, i = 1,2. A bitableau of shape
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(11, v) is standard if it contains the integers 1,2, ..., |u|+ |v| and each tableau is increasing along
rows and down columns. To match the conventions used in [AHO08], we will actually reverse
left-to-right the first tableau of a bitableau so that both tableaux increase as they get farther
from the centre. We denote the set of all standard bitableaux of shape (p,v) by SY B(u,v).

Example 2.5. The following is a standard bitableau of shape ((3,1),(2,2,1)).

215
9

aun|;
— L7

Remark 2.6. A standard bitableau of shape (u, ) is the same thing as a nested sequence of
bipartitions ending at (i, ) i.e. a sequence of bipartitions

(2, 2), (1M, v D), (1, ) = (1, v)

such that (1), v(+1)) is obtained from (1, v(¥) by adding one box (increasing one of the parts
by one) either on the left or on the right tableau. The identification is given by tracing the order
in which the boxes are added according to the increasing sequence of numbers 1,2, ... |u|+ |v|.

3]2 , corresponds to the nested sequence
5

©.2). (.. (10). 20 (C0H) . (CHH)-

Definition 2.8. Given (v,z) € 0N, we consider the exotic Springer fibre
C(v,:c) ::W_l(vax) :{Fo = (OgFI C - gF2n:V | EL:F2n—ia v EFTH .T(E) gﬂ—l}-

It is clear that if eType(v,z) = eType(v', 2’), then there is an isomorphism of varieties C, ) >~
C(v 2y given by the Sp,,-action.

Example 2.7. The standard bitableau (

Let (v, ) € M, if Fy € Cpay, for all i = 0,...,n, since F; and F;- = F5,,_; are invariant under
x, we can consider the restriction of x to Fi*/F;, which is a vector space of dimension 2(n — i).
Furthermore, it can be easily verified that x € N (F-/F;) N S(Fi/F).

Definition 2.9. Let (v,z) € N, eType(v,z) = (u,v), and let T € SYB(u,v). Define the
following maps, and the subsets C,(I;,x) C Clo):

P C(v,x) — Q Fo— eType (U + -FZ):E|FL/FI> )

:Cuwy = [[Q Fors (RM(F), ..., 9 (R));
=0

Cl .y =@ 1(T).

(v,z) -

Definition 2.10. Let (i, ) be a bipartition (with u+ v = A), define
b(p,v) == 2N (X) + [v|, where N(A) =) (i — 1)),

i>1

Remark 2.11. The quantity N(A) is the dimension of the irreducible components of the
Springer fibre in type A corresponding to the partition \.

Our main theorem is the following:
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Theorem 2.12. Let (v,x) € N, with eType(v,x) = (u,v), where (u,v) € Q,. Then the
irreducible components of C(, z) = 7 Yv,x) are precisely:

They all have the same dimension b(u,v).

In the case of the Springer fibres for groups of type A, the appropriate analogue of the map ®
from Definition 2.9 gives an increasing sequence of partitions, which is equivalent to a standard
tableau. Unfortunately in our case, it is not true in general that the image of ® consists of
nested sequences of bipartitions (i.e. standard bitableaux), as the following example shows.

Example 2.13. Take n = 2, and consider the bipartition (u,v) = ((1,1),9) = (H, @).

According to Definition 2.3, if (v,z) € C,,.), then x = 0 and v # 0. Now, we let F; = Cu,
and we let F, be any 2-dimensional subspace of V' such that F; C F, C F1l and set Fy, = (0 C
Fy C F, C Fi- € C*). We then have (F,,v,z) € C,,. To compute the image under the map ®
the cases of ®° and ®? are trivial, so we need to consider what is the bipartition of 1 given by

®l(F,). Tt is easy to see that eType (v + Fl,.fllelL/Fl) = (9,1) because v € F; sov+ F; =0 in

Fi-/Fy. Hence we get the sequence

(2,2).(2,(1),(1,1),2)  or cquivalently (2, 2), (2, ). (H @)

which is not nested.

3. STRATEGY OF THE PROOF

To prove our main theorem, which describes the irreducible components of the varieties C(y 4,
we will use some properties of the map ® from Definition 2.9. We already know from Example
2.13 that the image of ® does not consist excusively of standard bitableaux (i.e. nested sequences
of bipartitions), but it does give standard bitableaux in most cases. In fact those are the only
cases we need, as the following proposition tells us. The proof of the main theorem, which will
be given in Section 6, will rely on the following fact.

Proposition 3.1. Let (pu,v) € Q,, let T be a standard bitableau of shape (u,v) and let (v, x) €
Oy Then ®Y(T) is an irreducible subvariety of C(, ) of dimension b(y,v).

Proof. We will prove this proposition by induction on n. For n = 0, the statement is trivial (all
the varieties involved are one single point), so now assume that n > 1. Fix (u,v), T and (v, x)
as in the statement. We consider the projection
p:® N T) — P(ker(z) N (Clz]v)*);

F, — Fi.
Let T" be the standard bitableau obtained from 7' by removing the box with the number n, and
let (1/,1') € Q,_1 be the shape of T". Notice that (¢/,v') = ®!(F,) = eType <v + £, iL"FIL/Fl).
Observe that

B((Z}Z,),) = imp = {F| C ker(z) N (C[z]v)* | eType(v + Fl,l"Flj_/Fl> = (i, V) }.
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For any Fj € im p, we then have that
p () ={F € @N(T) | F{ = F1}

= {F ©Clourny ) STEEN @ HF, . 89(F) = T'} (2)

where the isomorphism « is given by
(I(F(;,F{,...,Fén_l,Fén):(Fo,Fl,...,an_g,an_Q); Fi:F{+1/F1 \V/Z:O,,2’I’L—2

In conclusion, the map p is a fibre bundle, and from (2), it follows that the fibres are p~'(F}) ~

®~1(T"), which by inductive hypothesis is an irreducible variety of dimension b(y/,v’). Thus the
proof will be a consequence of the following result. O

Proposition 3.2. For all (u,v) € Q, and for all (1',v') € Qn_1 such that (1, V') is obtained
from (p,v) by removing one box, the variety Bgﬁ,";/)/) is irreducible of dimension b(p,v)—b(u',1v").

The proof of Proposition 3.2 will be given in Section 5 of the paper. The following result,
which combines [Tra09, Thm 1 and Cor 1] and [AHO8, Thm 6.1] will be very useful for us in
this regard.

Theorem 3.3 (Travkin, Achar-Henderson). Let (v,xz) € (W), then eType(v,x) = (u,v) if
and only if

Type(x, W) = (g1 +vi, 1 + v, fio + Vo, plo + v2,...)  and
Type(z, W/(Clz|v)) = (1 + v, o+ v1, o + v, fis + 12, .. .).

We want to apply this theorem to the space W = Fi-/F}, so we will need to calculate the
Jordan types of the induced nilpotent on the spaces

F'/Fy and (Fi/F)/((Clz]v+ F)/F) = Fi/(Clz]v + F).
4. CALCULATING JORDAN TYPES

Recall that V' is a 2n-dimensional symplectic vector space over C, as defined in Section 2.
Throughout this section we fix (v,z) € M, such that eType(v,z) = (i, v) where (u,v) € Q,, is
a bipartition of n. In particular this means that Type(z,V) = AU X where \ := pu + v.

Whenever we have an x-invariant subspace W C V', by abuse of notation we will often denote
the induced linear transformations x|y and z|yw also by x. It should be clear at all times
which vector space we are working with.

We start by giving two general lemmas regarding the Jordan types of induced nilpotent
endomorphisms on hyperplanes and on quotients by lines. The proofs of these lemmas can be
found in [Spa76] or [vLOO, Prop. 1.4].

Lemma 4.1. Given a nilpotent endomorphism x of V' with Jordan type A\, and a 1-dimensional
subspace L with L C ker(z), suppose that j is maximal such that L C ker(x) N im(z?~'). Then
the Jordan type of x on V/L is the partition obtained by removing the corner box at the bottom
of the j-th column.

Lemma 4.2. Given a nilpotent endomorphism x of V' with Jordan type X, and a codimension
1 subspace W with W 2 im(x), suppose that j is mazimal such that W 2D im(z) + ker(z™1).
Then the Jordan type of x on W 1is the partition obtained by removing the corner box at the
bottom of the j-th column.
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We fix a Jordan ‘normal’ basis for z on V' as in Section 2
i v 11 < i < lp+v),1 <j < (p+v)i =N},

and we write

£(p)
v = : :/Uiu“‘i?
i=1

which, in terms of the diagram in Example 2.4 is the vertical sum of the boxes immediately to
the left of the dividing wall. Let Fy € P(ker(z) N (C[z]v)* be a one-dimensional space, we write
Iy = Cvy, where

0 7é V1 = QU1 + ...+ Q) Ve(N),1 —+ Blvi)\l + ...+ ﬁg()\)UZ(A))\[(M. (3)

Definition 4.3. In (3), let m be the largest integer such that «; # 0 or 5; # 0 and we define
three sets of indices:

Ay = {1<i <N [N = Aty
Lo = {1<0< 00 i = i}
A, = {1 <i<tN)|vi=vm}

We adopt the convention that if m > ¢(u) (respectively m > ¢(v)), then I';;, = @ (respectively
A, = 9).

Example 4.4. Let u = (3%,2), v = (3,22,1?), A = (6,5%,3,1). Here 'y = 'y = '3 = {1,2, 3},
F4 = {4}, F5 = {5}, while Al = {1}, AQ = A3 = {2,3}, A4 = A5 = {4, 5}

Definition 4.5. For m maximal such that either a; # 0 or 3; # 0 as in Definition 4.3, we define
m = max A,,.

Remark 4.6. Let A" be the transpose partition of ), defined by the property that A" =
{7 | Aj = i}|. Tt is worth noting here that \{ = mm.

Remark 4.7. If vy is as in (3), notice that, for all » > 1,
(v1,2"v) = (x"v1,v) = (0,v) =0
and
N €(N) ()
(o0,0) = <z +zﬁw;&,z%> Yo
i=1 i=1 i=1 it N=ps

It follows that v; € (C[z]v)* if and only if Z Bi = 0.

i Vi :0,
1i>0

4.1. Jordan Type of z on V;/V;: maximal m.

Proposition 4.8. Let Fy = Cvy; with v; as in (3), and m,m as in Definition J.5. Then the
Jordan type of x on Fi-/Fy is the duplicated partition N U XN where X' is obtained from X\ by
decreasing Amy by 1. That is, comparing A with X' we have

v {Ai for i#m,

' A — 1 for i=1m.
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Proof. By Lemma 4.1 we may calculate Type(z,V/F}). This is given by the maximal k£ such
that F) is contained in z¥71(V), whence the last box in the k-th column of the duplicated
partition A U \ is removed. Here, by definition of m, is it easily seen that F} C 2*~1(V) but
Fy € 22 (V). Therefore Type(x, V/F) = AU N.

We now calculate Type(z, Fi-/Fy). By Lemma 4.2, this is given by the maximal [ such that
FLt/F D ker(xf;/lFl), whence the last box in the [-th row of the partition A U X’ is removed.
Translating this back to a condition on F}, we deduce that we require the maximal [ such that
F- D (2'71)7Y(Fy). Tt is clear that any vector that maps onto v; by x is contained in Fj,

so we just need to consider the kernels of powers of x. Again by definition of m, we see that
Fit D ker(a? 1) but Fit 2 ker(a*). Therefore the Jordan type of x on Ft/Fyis Y UN. O

4.2. Jordan type of x on V/C[z]v. We have V = U @ U*, where C[z]v C U and so V/C|x]v ~
U/Clx]v @ U*. Lemma 2.5 from [AHO8] gives us a Jordan basis for  on U/C[z]v.

Lemma 4.9. [AHO8, Lemma 2.5] The Jordan type of x on U/Clz|v is (u2 +v1, 3 +va,...) and
so the Jordan type of x on V/Clx]v is p = (1 + v1, o + 1, o + Vo, i3 + V2, . . .).

Remember that to use Theorem 3.3, we want to find the Jordan type of x on Fi/(Clz]v +
Fy). To answer this question we will first compute Type(z, V/(C[z]v + F})) starting from
Type(z, V/Clx]v), from that we will then be able to compute Type(z, Fi-/(Clz]v + F)).

4.3. Jordan type on V/(C[z]u+ F;): maximal k. Asin Lemma 4.9, we let p = (p1, p2,...) =
Type(x, V/C|z]v). We then have, for all i > 1
p2i = pit1 + v and  pyy = p; + v

Remark 4.10. If F is contained in Clz]v, then V/(Clz]v+F;) ~ V/Clz]v and Type(z, V/(Clz]v+
Fy)) = Type(z,V/C[z]v) = p. So we will now assume for the rest of this subsection that
F, € Clz)v.

If £y € Clz]v, since V/(Clz]v 4+ F}) is a quotient of V/C[z]v by the 1-dimensional subspace
(Clz]v + F1)/Clx]v, we can use Lemma 4.1.
Lemma 4.11. If I} € C[z]v, the Jordan type of x on V/(Clz|v+ F}) is determined by the maz-
imum k such that Iy C ker(x) N (im(z*~1) + Clz]v). It is obtained from p = Type(x, V/C[z]v),
by deleting the last box in the bottom of the k-th column.

Proof. By Lemma 4.1, we require the maximal £ such that
(Clzlv + F1)/Clz]v C ker(zv/cle)v) N im(xﬁ;/%c[m]y).

Since ker(zjv/cap) = 2~ (Clzjv) and im(x}ycp,,) = im(2’) + Clz]v, this above condition can
be written as the maximum £ such that:

Clalv+ Fi € 27! (Cla]v) N (im(z*7") + Cla]v).
Since C[z]v is clearly contained in the right hand side, and that Fy C ker(z) C 27'(C[z]v), we
can reduce this condition to F; C ker(z) N (im(z*~1) + C[z]v). O

We can actually be explicit regarding what the maximal £ in Lemma 4.11 is. Again, let m be
the maximal i such that a; # 0 or 3; # 0 as in Definition 4.5. Since Fy C ker(x) Nim(z*m1),
we clearly have that £ > \,,.
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Definition 4.12. For m as above, define the following (possibly empty) sets:
Iy = {iely |aj=a,#0, Vi<j<maxIl,},
I = {iel,|B;=0, Vi<j<maxD,}.

We define also m® = minI'? , m” = min T'Z if those sets are nonempty.

Proposition 4.13. Suppose k is mazimal such that F; C ker(z) N (im(z*~!) + Clz]v), m as
above and m®, m® as in Definition 4.12. Then

p— Am if e =g o I?=g;
) o A Veraif e #@#08  where m' =max{m® m°}.

Proof. We have already remarked that Fy C im(z* 1), hence k > \,,. Suppose k > \,,,. Then
the vectors v;; and v, for i € A, lie outside im(z*~') and so therefore must be obtained by
adding the subspace C[z]v. However, it is easily seen that the vectors v}, for i € A, cannot be
obtained by adding C[x]v and so 3; = 0 for all i € A,, which implies that '’ # @. Moreover, the

only vector contained in Cz]v that is relevant to our discussion is Y, .. Vi —pun+1- Notice

that, since vmaxr,, 1 € im(z* 1), if aaxr,, = 0, then v; € im(z*1) + C (Zi<maxf‘m Vi pi—pom+1)
for any k, which is impossible. Therefore auaxr,, 7 0, which implies that m = maxI’,, and
e # . Write

U]_ — ’Ul + U// + U”/

/ X "o X "o *
v = E QU 1; v = E Q0 1; v = E Biviy,-

1el'y, <m® i<mP

where

By the way they are defined, we have v; € im(x*~!) +Clx]v if and only if v/, v", v € im(z*~!) +
C[z]v. Notice that by definition of I'%,, since all the coefficients for the corresponding indices
are the same, we can write

’U/: E ;U1 = E Qav;

i€y, ieTe,

= ( : : Uiall‘i_um'i‘l) - ( E : vi»ﬂi_ﬂm“l‘l) .

i<max ', <mo
We then have v’ € im(z*~!) + C[z]v if and only if v; .11 € im(zF~1) for all i < m?, i.e.
k=1<XN— (i —pm +1)
k< i +vi — i + fim
k < py + v;.
Similarly, v” € im(z*1) + C[z]v if and only if v € im(2*!) if and only if k < \; for all i < m®.
Clearly this condition is redundant, since for all i« < m® we have u,, +v; < p; +v; = A;. Finally,
v"" € im(xF1) + C[z]v if and only if v € im(xF~1) if and only if k < \; for all i < mP. Putting
the conditions together, we get indeed that k& < p,, + v; where ¢ is maximal such that ¢« < m®
or i < m?, which proves the proposition. O

Remark 4.14. Notice that in the second case of Proposition 4.13, we always have m’ > 1. This
is because if m’ = 1, then m* = m” = 1, which means that v; = >,.;. av;1 € C[z]v but we
have assumed F; ¢ Clx]v. Also note that it is possible that ji,, + v,,—1 can be equal to A, for
certain partitions p and v.
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Example 4.15. Consider the bipartition (u, ) = ((4,2°,1), (3,2, 1%)), so that A = (7,4, 3% 2% 1).
We may picture this below:

L1 []
|

|
L1 L]

In this case, C[x]v is 4-dimensional, being the span of the vertical sum of boxes to the left of
the wall on the top half of the diagram. Suppose

V1 = QqU1 + QU1 + QU3+ Qs+ QsUs 1+ Qe 1+ Bevs o + B505 o + Bavy s + B3vs 3 + Bavy 4 + Brvy g,
with ag # 0 or B # 0. Observe that by Remark 4.7, since F; C (Clz]v)*, we require 85+ 3 = 0.

In this case we have m = 6 with \,, = p,, = 2; ', = {2,3,4,5,6}, A, = {5,6} and A,, =

{5,6,7}. Therefore we have

m(z!) + Clzjv if as=...=as#0 and By=...= =0,

im(x?) + Clzv if ag=au=as=0as#0 and B3=L;=L05=0=0,

m(z?) + Clzjv if as=as#0 and [5= =0,

im(z) + C[z]Jv  in any case.

F, C

Therefore the maximal k such that Vi C im(zF~1) + C[x]v is:

S(=ps+r) if ap=...=ag#0 and [y=...=fg=0,0r
4(:M6+V2) lf 043:(142015:Oé67£0 and 5325425525520,01'
3(: Ue + 1/4) if a5 = Qg 7é 0 and 65 = 66 = 0, or

2(= X¢) otherwise.

4.4. The Jordan Type of x on F;-/(Clx]v + F}): maximal .

Lemma 4.16. Let [ be a non-negative integer with | < \,,. Then
()" (Clzlv + Fr) = (') (Cla]o) + (') (F).

Proof. 1t is clear that (2!)~*(Clz]v + F1) 2 (2)"Y(C[z]v) + (') "}(F}), so we prove the reverse
inclusion. Suppose w € V such that x'(w) € Clz]v + F;. Since an obvious basis for C[z]v + F}
is {v,z(v),... 2" (v), v}, we may then write

p1—1
rH(w) = Z a;x'v + buy,
=0
for a;,b € C. Since [ < \,, — 1 we have F| C im(2*»~1) C im(z!) and so there exists a y € V
p1—1
such that z'(y) = bv;. We then find that z'(w — y) = Z a;x'v and so w —y € (2)71(Clz]v),
i=0

hence w =y — (y —w) € (2")"YC[z]v) + (z") 71 (F}), and we are done. O
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The space Fj-/(C[x]v+ F}) is a codimension 1 subspace of F//(C[z]v + F}) and so we can use
Lemma 4.2.

Lemma 4.17. The Jordan type of x on Fi-/(Clz]v + Fy) is determined by the maximal | such
that Fi- D (=Y "Y(C[z]v). It is then obtained Type(x,V/(Clx]v + F})) by removing the last
box at the bottom of the l-th column.

Proof. We first note that the condition Fj- 2 (z!=1)7*(Clx]v) is equivalent to Fy C z'~*((C[z]v)*)
and since F; C im(z*~1) but F} € im(z*"), we have [ — 1 < \,,,. By Lemma 4.2 we require
the maximal [ such that

Fi/(Clzlo + Fy) 2 im(z )y cjor 7)) + ke (T cagorn))-
Translating this back to conditions on F; we calculate,
im(z)v/claprrm)) = im(x)+ (Clazlv + Fy) and
ker (2l cpapor ) = (@) THC2]v + F).

Thus we require Fi- D im(x) + (Clz]v + Fy) + (2!71) "} (Cla]v + Fy). Since Fi always contains
im(r) and C[z]v + F} is clearly contained in (z!~!)~!(C[z]v + F}), the essential requirement
is: It D (21 7Y(Clx]v + Fy). But by Lemma 4.16 and the fact that (x/~1)"1(Fy) C Fi*, this
condition simplifies to Fji- 2 (z'=1)7}(C[x]v). O

Recall that m is defined to be the largest index such that «; # 0 or 8; # 0. Let m” =
max A,, + 1 be the smallest integer such that m” > m and v,,» < v,,.

Proposition 4.18. The mazimal | such that Fi- D (2!71)~1(Clz]v) is:
P + Vo if max D, <maxA,, and Z Bi # 0,

= i€EA R i<m
Am otherwise.

Proof. We first note that by definition of m and Proposition 4.8, F; C im(z*»~1) but Fy, €
im(z*m). Equivalently, we have Fj- D ker(z*~!) but Fi- 2 ker(z*"). Since ker(z*) is clearly
contained in (z*m)~1(Clx]v) we deduce that [ can be at most A,.

Suppose first that maxI',, > maxA,,. Then it is easy to see that the only vectors that
have non-zero image in C[z]v under some power of z (less than A,,) are already contained
in Clz]v up to some vector in the kernel of z raised to that power. In this case we have
Fi- D (271 7YC[x]v) if and only if Fit D ker(z!1); therefore [ = \,,. So we suppose from now
on that maxI',, < maxA,,.

Suppose that [ < \,,. Then there must be a vector w’ in (z!)"}(C[z]v) \ ker(z!) which is not
contained in Fi-. Define:

m'’—1
w = E Vi pi+vm
=1

(noting that m” — 1 = max A,,). Then it follows that w’ —w € Fi-, by looking at the rightmost
column of boxes on which the vector w is supported. In this case we have w is contained in
(xhmrTrm) =1 (Clx]v) since

m'’ —1

Hm TVm (w) = Z Vi i —ppyrr = z'm" (v) € Clz]v,
=1
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and we compute (w,v;) = Z Bi.
PI€EAM: i<m
Therefore, w is an element of Fit if and only if > iea,. 3i = 0. Thus if > iea,. 3 # 0, then
i<m i<m

Ft D (ghmrtrm=1=1(Clz]v) but F 2 (at="Tvm)~"1(C[z]v) and so the maximal [ in this case is
Mo’ + VU ]
Remark 4.19. Note that it is possible for p,,” to be 0 in Proposition 4.18, for example this is
the case when /() < m”. But the key point here is that m” = maxA,, + 1 and so the first

value of [ in Proposition 4.18 can be written as fimax A, +1 + Ymaxa,,, Which is indeed a part of
the partition p.

We finish this section with two examples which illustrate the condition on the coefficients of
V1.
Example 4.20. Consider the bipartition (u,v) = ((23,1), (2%,1)).

l
|

l
|

Let v1 = ajv11 + aguay + Bovsy + Bivf, and put Fy = Cuy. Here, the only vectors that have
non-zero image in Clz]v are linear combinations of u := wvy3 + ve3 + v33(€ 27 %(C[z]v)) and
vectors in C[z]v. Now u is clearly contained in Fj-, so in this case, the maximal [ such that
Fi- O (271)7Y(Clx]v) coincides with the maximal [ such that Fi* D ker(z'~!). Therefore we
can easily see that Fi- D ker(z®) but Fj- 2 ker(z?) = V. Hence the maximal [ in this case is 4
and there is no restriction on the coefficients of v;.

Moreover, we can see that F; C im(z?)+ C[z]v but F; € C[z]v, and so the k as in Proposition
4.13 is 4 in this case. Therefore eType(v + F1, 2zt ,5) = ((2°,1),(2,1%)) and is obtained by
deleting the box from the bottom of the second column on the right of the wall.

Example 4.21. By contrast to Example 4.20 where there were no conditions on the coefficients
on vy, consider the bipartition ((22,1), (22)).

l []
[ L]

[ []
l L]

Again let v; = ayv1; + Qovy + v, + Bivi,. We first observe that Fy C im(2?) + C[z]v, but
F; € Clz]v and so the k as in Proposition 4.13 is again k = 4.

The key difference from Example 4.20 is that we do have vectors not already contained in Clz]v
that have non-zero image in C[z]v - for example x2(vy3 + vo3) = 23 (V14 +voq) = v11 +v21 = (V).
Now vy4+v9 € Fit if and only if 31+ 35 = 0 and so the maximal [ such that Fj- C (z'=1)~}(C[z]v)
isl=4if f; + [y =0 and [ = 3 if 81 + By # 0. We therefore have:

((27 12)7 (22)) if Bl + /32 = 07

eType(v + Fi, $|F1l/F1) - {(<22’ 1),(2,1)) if B+ By #0.
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Here, the first case corresponds to deleting the box from the left hand side of the wall and the
second case corresponds to deleting a box from the right hand side of the wall.

5. PROOF OF PROPOSITION 3.2

We can now put together all the results about Jordan types to prove Proposition 3.2. Fix
(v,2) € M, with eType(v,z) = (u, ). Let F} = Cv; € P(ker(x) N (C[z]v)t) such that

cType(v + F, 95|F1l/F1) = (W', V)

where (¢/, ') is obtained from (u,v) by removing a box in row m, where A\ > Amy1. We know

by Proposition 4.8 that we have
v = Z ;U1 + Z Biv; y,

i<m i<
where max{i | a; # 0 or 8; # 0} = m with \,, = A\ It follows that B(“}V),) C P21 where
we take [ag ;... am B 1 ... 1 Bm] to be the homogeneous coordinates for P*"~1. Using this

inclusion, we will describe Bgz ,’VV),) by giving conditions on the a;’s and ;’s and therefore show
that it is irreducible and has the required dimension. We examine different cases.

5.1. The case v = /. We assume now p’ is obtained by removing a box from row m in pu,
while v = /. In particular this implies that pm > pme1 > 0 and that m = max ', < maxA,,.

If m > 1, by Theorem 3.3 we then must have that
o = Type(r, F-/(ClJo + F)
= (py + v, iy + v,y + v, )
= (1 + V1, 1+ V1, i — 1+ Vi, i — 1+ Ui, flamgr + Vi, -2 2.
Comparing this to Type(x, V/C[z|v) = p, we notice that ¢ is obtained from p by reducing by 1
the parts pom_2 = pim + Vm—1 and pom—1 = A = i + V.
Notice that if m = 1, then again by Theorem 3.3 we get that o is obtained from p by reducing

by 1 the part p; = Ay = puy + 11, while all the other parts stay the same. Observe that in either
case

b(pv) — b, v) = 2N () + 2N () + || — 2N (') = 2N (v) - |v]
— 2AN(u) = N()) = 207 — 1) = 27 — 2. (4)
We now divide this case into three subcases: m = 1, m > 1 and vm_1 > Vs, m > 1 and
Um—1 = Vm.

5.1.1. m = 1. In this case, since |o| = |p| — 1, the only possibility is that F; C C[z]v, so that
Type(z, V/(Clz)v + F})) = Type(x,V/Clz]v) = p and Type(x, Fi-/(C[z]v + F})) is obtained
from p by removing a box in row [ = Ay, as in Proposition 4.18. Since F; = Cv; with v; =
vy + By, and vy € Clz]v, we have necessarily 81 = 0 and a; # 0. It then follows from

Proposition 4.18 that I = A\; without any other assumptions (this is because Z Bi = p1=0).
i€Am
i<m

In this case, then we have

BEZ;Z/)) = {Cv; 1} C P(ker(x) N (Clz]v)T)
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is a single point, which is indeed irreducible of dimension 2m —2=2-1—2 = 0.

For the rest of Section 5.1, we assume that 7 > 1, which implies that |o| = |p| — 2, hence

Fy ¢ Clz]v.

5.1.2. vm_1 > vm. If vm_1 > v, then we have A, = {m} (since pm > pme1), and m = m.
Notice now that in Proposition 4.18 we cannot have [ = p,,» + v,,, because m” = max A,, +1 >
m + 1, hence i + vy < 1 + VUim < fam + Vi, and it then follows that the part of p of size
[ would not be pom_o nor pom_1, which is impossible. Hence we have to have | = Az = pom—1,
which implies by Proposition 4.18 that either v = 0 (in which case 7 = 0 by Remark 4.7 ) or
Vs # 0 and Z B; = 0, which is the same as 7 = 0. Since [ = 0, we have az; # 0, hence
1€A,: i<m

'® # @ # T'Y and in Proposition 4.13 we obtain k = g, + vy_1. Since the only possibility
is that k& = pom_2 = pm + Um_1, We get that v, 1 = vm_1. Clearly m’ < m because B = 0
and o # 0, thus v,—1 > vm_i. Now, let X C P?™~! be the set of possible choices of the v,
such that v,,,_1 > v _1. Then in terms of the homogeneous coordinates, X is defined by the
equations

O =0m1=...=Qp and 0 = B = Bm_1 = ... = B
with m’ < min Am_1. It is clear that this forms a closed subset of positive codimension of the
set of all the v; such that 57 = 0 and as # 0. In conclusion, BEZ ,’VV)) is an open subset of the

set Y = {Bm = 0; am # 0} C P?~ 1. Since Y is irreducible of dimension 2m — 2, so is Bgﬁ,’f’l}).

5.1.3. vm_1 = V. In this case pom_o = pom_1 = Am, therefore, as in 5.1.2, we have [ = \s;. By
Proposition 4.18, there are then two possibilities. If v = vm_1 = 0, we have from Remark 4.7
that Z B; = 0. Otherwise, if v > 0, we have Z B; = 0. Now, our only choice

i v;=0, pu;>0 1€AMm: i<m
for k is also k = M. By Proposition 4.13 this is true when oz = 0 or 7 # 0. If we are in the
case am # 0 and Bz = 0, we have I'? # @ # Fﬁ” hence k = pi,, + Vp -1 = fim + Vi, from which
necessarily v,y_1 = vm. As in 5.1.2, the set X C P?™~! where v,,,_; > vy is a closed subset of
positive codimension of the set Y = {Cvy; € P*™~! | 3=, ; = 0} where

;o liedalism) v >0,
i >0, v =0} if =0,

We also consider the set Z = {Cv; € Y | oy =0 = f3;, Vi € A,,} which is also closed of positive
codimension in Y. In conclusion, we have

Y\ (XUZ)CBYE) cy ~Pm?,
from which B((Z ;jjv)) is indeed irreducible of dimension 2m — 2.

5.2. The case u = p/. We assume now v/ is obtained by removing a box from row m in v,
while g = /. In particular this implies that v > v > 0 and that m = max A, < max[T',,.
By Theorem 3.3 we then must have that

o = Type(z, F{-/(Clz]v + Fy)
= (M1+V1’M2+V17M2+Véa”‘)
= (1 +vi, oo i + Vimets P + Vi — L fimg + Ve — 1 flagr + Vg, - - -)-
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Comparing this to Type(z, V/C[z|v) = p, we notice that ¢ is obtained from p by reducing by 1
the parts pom_1 = A\iw = i + Vi and pom = fms1 + V. In particular, since |o| = |p| — 2, we
have Fy ¢ C[z]v. Observe that in this case
b(p,v) = b(p, V") = 2N(p) + 2N (v) + [v| = 2N(n) — 2N (/) — [V/|
= 2(Nw)—-N@))+1
= 2m— 1. (5)

We now divide this case into two subcases: pm > pms1 and pm = fmi-

5.2.1. pm = pma1- In this case we have that maxI',, > m + 1 > maxA,,. Notice that this
implies that I, = @ because amaxr,, = @m+1 = 0, hence by Proposition 4.13, we have k = M.
Also, since either puz = 0 or maxI',, > maxA,,, by Proposition 4.18 we get [ = A. Notice
that in this situation, pom_1 = pom = A\ = k = [. If, as in 5.1.3, we take

7 ={Cv € P! | a; =0=3;, Vi€ Ay},

which is a closed subset of positive codimension of P! we then get B ,) =PI\ 7 is
indeed irreducible of dimension 2m — 1.

5.2.2. [z > fmy1. In this case we have that m = max I, = max A,, and m” = maxA,, +1 =
m + 1. Notice that since pom_1 = A\ > pom = Mmr1 + Vi, We have to have

k= pom_1=Xm and [ = pom = Umr + Vi
The condition on [, by Proposition 4.18, implies that Z B; # 0. Using Proposition 4.13,

1€EA,: i<m
the condition on k implies that one of the following is true: T'Y, = @ (i.e. am =0), or I'?, = &
(ie. B #0),or T # & T8 and v,y = vm. Now, if we let

> Bi#0, and Bm#()},

1E€EA,: i<m

= {Cvl e pr-t

then Y is an open irreducible subset of P2"~. Since we have Y c B% ,) C PP~ we obtain

(u v
again that B /) is irreducible of dimension 2m — 1.

This concludes the proof of Proposition 3.2 and hence of Proposition 3.1. The following
inequality is an immediate consequence:

dim Cry 2y > b(p, v). (6)

To conclude the proof of the main theorem, we will need to adapt a central object in Springer
representations - the Steinberg Variety - to our settings.

6. THE EXOTIC STEINBERG VARIETY AND THE MAIN THEOREM

In this section we define the Exotic Steinberg Variety and present some of its properties that
will enable us to complete the proof of Theorem 2.12. First we give some background on the
classical Steinberg Variety.

Let G = GL,(C), with Borel subgroup B of upper triangular matrices, and let N' = AN (gl,,) be
the nilpotent cone, the variety of all nilpotent n x n matrices. We have the Springer resolution
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of singularities
N - N; (Fo,2) = x
N ={(F.,2) € G/BxN | 2(F,) C F;_y, Yi=1,...,n}.
Then, we define the classical Steinberg variety
Z=NxyN={(FF,z)eG/BxG/BxN |F,F cr'(z)}

Following [Spa76] and [Ste88], the irreducible components of Z can be parametrized in two
ways. The first is by taking closures of the pre-images of the G-orbits on GG/B x G/B under the
projection Z — G/B x GG/ B; the parametrizing set is the Weyl group S,, by the Bruhat lemma.
The second way is as follows: given two standard tableaux 7,7T" of shape A define Zr 1 be the
set of all triples with « a nilpotent of Jordan type A, (Type(x, F})), =T, (Type(z, F')), =
T’ (notice that the Jordan types of z restricted to the spaces in the flag give an increasing
sequence of partitions, which is the same thing as a standard tableau). Then the closures E
comprise the irreducible components, and Spaltenstein and Steinberg independently showed
that passing from one parametrization to the other is exactly given by the Robinson-Schensted
correspondence. We will construct an Exotic Robinson-Schensted correspondence in Section 7.

Let us now describe the exotic analogue of this construction. We note here that all the
techniques used below are classical and date back to Lusztig, Spaltenstein and Steinberg (and
were explained to us by Anthony Henderson). Lemmas 6.3, 6.4 and 6.6 can be found in [Kat09];
Lemma 6.7 can be found in [Katll]. The proofs are very short so we include them for the
reader’s convenience.

From Section 2, recall the symplectic flag variety F(V'), which using the embedding Sp,,,(C) <
GL2,(C), can be realised as Sp,,,(C) /(BN Sp,,(C)) (with B a Borel subgroup of GLa,(C)). Let

R™ Dbe the set of positive roots of Sps,(C). Recall the resolution map 7 : 9 — 9N of (1) with
fibres C(, ») over the point (v, ).

Definition 6.1 ((Exotic Steinberg Variety)). The exotic Steinberg variety is
3 =N xq N = {(F, Fl,(v,7)) € F(V) x F(V) x N | Fy, F, € Clu}-

The Bruhat lemma says that the orbits of the Sp,, -action on F (V) x F(V') are in bijection
with the Type C Weyl group W (C,,). Using the embedding Sp,,,(C) < GL2,(C), we can identify
W (C,,) with a subset of the symmetric group Sa,:

W(C,) ={w e S, | w2n+1—14)=2n+1—w(i)}.
Note that this is a slightly different convention from the one used in Section 7.

Given w € W(C,,), denote by O,, the corresponding orbit in F(V) x F(V). Let 6 : 3 —
F(V) x F(V) and set 3, := 071 (O,).

Definition 6.2 ((Flags in Relative Position)). Given two flags F,, G, € F(V), we say that
w(F,,G,) = w, that is the two flags are in relative position w € W(C,) if there is a basis
{v1,...,v2,} such that (v;,v;) = d;+j2n41 and for all 1 <4, j < 2n,

Fi = C{Ula"' 7/Ui}a

Gj = C{’Uw(l), e ,Uw(j)}.
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It is immediate that w(F,, G,) = w if and only if (F,, G,) € O,.

We can also parametrise the irreducible components of the 3 in two different ways. The
first by elements of W (C,,) and the second by pairs of bitableaux. We demonstrate the first
parametrisation below and defer the second to Lemma 6.6.

Lemma 6.3. The irreducible components of 3 are 3., for w € W(C,,), and they all have the
same dimension as M.

Proof. Tt is clear that the union of 3,, as w runs over W(C,,), is the entirety of 3. To show
that they are the irreducible components, it suffices to check that they all have the same
dimension, and that they are irreducible. We do this by analysing the restriction of €, namely
Ow : 30w — O C F(V) x F(V), which is a fibre bundle.

For each (F,,G,.) € O,, choose a basis {vi,...,v2,} as in Definition 6.2, and a basis E;; of
End(C?*") with Ejjux = §;5v;. Define the following matrices:

) B+ Eypijon i 1<4,5<n
] — .
EZJ — E2n+lfj,2n+1fi otherwise.

S|

Then the matrices {F;; | 1 <i<2n, 1 < j < 2n+1— i} constitute a basis for S. Now for a
fixed w define:

Sw)={(,j)]|1<i<j<2n+1—1i, w'({E) <w ()}
N(w) = span{FE;; | (i,j) € S(w)}.
Below note that xF; C F;_1, xG; C G;_ if and only if x € N(w). Now we have
0. (F,,Gy) ={(v,2) eN|veF,NG,, oF, C F_1, 1G; C G;_1}
={(v,z) eN|veC{v, v} NC{uyay,  ,Vum}, © € N(w)}

and so

dim(0,,' (F%, Ga)) = [S(w)| + [{i <n|w(i) < n}| = [RY] - l(w).
The above equality follows using the formula for the length ¢(w) of a word in W(C,,) as the
number of negative roots made positive by the action of w. A simple calculation shows that
dim(O,) = |R*| + ¢(w) and so it follows that dim(3,,) = 2|R"| = 2n%. Hence all the 3,’s have
the same dimension. Since the fibres and base are irreducible, 3,, is irreducible. This completes
the proof. O

Lemma 6.4. We have dim(C,4)) = b(p, v).

Proof. Let Q) be the Spy,-orbit of (v, z). Consider the following subvariety 3,,, := ¢~ (OQ,.))
of 3, where ¢ is the natural projection 3 — 9. We can realise 3,, as a fibre bundle over
Oy, with fibres Cy 2y X Cy ) and hence
dim 3,, = dim(Qy,,)) + 2dim(C z))-

Therefore we have

dim O, ) + 2dim(Cy ) = dim(3,,) < dim(3) = dim(N)
and so . .
dim(M) — ;ilm(@(#,l,)) b,
Since we have already shown (see (6)) that dim(C(,4)) > b(u, v), the equality follows. O]

dim(Cy 2)) <
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With this lemma, we can now prove that the irreducible components of the exotic Steinberg
variety can be parametrised in another way.

Definition 6.5. For S,T € SY B(u,v), two standard Young bitableaux, define a subvariety of
3 as follows:

35;3 = {(F.,F.,(v,z)) € 3| (v,2) € Oy, Fo €@ (S),F, € (T)}.

Lemma 6.6. The irreducible components of 3 can also be parametrised as 3535 for S,T €
SYB(u,v) and (p,v) € Q,.

Proof. We have a fibre bundle map ¢g 7 : 35:3 — O,y with fibres isomorphic to d1(9) x
(), where ® is as in Definition 2.9. It is clear that the varieties 35] are irreducible (since

the fibres of ¢gr are irreducible), and that the closures 3533 are distinct. By looking at the
map ¢g,r, combined with Proposition 3.1, it follows that they have the same dimension as the
exotic Steinberg variety:

20(p1, v) + dim(Qy,,,y) = dim ().
It follows that 3533 are irreducible components of the exotic Steinberg variety. Notice that

Y. ISYB(uv)f = [W(C)

(1,v)EQn

because the set SY B(u, v) labels a basis for the irreducible representation of W (C,,) correspond-
ing to the bipartition (u,v). From Lemma 6.3 it follows that there are no other irreducible
components which gives the result. O

Lemma 6.7. All irreducible components of C, ») have mazimal dimension.

Proof. In [SpaT77], Spaltenstein proves that the components of Springer fibres for reductive
groups have the same dimension. The proof is elementary, and has been adapted to the exotic
setting; see Theorem 7.1 and Section 8 of [Katll]. We now explain the setup. Fix a flag
F? € F(V) and define a subvariety of the exotic nilpotent cone:

V= {(u,y) € N|ue E); y(F) C FL, forall i} = {(u,y) € N| F € Cuy}-
We define two maps
Ty 2 Spg, — Oy and  my : Spy, — F(V)

given by

m(g) = (97 v.g7'zg)  mlg) =g F.

These are both fibre bundles: the fibres of 7; are isomorphic to the stabilizer Z of (v, x) inside
Sp,,,, while the fibres of 7y are Borel subgroups. Let Y = 77" (0,, N VT) = 7' (C(pn)). Since
both Z and Borel subgroups are irreducible, the preimages under m; (resp. ms) of the irreducible
components of @, , NV* (resp. C(, ) are the irreducible components of Y. It follows that there
is a bijection between the irreducible components {C; | i € I} of C(,,) and the irreducible

components {O; | i € I} of O, , N V. Hence, it also follows that, for each i € I,
dim(C;) + dim(Z) = dim(0;) + dim(B) (7)
where B C Sp,,, is a Borel subgroup.

By Theorem 7.1 of [Kat11], all the irreducible components of @, , N V* (the notation used
in [Katll] is O N VT instead) have the same dimension, and so the result then follows from
(7). O
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We can now prove the main theorem.

of Theorem 2.12. Using Lemma 6.4, we know that {®~(T)|T € SYB(u,v)} form a non-
redundant set of irreducible components of C(,,). It suffices to show that there are no other
irreducible components.

Suppose C' is another irreducible component of C, ), and let

c=c\ |J o).

TeSY B(u,v)

Then C' is an irreducible subvariety of C,,) of maximal dimension by Lemma 6.7. Consider
the subvariety of 3:

300 ={g- (F.,G., (v,7)) | Fu,Ga € C', g € Spay}.

Since the stabilizer of (v, x) in Sp,, is connected, 351,0 is a fibre bundle over Q,,), with
fibres isomorphic to €’ x C’ (both C' and the ®~!(T")’s are left invariant by the stabilizer).
Using Lemma 6.7, and the same argument from Lemma 6.6, 355 is an irreducible subvariety

of 3 of maximal dimension. Hence it must be contained in 35;1, for some S and 7. This is a
. . . CC ST e .
contradiction, since 3,7, and 37, are disjoint. 0

7. ExoTic TYPE C ROBINSON-SCHENSTED CORRESPONDENCE

As mentioned in Section 6, the classical Robinson-Schensted correspondence, which is a bi-
jection between the symmetric group S, and pairs of standard Young tableaux of the same
shape, was rediscovered in the geometry of the Steinberg variety due to Spaltenstein and Stein-
berg ([Spa76], [Ste88]). In this section, we describe how the same techniques can be used to
give a variant of the Robinson-Schensted correspondence in type C using the geometry of the
exotic nilpotent cone. In [NRS17], the sequel to this paper, we give an explicit combinatorial
description of this bijection.

We have shown in Lemmas 6.3 and 6.6 that the irreducible components of 3 are parametrised
in two different ways: one by elements of the Weyl group W (C,,) and the other by pairs of
standard Young bitableaux (T',7") € SY B(u,v) as (u,v) runs over all bipartitions of n.

By comparing the two parameterisations, we deduce the existence of an Frotic Robinson-
Schensted correspondence:

Corollary 7.1. There is a bijection:

W(C,) «— H SY B(u,v) x SY B(u,v)
(Ha’/)EQn

defined geometrically by w < (T, T") if and only if 3, = SaTV,).

It is tempting to conjecture that the geometric correspondence of Corollary 7.1 should be
given by a naive Type C version of the Robinson-Schensted algorithm, but in fact this is not

the case (as we will see in the n = 2 example below). See Section 3 of [NRS17] for a complete
combinatorial description of this bijection.
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7.1. The n = 2 case. If we identify the Weyl group W (C,,) with Zs S,, we can write its
elements as permutation words in the letters 1,2,...,n with some of the letters barred. The
‘naive’ version of the type C Robinson-Schensted correspondence uses the usual row bumping
algorithm with the only difference being that the numbers with bars will be inserted in the second
tableau of the bitableau and the number without bars will be inserted in the first tableau of the
bitableau; see the below example for an illustration:

41 511
96318547 «— | 5121307} (TeTal 2.8
g| L6 7113

We now describe the exotic Robinson-Schensted correspondence from Corollary 7.1 in the
case of n = 2, to point out that it is indeed different from the ‘naive’ Type C case that we just
explained.

We let s = 12 and t = 21 be generators for the Weyl group W (Cy).

W(Cy) +— H SY B(u,v) x SY B(u,v)

(1, v)EQ2

id=12 «— ((2]1}-), (2]t} -))
s=12 «— ((2}[1),(2}[1])
t=21 «— ((1}[2),([1}[2)
ts =21 «+— ((1h[2)). (23[1)
st=21 «— (((2k[1]). (L[2])
sts =21 «— ((—[1]2])),(=[1]2])
tst =12 +— <(;— ;(3_))
stst =12 +— <(—;),(_§))

We now illustrate our method for computing this geometric correspondence with a couple of
examples. We will fix a point in the orbit of the exotic nilpotent given by a certain bipartition
(1, ) and, for two given bitableaux T, 7" we will find flags that are generic within the corre-
sponding exotic Springer fibres. We will then obtain an element of the Weyl group by looking
at the relative position of the two flags (i.e. the Sp,,-orbit passing through them). To compute
the relative position of the two flags, we compute dimensions of the intersections of the spaces
in the flags.

For our purposes, it will help us to identify the Weyl group W(C,,) as signed permutations
of the set {1,...,n}U{1,...,n}. For example, if n = 3 and w = 213 then we understand this
as w(l) = 2,w(2) = 1 and w(3) = 3, and so w(1) = 2,w(2) = 1 and w(3) = 3. For a general
n, we define s = 12...n and s; to be the standard generators for S, for 1 < i < n. Thus a
presentation for W(C,,) with these generators is given by:

(50,81, 8n_1 |87 =1,(s051)" = 1, (8i8041)° = 1, for i > 1, (s;55)*> = 1, for|i — j| > 1),
and we embed this in Ss,, via the map ¢ as follows:

t(so) =(n,n+1) and (s;))=n—i,n—i+1)(n+i,n+i+1) forl1<i<n-—1,
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where we use cycle notation for the transpositions of Ss,,.

We realise the image of ¢+ by permutation matrices, where the columns of the matrix left
to right are labelled n(n — 1)---112---7 and same with the rows from top to bottom. Then
w = wiwsy - - - w, describes the permutation given by the first n columns, and the other columns
are obtained by symmetry.

Example 7.2. Consider the generic orbit that corresponds to the tableau (21}, —). Since the
exotic Springer fibres consists of a single point in this case, the relative position between two
generic points trivially corresponds to the identity permutation. Namely:

id =12+ ((2[1}-),(2[L;-))

Example 7.3. Suppose F, is a generic point in the fibre ®*(([1],[2])). In this case the space
V' is pictured as follows:

vip12
* B,k
V111

with v = v1;. A generic point in ker(x) N (C[z]v)t has the form v; = ajvy; + fiv}, with
ag, 1 € C. Since in this case we must have eType(v + Fl,ﬁU|F1J_/F1) = (D, @), we require
B1 # 0. Since v € Fy, a generic point in the fibre has the form:

Fy = C{avn + Bivly},

Fy = C{un,via},

By = C{un,viy, aqvig + Srvg )

Let F be another generic point in the fibre. We have the intersection and permutation matrices
recording the relative position of F, with respect to F:

P F, B Fy 2 112
Fl0o 1 1 1 2] 1
Fl1 2 2 2 ~ 1|1
Fl1 2 2 3 1 1
F|1 2 3 4 2 1

which yields the permutation w(F,, F),) = 21. The permutation matrix (b;;) is obtained from the
intersection matrix (a;;) by the formula: b;; = a;—1 j_1 +a;; —a;,_1,; —a; ;—1 forall 1 <4, j < 2n.
Therefore under the exotic Robinson-Schensted correspondence, we have:

21— (([13[2]). (Ak[2]) -

The other cases can be computed in a similar way.

8. EXOTIiC SPRINGER FIBRES OF DIMENSION TwO

In this section we give a description of the irreducible components in the case where the
exotic Springer fibres has dimension two. We show that, in these cases, the components are
P! bundles over P!, and classify the Hirzebruch surfaces. In [Lor86], Lorist gives a description
of the irreducible components for Springer fibres with dimension two in types A, D and E;
this section is an extension of his results to the exotic case. In [Fun03] and [SW12], Fung and
Stroppel-Webster give a combinatorial approach to the structure of a Springer fibre for a two-
row nilpotent in type A. We expect that the same techniques can be used to give a combinatorial
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approach to exotic Springer fibres and the present section is a step in that direction (but we
only look at the case where the exotic Springer fibre has dimension two).

We will use the map ® from Definition 2.9 and the dimension formula from Definition 2.10.
Using the above mentioned dimension formula, if b(u, ) = 2, then either:

(1) |[v| = 0, and Z(z — 1)A\; = 1. The second condition implies that Ay = 1, \; = 0 for
i>1
i > 3. Hence p = (n—1,1) and v = 0.
(2) |v| =2, and Z(z —1)A; = 0. The second condition implies that A; = 0 for ¢ > 2. Hence
i>1

v=(2),and p = (n—2).
We remark that the case where (u,v) is a pair of arbitrary one-row partitions will be dealt
with in full generality in the forthcoming article [SW].

For what follows we introduce the following notation. Suppose F, € Cy 4, Where (v, z) has
exotic type (u,v). Then the flag F,/Fy := (0 C Fy/F, C --- C Fi*/F}) obtained from F, is a
point in the fibre C(, g Fi /) corresponding to the degree n —1 exotic nilpotent cone.

Case 1. For 2 < i < n, let T"* be the bitableau of shape (i, ?), where u = (n — 1,1) with
{1,2,--+,i—=1,i+1,--- ,n} in the first row, and i in the second row. Let C}, = ®~'(7}}), and
let its closure C? be the irreducible component of C, 5 corresponding to 77"

Proposition 8.1. We have C! ~ P?\pt.
Proof. Let F, € C!, then for 1 < k < n — 1, we have
eType(v + Fi, #[p1/p) = (0 — &k — 1,1),0).

Hence, for k = 1, this implies that (2|p1,p)" (v + F1) = 0, which means that " ?v € F,
but since 2" %v # 0, we have that F; = C{z"%v}. For k > 1, recursively, we obtain that
2" %=y € F}, hence

F, = C{z"%v,..., 2" " o} for 1<k<n-—i.
Now, since v € F,,, we have /v € F,,_;, in particular 2'"?v € F,,_; 5, but since

eType(v + Fn—i+17 x|F;— i+1/Fn—i+1) = ((Z - 1)7 ®)7

we have that <x|Fnl,i+1/Fn7i+l>i72(/U + F, 1) #0,ie. 2720 & F,_iy1.

For simplicity of notation, let V7 = C{z" %v,...,2%v}, j =i — 1,7 — 2. From the above it
follows that

Fo_ix1 C Vit 4 ker(x) N ((CU)L7 but  F,_ #£ V2

For n —i+1 < k < n, since 2" *v € F \ F_1, we have that F, = Fj,_; @ C{z"*v}. So, any
flag F, € C! is determined by the choice of F},_;;; and so the map

q:C.— P ((Vi_2 + ker(z) N (Cy)i)/vi—l) \ Vi

which sends q(F,) = F,,_;;1/V*"!, is an isomorphism of varieties and so the conclusion follows.
O

Proposition 8.2. We have C is a P'-bundle over P'.
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Proof. Suppose that F, € C'; from the proof of Proposition 8.1, using the same notation, we
have that

Vi2 =Vl g C{a" %0} € By @ C{a" %0} C V72 + ker(x) N (Cou)*.
Since F,,_;;1 @ C{x""?v} = F,,_; 9, it follows that

V2 C Fy_ipo C V72 + ker(z) N (CU)L. (8)

We also have
F, = C{a" ?v,..., 2" "} 1<k<n—i, (9)
Fo=F_ 1 ®C{z" %} n—-i+3<k<n. (10)

These are closed conditions and so it follows that (8)-(10) hold for any F, € Ci.

Consider the map 1 : Ci — X := P((V2 4 ker(z) N (Cv)*)/Vi=2), given by n(F,) =
F,_i1o/V 2 Tt suffices to show that it is surjective, and has P!-fibres. To see that the map 7
is surjective, it suffices to note that using Proposition 8.1, the map 77|C}-1 is surjective.

Now suppose that we fix Fj,_;;o/V2 € X, and let F, € n7' (F,_;12/V??). From (9) and
(10), all of the spaces of F, are determined except for F,_;;1, and

Fn7i+1 € P(Fn,i+2/viil) ~ ]P)l.
O
Corollary 8.3. We have Ci N Ci+l ~P'; and if j —i > 1 the intersection Ci N C’_ﬂl is empty.
Proof. If F, € C_-ZL, then from the proof of Proposition 8.2, F,, ;1o C x }(F,—;). If we also
have F, € C%, with j —i > 1, then 2/ %0 € F,_jo; since 27" %v ¢ F,_;, it follows that
F,_jio ¢ 2~ (F,_;). This is a contradiction, hence the intersection Ci N Cj is empty.
Now suppose that F, € Ci N CitL) then by (9), Fj is determined for 1 < k < n —i. By
applying (8) and (10) to C*! we obtain that
Vitt C F, i € VT 4 ker(w) N (Co)* (11)

and F}, is determined from Fj_; for n — 7+ 2 < k < n. In conclusion, any F, € C'_; N Citl g
determined by the choice of F,,_;1, with

i1 € P((VIT! 4+ ker(x) N (Co) )/ Vi) ~ PL
O

Definition 8.4. For a scheme X, and a finite-dimensional vector bundle 9 : V' — X, we define
an associated projective bundle ¥ : P(V) — X whose fibre ¥~!(x) over a base point z € X is
just the projectivisation of the affine fibre 9~ (x). For n > 0, let ¥_,, be the P!-bundle over P!
obtained as the associated projective bundle to the two-dimensional vector bundle O & O(—n)
over P!

Remark 8.5. Given a line bundle £ on X, one may check that P(V) ~ P(L® V'); in particular
if j < i the projective bundle associated to O(i) & O(j) is X;_;.

Proposition 8.6. We have an isomorphism, C_;L ~ ¥ 1.



26 VINOTH NANDAKUMAR, DANIELE ROSSO, AND NEIL SAUNDERS

Proof. Because of (8)-(10), we have C% ~ C?, hence it suffices to prove that C7 ~ £_;. From
Proposition 8.2, it follows that:

Cr ~ {(F, F) | C{z" %} C Fy C ker(z) N (Cv)*, Fy C ).
Define the variety 6’7,} as follows:
Cr ~ {(Fy,s) | C{a" %} C F C ker(z) N (Cv)*, s € Fy}.

We have a natural map (/EL — P(ker(z) N (Cv)*/C{z""v}) ~ P'. Under this map, 6’\3 is a
two-dimensional vector bundle over P!, and its projectivisation is isomorphic to C”. Hence it
suffices to show that C" ~ Op1 @ Op:1(—1); this implies that C? ~ _;.

Consider the sub-bundle of 6’5 consisting of pairs (Fy, s) with s € C{z"?v}; it is isomorphic
to Op1, and the quotient is isomorphic to Op: (—1). Since there no non-trivial extensions between
Op1 and Opi(—1), the conclusion follows. O

Corollary 8.7. Recalling that 3 is isomorphic to the blow-up of P? at a point a € P?, there is
a natural embedding P*\{a} — X _1. The map Ci: — Ci can be identified with this embedding;
in particular, CP\C? ~ P

Remark 8.8. See page 4 of Ravi Vakil’s notes, [Vak02] for a proof of the fact that X_; is
isomorphic to the blow-up of P? at a point a € P2.

Proof. Tt suffices to prove these statement for the inclusion C" «— C7. After identifying C7, the
space of (Fy, Fy) from Proposition 8.6, with ¥_;, the blow-up of P? at a point, it is clear that the
open subvariety P?\{a} corresponds to pairs (Fy, Fy) with Fy # C{z"2v}. To finish the proof,
note that the latter space is precisely C, using Proposition 8.1. It follows that C"\C" ~ P*;
this is also clear from the proof of Proposition 8.2. 0

Example 8.9. The simplest example is 0_22 There is only one irreducible component. The
space (C(v))* has dimension 3, and Cv C F, C (Cv)*. Sending a flag F, to its F; gives a map
C? — P((Cv)*/Cv), and hence C? is a P-bundle over P!.

The component C3 can be described similarly. The conditions are that v € F3 \ Fy and
zv € Fy \ Fi. We need to choose F; € P(ker(z) N (Cv)t) \ C(zv) again this is a P? with
one point removed. Once F) is chosen, the conditions tell us that Fy, = F; + C{zv} and
F3 = Fy + C{v} are determined.

Case 2. For 1 <i < j <mn,let T;; be the bitableau of shape ((n — 2),(2)) with the second
tableau containing the numbers {4, j} in a single row, and the first tableau containing the other

n — 2 numbers in a single row. Let C% = ®~1(T;;), and let its closure Cy’ be the irreducible
component of C, ) corresponding to T; ;.

Proposition 8.10. Suppose j —i > 1, then Ci? ~ P! x P.

Proof. Let F, € C%  with j — 4 > 1 (this implies that n > 3). For 1 < k < n — j, we have
eType(v+Fy, 2| /g, ) = ((n—k—2),(2)). For k = 1, this implies that (x|FkL/Fk)”’3(U+F1) =0
which means that z"3v € Fy; but since 2" 3v # 0, we have that F; = C{z"3v}. For
1 < k <n — j, recursively, we obtain that 2" *~2v € F},, hence

Fp = C{z"Pv,... 2" "2} 1<k<n-—j. (12)
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Now let n — j < k < n —i. We have eType(v + Fy, z|p1/p) = ((n — k —1),(1)), hence
2" * 2y ¢ F,. Also, eType(v + Feevs2lpg yp,,) = (0 =k = 2), (1')), hence 2" *=2v € Fj
and Fy, = Fy, ® C{z" " 2v}. In particular, F,,_j1o = F,_;11 ® C{a?3v} C 27 '(F,_;), but by
counting dimensions we actually get an equality

Foga = (Fuy). (13)
We have also established that
F,=F_,®oC{z" ")} for n—j+3<k<n-—i. (14)

Suppose now that k > n—i. Then eType(v+ Fy, z|pL /5, ) = ((n—k), ), hence "y ¢ F.
Also eType(v + Fk+1’x|F,§+1/Fk+1) = ((n —k —1),0), hence 2" * v € Fyy and Fyy = Fp @
Ca" %1y, In particular we get that Fy, ;1o = F,,_; 11 ® C2'%v = 27 Y(F,_;). Thus:

Fn—i+2 = I_I(Fn_i), and (15)

Fo=F,_1®Cx" % for n—i+3<k<n. (16)

The conditions (12)-(16) are closed, hence they hold also in Cy7 and in fact they define it. There-
fore all spaces in a flag Fy € Cy’ are determined uniquely except for F,,_;,, € P(x=(F,_;)/Fn_;)
and F,_; 1 € P(x7'(F,_;)/F,_;), and it follows that Ci/ ~ P! x P!, O

Proposition 8.11. For 1 <i<n —1, we have CLt ~ Y o.

Proof. Let F, € C%"*! then, by the same argument as in Proposition 8.10, we have the equation
(12) for 1 <k<n-—i—1.
Since, for n —i+1 < k < n, eType (U + Fk,I|FkL/Fk> = ((n — k), 0) we have that 2" "1 ¢
Fiia \ Fy, s0
Fip = Fp o Cla™ 1) for n—i+1<k<n. (17)

Again, (12) and (17) are closed conditions, so they hold in C"*'. This means that any flag is
determined by the choice of F,,_; € P(x7(F,,_i_1)/Fu_i_1) and F,, ;11 € P(a= (F,_;)/Fn_s).

In particular, there is an isomorphism C;" ™ ~ Cff{l Hence it suffices to show the result in
the case where i« = n — 1. We have established the following description:

Cimt" = {(Fy, Fy) | Fy € Blker(a), Fy € By C a7 ()},

We have a P'-bundle map, Cy " — P(ker(x)), and the fibre over Fy C ker(z) is P(z =" (F})/F}).
As vector spaces, x7(Fy)/F, ~ x7'(F)/ker(z) & ker(z)/F;. Clearly the line bundle over
P(ker(z)) with fibre over F} being ker(z)/F; is isomorphic to O(1). Writing out a basis for
x7(F}), we see that the line bundle over P(ker(z)) with fibre over Fy being x~1(F})/ker(z) is
isomorphic to the one whose fibre over Fj is F} itself; and hence can be identified with O(—1).

Hence Cp™ """ ~ P(O(1) & O(—1)) ~ ¥ _,, as required (see Remark 8.5). O

Corollary 8.12. Suppose j —i > 1 and | — k > 1. Then the intersection C_ﬁ] N W 15 empty
unless [i — k| < 1 and |j — 1| < 1. Furthermore, C}/ N Cy?tt ~ P! ~ Ci, " N C | while both

‘ ‘ = — _ — . . ‘
intersections Cy’ N Cpt 7 and Cy? N Cy ™ consist of a single point.
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Proof. Suppose j —i > 1, 1 —k > 1, and j > [ + 2. Then if F, € C}’, then from_the
proof of Proposition 8.10, F,_; = C{z"3v,... 2720} and F,_j .5 = 2~ Y(F,_;). If F, € C}",
again from the proof of Proposition 8.10, for r > I, F,,_, = C{z"3v, ..., 2" %v}; in particular,

Fojio = C{z" v, ... a9~} # 2= (F,_;). Hence, in this case, C5' N Cp' = 0.

Next suppose j —i > 1and | —k > 1 and i > k + 2. Then if F, € C%, then from the proof

of Proposition 8.10, F;,_;;; = ker(z?) & C{x" v, -- 2" 'v}. However if F, € CF! then from
Proposition 8.10 again, since i > k + 2 we have F,, ;1 = ker(z) ® C{z" v, -+ , 2" 2v}. In this

case, again we have that C57 N CF = 0.

Next suppose j —i > 1, and F, € C/ N CL7 1 then
Cl{a" v, 2"} C F,_; C ker(z) @ C{z" v, -, %v}.
All other vector spaces are determined uniquely, and it follows that C’_Zﬂﬂ CHtt ~ Pl gimilarly

Ci N Oy ~ Pl Using the same method, one verifies that both intersections C?/ N Cpt 7+

and CY N Cy ™ consist of a single point. 0

9. FURTHER DIRECTIONS

9.1. Canonical bases in irreducible Weyl group representations. Given a bipartition
(u,v) € Q,, the top homology group Hiop(C(v)) carries an action of the Weyl group W(C,,) =
Zo ! S,, and realises the irreducible representation indexed by that bipartition. This follows
from Kato’s results in [Kat09] and [Kat09]. Now the classes of the irreducible components give
a distinguished basis in the Weyl group representation. It would be interesting to study this
basis, and determine whether it has properties that resemble the canonical bases introduced
by Kazhdan and Lusztig in various contexts. In type A, a version of this question was first
posed in [KL80] and subsequently restated in terms of the irreducibility of certain characteristic
cycles by Kashiwara-Tanisaki ([KT84]). Subsequent work by Kashiwara-Saito ([KS97]) and
Williamson ([Will5]) found counterexamples to the irreducibility conjectures. In the papers
mentioned above, Kato also shows that the total homology He(C(,.)) realises the standard
modules for certain multi-parameter Hecke algebras. It would be interesting to see if one can
deduce any additional information about these modules using our results about the structure of
exotic Springer fibres. This question is not well-understood in type A, and answering it would
require new techniques.
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