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Abstract

Conformal Field Theories (CFTs) play a pivotal role in various areas of theoretical

physics, including string theory, holography, and condensed matter physics. Many of

these theories feature non-local excitations, known as defects. Conformal defects break

some of the conformal symmetry of the bulk theory while preserving it on the defect.

Therefore, it is natural to study them using similar methods to those employed for

CFTs without defects, such as the analytic conformal bootstrap. In this thesis, we

develop some analytic bootstrap techniques specifically for defect CFTs. We also apply

these techniques to several defects that are relevant in the context of condensed matter

physics or holography. We begin by reviewing the fundamental principles of conformal

field theory and the analytic bootstrap. Following this, we derive dispersion relations

that enable the reconstruction of defect and bulk correlators from their singularities. In

favorable cases, these singularities are determined by a small set of data of defect and

bulk operators. Specifically, we derive a new dispersion relation which computes the

four-point function of defect operators in 1d CFTs (i.e. line defects) as an integral over

its double discontinuity. Additionally, we construct two distinct dispersion relations for

two-point functions of bulk operators in presence of a defect. The first one expresses

the correlator as an integral over a single discontinuity governed by the bulk channel

Operator Product Expansion (OPE). The second relation reconstructs the correlator

from a double discontinuity controlled by the defect channel OPE. We also derive a

different dispersion relation for the special case of codimension-one defects. In the

last part of the thesis, we analyze the O(N) model in presence of line defects, which

correspond to magnetic impurities in condensed matter systems. In particular, using

a dispersion relation, we compute the two-point function of the fundamental field at

the first non-trivial order in the ε-expansion. From this result, we are able to extract

an infinite set of new defect CFT data. Finally, we compute holographic correlators

in presence of the supersymmetric Wilson line in N = 4 Super Yang-Mills. Using the

dispersion relation, we compute the four-point function of defect operators up to fourth

order in the large t’Hooft coupling expansion. Our derivation validates the results

previously obtained using an Ansatz. Similarly, we streamline the computation of two-

point functions of half-BPS single trace bulk operators, thanks to the efficiency of the

dispersion relation.
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Chapter 1

Introduction

This thesis studies Conformal Field Theories (CFTs) that admit extended excitations,

known as defects. CFTs are Quantum Field Theories (QFTs) that are invariant under

the conformal group, which includes translations, rotations, dilatations, and special

conformal transformations (transformations that map straight lines into circles). Con-

formal field theories are interesting due to their various applications, ranging from

critical phenomena in condensed matter physics to string theory and the AdS/CFT

correspondence.

In condensed matter physics, it is well-known that scale invariance arises when

a system undergoes a second-order phase transition. This statement goes back to

the experimental observation of critical opalescence near the critical point of CO2 [1]

which was interpreted as an indication of the diverging correlation length of the fluid

density [2]. It was later proven that scale1 invariance emerges at the critical point of the

ferromagnetic phase transition in two-dimensional metals [5]. Therefore, second-order

phase transitions are described by CFTs. A characteristic feature of critical phenomena

is universality: the relevant parameters of completely different systems behave in the

same way near the critical point. This means that, in order to describe a second-order

phase transition, the microscopic details of a model are irrelevant and the behaviour

of the system is determined only by general properties such as symmetries [6]. In

other words, the same CFT can describe the behavior of different systems undergoing

a second-order phase transition [7]. For example, the 3d Ising CFT describes both

the liquid–vapor transition of water at the critical point and the ferromagnetic phase

transition of uniaxial magnets. This connection to universality is one of the reasons

why conformal field theory is such a fascinating and powerful tool.

Conformal field theories appear also in the context of high-energy physics. When

quantum field theories are probed at different energy scales, their coupling constants

change. For instance, the coupling of the strong interaction is small at high energies

1Assuming unitarity, Poincaré invariance, a discrete spectrum and the existence of a scale current,

scale invariance implies conformal invariance in dimension d > 2 [3, 4].
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[8] but increases at low energies, leading to phenomena such as confinement. This

evolution of the coupling constants as a function of energy or length scale is interpreted

as a Renormalization Group (RG) flow [9–11] from a microscopic theory at very short

distances or high energies (UV) to a theory defined at long distances (IR), which arises

as one integrates out the degrees of freedom of the UV theory. The renormalization

group explains the phenomenon of universality: different high-energy QFTs can give

rise to the same low-energy physics. Scale invariant theories are fixed points of the RG

flow. Therefore, studying CFTs allows us to identify the endpoints of RG flows and

shed light on the space of QFTs.

Finally, conformal field theory has applications to string theory and holography.

Indeed, the sigma model that describes the worldsheet of a string must be a two-

dimensional CFT to ensure consistency of the string theory. Moreover, the AdS/CFT

correspondence [12–14] states that string theory in Anti-de Sitter (AdS) spacetime is

dual to a CFT defined on the boundary of AdS. In other words, this correspondence

provides a non-perturbative definition of quantum gravity in AdS in terms of a CFT.

Many of the CFTs that are relevant for physical applications are strongly coupled.

To study theories like the Ising model in three dimensions, various alternative expansion

methods can be used. One approach is the ε-expansion [15], where we study the CFT in

d = 4−ε dimension, with ε being small. Specifically, we set up a perturbative expansion

around ε = 0 and extrapolate the results to ε = 1 [16, 17]. In the case of CFTs with

internal symmetries, such as the O(N) model, we can also perform a large N expan-

sion [18]. In order to go beyond perturbation theory, we can perform numerical Monte

Carlo simulations [19]. All these methods depend on having an explicit microscopic

model to compute the observables of the CFT. An alternative approach is to focus on

the general properties of CFTs and derive results based on consistency conditions. This

is the crucial idea of the conformal bootstrap [20–23], which combines conformal invari-

ance with the existence of a convergent and associative Operator Product Expansion

(OPE) [24] to obtain constraints on CFT observables. This approach allows the precise

determination of CFT data and, in certain cases, the exact solution of the theory. The

conformal bootstrap program was initially implemented for two-dimensional CFTs [22]

but has since been extended to higher dimensions [23]. A crucial breakthrough in this

area was the development of a numerical method, based on linear programming, to com-

pute scaling dimensions and OPE coefficients from the conformal bootstrap equations.

This method has lead to remarkable non-perturbative results for the CFT data of many

strongly-coupled theories, such as2 the 3d Ising model [27–29]. Alongside these numer-

ical developments, a range of important analytic tools have been introduced [30–33].

These tools have proven extremely useful, particularly when the theory allows for a

perturbative expansion in some small parameter.

2See [25,26] and references therein for more numerical bootstrap results.
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The spectrum of a CFT includes both local and non-local operators. The latter are

often called defects. The expectation values of certain defects, such as Wilson and ’t

Hooft lines, are useful for diagnosing phases of theories [34, 35]. In condensed matter

physics, defects like boundaries and interfaces naturally appear as consequence of the

finite size of physical systems, while line defects extended in the time direction represent

point-like impurities [36]. Additionally, topological defects correspond to symmetry

generators [37]. In the context of CFTs, we usually consider conformal defects, which

preserve part of the conformal symmetry of the bulk CFT [38]. Motivated by the success

of the conformal bootstrap for homogeneous CFTs, it is natural to explore a similar

approach for theories with conformal defects. In recent years, numerous new results for

defect CFTs have emerged from both numerical [39–43] and analytic bootstrap [44–55]

studies.

1.1 Main results and structure of the thesis

The aim of this thesis is to develop new tools for the analytic bootstrap of defect CFTs

and to apply them to defects that are relevant in the context of condensed matter

physics or holography. This work is structured as follows.

In Chapter 2, we review fundamental aspects of conformal field theory essential for

understanding the main results of this thesis. The results discussed in this chapter are

well-known in the literature. We begin by examining generic CFTs without defects. We

present the conformal algebra and its implications for correlation functions. Next, we

introduce the Operator Product Expansion, which allows to expand the product of two

operators in correlation functions as a sum over primary operators. Then, we discuss

the crossing equation and the conformal bootstrap program, with a particular focus on

the analytic methods, specifically the Lorentzian inversion formula. This is an integral

formula that can be used to extract conformal data from singularities of the four-point

function in Lorentzian signature. In view of applications to line defects, we dedicate

a section to one-dimensional CFTs, highlighting the main differences from the higher-

dimensional case. In particular, we focus on the special features of the one-dimensional

Lorentzian inversion formula. Towards the end of the chapter, we introduce conformal

defects and we explain how correlation functions of local operators are modified in

presence of a defect. We consider correlators of both defect and bulk operators. For the

latter case, we introduce the bulk-defect (or simply defect) and bulk-bulk (bulk) OPE

expansions and outline the concept of the defect analytic bootstrap. We discuss two

distinct Lorentzian inversion formulas: the defect inversion formula, which extracts the

CFT data of operators exchanged in the defect OPE channel from a single discontinuity

controlled by the bulk OPE channel, and the bulk inversion formula, which extracts

data in the bulk channel from a double discontinuity controlled by the defect spectrum.
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Finally, we discuss the special case of boundaries and interfaces.

After this review, we present the main results of the thesis. In Chapter 3, we

present new dispersion relations for correlators in defect CFTs. A dispersion relation

is an integral formula that allows the reconstruction of a function from one or more of

its discontinuities. We obtain novel dispersion relations for four-point functions in one-

dimensional CFTs (i.e. line defects) and for two-point functions of bulk operators in

the presence of a generic defect. Specifically, we derive the one-dimensional dispersion

relation directly from the corresponding Lorentzian inversion formula. The input of the

formula is the double discontinuity of the four-point function. We explicitly work out

the integration kernel for correlators of identical operators with integer or half-integer

dimensions. We also introduce two distinct dispersion relations to reconstruct two-point

functions of bulk operators in the presence of a defect, up to low-spin ambiguities. The

first formula involves a single discontinuity and we derive it using either a contour

deformation argument, combined with the symmetries and the analytic structure of the

correlator, or by re-summing the result of the defect Lorentzian inversion formula. The

discontinuity is controlled by the bulk OPE, making this formula particularly suitable

for theories where the bulk is well-understood. The second dispersion relation depends

on a double discontinuity controlled by the defect channel. The derivation in this case

is more complex, but for certain defect dimensions, we can relate the problem to the

case without a defect. Finally, we present a dispersion relation for the special case of

boundaries and interfaces. Here, it is not possible to find a relation controlled solely

by either the bulk or the defect OPE. Instead, the dispersion relation involves two

distinct discontinuities, each controlled by one of the OPE channels. The presentation

of Chapter 3 is based on [56] and [57].

In Chapter 4, we present several applications of the defect analytic bootstrap. We

begin by considering defects in the critical O(N) model in d = 4 − ε < 4 dimensions,

where the fundamental excitation is the vector of scalar fields ϕa with a = 1, . . . , N .

Using a dispersion relation, we compute the two-point function of ϕa (i.e. the magnetic

susceptibility) in the presence of a defect obtained by coupling the field ϕ1 to a magnetic

field localized on a line. In Lorentzian signature, this defect corresponds to a magnetic

field localized at a point in space. Following [58], we determine the two-point function,

at first order in ε-expansion and at the Wilson-Fisher critical point. The discontinuity of

the correlator is governed by a single bulk conformal block, associated with the lightest

operator exchanged in the bulk OPE channel, and is proportional to the anomalous

dimension of this operator. Given that the anomalous dimensions of bulk operators

are known from the analysis of the bulk theory without defects, we can reconstruct

the non-trivial part of the order-ε correlator using only a single piece of known bulk

CFT data. This is a universal feature of defects in the O(N) critical model in ε-

expansion. However, differences among defects may arise from low-spin ambiguities.
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For the case of the localized magnetic field, we argue that the ambiguity corresponds to

the contribution of the squared one-point function of the fundamental field ϕa. From the

result for the two-point function, we can extract an infinite amount of new CFT data,

including defect anomalous dimensions, bulk-to-defect couplings and bulk one-point

functions.

Next, we consider a line defect corresponding to a spin impurity, following the anal-

ysis of [59]. In Lorentzian signature, this setup models a doped two-dimensional anti-

ferromagnet at the quantum critical point. Among the various realizations of the spin

impurity, we choose to work with a path-ordered exponential, which preserves the full

global symmetry algebra only for N = 3. Thus, we focus on this case. We start by

examining a free bulk theory and compute the beta function for the defect coupling

up to three loops. We then analyze several important operators in the defect spec-

trum, particularly their explicit realization in the path-ordered exponential framework.

Finally, we calculate the bulk two-point functions of ϕa using analytic bootstrap meth-

ods, in the case of a free or interacting bulk. For the free bulk case, the form of the

correlator is completely fixed at all orders in ε, up to a single unknown (ε-dependent)

constant which is essentially the one-point function of ϕ2. Evaluating this correlator at

ε = 1 and assuming that the one-point function is non-zero, we obtain a correlator that

cannot satisfy the defect bootstrap equations, leading to the inevitable conclusion that

the defect CFT is trivial in this scenario. For the interacting bulk case, we compute

the correlator up to order ε2. This computation is very similar to that for the localized

magnetic field, the main difference being an extra contribution due to low-spin ambi-

guities. From the explicit form of the correlator, we extract an infinite amount of new

CFT data. We also confirm and extend our results by diagrammatic computations.

As a last example of a defect in the O(N) model, we consider a conformal boundary.

In this case, we demonstrate that previously obtained results for the order ε2 two-

point correlator can be efficiently reproduced by the boundary dispersion relation. This

section is based on [56].

In the final section of this chapter, we examine the supersymmetric Wilson line in

N = 4 SYM, which is holographically dual to a string worldsheet in AdS5 × S5 end-

ing on the line at the boundary. We compute the four-point function of fundamental

fields inserted on the line, corresponding to fluctuations of the worldsheet of the dual

fundamental string. Using the dispersion relation, we reproduce results in the planar

limit up to the fourth order in a strong ’t Hooft coupling expansion, which were previ-

ously obtained using an Ansatz in terms of polylogarithms and rational functions. Our

first-principles computation retrospectively justifies the Ansatz. Additionally, by taking

advantage of the simplicity of the dispersion relation, we efficiently reproduce known

results for the bulk two-point function of 1/2 BPS operators at strong coupling. Previ-

ously, these correlators were derived using the Lorentzian inversion formula to extract

13



defect CFT data and then resumming the OPE expansion. We obtain the correlators

directly, bypassing the technically challenging intermediate steps. This section is based

on [56] and [57].

In Chapter 5, we summarize our results and discuss potential future research direc-

tions.
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Chapter 2

A review of conformal field theory

In this chapter, we review the fundamental principles of conformal field theory. We

begin by considering CFTs without defects. We introduce conformal transformations

and their algebra, examining their implications for correlation functions. We also discuss

the Operator Product Expansion and the crossing equation, which lay at the heart of the

conformal bootstrap program. Furthermore, we provide a brief overview of the analytic

methods used in the conformal bootstrap. Towards the end of the chapter, we introduce

conformal defects, which will be the central focus of the subsequent chapters. This

chapter is a short review of known results, we refer to the excellent reviews [25, 60–63]

for a more comprehensive treatment.

2.1 The conformal algebra and its representations

A conformal transformation is a change of coordinates that preserves the metric up to

a spacetime dependent scale factor

dx′2 = Ω2(x)dx2 , dx2 = ηµνdx
µdxν , (2.1.1)

where ηµν is the flat metric in Euclidean or Minkowski space. In what follows we

will mostly focus on the Euclidean case. In order to see explicitly the form of such

transformations, one considers an infinitesimal transformation x′µ = xµ + ϵµ(x) with

Ω(x) = 1 + σ(x) and expands the definition (2.1.1) at first order in ϵ and σ. One

obtains the constraint

∂µϵν + ∂µϵν = 2σ δµν . (2.1.2)

This is the so called conformal Killing equation. Its general solution reads 1

ϵµ(x) = aµ︸︷︷︸
translation

+ωµνx
ν︸ ︷︷ ︸

rotation

+ λxµ︸︷︷︸
dilatation

+ bµx
2 − 2xµbνx

ν︸ ︷︷ ︸
special conformal

, (2.1.3)

1See for example [63] for more details about the solution of the conformal Killing equation.
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where ωµν = −ωνµ. In other words, the generic conformal transformation is a combi-

nation of translations, rotations, dilatations and special conformal transformations.

Given a conformal Killing vector ϵ = ϵµ∂µ, one can define the associated generator

Qϵ. The commutation relations of the conformal generators can then be obtained from

those of the Killing vectors as

[Qϵ1 , Qϵ2 ] = Q−[ϵ1,ϵ2] . (2.1.4)

If we associate the generators {Pµ,Mµν , D,Kµ} to the conformal Killing vectors with

parameters {aµ, ωµν , λ, bµ}, we obtain

[Mµν , Pρ] = δνρPµ − δµρPν ,

[Mµν , Kρ] = δνρKµ − δµρKν ,

[Mµν ,Mρσ] = δνρMµσ − δµρMνσ + δνσMρµ − δµσMρν ,

[D,Pµ] = Pµ,

[D,Kµ] = −Kµ,

[Kµ, Pν ] = 2δµνD − 2Mµν ,

(2.1.5)

and all other commutators vanish. This is the conformal algebra. If we rearrange the

generators as

Lµν =Mµν ,

L−1,0 = D,

L0,µ =
1

2
(Pµ +Kµ),

L−1,µ =
1

2
(Pµ −Kµ),

(2.1.6)

where Lab = −Lba and a, b ∈ {−1, 0, 1, . . . , d}, then

[Lab, Lcd] = ηbcLad − ηacLbd + ηbdLca − ηadLcb , (2.1.7)

where ηab = diag(1, 1, ...,−1). The equation above implies that the d-dimensional

Euclidean conformal algebra is isomorphic to the algebra of SO(d+ 1, 1), which is the

Lorentz group in d+ 1 dimensions 2.

Operators in a CFT transform in the representations of the conformal algebra. Ex-

ploiting the equivalence with the Lorentz algebra, one can easily construct such rep-

resentations, following the same strategy that one uses for the Poincare group. For a

given operator O, we assume

[Mµν ,Oa(0)] = (Sµν)b
aOb(0) [D,Oa(0)] = ∆Oa(0) , (2.1.8)

2The Lorentzian conformal algebra is instead isomorphic to the algebra of SO(d, 2).
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where Sµν are matrices satisfying the same algebra as Mµν and a and b are spin indices

for the SO(d) representation of O. The eigenvalue under the action of the dilatation

generator, ∆, is called the scaling dimension of the operator. Operators in a CFT are

uniquely characterized by their dimension ∆ and representation under SO(d). From

now on, we will often suppress the spin indices to avoid cluttering.

From the conformal algebra (2.1.5), one can see that Pµ and Kµ are respectively

rising and lowering operators for scaling dimensions. In physically sensible theories, the

scaling dimension is bounded from below 3. Therefore, there must exist operators such

that

[Kµ,O(0)] = 0 . (2.1.9)

These are called primary operators. Given a primary, we can construct operators

of higher dimension, called descendants, by acting with Pµ. The resulting conformal

multiplet forms an irreducible representation of the conformal group.

The construction above can be generalised to operators inserted at an arbitrary

point in spacetime, using

O(x) = ex
µPµ O(0) e−xνPν . (2.1.10)

The action of the conformal generators on an operator in this case reads

[Pµ,O(x)] = ∂µO(x) ,

[Mµν ,O(x)] = (xν∂µ − xµ∂ν + Sµν)O(x) ,

[D,O(x)] = (xµ∂µ +∆)O(x) ,

[Kµ,O(x)] = (2xµx
ν∂ν − x2∂µ + 2∆xµ − 2xνSµν)O(x) .

(2.1.11)

2.2 Correlation functions and the OPE

Now we can introduce the main observables in conformal field theories, namely corre-

lation functions of local primary operators,

⟨O1(x1)...On(xn)⟩ ≡ ⟨0|O1(x1)...On(xn)|0⟩ . (2.2.1)

Here the vacuum state |0⟩ is defined as the state that is annihilated by all the conformal

generators. For a general n-point function, conformal invariance implies

⟨0|[Lab,O1(x1)...On(xn)]|0⟩ =
n∑

i=1

L(i) ⟨O1 (x1) . . .On (xn)⟩ = 0 , (2.2.2)

where Lab are the generators (2.1.6) and L(i) are the corresponding differential operators

acting on O(x), see (2.1.11).

3As we shall see in the next section, if we had an operator with ∆ < 0, then its two-point

function would grow with distance, violating cluster decomposition [61]. Moreover, unitarity/reflection

positivity implies ∆ ≥ 0.
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The first non-trivial 4 correlator is the two-point function. For scalar operators, the

Ward identity (2.2.2) implies

⟨O1 (x1)O2 (x2)⟩ =
Cδ∆1∆2

x2∆1
12

, (2.2.3)

where x12 = xµ1 − xµ2 . In other words, the two-point function is completely fixed in

terms of the scaling dimension of the operators (and possibly an overall normalization

constant C). One can generalize (2.2.3) to the case of spinning operators. In the case

of a spin ℓ symmetric traceless tensor one obtains

⟨Jµ1...µℓ(x)Jν1...νℓ(0)⟩ = CJ

(
I(µ1

ν1(x) · · · I µℓ)
νℓ(x)

x2∆J
− traces

)
, (2.2.4)

where

Iµν(x) ≡ δµν − 2
xµxν
x2

. (2.2.5)

Moving on, three-point functions of scalar operators read

⟨O1 (x1)O2 (x2)O3 (x3)⟩ =
λ123

x∆1+∆2−∆3
12 x∆2+∆3−∆1

23 x∆3+∆1−∆2
31

, (2.2.6)

whereas the three-point correlator of two scalars and a symmetric traceless tensors is

given by

⟨O1 (x1)O2 (x2) J
µ1...µℓ (x3)⟩ =

λO1O2J (Z
µ1 · · ·Zµℓ − traces )

x∆1+∆2−∆J+ℓ
12 x∆2+∆J−∆1−ℓ

23 x∆J+∆1−∆2−ℓ
31

,

Zµ ≡ xµ13
x213

− xµ23
x223

.

(2.2.7)

The coefficients λijk are called three-point couplings or OPE coefficients. The reason

for this name will soon become clear.

The next correlator is the four-point function. In this case, conformal invariance

(2.2.2) cannot fix the kinematic dependence completely and one obtains, for identical

scalars 5 ϕ,

⟨ϕ(x1)ϕ(x2)ϕ(x3)ϕ(x4)⟩ =
G(z, z̄)
x
2∆ϕ

12 x
2∆ϕ

34

. (2.2.8)

Here G(z, z̄) is an arbitrary function of z and z̄, which are two (complex conjugate)

conformal cross-ratios, satisfying

zz̄ =
x212x

2
34

x213x
2
24

, (1− z)(1− z̄) =
x223x

2
14

x213x
2
24

. (2.2.9)

We can understand the meaning of the two cross-ratios by performing the following

transformations [61]:

4One-point functions vanish because of translation and dilatation invariance, except in the case of

the identity operator ⟨1⟩ = 1.
5Similar expressions exist for non-identical operators. We will not need them in what follows.
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1. Using special conformal transformations we move x4 to infinity.

2. We move x1 to the origin using translations.

3. Using rotations and dilatations we set x3 to (1, 0, 0, ..., 0).

4. Using rotations that fix x3, we move x2 to a plane, i.e. (x, y, 0, 0, ..., 0).

This procedure leaves exactly two undetermined coordinates (x, y), which parametrize

a plane. We can then introduce lightcone coordinates for the plane, namely z = x+ iy

and z̄ = x− iy. These are precisely the cross-ratios (2.2.9) in this frame. Notice that, if

we Wick rotate to Lorentzian signature, the cross-ratios become two independent real

numbers z = x+ y, z̄ = x− y.

One could of course go on and study higher point functions, using (2.2.2) to constrain

the form of the correlators up to an arbitrary function of an increasing number of cross-

ratios. However, it turns out that all higher-points correlators can be constructed from

two- and three-point functions using the Operator Product Expansion (OPE).

In a CFT one can expand the product of two operators inside any correlation func-

tion as an infinite sum over primary operators, namely

ϕ(x1)ϕ(x2) =
∑
O

λϕϕOCa(x12, ∂2)Oa(x2) . (2.2.10)

Above, Ca is a differential operator that encodes the contribution of descendants 6, a

is a SO(d) index 7 as before and finally λϕϕO is the three-point coupling introduced in

(2.2.6). We now see why it is also called OPE coefficient. Contrary to what happens

in the case of a generic quantum field theory, the OPE in a CFT is convergent [64],

provided that one can surround the two operators with a sphere without crossing any

other operator.

Using the OPE, any n-point function can be expressed as a sum of lower point

functions,

⟨ϕ(x1)ϕ(x2) · · ·ϕn(xn)⟩ =
∑
O

λϕϕOC(x12, ∂2)⟨O(x2) · · ·ϕn(xn)⟩ . (2.2.11)

Applying the above equation recursively, one can in principle obtain any correlator

just from two- and three-point functions. For this reason, one often says that the

spectrum of scaling dimensions and OPE coefficients, collectively referred to as CFT

data, completely determines a CFT.

6The explicit for of this operator can be computed by applying the OPE inside a three-point

function and comparing with (2.2.6).
7Indeed, the OPE of scalars may contain spinning operators. In particular, in the case of two

identical scalar operators, the OPE contains symmetric traceless tensors with even spin ℓ.
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2.3 The conformal bootstrap

We can finally introduce the conformal bootstrap method for the study of CFTs [23,

65, 25]. Roughly speaking, the crucial idea is to consider four-point functions and

perform the OPE between pairs of operators in different orders. This results in different

expansions of the same correlator in terms of the CFT data. By imposing consistency

between them, one obtains a crossing equation that constrains the allowed CFT data.

One can rephrase the previous statement in more sophisticated terms by saying that

associativity of the OPE imposes constraints on the CFT data.

The crossing equation can be (approximately) solved numerically [23, 65], leading

to astonishing non-perturbative results for the CFT data of many strongly-coupled

theories, such as the 3d Ising model [27–29]. Alternatively, one can tackle the bootstrap

problem analytically, either by taking special kinematic limits of the crossing equation

[32,33] or by using alternative techniques such as analytic functionals [66,67], the Mellin

transform [68–71] and the Lorentzian inversion formula [31]. The analytic approach is

viable when the CFT admits a small parameter expansion. In the next sections we

will introduce the crossing equation and review one of the most powerful tools for the

analytic bootstrap: the Lorentzian inversion formula.

2.3.1 Conformal block expansions and the crossing equation

We start by considering a four-point function (2.2.8) and taking the OPE between the

first and the last couples of operators, schematically (12)(34),

⟨ϕ (x1)ϕ (x2)ϕ (x3)ϕ (x4)⟩ =
∑
O,O′

λϕϕOλϕϕO′Ca (x12, ∂2)Cb (x34, ∂4)
〈
Oa (x2)O′b (x4)

〉
=
∑
O

λ2ϕϕOCa (x12, ∂2)Cb (x34, ∂4)
Iab (x24)

x2∆O
24

=
1

x
2∆ϕ

12 x
2∆ϕ

34

∑
O

λ2ϕϕOG∆,ℓ (z, z̄) . (2.3.1)

In the last line we introduced the conformal block G∆,ℓ(z, z̄), defined as

G∆,ℓ (z, z̄) ≡ x
2∆ϕ

12 x
2∆ϕ

34 Ca (x12, ∂2)Cb (x34, ∂4)
Iab (x24)

x2∆24
. (2.3.2)

It turns out that conformal blocks are also eigenfunctions of the quadratic Casimir

operator of the conformal algebra (2.1.5) and can be computed explicitly [72–74] in
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d = 1 8 or in even dimensions,

Gd=1
∆,ℓ (z, z̄) ≡ G∆(z) = z∆2F1 (∆,∆, 2∆, z) (2.3.3)

Gd=2
∆,ℓ (z, z̄) = G∆+ℓ

2
(z)G∆−ℓ

2
(z̄) +G∆−ℓ

2
(z)G∆+ℓ

2
(z̄), (2.3.4)

Gd=4
∆,ℓ (z, z̄) =

zz̄

z − z̄

(
G∆+ℓ

2
(z)G∆−ℓ−2

2
(z̄)−G∆−ℓ−2

2
(z)G∆+ℓ

2
(z̄)
)
. (2.3.5)

Above, 2F1 (∆,∆, 2∆, z) is a Gaussian hypergeometric function. In general dimension,

conformal blocks admit representations in terms of infinite sums, but no closed form is

known. A useful representation is

G∆,ℓ(z, z̄) =
∞∑
n=0

n∑
q=−n

An,q(∆, ℓ)z
∆−ℓ
2

+nG∆+ℓ+2q
2

(z̄). (2.3.6)

where the coefficients An,m can be fixed recursively using the Casimir equation [33].

In analogy with scattering amplitudes, the expansion (2.3.1) is called ”s-channel”

conformal block expansion. As we already mentioned, there is another possible way

of performing the OPE, namely (14)(23). This is the so-called t-channel expansion 9.

Following the same steps as in equation (2.3.1), one obtains

⟨ϕ (x1)ϕ (x2)ϕ (x3)ϕ (x4)⟩ = 1

x
2∆ϕ
12 x

2∆ϕ
34

∑
O
λ2ϕϕO

(
zz̄

(1−z)(1−z̄)

)∆ϕ

G∆,ℓ (1− z, 1− z̄) .

(2.3.7)

Imposing consistency between the two expansions (2.3.1) and (2.3.7) one obtains the

crossing equation∑
O

λ2ϕϕOG∆,ℓ (z, z̄) =
(

zz̄
(1−z)(1−z̄)

)∆ϕ
[∑

O
λ2ϕϕOG∆,ℓ (1− z, 1− z̄)

]
, (2.3.8)

This is an infinite-dimensional system of equations for the CFT data {∆, ℓ, λϕϕO}.
In the case of identical operators, the crossing equation can also be written as

G(z, z̄) =
(

zz̄

(1− z)(1− z̄)

)∆ϕ

G(1− z, 1− z̄) . (2.3.9)

2.3.2 The analytic bootstrap and the Lorentzian inversion formula

The interplay between the CFT data in the two channels of the crossing equation (2.3.8)

can also be captured using the Lorentzian inversion formula of [31].

In order to derive this powerful tool, one has to introduce yet another expansion

of the four-point function (2.2.8). One introduces conformal partial waves Ψ∆,ℓ(z, z̄),

8Notice that in d = 1 the conformal blocks, and the four-point function, depend only on one

cross-ratio. We refer to section 2.4 for more details on one-dimensional CFTs.
9In the case of a four-point function of non-identical operators, there is also a u-channel and a

corresponding additional crossing equation.
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which are single-valued eigenfunctions of the Casimir operator that can be written as

a linear combination of conformal blocks

Ψ∆,ℓ(z, z̄) = κd−∆,ℓG∆,ℓ(z, z̄) + κ∆,ℓGd−∆,ℓ(z, z̄) , (2.3.10)

κ∆,ℓ = (−1
2
)ℓ

π
d
2 Γ(∆− d

2)Γ(∆+ℓ−1)Γ( d−∆+ℓ
2 )

2

Γ(∆−1)Γ(d−∆+ℓ)Γ(∆+ℓ
2 )

2 . (2.3.11)

Harmonic analysis on the conformal group [75] shows that a complete and orthogonal

basis is formed by partial waves with (unphysical) complex dimensions ∆ = d
2
+ iα with

α > 0, referred to as the principal series representation. The orthogonality condition

reads(
Ψ d

2
+iα,ℓ,Ψ d

2
−iβ,ℓ′

)
≡
ˆ
dzdz̄µ(z, z̄)Ψ d

2
+iα,ℓ (z, z̄)Ψ d

2
−iβ,ℓ′ (z, z̄) = 2πn d

2
+iα,ℓδ (α− β) δℓ,ℓ′

(2.3.12)

where µ(z, z̄) is the SO(d+ 1, 1) invariant measure

µ(z, z̄) =
|z − z̄|d−2

|zz̄|d
, (2.3.13)

and

n∆,ℓ =
κd−∆,ℓ κ∆,ℓ vol(S

d−2)(2ℓ+ d− 2)πΓ(ℓ+ 1)Γ(ℓ+ d− 2)

2d−2Γ(ℓ+ d
2
)2

. (2.3.14)

The four-point function can then be decomposed as [76]

G(z, z̄) =
∞∑
ℓ=0

ˆ d
2
+i∞

d
2
−i∞

d∆

2π
c(∆, ℓ)Ψ∆,ℓ(z, z̄) . (2.3.15)

The s-channel OPE decomposition (2.3.1) is recovered by closing the integration contour

to the right, so that terms of the OPE come from the poles of the coefficient c(∆, ℓ),

namely

c(∆, ℓ) = −
∑
O

λ2ϕϕO
∆−∆O

, O ∈ s-channel OPE . (2.3.16)

In other words, the coefficient c(∆, ℓ) encodes the s-channel OPE data. This coefficient

can be obtained using orthogonality to invert equation (2.3.15),

c(∆, ℓ) = 2n∆,ℓ

ˆ
C
dzdz̄ µ(z, z̄)Ψ∆,ℓ(z, z̄)G(z, z̄) . (2.3.17)

This is the so called Euclidean inversion formula. Exploiting the analytic structure of

the correlator, which is determined by the conformal block expansions, Caron-Huot [31]

performed a contour deformation of the Euclidean inversion formula and obtained a

Lorentzian 10 inversion formula. In the case of identical scalars, it reads

c(∆, ℓ) =

(
1 + (−1)ℓ

)
Γ(∆+ℓ

2
)4

8π2Γ(∆ + ℓ− 1)Γ(∆ + ℓ)

ˆ 1

0

dz

ˆ 1

0

dz̄ µ(z, z̄)Gℓ+d−1,∆−d+1(z, z̄) dDisc[G(z, z̄)] .

(2.3.18)

10Notice that now the integration runs over a Lorentzian region, with (z, z̄) independent and real,

see the discussion below (2.2.9).
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The contour deformation requires dropping contributions from arcs at infinity, which

are controlled by the so-called Regge limit of the correlator 11. It turns out that one

can prove a bound on the growth of the correlator in the Regge limit [31] from the

convergence of the OPE expansion and positivity of λ2ϕϕO. The latter is a consequence

of unitarity, which implies λϕϕO ∈ R. At the end of the day, one finds that the contri-

butions at infinity can be safely ignored only for ℓ > 1, therefore the formula may miss

contributions to the CFT data of spin ℓ = 0, 1 operators.

The input of the formula is the double discontinuity of the correlator, defined as

dDisc[G(z, z̄)] = G(z, z̄)− 1

2
G⟲(z, z̄)− 1

2
G⟳(z, z̄) , (2.3.19)

where G⟲(z, z̄) and G⟳(z, z̄) are two analytic continuations of G(z, z̄) around the branch

point at z̄ = 1 in the directions specified by the arrows.

The double discontinuity of a four-point function can be computed by expanding

G(z, z̄) in the t-channel and applying the definition (2.3.19) to the conformal blocks.

One obtains

dDisc[G(z, z̄)] = dDisc

[(
zz̄

(1−z)(1−z̄)

)∆ϕ
[∑

O
λ2ϕϕOG∆,ℓ (1− z, 1− z̄)

]]
=
∑
O

λ2ϕϕO dDisc

[(
zz̄

(1−z)(1−z̄)

)∆ϕ

G∆,ℓ (1− z, 1− z̄)

]
(2.3.20)

=
∑
O

2 sin2 π

2
(∆− 2∆ϕ − ℓ)λ2ϕϕO

(
zz̄

(1−z)(1−z̄)

)∆ϕ

G∆,ℓ (1− z, 1− z̄) .

In the last line, we used an explicit series representation of the conformal blocks (2.3.6)

and

dDisc[(1− z̄)α] = 2 sin2(πα)(1− z̄)α . (2.3.21)

We stress that the inversion formula (2.3.18) extracts the CFT data in the s-channel

OPE from the double discontinuity (2.3.20), which is controlled by the t-channel ex-

pansion 12. This is a manifestation of crossing symmetry (2.3.8).

A natural domain of application of the inversion formula is perturbation theory

around a (generalized) free theory. The spectrum of these theories consists of the

identity and double-twist operators 13 with dimensions

∆ = 2∆ϕ + 2n+ ℓ . (2.3.22)

11We refer to the original work [31] for a thorough discussion of the contour deformation and of the

Regge limit.
12In the case of non-identical operators, the inversion formula contains an extra term which receives

contributions from the u-channel OPE data, see [31].
13In the literature, they are also referred to as double-trace operators.
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When a small perturbation 14 is turned on, the scaling dimensions of these opera-

tors receive perturbative corrections. Crucially, the contribution of (approximately)

double-twist operators to the double discontinuity at any given order in perturbation

theory depends entirely on lower order data. In other words, in this case, the double

discontinuity is considerably simpler than the full correlator. Therefore, the inversion

formula can be used to bootstrap the CFT data order by order in perturbation the-

ory. This is a consequence of the fact that the double discontinuity (2.3.20) has double

zeros at ∆ = 2∆ϕ + 2n + ℓ. The inversion formula has been heavily exploited to an-

alytically bootstrap various theories that admit a small parameter expansion, see for

example [77–80].

Let us conclude this section by mentioning an important feature of the Lorentzian

inversion formula (2.3.18), namely that it is analytic in spin. This property justifies a

posteriori the convergence of large-spin expansions of the CFT data all the way down

to spin ℓ = 2 [32,33,81–83].

2.4 A special case: one-dimensional CFT

In this section we specialize to the case of one-dimensional CFTs, in view of applications

to line defects. It is often said that 1d CFTs are trivial, since the conformal Killing

equation (2.1.2) is identically satisfied for any smooth coordinate transformation [63].

Moreover, the traceless condition on the stress-energy tensor 15 implies that it vanishes,

i.e. the Hamiltonian is trivial. However, one can relax the assumption of the existence

of a conserved stress-tensor and study theories invariant under the one-dimensional

conformal group SO(2, 1) ∼= SL(2,R). This is natural in the context of line defects,

where one considers correlators of operators inserted on a line immersed in a higher-

dimensional bulk CFT.

The one-dimensional conformal group has just three generators {P,D,K} (2.1.5),

and operators are labeled by their scaling dimension ∆. There is no spin in d = 1

and fermions are just anti-commuting scalars. Correlators of one-dimensional CFTs

share many of the properties of their higher-dimensional cousins, in particular two- and

three-point functions have the same form as in (2.2.3) and (2.2.6).

Four-point function of identical scalar operators ϕ with dimension ∆ϕ have the

structure

⟨ϕ(τ1)ϕ(τ2)ϕ(τ3)ϕ(τ4)⟩ =
1

(τ12 τ34)2∆ϕ
G(z) , (2.4.1)

14The small parameter can be the coupling of an interaction, but also 1/N in large N theories or ε

in the ε-expansion.
15In generic CFT, the stress tensor is conserved, ∂µT

µν = 0, and traceless, Tµ
µ = 0. One can prove

that these conditions imply the conformal Killing equation (2.1.2), see [61] for a proof.
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where τ is the coordinate on the line and z is the single invariant cross-ratio

z =
τ12 τ34
τ13 τ24

, τij = τi − τj . (2.4.2)

Comparing with the higher-dimensional case (2.2.8), one can see that restricting to

a line corresponds to setting z = z̄. This is the so-called diagonal limit. Given the

ordering τ1 < τ2 < τ3 < τ4 on the line, conformal symmetry can be exploited to set

τ1 = 0, τ3 = 1, τ4 = ∞, see the discussion below (2.2.9). This results in τ2 = z falling in

the interval (0, 1). Changing the ordering of the points alters the range of z. Unlike the

higher-dimensional case, correlators derived from (2.4.1) through the exchange 1 ↔ 2

(placing z in the region z < 0) and 2 ↔ 3 (corresponding to z > 1) are not related by

analytic continuation. The correlator G(z) is given by three separate functions in the

intervals (−∞, 0), (0, 1) and (1,∞) [84, 85],

G(z) =


G(−)(z) for z ∈ (−∞, 0)

G(0)(z) for z ∈ (0, 1)

G(+)(z) for z ∈ (1,∞) .

(2.4.3)

As discussed in details in [85], in the case of identical operators Bose (or Fermi) sym-

metry implies relations between the three functions above. In particular, G(0)(z) is

sufficient to determine the correlator on the whole real axis as

G(−)(z) = G(0)
(

z
z−1

)
,

G(+)(z) = ± z2∆ϕG(0)
(

1
z

)
,

(2.4.4)

where the plus sign is for bosons and the minus sign for fermions. The exchange τ1 ↔ τ3
(or equivalently, τ2 ↔ τ4) is the sole true symmetry of the correlator, as it consistently

maps the interval (0, 1) onto itself. This symmetry is none other than the crossing

relation (2.3.9), which in this case reads

G(0)(z) =
z2∆ϕ

(1− z)2∆ϕ
G(0)(1− z) . (2.4.5)

Just like in the higher-dimensional case (2.3.8), the four-point function (2.4.1) can be

expanded using the OPE in two different channels

G(0)(z) =
∑
∆

a∆G∆(z) =
z2∆ϕ

(1− z)2∆ϕ

∑
∆

a∆G∆(1− z) , (2.4.6)

where the sum runs over primary operators with scaling dimension ∆ and we defined

a∆ = λ2ϕϕO for convenience. Above, G∆(z) are the one-dimensional conformal blocks

defined in (2.3.3).
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2.4.1 The Lorentzian inversion formulas in 1d CFTs

As in higher-dimension, one can introduce a conformal partial wave expansion (2.3.10).

However, in this case the representation theory of SL(2,R) [86] shows that, in order to

have a complete and orthogonal basis, one needs two sets of partial waves: the principal

series with complex dimensions ∆ = 1
2
+ iα with α > 0, and the discrete series with

∆ = 2m, m ∈ N. The orthogonality relations for partial waves in the d = 1 case are 16(
Ψ 1

2
+iα(z) , Ψ 1

2
+iβ(z)

)
= 2π n 1

2
+iαδ(α− β) , α, β ∈ R+

(
Ψ2m(z) , Ψ2n(z)

)
=

4π2

4m− 1
δmn , m, n ∈ N

(2.4.7)

with (Ψ1/2+iα(z) , Ψm(z)) = 0 and n∆,ℓ is defined in (2.3.14). The four-point function

can be decomposed in partial waves as

G(z) =
ˆ 1

2
+i∞

1
2
−i∞

d∆

2πi

I∆
2κ∆

G∆(z) +
∞∑

m=0

Γ2(2m+ 2)

2π2Γ(4m+ 3)
Ĩ2m+2G2m+2(z) , (2.4.8)

The s-channel OPE decomposition (2.4.6) is recovered by closing the principal series

integration contour to the right. The contributions to the OPE expansion come from

the poles of c(∆) = I∆/2κ∆ and from the discrete series. Notice that, in general, the

coefficient of the discrete series Ĩm is different from I∆|∆=m. The coefficients I∆ and

Ĩm can be obtained using orthogonality to invert the conformal partial wave expansion

(2.4.8), namely

I∆ =

ˆ ∞

−∞
dw w−2G(w)Ψ∆(w) , Ĩm =

ˆ ∞

−∞
dw w−2G(w)Ψm(w) . (2.4.9)

However, in the case of identical operators, there are also two Lorentzian 17 inversion

formulas that allow to reconstruct Ĩm [84] and I∆ [85] from the double discontinuity of

the four-point function,

I∆ = 2

ˆ 1

0

dww−2H
B/F
∆ (w) dDisc[G(w)] , (2.4.10)

Ĩm =
4Γ2(m)

Γ(2m)

ˆ 1

0

dww−2Gm(w) dDisc[G(w)] . (2.4.11)

Notice that none of the two formulas can be obtained from a diagonal limit (z = z̄) of

the higher-dimensional expression (2.3.18).

16In what follows Ψ∆(z) ≡ Ψ∆,0(z, z̄)
∣∣
G∆,ℓ(z,z̄)→G∆(z)

and n∆ ≡ n∆,0, see (2.3.10) and (2.3.14).
17In d = 1 there is no distinction between Euclidean and Lorentzian signature, the name Lorentzian

means only that the input of the formula is a double discontinuity, as in the original Lorentzian

inversion formula (2.3.18).
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The double discontinuity in the equations above is defined as

dDisc[G(z)] = G(z)− G↶(z) + G↷(z)

2
, (2.4.12)

where G↶(z) is the value of G(z) moving counterclockwise around the branch cut at

z = 1 and viceversa for G↷(z). For identical operators, (2.4.3) implies

G↶(z) = G(+)(z + iϵ) , G↷(z) = G(+)(z − iϵ) . (2.4.13)

For a bosonic correlator, using the explicit form of the conformal blocks (2.3.3) and

following the same steps as in (2.3.20), one obtains

dDisc[G(z)] =
∑
∆

2 sin2 π

2
(∆− 2∆ϕ) a∆

z2∆ϕ

(1− z)2∆ϕ
G∆(1− z) , (2.4.14)

whereas, in the case of fermions, one finds

dDisc[G(z)] =
∑
∆

2 cos2
π

2
(∆− 2∆ϕ) a∆

z2∆ϕ

(1− z)2∆ϕ
G∆(1− z) . (2.4.15)

The difference between the two cases is due to a different sign in G(+)(z), see (2.4.4).

Notice that, as in the higher-dimensional case, the double discontinuity has double

zeros at the dimensions of double-trace operators, namely ∆ = 2∆ϕ+2n in the bosonic

case and ∆ = 2∆ϕ + 2n+ 1 in the fermionic one.

In the case of identical bosons (B) or fermions (F ), the inversion kernels H
B/F
∆ (w)

in (2.4.10) can be determined requiring consistency between the Lorentzian inver-

sion (2.4.10) and the Euclidean one (2.4.9), as discussed in [85]. It turns out that

H
B/F
∆ (w) must be holomorphic functions in w /∈ (1,∞) and satisfy the constraints

H
B/F
∆ (w) = H

B/F
∆ (w/(w − 1)) and

z2∆ϕ−2H
B/F
∆ (z) + (1− z)2∆ϕ−2H

B/F
∆ (1− z)±

H
B/F
∆

(
1
z
+ iϵ

)
+H

B/F
∆

(
1
z
− iϵ

)
2

=

= z2∆ϕ−2Ψ∆(z) + (1− z)2∆ϕ−2Ψ∆(1− z)±
Ψ∆

(
1
z
+ iϵ

)
+Ψ∆

(
1
z
− iϵ

)
2

. (2.4.16)

The explicit solution of such constraints is only known in the case of identical bosons

(fermions) with integer (half-integer) conformal dimension [85], and reads

H
B/F
∆ (w) = ± 2π

sin(π∆)

[
w2−2∆ϕp∆(w) +

(
w

w−1

)2−2∆ϕp∆(
w

w−1

)
+ q

∆ϕ

∆ (w))
]
,(2.4.17)

p∆(w) = 2F1(∆, 1−∆, 1, w) , (2.4.18)

q
∆ϕ

∆ (w) = a
∆ϕ

∆ (w) + b
∆ϕ

∆ (w) log(1− w) . (2.4.19)
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In (2.4.19), a
∆ϕ

∆ (w) and b
∆ϕ

∆ (w) are polynomials in ∆ 18 and w,

a
∆ϕ

∆ (w) =

2∆ϕ−2∑
m=0

2∆ϕ−4∑
n=0

αm,nw
m+2−2∆ϕ∆n(∆− 1)n ,

b
∆ϕ

∆ (w) =

2∆ϕ−2∑
m=0

2∆ϕ−4∑
n=0

βm,nw
m+2−2∆ϕ∆n(∆− 1)n .

(2.4.20)

The coefficients αm,n and βm,n above have to be fixed case-by-case in ∆ϕ, by demanding

that H
B/F
∆ (w) satisfies the constraint (2.4.16) and is holomorphic in w = 0. The first

few examples read

a1∆(w) = 0 , b1∆(w) = 0 ,

a2∆(w) = w2 + 2w − 2 , b2∆(w) = 0 ,

a
1/2
∆ (w) = 0 , b

1/2
∆ (w) = 0 ,

a
3/2
∆ (w) =

(
2∆2 − 2∆− 1

)
w , b

3/2
∆ (w) = 0 .

(2.4.21)

We stress that there is a crucial difference between the Lorentzian inversion formula

in d = 1 and the original one (2.3.18). In higher dimensions the inversion kernel does not

depend on the external dimensions ∆ϕ and it is simply a conformal block, see (2.3.18).

Here the kernel depends on the external dimensions. However, it turns out that the

coefficient function I∆ corresponding to a single t-channel conformal block of dimen-

sion ∆ encapsulates the CFT data of the crossing-symmetric sum of exchange Witten

diagrams in AdS2 with the same dimension, the so-called Polyakov block P∆ϕ

∆ (z) [85].

In this sense, the one-dimensional inversion formula is manifestly crossing symmetric.

2.4.2 Regge-limit behaviour and the improved inversion formula

In unitary CFTs, four-point functions are bounded in the Regge limit [87,31]. In d = 1,

the Regge bound reads(1
2
+ it

)−2∆ϕ

G
(1
2
+ it

)
<∞ for t→ ∞ . (2.4.22)

The inversion formulas (2.4.10) and (2.4.11), with kernels (2.4.17), hold for any Regge-

bounded fermionic four-point functions. In the bosonic case, the inversion formula

(2.4.10) holds only for Regge super-bounded four-point functions, namely correlators

that satisfy (
1

2
+ it

)−2∆ϕ

G
(
1

2
+ it

)
∼ t−1−ϵ for t→ ∞ , (2.4.23)

18Notice that the definition of the conformal partial waves (2.3.10) and of the inversion formula

s(2.4.9) and (2.4.10) imply H
B/F
∆ (w) = H

B/F
1−∆(w). Therefore a

∆ϕ

∆ (w) and b
∆ϕ

∆ (w) are polynomials in

∆(∆− 1).
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with ϵ > 0.

In general, one can relate the behaviour of the correlator in the Regge limit with

the behaviour at w = 0 of the inversion kernel [85],(
1

2
+ it

)−2∆ϕ

G
(
1

2
+ it

)
∼ tn for t→ ∞ =⇒ H∆(w) ∼ w2+2n for w → 0 . (2.4.24)

From the explicit expressions (2.4.17), one can see that HB
∆(w) ∼ w0 and HF

∆(w) ∼ w2.

To derive an inversion formula applicable to Regge-bounded bosonic correlators, it is

necessary to enhance the behavior of the inversion kernel HB
∆(w) at w = 0. This

can be achieved by subtracting any function that shares all the properties of HB
∆(w)

except that it satisfies (2.4.16) with vanishing RHS. There are two natural choices

for the subtraction, ĤB
n,2(w) and ĤB

n,1(w), which are defined by expanding HB
∆(w) at

∆ = 2∆ϕ + 2n,

HB
∆(w)

κ∆
=

ĤB
n,2(w)

(∆− 2∆ϕ − 2n)2
+

ĤB
n,1(w)

∆− 2∆ϕ − 2n
+O(1) , ∆ → 2∆ϕ+2n . (2.4.25)

Using for instance ĤB
0,2(w), one obtains for bounded bosons [85]

Hbd
∆ (w) ≡ HB

∆(w)−
π222(∆ϕ−1)Γ

(
∆ϕ+

1
2

)
Γ (∆ϕ)

3 Γ
(
2∆ϕ− 1

2

) Γ
(
∆ϕ−∆

2

)2
Γ
(
∆ϕ− 1−∆

2

)2
Γ
(
1−∆

2

)2
Γ
(
1− 1−∆

2

)2 2π

sin(π∆)
ĤB

0,2(w) ,

(2.4.26)

The coefficient in front of ĤB
0,2(w) is determined by requiring that Hbd

∆ (w) ∼ w2 for

w → 0.

The function ĤB
0,2(w) has a pole in w = 1 for all ∆ϕ, potentially spoiling the con-

vergence of the inversion formula (2.4.10). Therefore, beyond the kernel redefinition in

(2.4.26), it may be necessary to define a regularized correlator Greg(z) by subtracting a

crossing symmetric and Regge-bounded function from G(z), to eliminate the singularity

in the integral. Generally, the regularized correlator is defined as

Greg(z) = G(z)−
∑

∆<2∆ϕ

a∆P
∆ϕ

∆ (z) , (2.4.27)

where P∆ϕ

∆ (z) are the Polyakov blocks 19 we mentioned earlier, which are crossing

symmetric and Regge-bounded functions with the same double discontinuity as the

conformal blocks [85]. For example, in the bosonic case

dDisc
[
P∆ϕ

∆ (z)
]
= 2 sin2 π

2
(∆− 2∆ϕ)

z2∆ϕ

(1− z)2∆ϕ
G∆(1− z) . (2.4.28)

19In Appendix A we briefly discuss the properties of Polyakov blocks and show some explicit ex-

amples. Specifically, we compute Polyakov blocks for integer and half-integer ∆ϕ using a dispersion

relation intruduced in Section 3.1.1.

29



Therefore

dDisc
[
Greg(z)

]
=
∑

∆>2∆ϕ

2a∆ sin2 π

2
(∆− 2∆ϕ)

z2∆ϕ

(1− z)2∆ϕ
G∆(1− z)

∼ (1− z)ϵ with ϵ > 0 ,

(2.4.29)

ensuring that the integral in (2.4.10) converges. While the definition (2.4.27) of Greg(z)

is general, it is difficult to use because Polyakov blocks are complicated functions. In

practical applications, it is often more convenient to use different, ad hoc subtractions.

We shall see examples in Section 4.4.

In summary, the inversion formula for Regge-bounded bosonic correlators reads [85]

I∆=
´ 1
0

2dw
w2 H

bd
∆ (w)dDisc[Greg(w)] + lim

ρ→0

[´
C+

ρ

dw
w2H

bd
∆ (w) Greg(w) +

´
C−

ρ

dw
w2H

bd
∆ (w)Greg(w)

]
(2.4.30)

where C±
ρ are semicircular contours of radius ρ centered in w = 1, going above and

below the real axis, introduced to avoid the pole of ĤB
0,2(w).

One can extended all the above results to the case of correlators unbounded 20

in the Regge limit. Given a specific asymptotic behaviour in the Regge limit, the

corresponding inversion kernel is

Hunbd
∆ (w) ≡ HB

∆(w)−
∑
m,n

Am,n Ĥ
B
m,2(w)

2π∆n(∆−1)n

sin(π∆)
−
∑
m,n

Bm,n Ĥ
B
m,1(w)

2π∆n(∆−1)n

sin(π∆)

(2.4.31)

where the coefficients Am,n and Bm,n are fixed by the imposing that Hunbd
∆ (w) vanishes

at small w according to (2.4.24). The more severe the divergence in the Regge limit,

the more terms will be needed in equation (2.4.31), resulting in increasingly strong

singularities at w = 1 21.

2.5 Conformal defects

In this last section we extend the previous discussion on the analytic bootstrap to the

case of defect conformal field theory.

We consider flat defects of dimension p and codimension q = d−p in d spacetime di-

mensions. We find convenient to separate the coordinates xµ = (xa, xi) into coordinates

parallel to the defect, with a = 1, ..., p, and orthogonal, with i = p+ 1, ..., d.

Conformal defects are extended operators that preserve a subgroup of the full con-

formal symmetry of the bulk theory

SO(d+ 1, 1) → SO(p+ 1, 1)× SO(q) . (2.5.1)

20The bound in the Regge limit is a non-perturbative feature of CFTs. However, this constraint

can be violated at each order in perturbation theory, if the theory involves derivative interactions.
21The functions ĤB

n,2(w) have poles at w = 1, with order that increases as n increases, while ĤB
n,1(w)

also exhibit logarithmic singularities.
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In presence of a defect, there are two kinds of operators:

• Defect operators 22 Ô, which are inserted in the worldvolume of the defect and

transform in the representations of the broken symmetry group. They are labeled

by scaling dimensions ∆̂, parallel spin ℓ̂ and transverse 23 spin s.

• Bulk operators O, which are the operators inserted in the bulk (i.e. away from

the defect). They are the same operators that exist in the CFT in absence of the

defect and transform in the representations of SO(d+ 1, 1). They are labeled by

scaling dimensions ∆ and spin ℓ.

In a defect CFT, correlation functions are defined as

⟨O1(x1)...Ôn(xn)⟩D ≡ ⟨O1(x1)...Ôn(xn)D⟩
⟨D⟩

, (2.5.2)

where D is the non-local operator that represents the defect. Just like in the case

without defects (2.2.2), the action of the generators of the unbroken conformal subgroup

SO(p+ 1, 1)× SO(q) constrains correlation functions

n∑
i=1

L̂(i) ⟨O1 (x1) . . .On (xn)⟩D = 0 (2.5.3)

Here L̂i are the differential operators associated to the unbroken generators, see (2.1.11).

Correlators involving only defect operators have the same structure as in the case of a

p-dimensional CFT without defects, for example

⟨Ô1 (x1) Ô2 (x2)⟩D =
Cδ∆̂1∆̂2

x2∆̂1
12

,

⟨Ô1 (x1) Ô2 (x2) Ô3 (x3)⟩D =
λ̂123

x∆̂1+∆̂2−∆̂3
12 x∆̂2+∆̂3−∆̂1

23 x∆̂3+∆̂1−∆̂2
31

. (2.5.4)

On the other hand, correlators of bulk operators change dramatically. Since the defect

breaks translation invariance in the directions orthogonal to the defect, bulk operators

can acquire non-trivial one-point functions 24 [38]

⟨ϕ(x)⟩D =
aϕ

|xi|∆ϕ
. (2.5.6)

22In what follows, we will often indicate defect quantities with a hat.
23Transverse spin is the quantum number associated to the group SO(q) of rotations in directions

orthogonal to the defect.
24Here we consider the case of a scalar, but analogous expressions exist form spinning operators,

see [38]. Schematically, they read

⟨Jµ1...µℓ
(x)⟩D =

aO
|xi|∆J

Iµ1...µℓ
(xi), (2.5.5)
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For generic codimension q 25, the two-point functions of bulk operators is no longer

fixed as in (2.2.3), but instead depends on an arbitrary function of two cross-ratios [38]

⟨ϕ(x1)ϕ(x2)⟩D =
F (z, z̄)

|xi1|∆ϕ|xi2|∆ϕ
, (2.5.7)

with
1 + zz̄√
zz̄

=
|xa12|2 + |xi1|2 + |xi2|2

|xi1||xi2|
,

z + z̄

2
√
zz̄

=
xi1x

i
2

|xi1||xi2|
. (2.5.8)

The interpretation of the cross-ratios is similar to the one in the case of four-point func-

tions in absence of a defect: they are complex conjugate coordinates that parametrize

the plane orthogonal to the defect. In Lorentzian signature they are real and indepen-

dent. It is clear from the definition of the cross-ratios that F (z, z̄) = F (z̄, z). Sometimes

we will find useful to switch to radial coordinates r and w, defined by

z = rw, z̄ =
r

w
. (2.5.9)

In Euclidean signature, w is the phase and r the modulus of the complex number

z, whereas in the Lorentzian regime they are independent real numbers. In radial

coordinates, one has that F (r, w) = F (r, 1
w
).

One can of course consider mixed correlators, involving both defect and bulk oper-

ators, such as [38]

⟨ϕ(x1)Ô(x2)⟩D =
bϕÔ

|xi1|∆ϕ−∆̂(|xi1|2 + x22)
∆̂
. (2.5.10)

The constants bϕÔ are the so-called bulk-to-defect couplings. Using (2.5.3), one can

constrain higher points functions, but we will not pursue this direction further.

2.5.1 The defect conformal bootstrap

Just like in the case without defects, associativity of the OPE inside correlators (2.5.2)

can be used to impose constraints on the CFT data of bulk and defect operators. In

a defect CFTs, one can consider three kinds of OPEs: the bulk-bulk, defect-defect

and bulk-defect expansions. The bulk-bulk OPE is the one described in the previous

sections in absence of defects, see (2.2.10). The defect-defect OPE is the analogue result

for defect operators, namely it is the expansion of a product of two defect operators as

a sum of defect primaries

ϕ̂(x1)ϕ̂(x2) =
∑
Ô

λ̂ϕ̂ϕ̂ÔC(x12, ∂2)Ô(x2) . (2.5.11)

Finally, the bulk-defect OPE is an expansion of a bulk operator as an infinite sum of

defect operators

ϕ(x) =
∑
Ô

bϕÔ Ĉ(x, ∂) Ô(x) , for xi → 0 . (2.5.12)

25For q = 1 the structure of the two-point function is simpler, see Section 2.5.2.
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Just like in the absence of defects, one can use different OPEs inside a correlator to

obtain different expansions. By demanding consistency between them, one obtains

a crossing equation that can be used to bootstrap the CFT data of the theory. In

defect CFT, one can obtain a crossing equation from the four-point functions of defect

operators, similar to what happens in (2.3.8), but also from the two-point functions of

bulk operators. If one considers the four-point correlator of defect scalars ⟨ϕ̂ϕ̂ϕ̂ϕ̂⟩, the
first crossing equation reads∑

Ô

λ̂2
ϕ̂ϕ̂ÔG∆̂,ℓ̂

(
ẑ, ˆ̄z
)
=
(

ẑ ˆ̄z
(1−ẑ)(1−ˆ̄z)

)∆ϕ
[∑

O
λ̂2
ϕ̂ϕ̂ÔG∆̂,ℓ̂

(
1− ẑ, 1− ˆ̄z

) ]
, (2.5.13)

where G∆̂,ℓ̂ and ẑ, ˆ̄z are respectively p-dimensional conformal blocks (2.3.3) and cross-

ratios(2.2.9). For the special case of a line defect, the crossing equation was given in

(2.4.5).

One can also consider the two point function of bulk operators (2.5.7) and expand

it in two ways:

1. Using the bulk-bulk OPE ϕ(x1)ϕ(x2) =
∑
O
λϕϕOC(x12, ∂2)O and then using the

bulk-defect OPE (2.5.12) to expand O.

2. Using the bulk-defect OPE (2.5.12) on the two ϕ first and then summing over the

resulting defect two-point functions.

The consistency between these two OPE expansions imposes constraints on both the

bulk and the defect CFT data. Following the same steps as in (2.3.1), one can translate

the above OPEs into conformal block expansions and find a crossing equation 26

F (z, z̄) =
∑
O

λϕϕO aO

( √
zz̄

(1−z)(1−z̄)

)∆ϕ

f∆,ℓ(z, z̄) =
∑̂
O
b2
ϕÔ f̂∆̂,s(z, z̄) , (2.5.14)

where aO are the one-point couplings (2.5.6) and bϕÔ are the bulk-to-defect couplings

(2.5.10). Notice that, compared to the four-point crossing (2.3.8), the equation above

lacks positivity in the bulk channel, since λϕϕO aO can have arbitrary sign. In (2.5.14),

f̂∆̂,s(z, z̄) and f∆,ℓ(z, z̄) are conformal blocks. With an abuse of notation, we will often

refer to the former as defect conformal blocks and the latter as bulk conformal blocks.

The explicit expression of the defect blocks can be obtained by solving a Casimir dif-

ferential equation [38] and reads 27

f̂∆̂,s(z, z̄) = z
∆̂−s
2 z̄

∆̂+s
2 2F1(−s,

q

2
− 1, 2− q

2
− s,

z

z̄
) 2F1(∆̂,

p

2
, ∆̂ + 1− p

2
, zz̄) . (2.5.15)

26For the special case of q = 1 we refer to Section 2.5.2.
27Since we consider the two-point function of bulk scalars, the operators exchanged in the defect

OPE do not carry longitudinal spin ℓ̂. Correspondingly, the defect blocks depend only on the transverse

spin s.
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It terms of the radial coordinates introduced in (2.5.9), the blocks factorize

f̂∆̂,s(r, w) = f̂∆̂(r)ĝs(w) (2.5.16)

with

f̂∆̂(r) = r∆̂ 2F1

(
∆̂,

p

2
, ∆̂ + 1− p

2
, r2
)
, ĝs(w) = w−s

2F1

(
−s, q

2
− 1, 2− q

2
− s, w2

)
The angular part, for integer s, is actually a Gegenbauer polynomial in the variable

η = 1
2

(
w + 1

w

)
ĝs(w) =

(
s+ q

2
− 2

q
2
− 2

)−1

Cq/2−1
s (η) (2.5.17)

The bulk conformal blocks are not known in closed form, similarly to what happens for

conformal blocks in generic dimension d in a setup without defect, but can be expressed

as a sum of Harish-Chandra functions [88]

f∆,ℓ(z, z̄) = 2−ℓfHS
∆,ℓ (z, z̄) +

Γ(ℓ+ d− 2)Γ(−ℓ− d−2
2
)

2ℓΓ(ℓ+ d−2
2
)Γ(−ℓ)

Γ( ℓ+d−p−1
2

)Γ(1−ℓ
2
)

Γ( ℓ+d−1
2

)Γ(1−ℓ−p
2

)
fHS
∆,2−d−ℓ(z, z̄) ,

(2.5.18)

where fHS
∆,ℓ (z, z̄) can be expressed as a double infinite sum

fHS
∆,ℓ (z, z̄) =

∞∑
m,n=0

[(1− z)(1− z̄)]
∆−ℓ
2

+m+n hn(∆, ℓ)hm(1− ℓ, 1−∆)
4m−n

n!m!

(∆+ℓ
2
)n−m(

∆+ℓ
2

− 1
2

)
n−m

× 4F3(−n,−m, 12 ,
∆−ℓ
2

− d
2
+ 1;−∆+ℓ

2
+ 1− n, ∆+ℓ

2
−m, ∆−ℓ

2
− d

2
+ 3

2
; 1)

(1− zz̄)ℓ−2m
2F1(

∆+ℓ
2

−m+ n, ∆+ℓ
2

−m+ n,∆+ ℓ− 2(m− n), 1− zz̄),

(2.5.19)

and

hn(∆, ℓ) =

(
∆
2
− 1

2

)
n

(
∆
2
− p

2

)
n

(
∆+ℓ
2

)
n(

∆− d
2
+ 1
)
n

(
∆+ℓ
2

+ 1
2

)
n

. (2.5.20)

The crossing equations (2.5.13) and (2.5.14) are the foundation of the defect con-

formal bootstrap. As we saw before in the case of CFTs without defects, the crossing

equation can be translated into a Lorentzian inversion formula. For the defect case,

there are two analogous formulas that invert the two-point function of bulk operators.

The first formula is the so called defect inversion formula, and was derived in [44]

from a contour deformation argument. It reads 28

b(∆̂, s) =

ˆ 1

0

dz

2z
z−

τ̂
2

ˆ 1
z

1

dz̄

2πi
(1− zz̄)(z̄ − z)z̄−

∆̂+s
2

−2
2F1

(
s+ 1, 2− q

2
,
q

2
+ s,

z

z̄

)
×

× 2F1

(
1− ∆̂, 1− p

2
, 1 +

p

2
− ∆̂, zz̄

)
Disc[F (z, z̄)].

(2.5.21)

28The formula is slightly different in the case of q = 2 monodromy defects, see [54]. We will ignore

this subtlety in what follows.
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The coefficient function b(∆̂, s) has simple poles for ∆̂ equal to the dimensions of oper-

ators exchanged in the defect OPE and residues given by the couplings b2
∆̂,s

. The input

of this inversion formula is the single discontinuity

Disc[F (z, z̄)] = F (z, z̄ + iϵ)− F (z, z̄ − iϵ), (2.5.22)

where F (z, z̄ + iϵ) and F (z, z̄ − iϵ) indicate that z̄ should be taken above or below the

branch cut at z̄ = 1, leaving z fixed. One can obviously express the inversion formula

in radial coordinates (2.5.9). In that case, the discontinuity is computed with respect

to a branch cut running from w = 0 to w = r,

Disc[F (r, w)] = F (r, w + iϵ)− F (r, w − iϵ) . (2.5.23)

The discontinuity can be computed by expanding the two-point function in bulk blocks

(2.5.18), following a similar strategy as in (2.3.20). The end result is

Disc[F (z, z̄)] =
∑
O
−2i sin[π

2
(∆−2∆ϕ−ℓ)] aO λϕϕO (zz̄)

∆ϕ
2 [(1−z)(z̄−1)]∆ϕ−∆−ℓ

2 f̃∆,ℓ(z, z̄) ,

(2.5.24)

where f̃∆,ℓ(z, z̄) = [(1 − z)(1 − z̄)]−
∆−ℓ
2 f∆,ℓ(z, z̄). Just like in the case without defects,

the Lorentzian inversion formula allows to extract the CFT data in one channel (the

defect one in this case) from a discontinuity controlled by the other channel (the bulk

channel). Notice that the discontinuity has single zeros at the dimensions of double

trace operators. This implies that it will be useful to study perturbative theories that

contain operators with scaling dimensions close to the double-trace spectrum. In those

cases, the discontinuity at any given order depends on lower order OPE data and on

the anomalous dimensions of bulk operators at the order one is working at 29. We shall

see explicit examples in Chapter 4.

The defect inversion formula is derived from a contour deformation argument in the

w complex plane, assuming that F (r, w) decays fast enough at large w 30,

F (r, w) ∼ ws∗ , w → ∞ , s∗ < 0 . (2.5.25)

If instead s∗ ≥ 0, the inversion formula misses contributions to the CFT data of defect

operators with low transverse spin s ≤ s∗. This looks similar to what happens in

the original inversion formula (2.3.18), however there is a big difference: in that case

positivity of the OPE expansion can be used to prove the existence of a bound on the

growth of the correlator and find ℓ∗ = 1. Since in the defect case we lack positivity, see

below (2.5.14), we cannot derive a bound on s∗ following the same strategy that worked

in the case without defects [44]. However, in all known examples s∗ = 1, suggesting the

29Notice that the single discontinuity is less powerful than the double discontinuity, since the latter

depends only on lower order data in perturbation theory.
30One can rephrase (2.5.25) into a condition for the behaviour at small w, using F (r, w) = F (r, 1

w ).
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existence of a bound also in this setup. It would be interesting to prove this conjecture,

but we will not pursue this direction here.

Instead, we introduce the bulk inversion formula, which is very similar to the original

Lorentzian inversion formula (2.3.18) and allows to extract the bulk OPE data from a

double discontinuity in the defect channel. The formula reads [45]

c(∆, ℓ) =
(1+(−1)ℓ)Γ(∆+ℓ

2
)4

4π2Γ(∆+ℓ)Γ(∆+ℓ−1)

´ 1
0
d2z µ(z, z̄) fℓ+d−1,∆−d+1(z, z̄) dDisc

[(
(1−z)(1−z̄)√

zz̄

)∆ϕ

F (z, z̄)
]

(2.5.26)

with

µ(z, z̄) =
|z − z̄|d−p−2|1− zz̄|p

(1− z)d(1− z̄)d
, (2.5.27)

and where f∆,ℓ(z, z̄) are the bulk blocks. In this case, the coefficient function c(∆, ℓ) has

poles corresponding to the dimensions of the operators that are exchanged in the bulk

OPE and corresponding residues given by the product of bulk three-point functions

and one-point functions, λϕϕOaO. The input of the formula is the double discontinuity

defined by

dDisc[F (z, z̄)] = F (z, z̄)− 1

2
F⟲(z, z̄)− 1

2
F⟳(z, z̄), (2.5.28)

where the functions F⟲(z, z̄) and F⟳(z, z̄) are obtained by taking the analytic contin-

uation around the point z̄ = 0, leaving z fixed. Similar to the case of the original

formula (2.3.18), the bulk inversion formula might fail for low spins ℓ. More precisely,

the formula is valid for spins ℓ > ℓ∗ where 31

(
(w − r)(1− wr)

rw

)∆ϕ

F (r, w) ≲ w1−ℓ∗ , w → 0. (2.5.29)

As we already mentioned below (2.5.25), there is no universal bound on the behaviour

of F (r, w) for large w, or equivalently for w → 0. Therefore, ℓ∗ has to be determined

case-by-case.

2.5.2 Boundaries and interfaces

In the discussion above, we considered a defect with generic codimension q. In the spe-

cial case of boundaries and interfaces, namely q = 1, the kinematics of bulk correlators

simplifies [46, 89]. In particular, the two-point function of bulk operators reads 32

⟨ϕ(x1)ϕ(x2)⟩D =
F (z)

(4|xi1||xi2|)∆ϕ
, (2.5.30)

31Here we give a condition for the behaviour of F (r, w) at small w. This is equivalent to a condition

at large w, since F (r, w) = F (r, 1
w ).

32Notice that the conventions used in the q = 1 case are slightly different compared to the case of

general codimension.
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where z is a single cross-ratio, defined as

1− z

z
=

|xa12|2

4xi1x
i
2

. (2.5.31)

One can expand the two-point function (2.5.30) in the defect (or boundary) channel

F (z) =
∑
Ô

b2
ϕÔf̂∆̂(z) , (2.5.32)

or in the bulk channel,

F (z) =

(
z

1− z

)∆ϕ∑
O

aOλϕϕOf∆(z) , (2.5.33)

where the conformal blocks are given by 33

f̂∆̂(z) = z∆̂ 2F1

(
∆̂, ∆̂ + 1− d

2
, 2∆̂ + 2− d, z

)
, (2.5.34)

and

f∆(z) = (1− z)
∆
2 2F1

(
∆

2
,
∆

2
+ 1− d

2
,∆+ 1− d

2
, 1− z

)
. (2.5.35)

Notice that, contrary to what happens for generic codimension (2.5.18), the bulk blocks

here have a simple expression.

Imposing consistency between the two OPE expansions, one finds a crossing equation

F (z) =
∑
Ô

b2
ϕÔf̂∆̂(z) =

(
z

1− z

)∆ϕ∑
O

aOλϕϕOf∆(z) , (2.5.36)

One can derive two Lorentzian inversion formulas for boundaries and interfaces. How-

ever, the structure of the Lorentzian inversion formulas is very different compared to

the generic case, see (2.5.21) and (2.5.26). In the q = 1 case, the two formulas receive

a contribution from both the single discontinuity, which is controlled by the bulk OPE,

and the double discontinuity, controlled by the boundary OPE. For identical operators,

the two formulas read [48]

Î∆̂ = 2

1ˆ

0

dz (1− z)
2∆ϕ−3

2 Ĥ∆̂(z)dDisc[F (z)]− i

∞̂

1

dz (z − 1)−
1
2 Ĥ∆̂

(
z

z − 1

)
Disc[F (z)]

I∆ = 2

1ˆ

0

dz (1− z)
2∆ϕ−3

2 H∆(z)dDisc[F (z)]− i

∞̂

1

dz (z − 1)−
1
2H∆

(
z

z − 1

)
Disc[F (z)]

The single and double discontinuity are taken with respect to z = 1 and z = 0, respec-

tively. The inversion kernels Ĥ∆̂(z) and H∆(z) are not known in closed form, except

in the case of a two-point function of operators with dimensions that differ by an odd

integer, see [48].
33Notice that there is no transverse spin s when q = 1.
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Chapter 3

Dispersion relations for defect CFTs

In this chapter, we introduce new tools for the analytic bootstrap of defect CFTs,

namely conformal dispersion relations. By dispersion relation we mean an integral

formula that reconstructs a function from its discontinuity. Such a formula is typically

derived, using a contour deformation argument, from the knowledge of the analytic

structure and the behaviour at infinity of the function. Dispersion relations have a long

history in theoretical physics, going back to the the work of Kramers and Kronig [90,91]

in optics. These authors exploited the analyticity properties of the refractive index to

find a relation between its real and imaginary parts, the latter being related to the

absorption coefficient of the optical medium. In other words, the Kramers–Kronig

relations allow one to calculate the refractive index of an optical material solely from

its absorption coefficient. Before the advent of QCD, dispersion relations were also

used to constrain the S-matrix [92], in an attempt of bootstrapping strong interactions.

Dispersion relations are most useful in perturbative setups, where one can often compute

the imaginary part without knowing the full function. For example, in the context of

perturbative scattering amplitudes, the imaginary part of an amplitude at any given

order can be efficiently computed in terms of lower-order amplitudes [93, 94].

In the context of CFTs in dimension d > 1, a dispersion relation was first developed

in [95], starting from the Lorentzian inversion formula (2.3.18), and reads

G(z, z̄) =
ˆ 1

0

dwdw̄ K(z, z̄, w, w̄) dDisc[G(w, w̄)] , (3.0.1)

where G(z, z̄) is the four-point function (2.2.8) and K(z, z̄, w, w̄) is a known kernel 1.

The input of the formula is the double discontinuity dDisc[G(z, z̄)], which we defined in

(2.3.19). The double discontinuity is the analogue, in the CFT case, of the imaginary

part of an amplitude. Just like the latter, it is positive definite and can be computed at

any given order in perturbation theory from lower-order data, as we mentioned below

(2.3.20).

1See (3.2.32) below for the (cumbersome) explicit expression.
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In Section 3.1, we derive the analogue of the dispersion relation (3.0.1) for four-point

functions of one-dimensional CFTs (i.e. correlators on a line defect). The derivation is

based on [57].

Next, in Section 3.2, we present two distinct dispersion relations for two-point func-

tions of bulk operators in presence of a defect. The first relation expresses the correlator

through an integral over a single discontinuity governed by the bulk channel OPE. We

also introduce a second relation that reconstructs the correlator using a double disconti-

nuity controlled by the defect channel OPE. Finally, we derive a dispersion relation for

codimension-one defects (boundaries and interfaces), which incorporates contributions

from both OPE channels. The exposition is based on [56].

3.1 Dispersion relation for the four-point function in a 1d CFT

In the case of one-dimensional correlators, a dispersion relation was constructed in [96]

building on previous work on analytic functionals [66, 97, 98]. In [96], the application

of a class of functionals to the crossing equation was shown to generate a family of

dispersive sum rules 2, which can be rephrased as dispersion relations for the four-point

function. The functional kernels can be computed numerically, for identical operators

with generic scaling dimension. In the case of a four-point function of operators with

integer or half-integer dimension, they can be determined analytically, on a case-by-case

basis, using an Ansatz and a series of consistency conditions.

Here we complement this derivation, computing the kernel of the dispersion relation

directly from the Lorentzian inversion formulas (2.4.10) and (2.4.11). The dispersion

relation reads

G(z) =
ˆ 1

0

dww−2 dDisc [G(w)]K∆ϕ
(z, w) . (3.1.1)

The input of the formula is the double discontinuity defined in (2.4.12). As mentioned

below (2.4.15), the double discontinuity has double zeros at the dimensions of double

trace operators. This property allows to derive dispersive sum rules for the OPE data

from the dispersion relation, as explained in [85, 96]. We are able to find an explicit

expression for the kernel K∆ϕ
(z, w) for correlators of identical operators with integer or

half-integer dimension. For Regge-(super)bounded 3 (bosonic) fermionic correlators, it

2A sum rule is dispersive if it has double zeros for the dimensions of double-trace operators.
3See (2.4.23) and (2.4.22) for the meaning of Regge-(super)bounded.
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reads

K∆ϕ
(z, w) =

w z2(w − 2) log(1− w)

π2(w − z)(w + z − wz)
− z w2(z − 2) log(1− z)

π2(w − z)(w + z − wz)
(3.1.2)

± z2

π2

[
log(1−w) (1−2w)w

2−2∆ϕ

(w−1)wz2+z−1
+ log(1−z)

z
w

2−2∆ϕ

wz−1
+ log(z) (1−2w)w

2−2∆ϕ

(w−1)wz2+z−1
+(w→ w

w−1
)
]

+
2∆ϕ−2∑
m=0

2∆ϕ−4∑
n=0

(αm,n + βm,n log(1− w))wm+2−2∆ϕ Cn
[

2
π2

(
z2 log(z)

1−z
+z log(1− z)

)]
.

where the plus sign is for bosons, the minus for fermions. Here C = z2(1− z)∂2 − z2∂

is the Casimir operator of the 1d conformal group. The coefficients αm,n and βm,n are

fixed by a system of equations,

2∆ϕ−2∑
m=0

2∆ϕ−4∑
n=0

(αm,n+βm,n log(1−w))wm+2−2∆ϕ

(
Cn
[

2
π2

(
z2 log(z)

1−z
+ z log(1−z)

)]
− crossing

)
= z

2∆ϕ

(1−z)
2∆ϕ

(
Kdiscrete(1− z, w) +Kp

∆ϕ
(1− z, w)

)
−Kdiscrete(z, w)−Kp

∆ϕ
(z, w) (3.1.3)

where Kdiscrete(z, w) and Kp
∆ϕ

(z, w) are given explicitly below, in (3.1.8) and (3.1.14).

As for the Lorentzian inversion formula, the dispersion relation receives extra con-

tributions in the case of Regge-bounded bosonic correlators. In particular, it requires

a regularisation of the correlator, see the discussion around (2.4.30). It has the form

Greg(z) =

ˆ 1

0

dw

w2
Kbd

∆ϕ
(z, w) dDiscGreg(w)+

+ lim
ρ→0

ˆ
C+

ρ

dw

2w2
Kbd

∆ϕ
(z, w)Greg(w) + lim

ρ→0

ˆ
C−

ρ

dw

2w2
Kbd

∆ϕ
(z, w)Greg(w) ,

(3.1.4)

where the kernel Kbd
∆ϕ

(z, w) is given below in (3.1.23). A dispersion relation can also be

constructed for correlators that are not bounded in the Regge limit.

Notice that it is not possible to derive the 1d dispersion relation from the higher-

dimensional expression (3.0.1), as the one-dimensional case is intrinsically different 4. At

variance with the higher-dimensional case (3.0.1), the kernel (3.1.2) depends explicitly

on the dimensions ∆ϕ of the external operators and it is manifestly crossing symmetric.

As pointed out in [96], this fact implies the equivalence between the dispersion relation

and the so-called Polyakov bootstrap. This is the idea of replacing the conformal block

expansion with a similar expansion in terms of crossing symmetric Polyakov blocks

P∆ϕ

∆ (z) such that [21,70,99–102]

G(z) =
∑
∆

a∆G∆(z) =
∑
∆

a∆P
∆ϕ

∆ (z) . (3.1.5)

The dispersion relation can be used to obtain explicit expressions for Polyakov blocks

in position space. We show some examples in Appendix A.

4See Section 2.4 for more details.
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3.1.1 Derivation of the dispersion relation

We begin by examining the case of Regge-(super)bounded (bosonic) fermionic correla-

tors, see (2.4.22). Starting with the conformal partial wave expansion given in equation

(2.4.8), we substitute the inversion formulas (2.4.10)-(2.4.11) and then exchange the

order of integration.

G(z) =
ˆ 1

0

dw w−2dDisc[G(w)]
ˆ 1

2
+i∞

1
2
−i∞

d∆

2πi

H
B/F
∆ (w)

κ∆
G∆(z)

+

ˆ 1

0

dw w−2dDisc[G(w)]
∞∑

m=0

2Γ(2m+ 2)4

π2Γ(4m+ 4)Γ(4m+ 3)
G2m+2(w)G2m+2(z)

≡
ˆ 1

0

dw w−2dDisc[G(w)]K∆ϕ
(z, w) ,

(3.1.6)

Using (2.4.17), K∆ϕ
(z, w) is explicitly defined as

K∆ϕ
(z, w) =

∞∑
m=0

2Γ(2m+ 2)4

π2Γ(4m+ 4)Γ(4m+ 3)
G2m+2(w)G2m+2(z)+

±
ˆ 1

2
+i∞

1
2
−i∞

d∆

2πi

G∆(z)

κ∆

2π

sin(π∆)

[
w2−2∆ϕp∆(w)+( w

w−1
)2−2∆ϕp∆(

w
w−1

)+q
∆ϕ

∆ (w)
]

≡ Kdiscrete(z, w) +Kp
∆ϕ

(z, w) +Kq
∆ϕ

(z, w) . (3.1.7)

The three terms in the last line represent respectively the contributions from the discrete

series and from the integrals of p∆ and q
∆ϕ

∆ .

The discrete contribution does not depend on the external dimension ∆ϕ and is

identical for both fermions and bosons. It reads

Kdiscrete(z, w) ≡
∞∑

m=0

2Γ(2m+ 2)4

π2Γ(4m+ 4)Γ(4m+ 3)
G2m+2(w)G2m+2(z)

=
∞∑

m=0

8(4m+ 3)

π2
Q2m+1(

2
w
− 1)Q2m+1(

2
z
− 1) .

(3.1.8)

In the last line we introduced the Legendre functions of the second kind Qn(z) and we

used that

G2m+2 =
24m+4Γ(2m+ 1

2
+ 2)

√
πΓ(2m+ 2)

Q2m+1(
2
z
− 1) . (3.1.9)

The discrete sum can be computed using a representation of Qn(z) as an integral of a

Legendre function of first kind Pn(z),

Q2m+1

( 2

z
− 1
)
=

ˆ 1

−1

dv
P2m+1(v)

2(−v + 2
z
− 1)

, (3.1.10)
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and using
∞∑

m=0

(4m+ 3)P2m+1(x)P2m+1(y) = δ(x− y)− δ(x+ y) , (3.1.11)

At the end of the day, we find

Kdiscrete(z, w) =
∞∑

m=0

8(4m+ 3)

π2
Q2m+1(

2
w
− 1)Q2m+1(

2
z
− 1)

=
´ 1
−1
dv
´ 1
−1
du 1

2( 2
w
−1−v)

1
2( 2

z
−1−u)

∞∑
m=0

(4m+ 3)P2m+1(v)P2m+1(u)

=
w z2(w − 2) log(1− w)

π2(w − z)(w + z − wz)
− z w2(z − 2) log(1− z)

π2(w − z)(w + z − wz)
. (3.1.12)

The second term in (3.1.7) is defined by

Kp
∆ϕ

(z, w) ≡ ±
ˆ 1

2
+i∞

1
2
−i∞

d∆

2πi

G∆(z)

κ∆

2π

sin(π∆)

[
w2−2∆ϕp∆(w) + ( w

w−1
)2−2∆ϕp∆(

w
w−1

)
]
,

(3.1.13)

with p∆(z) in (2.4.18). Closing the contour on the right and using the residue theorem,

one obtains

Kp
∆ϕ

(z, w) = ∓
∞∑

m=0

∂m
[2(4m+3)

π2 Q2m+1(
2
z
− 1)

(
w2−2∆ϕP2m+1(1− 2w) + (w→ w

w−1
)
)]

= ± z2

π2

[
log(1−w) (1−2w)w2−2∆ϕ

(w−1)wz2+z−1
+ log(1−z)

z
w2−2∆ϕ

wz−1
+log(z) (1−2w)w2−2∆ϕ

(w−1)wz2+z−1
+(w→ w

w−1
)
]
.

(3.1.14)

In order to perform the sum in the first line, we used integral representations of Legendre

functions,

Pn(z) =
2n

π

ˆ ∞

−∞
du

(z + iu)n

(u2 + 1)n+1 (3.1.15)

Qµ
ν (z) =

1

Γ(ν + 1)
eπiµ2−ν−1

(
z2 − 1

)µ/2
Γ(µ+ ν + 1)

ˆ 1

−1

dt
(
1− t2

)ν
(z − t)−µ−ν−1

and then we exchanged the order of sum and integral.

The last contribution to K∆ϕ
(z, w) in (3.1.7) is defined as

Kq
∆ϕ

(z, w) ≡
ˆ 1

2
+i∞

1
2
−i∞

d∆

2πi

G∆(z)

κ∆

2π

sin(π∆)
q
∆ϕ

∆ (w) , (3.1.16)

where q
∆ϕ

∆ (w) is defined in (2.4.19).

Since q
∆ϕ

∆ (w) is a polynomial in w and ∆(∆−1), see (2.4.19) and (2.4.20), we obtain

Kq
∆ϕ
(z, w) =

2∆ϕ−2∑
m=0

2∆ϕ−4∑
n=0

(αm,n+βm,n log(1−w))wm+2−2∆ϕ
´ 1

2
+i∞

1
2
−i∞

d∆
2πi

G∆(z)
κ∆

2π
sin(π∆)

∆n(∆−1)n

(3.1.17)
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The coefficients αm,n and βm,n have to be determined on a case-by-case basis, requiring

that H
B/F
∆ (w) has no poles in w = 0.

The integral in (3.1.17) can be evaluated using that

´ 1
2
+i∞

1
2
−i∞

d∆
2πi

G∆(z)
κ∆

2π
sin(π∆)

∆n(∆−1)n = Cn
[
Kp

∆ϕ=1(z, 0)
]
= Cn

[
− 2

π2

(
z2 log(z)

1−z
+z log(1−z)

)]
(3.1.18)

where C = z2(1− z)∂2 − z2∂ is the Casimir operator of the one-dimensional conformal

group, which acts as CG∆(z) = ∆(∆− 1)G∆(z) on the conformal blocks, and we used

the definition (3.1.13) of Kp
∆ϕ=1(z, w = 0). All in all, the kernel reads

K∆ϕ
(z, w) =

w z2(w − 2) log(1− w)

π2(w − z)(w + z − wz)
− z w2(z − 2) log(1− z)

π2(w − z)(w + z − wz)
(3.1.19)

± z2

π2

[
log(1−w) (1−2w)w

2−2∆ϕ

(w−1)wz2+z−1
+ log(1−z)

z
w

2−2∆ϕ

wz−1
+ log(z) (1−2w)w

2−2∆ϕ

(w−1)wz2+z−1
+(w→ w

w−1
)
]

+
2∆ϕ−2∑
m=0

2∆ϕ−4∑
n=0

(αm,n + βm,n log(1− w))wm+2−2∆ϕ Cn
[

2
π2

(
z2 log(z)

1−z
+z log(1− z)

)]
.

Once all the coefficients are fixed as explained below (2.4.20), the kernel is explicitly

crossing symmetric. If the coefficients are not determined first, the requirement of

crossing symmetry of the kernel can be used to fix them. To be more explicit, we write

the crossing equation for the kernel

K∆ϕ
(z, w) =

z2∆ϕ

(1− z)2∆ϕ
K∆ϕ

(1− z, w) . (3.1.20)

and expand it using (3.1.19). The end result is

2∆ϕ−2∑
m=0

2∆ϕ−4∑
n=0

(αm,n+βm,n log(1−w))wm+2−2∆ϕ

(
Cn
[

2
π2

(
z2 log(z)

1−z
+ z log(1−z)

)]
− crossing

)
= z

2∆ϕ

(1−z)
2∆ϕ

(
Kdiscrete(1−z, w) +Kp

∆ϕ
(1−z, w)

)
−Kdiscrete(z, w)−Kp

∆ϕ
(z, w), (3.1.21)

which is a system of equations that can be used to determine αm,n and βm,n, without

referring to the inversion kernel H
B/F
∆ (w). Plotting (3.1.19) for several values of the

external dimension ∆ϕ and (z, w) ∈ (0, 1) we found that the kernel is always positive.

The dispersion kernel (3.1.19) is applicable only to super-bounded bosonic correla-

tors (2.4.23). To extend this result to bounded bosonic correlators, one must use the

improved inversion kernel (2.4.26) in (3.1.6). The dispersion relation is then given by

Greg(z) =

ˆ 1

0

dw

w2
Kbd

∆ϕ
(z, w) dDiscGreg(w)+

+ lim
ρ→0

ˆ
C+

ρ

dw

2w2
Kbd

∆ϕ
(z, w)Greg(w) + lim

ρ→0

ˆ
C−

ρ

dw

2w2
Kbd

∆ϕ
(z, w)Greg(w) .

(3.1.22)
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with

Kbd
∆ϕ

(z, w) = K∆ϕ
(z, w)− ĤB

0,2(w)

2∆ϕ−2∑
n=0

An Cn

[
2

π2

(
z2 log(z)

1− z
+ z log(1− z)

)]
.

(3.1.23)

In order to compute the extra term, we have followed the same procedure as for Kq
∆ϕ

.

Indeed, we noticed that for every integer ∆ϕ the ratio of gamma functions appearing

in (2.4.26) reduces to a polynomial in ∆(∆− 1), exactly like Kq
∆ϕ

. Explicitly, we find

π222(∆ϕ−1)Γ(∆ϕ +
1
2
)

Γ(∆ϕ)3Γ(2∆ϕ − 1
2
)

Γ(∆ϕ−∆
2
)2Γ(∆ϕ− 1−∆

2
)2

Γ(1−∆
2
)2Γ(1− 1−∆

2
)2

=
2∆ϕ−2∑
n=0

An∆
n(∆− 1)n , (3.1.24)

where the coefficients An can be easily determined case-by-case in ∆ϕ. The function

ĤB
0,2(w) is defined in (2.4.25). As with the inversion formula, the kernel redefinition

(3.1.23) introduces an additional pole at w = 1, potentially affecting the convergence of

the integral. To ensure convergence, a crossing-symmetric, Regge-bounded subtraction

is necessary, as discussed below (2.4.26).

Following the same strategy that works for the bounded case, using (2.4.31) and

(3.1.18), we can also derive a dispersion formula for unbounded correlators. In general,

it reads

Kunbd
∆ϕ

(z, w) = K∆ϕ
(z, w)−

∑
m,n

Am,n Ĥ
B
m,2(w) Cn

[
2

π2

(
z2 log(z)

1− z
+ z log(1− z)

)]
−
∑
m,n

Bm,n Ĥ
B
m,1(w) Cn

[
2

π2

(
z2 log(z)

1− z
+ z log(1− z)

)]
−
∑
m,n

Ãm,n Ĥ
B
m,2(w)G2+2n(z)−

∑
m,n

B̃m,n Ĥ
B
m,1(w)G2+2n(z) , (3.1.25)

where the coefficients Am,n, Bm,n, Ãm,n, B̃m,n are fixed as in (2.4.31). The final two

coefficients are necessary to enhance the behavior of the contribution coming from the

discrete inversion kernel (2.4.11).

3.2 Dispersion relation for bulk two-point functions

In the case of bulk two-point functions in a defect CFT, the existence of two Lorentzian

inversion formulas, (2.5.21) and (2.5.26), implies that we can formulate two distinct

dispersion relations.

The first dispersion relation can be derived from the defect inversion formula (2.5.21)

and depends on a single discontinuity of the two-point function, which is controlled by

the the bulk OPE. It can also be obtained directly from Cauchy’s theorem 5. For general

5A similar approach can also be used to derive a dispersion relation for four-point functions in

CFTs without defects [103].
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codimension q > 1, the dispersion relation reads 6

F (r, w) =

ˆ r

0

dw′

2πi

(
1

w′ − w
+

1

w′ − 1
w

− 1

w′

)
Disc[F (r, w′)] . (3.2.1)

Since the bulk OPE controls the discontinuity, see (3.2.16), this formula allows to re-

construct the full correlator using only a subset of bulk data (with defect information

encoded in the one-point functions of bulk operators). This approach is especially pow-

erful for theories where the bulk is well understood and we can leverage that knowledge

to gain insights about the defect.

As in the case of the defect inversion formula (2.5.21), the dispersion relation may

miss contributions from defect operators with low transverse spin, as discussed in

(2.5.25). This issue arises because both the inversion formula and dispersion relations

are derived from a contour deformation argument, which involves neglecting contribu-

tions from arcs at infinity. If the defect OPE includes operators with low transverse

spin, these contributions are not suppressed. To address this in the context of the

dispersion relation, we can introduce a suitable prefactor to enhance the behavior of

the correlator without altering its analytic structure, see (3.2.24) below. Alternatively,

we have to subtract the divergent contributions and add them back after using the

dispersion relation, as in (3.2.17).

The second dispersion relation involves the double discontinuity and is controlled

by the defect channel. Deriving this relation is more complex, but for certain specific

values of the defect dimension, the problem can be related to the case of four-point

functions without the defect (3.0.1). Since the dispersion relation is a mathematical

statement that is valid for any function of two complex variables with a specific ana-

lytical structure, we conjecture a general formula. This formula is essentially similar to

(3.0.1) and, like it, is technically challenging to use.

A slightly different discussion is needed for codimension-one defects. In this case, the

bulk two-point function depends on a single cross-ratio, leading to a different form of

the dispersion relation. In particular, it is impossible to derive a relation controlled only

by either the bulk or the defect OPE. A similar drawback is present in the Lorentzian

inversion formula, as seen in (2.5.37). Therefore, we propose a dispersion relation that

includes contributions from two distinct cuts, dominated by the two OPE channels,

F (z) =
z∆ϕ+1

2πi

ˆ 0

−∞
dz′

Discz′<0

[
F (z′)

(z′)
∆ϕ+1

]
z′ − z

+
z∆ϕ+1

2πi

ˆ ∞

1

dz′
Discz′>1

[
F (z′)

(z′)
∆ϕ+1

]
z′ − z

. (3.2.2)

Our boundary formula involves two single discontinuities, while the Lorentzian inversion

formula depends on a single discontinuity controlled by the bulk channel and a double

discontinuity controlled by the defect OPE. It would be interesting to explore whether

6For the special case of q = 2 monodromy defects, see [104].

45



a dispersion relation could be formulated which exhibits these same features. Such a

formula would be more powerful because the double discontinuity is typically simpler

than the single one. However, this problem appears technically challenging, as no closed

form is known for the kernel of the Lorentzian inversion formula [48].

3.2.1 Dispersion relation from defect inversion formula

We can obtain a defect dispersion relation following the same strategy that worked for

four-point functions in absence of defects, see for example Section 3.1.1.

We introduce the defect conformal partial wave decomposition [44],

F (r, w) =
∞∑
s=0

ˆ p/2+i∞

p/2−i∞

d∆̂

2πi
b(∆̂, s)ĝs(w)Ψ̂∆̂(r) , (3.2.3)

with

Ψ̂∆̂(r) =
1

2

(
f̂∆̂(r) +

K̂p−∆̂

K̂∆̂

f̂p−∆̂(r)
)
, K̂∆̂ ≡ Γ(∆̂)

Γ(∆̂− p
2
)
. (3.2.4)

The functions f̂∆̂(r) and ĝs(w) are defined in (2.5.16). The coefficient b(∆̂, s) encodes

the CFT data in the defect channel and can be computed using the Lorentzian inversion

formula (2.5.21). In radial coordinates, the formula reads

b(∆̂, s) = − K̂∆̂

iπK̂p−∆̂

ˆ 1

0

dr

ˆ r

0

dw µ̂(r, w) ĝ2−q−s(w)Ψ̂∆̂(r) ,Disc[F (r, w)] (3.2.5)

where the integration measure is

µ̂(r, w) = w1−q(1− w2)q−2r−p−1(1− r2)p . (3.2.6)

Using (3.2.5) inside the partial wave expansion (3.2.3) and exchanging the order of

integration, we find an expression of the form

F (r, w) =

ˆ 1

0

dr′
ˆ r′

0

dw′ S(w,w′) I(r, r′) Disc[F (r′, w′)] , (3.2.7)

where the discontinuity is defined in (2.5.23) and

S(w,w′) =
∞∑
s=0

w′1−q(1− w′2)q−2ĝ2−q−s(w
′)ĝs(w)

I(r, r′) =

ˆ p
2
+i∞

p
2
−i∞

d∆̂

2πi
(r′)−p−1(1− (r′)2)p

K̂∆̂

iπK̂p−∆̂

Ψ̂∆̂(r
′)Ψ∆̂(r)

(3.2.8)

Note that the contributions from the angular and radial parts factorize. The angular

contribution S(w,w′) can be computed using the integral representations of the Gegen-

bauer polynomials and of the hypergeometric function. Exchanging the sum over spin

with the integrals from these representations, we obtain

S(w,w′) =
1

2πi

(
1

w′ − w
+

1

w′ − 1
w

− 1

w′

)
. (3.2.9)
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The remaining contribution I(r, r′) can be evaluated exploiting the orthogonality of

conformal partial waves, namely
ˆ 1

0

dr r−p−1(1− r2)pΨ∆̂1
(r)Ψ∆̂2

(r) =
π

2

Kp−∆̂2

K∆̂1

(δ(ν1 − ν2) + δ(ν1 + ν2)) . (3.2.10)

where ∆̂ = 1
2
+ iν, and the identity

Ψp−∆̂(r) =
K∆̂

Kp−∆̂

Ψ∆̂(r) . (3.2.11)

It turns out that I(r, r′) = δ(r′ − r). We can prove it by introducing a generic function

f(r) and expanding it on the Ψ∆̂(r) basis as

f(r) =

ˆ p
2
+i∞

p
2
−i∞

d∆′

2πi
f̂(∆′)Ψ∆′(r) . (3.2.12)

Using the properties of the conformal partial waves, we find

ˆ 1

0

dr I(r, r′)f(r′) =

ˆ 1

0

dr I(r, r′)

ˆ 1
2
+i∞

1
2
−i∞

d∆′

2πi
f̂(∆′)Ψ∆′(r′) (3.2.13)

=

ˆ p
2
+i∞

p
2
−i∞

d∆̂

2πi

ˆ p
2
+i∞

p
2
−i∞

d∆′

2πi

K∆̂

Kp−∆̂

Ψ∆̂(r)f̂(∆
′)

ˆ 1

0

dr′ (r′)−p−1(1− (r′)2)pΨ∆̂(r
′)Ψ∆′(r′)

=

ˆ p
2
+i∞

p
2
−i∞

d∆̂

2πi

ˆ p
2
+i∞

p
2
−i∞

d∆′

2πi

K∆̂

Kp−∆̂

Ψ∆̂(r)f̂(∆
′)
π

2

Kp−∆′

K∆̂

(δ(ν̂ − ν ′) + δ(ν̂ + ν ′))

=

ˆ p
2
+i∞

p
2
−i∞

d∆̂

2πi
Ψ∆̂(r)f̂(∆̂)

= f(r) ,

which implies

I(r, r′) = δ(r − r′) . (3.2.14)

We can finally collect the pieces, (3.2.9)- (3.2.14), and obtain

F (r, w) =

ˆ 1

0

dr′
ˆ r′

0

dw′

2πi
δ(r − r′)

(
1

w′ − w
+

1

w′ − 1
w

− 1

w′

)
Disc[F (r′, w′)]

=

ˆ r

0

dw′

2πi

(
1

w′ − w
+

1

w′ − 1
w

− 1

w′

)
Disc[F (r, w′)] ,

(3.2.15)

which is the defect dispersion relation (3.2.1). The input of the formula is the disconti-

nuity (2.5.23), which can be computed from the bulk expansion as in (2.5.24). In radial

coordinates it reads

Disc[F (r, w)] = −
∑
O
2i sin[π

2
(∆−2∆ϕ−ℓ)] aO λϕϕO r∆ϕ [(1−rw)( r

w
−1)]∆ϕ−∆−ℓ

2 f̃∆,ℓ(r, w).

(3.2.16)
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We conclude this section by noting that in the above derivation, we ignored the fact

that the inversion formula (2.5.21) reconstructs b(∆̂, s) up to low-spin ambiguities, as

discussed around (2.5.25). Since the dispersion relation is derived from the inversion

formula, it has the same ambiguities. Specifically, it will miss a contribution given by

the sum of defect conformal blocks (2.5.16) with transverse spin lower than a certain s∗.

If s∗ ≥ 0, one has to subtract these contribution when applying the dispersion relation

and then add them back at the end. All in all, in the most general case, the correlator

reads

F (r, w) = dispersion relation +
s∗∑
s=0

∑
∆̂

b2
ϕÔ∆̂,s

f̂∆̂,s(r, w) . (3.2.17)

In the next section we will see a different approach to fix this ambiguity.

3.2.2 Alternative derivation using Cauchy’s theorem

There is an alternative, and perhaps more transparent, way to derive the defect disper-

sion relation. If we set r ∈ (0, 1), we observe from the bulk and defect block expansions

that the two-point function is regular everywhere in the complex w plane except for

two branch cuts at (0, r) and (1
r
,∞) 7. Thus, we can directly apply Cauchy’s theorem

to the variable w and write

F (r, w) =

˛
dw′

2πi

F (r, w′)

w′ − w
. (3.2.18)

We can now deform the contour and wrap it around the branch cuts as shown in

Figure 3.1. For now, we assume that we can neglect the contributions from all the

circles, including the circle at infinity and the small circles around w = 0, r, 1/r 8.

Under this assumption, we can write:

F (r, w) =

ˆ r

0

dw′

2πi

1

w′ − w
Disc0<w′<r[F (r, w

′)] +

ˆ ∞

1
r

dw′

2πi

1

w′ − w
Discw′> 1

r
[F (r, w′)] ,

(3.2.19)

Finally, we can change variable w′ → 1
w′ in the second integral and use the symmetry

F (r, w) = F (r, 1
w
) to obtain

F (r, w) =

ˆ r

0

dw′

2πi

(
1

w′ − w
+

1

w′ − 1
w

− 1

w′

)
Disc[F (r, w′)] , (3.2.20)

where the discontinuity is taken around the branch point at w = r as in (2.5.23).

We now discuss the behavior at w′ = 0 and w′ = r. The behavior near w′ = r

is controlled by the bulk OPE, specifically the block expansion (2.5.18). The bulk

7See [44] for a detailed analysis of the analytic structure of F (r, w).
8Notice that, thanks to the symmetry F (r, w) = F (r, 1

w ), it is sufficient to require good behavior

at w = 0 and w = r.
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w′

r 1
r

Figure 3.1: Contour deformation leading to the dispersion relation.

blocks f∆,ℓ(r, w) behave like (w − r)∆−ℓ for w → r so the correlator is dominated by

the operator with the lowest twist 9, which is the identity. Therefore, as w → r, the

correlator behaves as

F (r, w) ∼ (w − r)−∆ϕ . (3.2.21)

For or ∆ϕ > 1, we need to interpret the formula (3.2.20) carefully. Since the original in-

tegral (3.2.18) was finite, and assuming no other singularities are present, the combined

contribution from the small circle around w′ = r and the integral in (3.2.20) must also

be finite. This implies that the discontinuity in equation (3.2.20) should be understood

in a distributional sense with values of ∆ϕ > 1 giving additional finite contributions

localized at w′ = r.

For the behaviour near w = 0, or equivalently at infinity, the situation is similar to

that in the Lorentzian inversion formula (2.5.21). While the inversion formula allows

us to extract defect CFT data for sufficiently high spin (s > s∗), the dispersion relation

(3.2.20) reconstructs only part of the full correlator. The missing terms are given by low-

spin conformal blocks, see (3.2.17), which are polynomials in w but can be arbitrarily

complicated functions of r. The derivation from Cauchy’s theorem makes it clear how

to improve the dispersion formula to include the missing contributions. This can be

done once the behavior of the correlator for w → 0 (or equivalently for |w| → ∞) is

9By definition, the twist τ of an operator is τ = ∆− ℓ.
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known. In particular, if we know 10 that

F (r, w) ∼ w−s∗ for w → 0 , (3.2.22)

then we can define

F̃ (r, w) =

(
wr

(w − r)(1− wr)

)s∗+1

F (r, w) , (3.2.23)

which, by construction, goes like w−1 at large w. Therefore, formula (3.2.20) applies to

the function F̃ . We can then write an improved version of the dispersion relation for

F (r, w),

F (r, w)

(w − r)s∗+1( 1
w
− r)s∗+1

=
´ r

0
dw′

2πi

(
1

w′−w
+ 1

w′− 1
w

− 1
w′

)
Disc

[
F (r,w′)

(w′−r)s∗+1( 1
w′−r)s∗+1

]
.

(3.2.24)

This improved formula offers an alternative to (3.2.17). Depending on the context, one

approach may be better than the other. The main drawback of using the prefactor is

that it worsens the behavior near w → r, and introduces additional contributions to

the discontinuity11.

3.2.3 A dispersion relation with the double discontinuity

A second dispersion relation can be obtained starting from the bulk conformal partial

wave expansion [45]

F (z, z̄) =
∑
ℓ

ˆ d/2+i∞

d/2−i∞

d∆

2πi
c(∆, ℓ)Ψ∆,ℓ(z, z̄) , (3.2.25)

with

Ψ∆,ℓ(z, z̄) =
1

2

(
f∆,ℓ(z, z̄) +

Kd−∆,ℓ

K∆,ℓ

fd−∆,ℓ(z, z̄)

)
, (3.2.26)

and 12

K∆,ℓ =
Γ(∆− p− 1)Γ(∆−1

2
)

Γ(∆− d
2
)Γ(∆−p−1

2
)
κ∆+ℓ , κ∆+ℓ =

Γ(∆+ℓ
2
)2

2π2Γ(∆ + ℓ)Γ(∆ + ℓ− 1)
. (3.2.27)

By substituting the result of the Lorentzian inversion formula (2.5.26) into the partial

wave decomposition (3.2.25) and summing over spin and dimension, one should obtain

a dispersion relation involving the double discontinuity at z̄ = 0. This computation is

10As we mentioned multiple times, the value of the low-spin threshold s∗ is not known for general

defect theories.
11More precisely, the prefactor may introduce extra poles in the correlator, which correspond to

delta-function contributions to the discontinuity.
12The factors K∆,ℓ and κ∆+ℓ should not be confused with (3.1.19) and (2.3.10).
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challenging because no closed form exists for the bulk blocks. However, this is the case

also in the defect-free case. The strategy employed in the case without defects [95] was

to derive a formula for d = 4 and d = 2 and then argue for its validity in general. We

believe that a similar approach can be applied to our case. For p = 2 and generic d, we

can exploit the following fact [45]

f∆,l(z, z̄) =
(1− z)(1− z̄)

1− zz̄
Gd−2

∆−1,l+1(1− z, 1− z̄) , (3.2.28)

where f∆,l(z, z̄) is the bulk block and Gd
∆,l(z, z̄) is the conformal block for a four-point

function without the defect in dimension d, see (2.3.3). Then, if we rewrite the defect

two-point function as

F (z, z̄) =

( √
zz̄

(1− z)(1− z̄)

)∆ϕ (1− z)(1− z̄)

1− zz̄
G(1− z, 1− z̄) , (3.2.29)

the function G(z, z̄) can be expanded using ordinary conformal blocks for four-point

functions. This implies that it can be computed using the dispersion relation for Regge-

bounded four-point functions. The formula is given by [95]

G(u, v) = Gt(u, v) + Gu(u, v) ,

u

v
Gt(u, v) =

ˆ 1

0

du′dv′ K(u, v, u′, v′)dDisc

(
u′

v′
G(u′, v′)

)
,

(3.2.30)

where the u-channel expression is obtained by sending z → z
z−1

and we have introduced

the variables

u = zz̄ , v = (1− z)(1− z̄) . (3.2.31)

In these coordinates the kernel K(u, v, u′, v′) is

K(u, v, u′, v′) =
u− v + u′ − v′

64π(uvu′v′)
3
4

x
3
2 2F1

(
1

2
,
3

2
, 2, 1− x

)
(θ(x− 1)− 4δ(x− 1)) , (3.2.32)

where

x =
16
√
uvu′v′

[(
√
u+

√
v)2 − (

√
u′ +

√
v′)2][(

√
u−

√
v)2 − (

√
u′ −

√
v′)2]

. (3.2.33)

Therefore for our correlator we obtain

F t(z, z̄) =

( √
zz̄

(1− z)(1− z̄)

)∆ϕ zz̄

1− zz̄

ˆ 1

0

dwdw̄ K(1− z, 1− z̄, 1− w, 1− w̄)

× dDisc

[
F (w, w̄)

(
(1− w)(1− w̄)√

ww̄

)∆ϕ 1− ww̄

ww̄

]
. (3.2.34)
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This formula is derived for p = 2 and arbitrary d. However, we observe that the function

F (z, z̄) has the same analytic structure for all p and the prefactors in the formula do

not introduce new singularities. Given that the original derivation relied on a contour

deformation argument based on the analytic properties of the functions involved, we

conjecture that this formula extends to defects of arbitrary dimensions. Due to the

complicated nature of the dispersion kernel in (3.2.34), we could only check the formula

explicitly for the bulk identity correlator, which corresponds to

G(1− z, 1− z̄) =
1− zz̄

(1− z)(1− z̄)
(3.2.35)

In this case, the check reduces to the one performed in [95] for generalized free fields.

3.2.4 The special case of boundary CFTs

In this section, we turn our attention to codimension-one defects, such as boundaries

and interfaces. The main difference with general defects lies in the absence of transverse

spin and the presence of a single cross-ratio z. As noted in [48], this feature implies

a different structure for the Lorentzian inversion formula, see (2.5.37). Specifically,

the formula includes two distinct contributions: one involving a single discontinuity

controlled by the bulk OPE (2.5.33), and another involving a double discontinuity

controlled by the boundary (defect) OPE (2.5.32).

Another drawback of this case is that the integration kernels are not generally known

in closed form, except when the difference of external dimensions is an odd integer.

Fortunately, we can employ a straightforward contour deformation argument, as in

Section 3.2.2, to derive a dispersion relation involving two discontinuities. However, in

contrast with the general case, there is no symmetry that relates these two contributions.

Explicitly, we start from

F (z) =
1

2πi

˛
dz′

F (z′)

z′ − z
, (3.2.36)

where the integration contour encircle any regular point z. Based on the explicit ex-

pressions of the conformal blocks, (2.5.34) and (2.5.35), and the convergence properties

of the two OPE expansions [48], it is clear that the correlator exhibits branch cuts

originating at z = 0 and z = 1.

We can deform the contour as depicted in Figure 3.2. Assuming once more that we

can disregard the contribution from the circle at infinity and the two small circles at

z′ = 0 and z′ = 1, we obtain

F (z) =
1

2πi

ˆ 0

−∞
dz′

Discz′<0[F (z
′)]

z′ − z
+

1

2πi

ˆ ∞

1

dz′
Discz′>1[F (z

′)]

z′ − z
. (3.2.37)
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z′

0 1

Figure 3.2: Contour deformation for the boundary case.

The discontinuities can be computed from the two OPE expansions, in a similar way

as in (2.5.24). Explicitly,

Discz<0[F (z)] =
∑
Ô

2i sin(π∆̂)b2
ϕÔ(−z)

∆̂
2F1

(
∆̂, ∆̂ + 1− d

2
, 2∆̂ + 2− d, z

)
,

Discz>1[F (z)] =
∑
O

2i sin
[
π
2
(∆− 2∆ϕ)

]
aOλϕϕO z

∆ϕ(z − 1)
∆−2∆ϕ

2 f̃∆(z) , (3.2.38)

where we used the explicit forms of the blocks, (2.5.34) and (2.5.35), and we defined

f̃∆(z) = (1− z)−
∆
2 f∆(z).

Let us now discuss the convergence at z′ = 0, 1,∞. In the boundary channel,

the lightest exchanged operator is the boundary identity, corresponding to ∆̂ = 0 in

(2.5.34). All other boundary operators contribute terms that vanish for z = 0, so this

limit does not pose any problem. At z = 1, the dominant contribution comes from the

bulk identity, which, according to (2.5.33), implies F (z) ∼ (1−z)−∆ϕ . This is similar to

the behavior observed in the case of a generic defect for w → r (see (3.2.21)). Therefore,

the same argument that was applied in that context is applicable here: if ∆ϕ > 1, one

interprets the singular terms as giving rise to a discontinuity with distributional values

(i.e. a delta-function and its derivatives).

The circle at |z| → ∞ presents a subtler situation since it is not directly governed

by an OPE expansion. However, compared to higher codimension cases, the situation

is under much greater control. In [48], the authors managed to derive an upper bound

on the behavior of a boundary correlator as |z| → ∞

F (z) ∼ z∆ϕ , for |z| → ∞ . (3.2.39)
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We can then improve the dispersion relation (3.2.37) by introducing a suitable prefactor

as we did in (3.2.24). A possible choice is

F (z) =
z∆ϕ+1

2πi

ˆ 0

−∞
dz′

Discz′<0

[
F (z′)

(z′)
∆ϕ+1

]
z′ − z

+
z∆ϕ+1

2πi

ˆ ∞

1

dz′
Discz′>1

[
F (z′)

(z′)
∆ϕ+1

]
z′ − z

.

(3.2.40)

Clearly this choice affects the behavior of the integrand at z′ = 0 and one should

reconsider the contribution from the small circle around z′ = 0, in case the integral

diverges. It’s important to note that the choice of prefactor z−∆ϕ−1 in (3.2.40) is not

unique. For example, one could use a different prefactor (1−z)−∆ϕ−1, or a combination

of the two. In a perturbative context, different choices may reduce the number of

exchanged operators required to compute the discontinuities. We shall see an example

in Section 4.3.
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Chapter 4

Applications

In this chapter, we apply the tools of the analytic bootstrap, introduced in Chapters

2 and 3, to several defect CFTs that are relevant in the context of condensed matter

physics or holography.

We begin by examining three distinct types of defects in the critical O(N) model.

The O(N) model is a well-known field theory which can be realized by deforming the

four-dimensional free theory of N scalar fields by a quartic O(N) invariant interaction.

It is characterized by the following action

S =

ˆ
ddx

[
1

2
(∂µϕa)

2 +
λ0
4!

(ϕaϕa)
2

]
, a = 1, ..., N , (4.0.1)

where λ0 is the bare coupling and the fundamental fields ϕa transform in the vector

representation of O(N). For d = 4− ε < 4, the coupling λ is relevant and it triggers a

renormalization group flow, which can be studied perturbatively in ε. The β-function

for the quartic coupling reads

βλ =
∂λ

∂ log µ
= −ελ+

N + 8

48π2
λ2 +O(λ3) , (4.0.2)

and a non-trivial fixed point is reached for

λ∗ =
48π2

N + 8
ε+

144π2(3N + 14)

(N + 8)3
ε2 +O(ε3) . (4.0.3)

This is the so-calledWilson-Fisher fixed point. This solution is perturbative in ε and this

is the regime we are going to be interested in. The critical O(N) model has numerous

applications in condensed matter physics. Notable examples of critical models within

the same universality class include the Ising model for N = 1, the XY model and the

Helium superfluid transition for N = 2, and isotropic magnets for N = 3.

In Section 4.1, we consider the localized magnetic field defect. It is obtained by

turning on a magnetic field along a line, breaking the O(N) symmetry down to O(N−1)

along the defect. In Lorentzian signature, it can be viewed as a point-like impurity
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generated by an external magnetic field, extended over the time direction. This line

defect can be effectively realized on the lattice and has been studied through Monte

Carlo simulations in [105, 106]. Experimental applications are also conceivable, either

in quantum simulators [107] or in a mixture of two liquids with a colloidal impurity

[108, 109, 106]. Therefore, it is crucial to produce predictions for the defect CFT data

of this critical system. The localized magnetic field was studied using traditional field-

theoretic methods, either in the large N limit or using the ε-expansion, in [110–112].

More recently, [42] analyzed this defect for N = 2 using numerical bootstrap techniques

for the four-point function of defect operators. Here we calculate, for the first time,

the two-point function of the bulk operator ϕa up to order ε using both the analytic

bootstrap and diagrammatic methods, extracting an infinite set of defect CFT data.

This analysis is based on [58].

Next, in Section 4.2, we conduct a similar analysis for a different line defect known

as the spin impurity. This defect was originally introduced in [113, 114] to model a

doped two-dimensional antiferromagnet at the quantum critical point. Recently, there

has been renewed interest in this setup. In [115], it was analyzed at large N with the

goal of understanding the interplay between symmetry-protected topological phases

and quantum criticality. Additionally, [116] provided a semiclassical description of this

defect in the limit of large spin. It was also noted in [117] that these defects emerge

in a specific scaling limit of superconformal Wilson lines in N = 4 SYM theory. We

examine this defect in both the free (λ = 0) and interacting bulk cases. Specifically, for

the free case, we compute the defect β-function up to three loops. We also analyze the

spectrum of defect operators and bootstrap the two-point functions of bulk operators

up to order ε2, comparing the results with explicit diagrammatic computations. This

section is based on [59].

Finally, in Section 4.3, we use the boundary dispersion relation (3.2.2) to bootstrap

the two-point function of ϕa in the presence of a boundary. We successfully reproduce

the results of [47] up to order ε2. This section is based on [56].

In the final section of this chapter, Section 4.4, we consider a different bulk theory,

specifically N = 4 Super Yang-Mills (SYM), which is defined by the following action

S =

ˆ
dx4Tr

{
− 1

2g2YM

FµνF
µν +

Θ

8π2
FµνF̃

µν − iχ̄aσ̄µDµχa −DµΦ
IDµΦI

+gYMC
ab
I χa[Φ

I , χb] + gYM C̄Iabχ̄
a[ΦI , χ̄b] +

g2YM

2
[ΦI ,ΦJ ]2

}
, (4.0.4)

where gYM is the gauge coupling, Θ is the instanton angle, Fµν is the field strength

associated to the SU(N) gauge field Aµ, χ
a are Weyl fermions, σµ are the Pauli matrices,

Dµ are covariant derivatives, ΦI are six real scalars that transform in the vector of

SO(6), and Cab
I represents the structure constants of the R-symmetry group SU(4) ∼=
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SO(6). This theory is (super)conformal and holographically1 dual to type IIB string

theory in AdS5 × S5 [12]. We analyze this theory at large N in the presence of a

supersymmetric Wilson line (or Maldacena-Wilson line [121]) and consider correlators

of both defect and bulk operators. Specifically, we compute the four-point function of

the fundamental scalars ΦI inserted on the defect and the two-point function of single

trace 1/2 BPS bulk operators 2 OP ∝ Tr (Y · Φ)P , using the dispersion relations (3.1.1)

and (3.2.1). In the former case, we reproduce state-of-the-art results up to fourth order

in a perturbative expansion at strong t’ Hooft coupling λ = g2YMN [51]. In the latter

case, we reproduce the results of [104] at large N and strong coupling. The content of

Section 4.4 is based on [56] and [57].

4.1 The localized magnetic field in the O(N) model

In this section, we apply analytic bootstrap techniques to study the two-point correlator

of local operators in the O(N) critical model in the presence of a defect, which is created

by coupling the field ϕ1 to a magnetic field localized on a line [112]

D = eh0

´
dτ |ẋ(τ)|ϕ1(x(τ)) . (4.1.1)

Here, x(τ) represents a straight line (or equivalently, a circle) as the real parameter τ

varies, and h0 is a new coupling constant. The defect explicitly breaks the O(N) global

symmetry of the model down to O(N − 1). In the free theory in four dimensions, this

perturbation provides a straightforward example of a conformal defect, as the operator ϕ

has dimension one, and h0 is a defect marginal parameter [122]. As we move away from

four dimensions, the bulk theory flows to the Wilson-Fisher fixed point, and the operator

ϕ becomes a weakly relevant defect deformation (the bulk dimension is 4 − ε, but the

defect dimension remains fixed at one). Consequently, this perturbation, along with the

quartic interaction, triggers a renormalization group flow in the two coupling constants.

One can investigate this joint flow using standard diagrammatic techniques without

needing to work perturbatively in h0. Indeed, any diagram contributing to a correlator

at a fixed order in λ will only include insertions of h0 up to a finite power. In other

words, h0 is not treated as a small coupling constant. The RG flow reaches an infrared

fixed point at the following values of the renormalized coupling constants [111,112]

λ∗ =
48π2

N + 8
ε+O(ε2), h∗ =

√
N + 8 +

4N2 + 45N + 170

4(N + 8)
3
2

ε+O(ε2). (4.1.2)

This implies that the fixed point can be described by a defect conformal field theory.

1We refer to [118–120] for an introduction to the AdS/CFT correspondence and holography.
2See equation (4.4.63) and the discussion above it for a proper definition of single trace 1/2 BPS

operators OP .
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4.1.1 The observable: the bulk two-point function

The main observable we consider is the two-point function of the vector of scalar fields

ϕa with a = 1, . . . , N . Conformal and global symmetries constrain this correlator to

take the following form

⟨ϕa(x1)ϕb(x2)⟩D =
F1(z, z̄)δab + F2(z, z̄)δa1δb1

|xi1|∆ϕ|xi2|∆ϕ
, (4.1.3)

where F1(z, z̄) and F2(z, z̄) are arbitrary functions of the two conformally invariant

cross-ratios z and z̄, defined in (2.5.7). We recall that correlation functions in presence

of a defect are defined as in (2.5.2).

As discussed in Section 2.5.1, in a defect conformal field theory there are bulk-bulk

and bulk-defect OPE channels, see (2.2.10) and (2.5.12). These expansions can be

further refined to explicitly account for the internal symmetry structure of the theory.

In the bulk channel, the OPE of two operators transforming under the representa-

tions R1 and R2 of the internal symmetry group must involve exchanged operators in

irreducible representations contained in the Clebsch-Gordan decomposition of R1⊗R2.

For our model, the OPE for two fundamental scalar fields can be written as:

ϕa(x1)ϕb(x2) =
∑
∆,ℓ,R

λa b IϕϕO C(x12, ∂2)OR
∆,ℓ(x2), (4.1.4)

where R denotes the O(N) irreducible representations in the tensor product V ⊗ V of

two vector representations V , which include the singlet (S), symmetric traceless (T )

and antisymmetric (A) representations. We have suppressed spacetime indices. Since

this OPE is between scalar operators, only operators in even spin-ℓ traceless symmetric

representations of SO(d) can appear in the decomposition. The tensor structure of the

three-point function coefficients λabϕϕOS
can be explicitly written down for R = S, T,A

as

λabϕϕOS
= λϕϕOS

δab, λ
ab (cd)
ϕϕOT

= λϕϕOT

(
δa(cδbd) −

1

N
δabδcd

)
, λ

ab [cd]
ϕϕOA

= λϕϕOA
δa[cδbd],

(4.1.5)

where the (anti-)symmetrization has been taken with weight 1/2.

In the defect OPE, the operators are categorized into O(N−1) representations since

the presence of the defect breaks the O(N) symmetry. Generally, when a symmetry

group G is broken down to a subgroup H by a defect, bulk operators originally in a

representation R of G will transform according to irreducible representations found in

the decomposition of R under H. Hence we can write

ϕa(x) =
∑
∆̂,s,R

b aR
ϕÔ Ĉ(x, ∂)ÔR

∆̂,s
(x), (4.1.6)
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where ∆̂ and s represent the conformal dimension and transverse spin of the defect

operator ÔR
∆̂,s

, respectively. Since ϕa(x) is a scalar field, the exchanged operators in

this OPE do not possess longitudinal spin. From the branching rule V O(N) → SO(N−1)⊕
V O(N−1), it is clear that the only permissible representations R are the singlet S and

the vector V of O(N − 1). The tensor structures for the bulk-defect two-point function

coefficients b aR
ϕÔ are

b a
ϕÔS

= bS,∆̂,sδa1, b a b̂
ϕÔV

= bV,∆̂,sδab̂, (4.1.7)

where b̂ = 2, . . . , N , and δa1 and δab̂ are projectors from the representation space of

V O(N) to those of SO(N−1) and V O(N−1), respectively.

These different OPE decompositions result in two distinct conformal block expan-

sions. To analyze the bulk block expansion, it is helpful to express the bulk two-point

function as

⟨ϕa(x1)ϕb(x2)⟩D =
FS(z, z̄)δab + FT (z, z̄)

(
δa1δb1 − 1

N
δab
)

|xi1|∆ϕ|xi2|∆ϕ
, (4.1.8)

where FS(z, z̄) and FT (z, z̄) are linear combinations of the functions F1(z, z̄) and F2(z, z̄)

introduced in (4.1.3). Explicitly,

F1(z, z̄) = FS(z, z̄)−
1

N
FT (z, z̄),

F2(z, z̄) = FT (z, z̄). (4.1.9)

In terms of lightcone coordinates, this bulk channel decomposition reads

FS(z, z̄)δab + FT (z, z̄)

(
δa1δb1 −

1

N
δab

)
=

( √
zz̄

(1− z)(1− z̄)

)∆ϕ∑
∆,ℓ

R=S,T

λabRϕϕO a
R
O f∆,ℓ(z, z̄),

(4.1.10)

where the explicit form of the bulk conformal blocks f∆,ℓ(z, z̄) is given in (2.5.18). Note

that the only bulk operators that have a non vanishing one-point function are those who

exchange the identity operator in their defect OPE. Therefore, the tensor structures for

the coefficients aR
O are obtained by projecting O(N) representations into the singlet

SO(N−1). It immediately follows that operators in antisymmetric representations have

zero one-point functions. Hence, the sum in (4.1.10) only includes the singlet S and the

symmetric traceless T representations of O(N). The tensor structures of the one-point

functions for R = T, S are

aOS
, a

(ab)
OT

= aOT

(
δa1δb1 −

1

N
δab

)
. (4.1.11)
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Inserting (4.1.5) and (4.1.11) into (4.1.10) we get the following block decompositions

FS(z, z̄) =

( √
zz̄

(1− z)(1− z̄)

)∆ϕ∑
∆,ℓ

λϕϕOS
aOS

f∆,ℓ(z, z̄), (4.1.12)

FT (z, z̄) =

( √
zz̄

(1− z)(1− z̄)

)∆ϕ∑
∆,ℓ

λϕϕOT
aOT

f∆,ℓ(z, z̄). (4.1.13)

Similarly, for the defect channel, it is useful to rewrite the bulk two-point function as

⟨ϕa(x1)ϕb(x2)⟩D =
F̂S(z, z̄)δa1δb1 + F̂V (z, z̄) (δab − δa1δb1)

|xi1|∆ϕ|xi2|∆ϕ
, (4.1.14)

where again F̂S(z, z̄) and F̂V (z, z̄) are linear combinations of F1(z, z̄) and F2(z, z̄),

F1(z, z̄) = F̂V (z, z̄),

F2(z, z̄) = F̂S(z, z̄)− F̂V (z, z̄). (4.1.15)

The defect channel decomposition is

F̂S(z, z̄)δa1δb1 + F̂V (z, z̄) (δab − δa1δb1) =
∑
∆̂,s

R=S,V

b aR
ϕÔ b

bR
ϕÔ f̂∆̂,s(z, z̄), (4.1.16)

where the explicit form of the defect conformal blocks f̂∆̂,s(z, z̄) is given in (2.5.15).

Using (4.1.7) one gets

F̂S(z, z̄) =
∑
∆̂,s

b2
S,∆̂,s

f̂∆̂,s(z, z̄), F̂V (z, z̄) =
∑
∆̂,s

b2
V,∆̂,s

f̂∆̂,s(z, z̄). (4.1.17)

4.1.2 Leading order

We are know ready to compute the two-point function (4.1.3) in d = 4− ε

F (r, w) = F (0)(r, w) + εF (1)(r, w) +O(ε2) , ε << 1 . (4.1.18)

At leading order, the correlator has two components: the free correlator without the

defect, which contributes to F1 in (4.1.3), and the square of the one-point function

⟨ϕa(x)⟩D = δa1
aϕ

|xi|∆ϕ
. (4.1.19)

which provides the leading contribution 3 to F2. The dimension of ϕa is

∆ϕ =
d− 2

2
+ εγ

(1)
ϕ + ε2γ

(2)
ϕ +O(ε3)

= 1− ε

2
+ ε2

N + 2

4(N + 8)2
+O(ε3) , (4.1.20)

3The defect coupling at the fixed point is not infinitesimally small, so the one-point function (4.1.19)

is not suppressed in the ε-expansion.
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and aϕ in (4.1.19) reads [111,112]

a2ϕ =
N + 8

4
+ ε

(N2 − 3N + (N + 8)2 log(4)− 22)

8(N + 8)
+O(ε2). (4.1.21)

The leading-order contributions to the two-point function are

F
(0)
1 (r, w) =

rw

(w − r)(1− rw)
, F

(0)
2 (r, w) = a2ϕ

(0)
. (4.1.22)

Notice that we switched to the radial coordinates introduced in (2.5.9). Each term

has a straightforward interpretation in one of the two channels. The correlator F
(0)
1

corresponds to the exchange of the identity operator in the bulk channel, while the

squared one-point function corresponds to the exchange of the identity in the defect

channel. As usual, to represent the identity in one channel, an infinite tower of operators

is necessary in the crossed channel. Let us review the CFT data of these exchanged

operators.

Rewriting (4.1.22) in terms of FS and FT introduced in (4.1.8), we find

F
(0)
S (r, w) =

a2ϕ
(0)

N
+

rw

(w − r)(1− rw)
,

F
(0)
T (r, w) = a2ϕ

(0)
.

(4.1.23)

This expression shows that the bulk identity contributes solely to the singlet exchange.

On the other hand, the constant term a2ϕ
(0)

is reproduced by the exchange of two infinite

towers of twist-two spin-ℓ operators of the schematic form

JS,0,ℓ = ϕa∂µ1 ...∂µℓ
ϕa, J ab

T,0,ℓ = ϕ(a∂µ1 ...∂µℓ
ϕb) − trace. (4.1.24)

Their CFT data can be extracted by comparing (4.1.23) with the block expansion

(4.1.12) or using the Lorentzian inversion formula (2.5.26) with 4

dDisc

[(
(1−z)(1−z̄)√

zz̄

)∆ϕ

F
(0)
S (z, z̄)

]
= 2

a2ϕ
(0)

N
(1−z)(1−z̄)√

zz̄
,

dDisc

[(
(1−z)(1−z̄)√

zz̄

)∆ϕ

F
(0)
T (z, z̄)

]
= 2a2ϕ

(0) (1−z)(1−z̄)√
zz̄

.

(4.1.25)

The result is 5 [45]

∆
(0)
S,0,ℓ = ∆

(0)
T,0,ℓ = 2∆ϕ + ℓ,

aλ
(0)
T,0,ℓ = aλ

(0)
S,0,ℓ N = a2ϕ

(0) 2−ℓΓ
(
ℓ+1
2

)3
πΓ
(
ℓ
2
+ 1
)
Γ
(
ℓ+ 1

2

) . (4.1.26)

4As we mentioned above (2.5.29), the Lorentzian inversion formula does not work for low spins. In

this case, it misses the contribution of the bulk identity. Nevertheless, it still reproduces correctly all

the defect CFT data of the twist-two operators.
5The twist-two operators have the same dimensions in both channel at tree level, however they are

distinct operators and have different anomalous dimensions and OPE coefficients.
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where the spin ℓ is even. Let us clarify our notations for the CFT data and the la-

beling of the operators, which will remain consistent at order ε. We define aλ
(0)
R,k,ℓ ≡

a
(0)
JR,k,ℓ

λ
(0)
ϕϕJR,k,ℓ

and we use the index k to label the classical twist τ (0) = ∆(0)− ℓ, specif-

ically k = τ (0)

2
− ∆ϕ. At this order, only two families of operators appear in the bulk

OPE: the identity and the twist-two operators (k = 0), see (4.1.24). Furthermore, for

the specific case k = 0 we know that there is a single primary operator for any given

spin ℓ. However, for higher values of k, corresponding to operators of the schematic

form JS/T,k,ℓ ∼ ϕ□k∂µ1 ...∂µℓ
ϕ, degeneracies may occur. Thus, our notation will not

differentiate between degenerate operators, but since our observable does not make this

distinction either, we find this notation convenient.

Turning to the defect channel, we have

F̂
(0)
S (r, w) = a2ϕ

(0)
+

rw

(w − r)(1− rw)
,

F̂
(0)
V (r, w) =

rw

(w − r)(1− rw)
.

(4.1.27)

The defect identity contributes only to the singlet channel, while the bulk identity is

represented by two infinite towers of defect operators of the schematic form 6

ÔS,0,s = ∂s⊥ϕ
1, Ôâ

V,0,s = ∂s⊥ϕ
â. (4.1.28)

These operators have transverse spin s and transverse twist τ̂ = ∆̂ − s = 1. By

comparing (4.1.27) with the block expansion (4.1.17) or using the inversion formula

(2.5.21) with 7

Disc[F̂
(0)
S (r, w)] = 2πi

( rw

1− rw

)
δ(r − w),

Disc[F̂
(0)
V (r, w)] = 2πi

( rw

1− rw

)
δ(r − w).

(4.1.29)

we find [44,38]

∆̂
(0)
S,0,s = ∆̂

(0)
V,0,s = 1 + s,

b
2(0)
S,m,s = b

2(0)
V,m,s = δm,0,

(4.1.30)

where b
2(0)
R,m,s = b

2(0)

ϕÔR,m,s
. As in the bulk case, we use an additional label m for the

classical transverse twist, m = τ̂ (0)−1
2

. At this order, only twist-one operators (m = 0)

appear in the OPE, as expected from the equation of motion of the bulk field [44].

6Here ∂⊥ stands for the derivative in the direction orthogonal to the defect, therefore ∂s
⊥ϕ are not

defect descendants.
7In this case the Lorentzian inversion formula fails to reproduce the contribution of the defect

identity.
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4.1.3 Next-to-leading order

Now we turn our attention to the order ε correlator, which we compute using the

methods outlined in Section 3.2. The idea of the defect analytic bootstrap is to use

information from the bulk theory to compute correlators in the presence of the defect.

Specifically, the discontinuity relevant to the dispersion relation (3.1.1) is governed by

the bulk block expansion, as detailed in (2.5.24). We consider the following perturbative

expansion of the bulk channel CFT data

∆ = ∆(0) + ε γ(1) +O(ε2),

aλ = aλ(0) + ε aλ(1) +O(ε2).
(4.1.31)

Operators that appeared at tree level, specifically twist-two operators, enter the one-

loop OPE with their anomalous dimensions given by

∆S/T,0,ℓ = 2∆ϕ + ℓ+ εγ
(1)
S/T,0,ℓ +O(ε2). (4.1.32)

These anomalous dimensions are known from previous studies of the O(N) model with-

out defects (see for example [123] and references therein)

γ
(1)
S,0,ℓ =

N + 2

N + 8
δ0,ℓ, γ

(1)
T,0,ℓ =

2

N + 8
δ0,ℓ. (4.1.33)

Importantly, only the spin-zero operators of each representation, JS,0,0 = ϕ2 and

J ab
T,0,0 ≡ Tab = ϕaϕb− δab

N
ϕ2, have a non-zero anomalous dimension at order ε. This fact

will greatly simplify the computation of the discontinuity.

At this order higher-twist operators can appear, with their classical dimensions given

by

∆S/T,k,ℓ = 2∆ϕ + 2k + ℓ+O(ε), k > 0. (4.1.34)

We anticipate the appearance of operators up to twist four 8 because the bulk OPE

coefficients λϕϕJ of higher-twist operators are of order ε2 [79, 80].

All in all, at order ε, the bulk block expansion for the singlet reads

F
(1)
S (r, w) = − rw

2(1− rw)(w − r)
log
( rw

(1− rw)(w − r)

)
+

+
rw

2(1− rw)
aλ

(0)

ϕ2 γ
(1)

ϕ2

(
f̃2,0(r, w) log(w − r) + ∂∆f̃2,0(r, w)

)
+

+
1∑

k=0

∑
ℓ

rw

1− rw
aλ

(1)
S,k,ℓ(w − r)kf̃2+2k+ℓ,ℓ(r, w),

(4.1.35)

8While twist-two operators consist of a single family, meaning a single primary operator for each

spin, from twist four onwards, degeneracies may arise that cannot be resolved by analyzing a single

correlator. However, these operators do not contribute to the discontinuity in (3.2.1), hence this does

not affect the computation of the correlator.
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where we defined f̃∆,ℓ(r, w) = (w − r)
−∆+ℓ

2 f∆,ℓ, with f∆,ℓ given in (2.5.19).

Notice that the first line in (4.1.35) originates from the contribution of the bulk

identity operator(
rw

(w−r)(1−rw)

)∆ϕ

= rw
(r−w)(rw−1)

+ ε
(
γ
(1)
ϕ − 1

2

)
rw

(1−rw)(w−r)
log
(

rw
(1−rw)(w−r)

)
+O(ε2).

(4.1.36)

Specifically, the anomalous dimension γ
(1)
ϕ is well-known to be vanishing at this order,

see (4.1.20).

For the symmetric traceless part, the bulk OPE reads

F
(1)
T (r, w) =

rw

2(1− rw)
aλ

(0)
T γ

(1)
T

(
f̃2,0(r, w) log(w − r) + ∂∆f̃2,0(r, w)

)
+

+
1∑

k=0

∑
ℓ

rw

1− rw
aλ

(1)
T,k,ℓ(w − r)kf̃2+2k+ℓ,ℓ(r, w).

(4.1.37)

With the bulk OPE expansions (4.1.35) and (4.1.37), we can compute the discon-

tinuity and then use the dispersion relation (3.2.1) to determine the full correlator.

We assume that after subtracting the defect identity a2ϕ, the rest of the correlator van-

ishes for w → ∞. In other words, we assume that the dispersion relation is able to

reconstruct the correlator up to a single low-spin ambiguity

Famb(r, w) = a2ϕ . (4.1.38)

While we cannot prove this fact rigorously, we can derive it from the assumption that,

at order ε, only the twist-one family appears in the defect OPE. This assumption is

motivated by the fact 9 that higher-twist defect operators have bulk-to-defect couplings

bϕÔ of order ε and therefore their squared coefficients are at least of order ε2. Provided

the assumption is true, the most general ansatz for the ambiguity is

Famb(r, w) = (q0 + r0∂∆̂) f̂0,0 + (q1 + r1∂∆̂) f̂1,0 +
s∗∑
s=1

(
qs+1 + rs+1∂∆̂

)
f̂s+1,s , (4.1.39)

where q and r are arbitrary constants. For any finite s∗ ∈ N, the conformal blocks in

this sum can be written as polylogarithms using HypExp [124, 125]. For example, the

lowest lying ones take a very simple form:

f̂0,0(r, w) = 1 , ∂∆̂f̂0,0(r, w) = log
r

1− r2
, f̂1,0(r, w) = tanh−1r , . . . (4.1.40)

Expanding the ansatz (4.1.39) in the bulk channel is generally not feasible due to spu-

rious terms incompatible with bulk-channel conformal blocks (2.5.19). Experimenting

with low values of s∗ ≤ 5, we conclude that the most general truncated solution is

Famb(r, w) = q0f̂0,0(r, w) + r0

(
∂∆̂f̂0,0(r, w)− 2f̂1,0(r, w)

)
= q0 + r0 log

r

(1 + r)2
.

(4.1.41)

9This fact follows from elementary diagrammatic considerations.
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The constant term can be interpreted as the defect identity, while the logarithm signals

the presence of a defect operator with ∆̂ ∼ ε. No such operator can be constructed

from the fundamental field ϕa in presence of the defect (4.1.1). Therefore, we conclude

that this contribution is absent 10 and we obtain (4.1.38).

We will check at the end that our assumption is correct by comparing the full

correlator obtained from the dispersion relation (4.1.44) with the result from Feynman

diagrams, see Section 4.1.6.

Computation of the correlator

Starting with the singlet representation, we observe from (4.1.35) that the discontinuity

in the first order of the ε-expansion arises solely from the logarithmic terms. This

is because the rescaled blocks f̃∆,ℓ(r, w) and their derivatives, evaluated at the tree-

level dimensions (4.1.26), are regular as w approaches r. Importantly, the logarithmic

terms depend linearly on leading order coefficients and next-to-leading order anomalous

dimensions. Notice that (4.1.33), combined with (4.1.35), implies that the one-loop

discontinuity of the singlet is just given by two terms: one represents the correction to

the bulk identity coming from the engineering dimension of the external field, while the

other is proportional to a single bulk block. Using

Disc[log(w − r)] = 2πi, (4.1.42)

and the explicit form of the bulk blocks as a series expansion (2.5.19) we find 11

Disc[F
(1)
S (r, w)] = −iπ rw

(w − r)(1− rw)
+ iπ

rw

(w − r)(1− rw)
aλ

(0)

ϕ2 γ
(1)

ϕ2 f2,0(r, w) =

= −πi (rw)
(r−w)(rw−1)

+ N+2
8N

4π
√
rw

(
F

(
sin−1(

√
r
√

r−w
1−rw)|

(rw−1)2

(r−w)2

)
−F

(
sin−1

(√
r−w
1−rw√
r

)
| (rw−1)2

(r−w)2

))
r−w

,

(4.1.43)

where F (x, k) is the incomplete elliptic integral of the first kind. It’s important to em-

phasize that this contribution arises solely from a single operator in the bulk expansion,

specifically the twist-two, spin-zero operator ϕ2, whose anomalous dimension (4.1.33)

serves as our primary input. The intricate form of the function (4.1.43) is due to the

presence of the bulk conformal block f2,0, which is a particular case of the complicated

expression in (2.5.19).

The first term in (4.1.43) trivially reproduces the correction to the bulk identity

(4.1.36), as we expected. The second contribution, however, proves to be quite com-

plicated and we could not solve the corresponding integral in the dispersion relation

10In the case of a spin impurity, a defect operator with vanishing classical dimension will indeed

appear. We refer to Section 4.2.3 for a thorough discussion.
11Alternatively, the discontinuity can be obtained using the general formula (3.2.16) by inserting

the perturbative OPE data and expanding up to order ε.
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in terms of simple functions. Nonetheless, we are able to provide a simple integral

representation of the result or express it through a variety of special functions. We find

F (1)(r, w)S,not id = −
ˆ 1

0

dx
6r tanh−1

[
(1+(rw−1)x)(1+( r

w
−1)x

1+x(r−1)

]
√

(1 + (rw − 1)x)(1 + ( r
w
− 1)x)(1 + x(r − 1))

=

=
N + 2

8N

∞∑
m=0

21−m rw(1− r2)mG4,2
4,4

(
4w

wr2−(w2+1)r+w
| 0, 0,

m
2
, m+1

2

−1
2
, 0,m,m

)
(m!) (rw2 − wr2 + r − w)

= (4.1.44)

= N+2
8N

∂
∂t

[(
(r−w)(rw−1)

(1+r)2w

)t
4r

(1+r)2(2t+1)
F 112
101

(
1 + t : 1

2
; 1
2
+ t, 1;

3
2
+ t : −; 1 + t;

(
1−r
1+r

)2
, (r−w)(rw−1)

(1+r)2w

)]∣∣∣∣∣
t=0

(4.1.45)

For later convenience, we define

F (1)(r, w)S,not id ≡ N + 2

8N
H(r, w) (4.1.46)

The result (4.1.44) is expressed in terms of an infinite sum of Meijer G-functions or as

a derivative of a Kampè de Fèriet function F 112
101 , which can be represented as a triple

hypergeometric sum [126]. A more compact representation of H(r, w) is [127]

H(r, w) =
rw

(w − r)(1− rw)
(∂∆ − 1− log 2) f∆,0(r, w)|∆=2 , (4.1.47)

where f∆,0(r, w) is a bulk block (2.5.18). Combining (4.1.44), (4.1.36) and the contri-

bution of the defect identity, the singlet contribution reads

F
(1)
S (r, w) =

a2ϕ
(1)

N
− rw

2(1− rw)(w − r)
log

(
rw

(1− rw)(w − r)

)
+
N + 2

8N
H(r, w).

(4.1.48)

The analysis for the symmetric traceless is similar, the only difference being the absence

of the bulk identity contribution and a change in the overall factor due to the OPE data

(4.1.26) and (4.1.33). The discontinuity in this case is given by

Disc[F
(1)
T (r, w)] = πi

rw

(1− rw)(w − r)
aλ

(0)
T γ

(1)
T f2,0(r, w) = (4.1.49)

=

π
√
rw

(
F
(
sin−1

(√
r
√

r−w
1−rw

)
| (rw−1)2

(r−w)2

)
− F

(
sin−1

(√
r−w
1−rw√
r

)
| (rw−1)2

(r−w)2

))
r − w

,

and we find

F
(1)
T (r, w) = a2ϕ

(1)
+

1

4
H(r, w). (4.1.50)
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Using (4.1.9) and (4.1.15), we can rewrite the results (4.1.48) and (4.1.50) in terms

of the functions F̂S and F̂T that are natural in the defect channel,

F̂
(1)
S (r, w) = a2ϕ

(1) − rw

2(1− rw)(w − r)
log

(
rw

(1− rw)(w − r)

)
+

3

8
H(r, w),

F̂
(1)
V (r, w) = − rw

2(1− rw)(w − r)
log

(
rw

(1− rw)(w − r)

)
+

1

8
H(r, w).

(4.1.51)

In summary, using the dispersion relation (3.1.1), we are able to compute the full

correlator at first order in ε-expansion just from the knowledge of zeroth order data

and three (known) bulk data {∆ϕ, γ
(1)
S,0,0, γ

(1)
T,0,0}, given in (4.1.33) and (4.1.20). While

the full result looks complicated, we shall see that we can easily extract from it new

defect and bulk CFT data.

4.1.4 Defect channel data

We consider an expansion for the defect channel CFT data

∆̂ = ∆̂(0) + ε γ̂(1) +O(ε2),

bϕÔ = b(0) + ε b(1) +O(ε2).
(4.1.52)

Similar to the bulk scenario, operators that appeared at leading order contribute to the

block expansion with their anomalous dimensions

∆̂S/V,0,s = 1 + s+ ε γ̂
(1)
S/T,0,s +O(ε2). (4.1.53)

In contrast, higher-twist operators, which are absent at leading order, contribute with

their classical dimensions

∆̂S/V,m,s = 1 + 2m+ s+O(ε), m > 0. (4.1.54)

As we already mentioned, at order ε, only defect operators of transverse twist one

(m = 0) are expected to appear. This expectation will be independently confirmed by

the inversion formula.

The defect block expansions at one loop read

F̂
(1)
S (r, w) = a2ϕ

(1)
+
∑
s

b
2(1)
S,0,sf̂1+s,s(r, w) + b

2(0)
S,0,sγ̂

(1)
S,0,s∂∆̂f̂1+s,s(r, w),

F̂
(1)
V (r, w) =

∑
s

b
2(1)
V,0,sf̂1+s,s(r, w) + b

2(0)
V,0,sγ̂

(1)
V,0,s∂∆̂f̂1+s,s(r, w).

(4.1.55)

To extract CFT data from this expansion, we plug the discontinuity into the defect

inversion formula (2.5.21). Following the strategy outlined in [31], and specialized to
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the case of defects in [44], we perform a small z expansion in the inversion formula and

then integrate each term in the expansion. Expanding the inversion formula, we find

b(∆̂, s) =

ˆ 1

0

dz

2z
z−

τ̂
2

∑
m=0

zm
m∑

k=−m

cm,k(∆̂, s)B(z, β + 2k),

B(z, β) =

ˆ ∞

1

dz̄

2πi
z̄−

β
2
−1 Disc[F̂S,V (z, z̄)],

(4.1.56)

where β = ∆̂ + s = τ̂ + 2s and where cm,k(∆̂, s) are the coefficients obtained from the

small z expansion of the integrand of (2.5.21). Observe that a term proportional to zα

in the small z expansion corresponds to a contribution of an operator of twist 2α in the

coefficient b(∆̂, s), because the last integral is
ˆ 1

0

dz
z−

τ̂
2

2z
zα = − 1

τ̂ − 2α
. (4.1.57)

We will explicitly demonstrate the computation of the coefficient only for the leading

order in the small z expansion, which enables us to extract the CFT data for trans-

verse twist equal to one. For higher orders, we will simply present the results, as the

expressions become increasingly complex.

Starting from (4.1.43) and (4.1.49) and performing the linear combinations (4.1.9)

and (4.1.15), we obtain

Disc[F̂
(1)
S ] = − πi(rw)

(r−w)(rw−1)
+

3π
√
rw

[
F

(
sin−1(

√
r
√

r−w
1−rw)|

(rw−1)2

(r−w)2

)
−F

(
sin−1

(√
r−w
1−rw√
r

)
| (rw−1)2

(r−w)2

)]
2(r−w)

,

Disc[F̂
(1)
V ] = − πi(rw)

(r−w)(rw−1)
+

π
√
rw

[
F

(
sin−1(

√
r
√

r−w
1−rw)|

(rw−1)2

(r−w)2

)
−F

(
sin−1

(√
r−w
1−rw√
r

)
| (rw−1)2

(r−w)2

)]
2(r−w)

.

(4.1.58)

We see that both the singlet and vector defect representations contain two contributions

in the discontinuity 12. The first one originates from the the bulk identity operator.

This contribution was already considered in [44] for a generic value of ∆ϕ and it gives

B(z, β)id =
sin(π∆ϕ)Γ(1−∆ϕ)

( √
z

1−z

)∆ϕ

Γ
(

β+∆ϕ

2

)
πΓ
(
1
2
(β −∆ϕ + 2)

) . (4.1.59)

Expanding in ε and selecting the first order gives

B(z, β)
(1)
id =

√
z
(
ψ(0)

(
β+1
2

)
+ log

( √
z

1−z

)
+ γ
)

2(z − 1)
=

=
1

4

√
z

(
−2ψ(0)

(
1 + β

2

)
− log(z)− 2γ

)
+O(z

3
2 ),

(4.1.60)

12Note that in both representations, the discontinuity does not depend on N , then the only defect

OPE data that will depend on N is the defect identity correction, which is not captured by the inversion

formula.
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where ψ(0)(z) is the digamma function and γ is the Euler-Mascheroni constant. This

result has to be combined with the contribution coming from the second term in (4.1.58).

The latter can be expanded as

DiscF̂S(z, z̄)not id =
3

4
iπ
√
z

(
log(z) + log(z̄)− 4 log

(
2
√
z̄√

z̄ + 1

))
+O(z

3
2 ),

DiscF̂V (z, z̄)not id =
1

4
iπ
√
z

(
log(z) + log(z̄)− 4 log

(
2
√
z̄√

z̄ + 1

))
+O(z

3
2 ).

(4.1.61)

Inserting these discontinuities into (4.1.56) we find

BS(z, β)not id =
3
√
z
[
2(β+1)− 2(β − 1)β

(
ψ(0)

(
β
2

)
+γ
)
+(β − 1)β

(
2Hβ−3

2
+log(z)

)]
4(β − 1)β2

,

BV (z, β)not id =

√
z
[
2(β+1)− 2(β − 1)β

(
ψ(0)

(
β
2

)
+γ
)
+(β − 1)β

(
2Hβ−3

2
+log(z)

)]
4(β − 1)β2

.

(4.1.62)

where Hz are harmonic numbers. Combining both contributions (4.1.60) and (4.1.62)

in (4.1.56), we obtain

bS(∆̂, s) ∼
s− 1

(2s+ 1)(τ̂ − 1)2
+

2(s− 1)Hs + 3Hs+ 1
2

2(2s+ 1)(τ̂ − 1)
,

bV (∆̂, s) ∼
s

(2s+ 1)(τ̂ − 1)2
+

(2s+ 1)
(
2sHs +Hs− 1

2

)
+ 2

2(2s+ 1)2(τ̂ − 1)
.

(4.1.63)

The presence of double poles indicates the existence of anomalous dimensions, indeed

b(∆̂, s) ∼ b(0) + εb(1)

τ̂ (0) + εγ̂(1) − 1
=

b(1)

τ̂ (0) − 1
− b(0)γ̂(1)

(τ̂ (0) − 1)2
. (4.1.64)

Comparing with (4.1.63), we find the next-to-leading order defect data

γ̂
(1)
S,0,s =

1− s

(2s+ 1)
, b

2(1)
S,0,s =

−2(s− 1)Hs − 3Hs+ 1
2

2(2s+ 1)
,

γ̂
(1)
V,0,s = − s

(2s+ 1)
, b

2(1)
V,0,s = −

(2s+ 1)
(
2sHs +Hs− 1

2

)
+ 2

2(2s+ 1)2
. (4.1.65)

We can validate these results through several sanity checks. First, we see that γ̂
(1)
S,0,1 = 0,

indicating the presence of the displacement operator in the defect OPE of the funda-

mental field. The displacement operator is a protected operator, which is related to

the explicit breaking of translational symmetry 13. For a line defect, it has dimension

13See equation (4.2.74) below for the explicit definition of the displacement operator.
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two and transverse spin one, and it is a singlet under global symmetries. In the present

case, it is the operator ∂⊥ϕ̂
1, which is indeed associated to the vanishing anomalous

dimension γ̂
(1)
S,0,1.

Another universal protected operator is the tilt operator, which emerges when the

defect breaks part of the internal symmetry of the bulk theory. In this setup, the

defect breaks O(N) to O(N − 1) and each of the N − 1 broken generators is associated

to a tilt operator forming a vectorial representation of the preserved subgroup. This

vector, represented by the N − 1 scalars ϕ̂â, has dimension one and orthogonal spin

zero. Correspondingly, we find γ̂
(1)
V,0,0 = 0.

For other defect operators, some results are already available in the literature. The

anomalous dimensions for the spin-zero singlet ϕ̂1 and the spin-one vector operators

∂⊥ϕ̂
â have been computed in equations (3.19) and (3.52) of [112] and our results agree

with those findings. Our results for the bulk-to-defect couplings are entirely new.

As previously mentioned, the order ε result provides information about the anoma-

lous dimensions of operators already present at leading order. By considering additional

terms in the small-z expansion of (4.1.56) and (4.1.61), we can also determine the bulk-

to-defect couplings for higher-twist operators. As anticipated from a diagrammatic

perspective and noted in (4.1.55), all higher-twist coefficients are zero at this order in

perturbation theory

b
2(1)
S,m,s = b

2(1)
V,m,s = 0, m > 0. (4.1.66)

Therefore the only non zero OPE data in the defect channel are (4.1.65) and the defect

identity at one loop (4.1.21), which is missed by the inversion formula.

4.1.5 Bulk channel data

Finally, we can extract the bulk data at next-to-leading order using the bulk inversion

formula (2.5.26). While the bulk anomalous dimensions are well-known and reproducing

them serves only as a consistency check for our method, the product aλ(1) is influenced

by the defect through the one-point function. Thus, we can provide new predictions for

operators that are not affected by perturbative degeneracies, specifically all twist-two

operators and the first two operators in the twist-four family.

To use formula (2.5.26), we need to analyze the behavior of
(

(1−z)(1−z̄)√
zz̄

)∆ϕ

F (z, z̄)

as w → 0, according to (2.5.29) 14. By expanding the results of the dispersion relation

(4.1.48) and (4.1.50) around w = 0 and comparing with (2.5.29), we identify ℓ∗ = 2.

Therefore the inversion formula will be applicable for ℓ > 2.

14Note that for the bulk inversion, we must consider an additional factor in front of the correlator

F (r, w). For this reason the behaviour at small w is different from the one discussed in the defect

inversion section.
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Since the integral in (2.5.26) is too complex to solve directly, we use a similar

approach to that employed for the defect inversion. We expand the integrand around

z = 1 and compute the coefficient term by term in the expansion, as explained in [45].

We find

c(∆, ℓ) =

ˆ 1

0

dz

(1− z)
(1− z)

ℓ−∆
2

∑
m=0

(1− z)m
m∑

k=−m

Bm,k(∆, ℓ)C(z,∆+ ℓ+ 2k),

C(z, β) = κβ

ˆ z

0

dz̄

(1− z̄)2
Gβ

2
(1− z̄)dDisc

[(
(1− z)(1− z̄)√

zz̄

)∆ϕ

F (z, z̄)

]
, (4.1.67)

where κβ is defined in (3.2.27), G∆(z) is the d = 1 conformal block (2.3.3) and Bm,k(∆, ℓ)

are coefficients that can be fixed by expanding the kernel in (2.5.26) and comparing

with (4.1.67), namely

(1− z)(1− z̄)2(1− z)
∆−l
2 µ(z, z̄)fHS

d+l−1,−d+∆+1 =

=
∑
m

(1− z)m
m∑

k=−m

κ∆+2k+l

κ∆+l

Bm,k(∆, ℓ)G∆+ℓ+2k
2

(1− z̄).
(4.1.68)

Just like in the defect case, each term in the series expansion around z = 1 (4.1.67)

reproduces the contribution of a given twist to the coefficient.

To compute the double discontinuity at order ε, we first multiply the full correlator

expressions (4.1.48) and (4.1.50) by (1−z)(1−z̄)√
zz̄

and expand them in z = 1. We find that

every term in the expansion of the non-trivial part (1−z)(1−z̄)√
zz̄

H(z, z̄) contains only inte-

ger powers of z̄. This indicates that this part of the correlator does not contribute to

the double discontinuity. The same is true for the contribution from the correction to

the bulk identity. Thus, the only contributions to the double discontinuity in both rep-

resentations are the terms proportional to the defect identity, a2ϕ
(1) (1−z)(1−z̄)√

zz̄
. However,

the coefficient (4.1.67) also receives contributions from the leading double discontinuity.

This occurs because the factors dependent on ∆ϕ and d introduce terms of order ε when

combined with the order zero double discontinuity (4.1.25). In particular both C(z, β)

and Bm,k(∆, ℓ) depend on ε through ∆ϕ and d. Therefore, we need to consider

dDisc

[(
(1−z)(1−z̄)√

zz̄

)∆ϕ

FS

]
=

(
a2ϕ

(0)

N
+ ε

a2ϕ
(1)

N

)
2 sin2

(
π∆ϕ

2

)(
(1− z)(1− z̄)√

zz̄

)∆ϕ

dDisc

[(
(1−z)(1−z̄)√

zz̄

)∆ϕ

FT

]
=
(
a2ϕ

(0)
+εa2ϕ

(1))
2 sin2

(
π∆ϕ

2

)(
(1− z)(1− z̄)√

zz̄

)∆ϕ

.

Using the double discontinuities above, the first few orders in the z = 1 expansion of
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the one-loop generating function CT (z, β) (4.1.67) read

CT (z, β) = a2ϕ
(0)

{
(1− z)∆ϕ

[
√
πΓ
(

β+1
2

)
Γ
(
1−

∆ϕ
2

)2
Γ
(

β
2
+∆ϕ−1

)
Γ
(

β+2
4

)2
Γ
(

1
4
(β−2∆ϕ+4)

)
Γ
(

1
4
(β+2∆ϕ)

) +
+

(
(z−1)2

(
−β3−4β2∆ϕ−6β2−4β∆2

ϕ−20β∆ϕ−8β−4∆2
ϕ−16∆ϕ

)
192(β+1)

+ 2
(z−1)(β+2∆ϕ−2)

− 1
2
+

+
(z−1)

(
β3+4β2∆ϕ+4β2+4β∆2

ϕ+12β∆ϕ+4β+4∆2
ϕ+8∆ϕ

)
16(β+1)(β+2∆ϕ+2)

)
(1− z)

β
2
+∆ϕ

]
×

×

[
Γ
(

β
2

)4
sin2
(

π∆ϕ
2

)
π2Γ(β−1)Γ(β)

+

(
∆2

ϕ+2∆ϕ

)
(z−1)2Γ

(
β
2

)4
sin2
(

π∆ϕ
2

)
8π2Γ(β−1)Γ(β)

− ∆ϕ(z−1)Γ
(

β
2

)4
sin2
(

π∆ϕ
2

)
2π2Γ(β−1)Γ(β)

−
(
∆3

ϕ+6∆2
ϕ+8∆ϕ

)
(z−1)3Γ

(
β
2

)4
sin2
(

π∆ϕ
2

)
48π2Γ(β−1)Γ(β)

]}
− a2ϕ

(1) Γ(β
4 )

2
(1−z)∆ϕΓ(β

4
+∆ϕ

2
− 1

2)

Γ(β
2
− 1

2)
(
2
β
2 −∆ϕ+1Γ(∆ϕ

2 )
2
)
Γ(β

4
−∆ϕ

2
+1)

+O
(
(z − 1)4

)
, (4.1.69)

where ∆ϕ needs to be expanded at order ε. The singlet contribution is simply CS(z, β) =
1
N
CT (z, β). By substituting these expressions into (4.1.67), using (4.1.21), and expand-

ing to first order in ε, we can determine the coefficients cS/T (∆, ℓ) and extract

aλ
(1)
T,0,ℓ = −

2−ℓ−5Γ
(
ℓ
2
+ 1

2

)3
πΓ
(
ℓ
2
+ 1
)
Γ
(
ℓ+ 1

2

)(− 32a2ϕ
(0)
H ℓ

2
− 1

2
+ 35a2ϕ

(0)
Hℓ− 1

2
+ 19a2ϕ

(0)
ψ(0)(ℓ) +

−38a2ϕ
(0)
ψ(0)(2ℓ)− 19γa2ϕ

(0)
+ 6a2ϕ

(0)
log(2) + 32a2ϕ

(1)
)
,

⟨aλ(1)T,1,ℓ⟩ = −
a2ϕ

(0)
2−ℓ−3Γ

(
ℓ+1
2

)
Γ
(
ℓ+3
2

)2
πΓ
(
ℓ
2
+ 2
)
Γ
(
ℓ+ 3

2

) ,

aλ
(1)
S,0,ℓ =

1

N
aλ

(1)
T,0,ℓ,

⟨aλ(1)S,1,ℓ⟩ =
1

N
⟨aλ(1)T,1,ℓ⟩ , (4.1.70)

with a2ϕ given in (4.1.21). We write ⟨...⟩ to stress that the data we derived for twist-

four (4.1.70) should be interpreted as an average over degenerate operators of a given

spin. Indeed, starting at spin ℓ = 2, the twist-four operators are degenerate, meaning

that multiple operators share the same classical scaling dimensions and are therefore

indistinguishable from the perspective of bootstrap. Using known expressions for the
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bulk three-point couplings [123],

λ2ϕϕJT,0,ℓ
=

2ℓ+1(∆ϕ)
2
ℓ

ℓ!(2∆ϕ + ℓ− 1)ℓ
+O(ε2) ,

⟨λ2ϕϕJT,1,ℓ
⟩ = 2ℓΓ(ℓ+ 2)2

Γ(2ℓ+ 3)

(N + 2) (ℓ2 + 3ℓ+ 8)− 4N

4N(N + 8)2(ℓ+ 1)(ℓ+ 2)
ε2 +O(ε3) ,

λ2ϕϕJS,0,ℓ
=

2ℓ+1(∆ϕ)
2
ℓ

Nℓ!(2∆ϕ + ℓ− 1)ℓ
+O(ε2) ,

⟨λ2ϕϕJS,1,ℓ
⟩ = 2ℓΓ(ℓ+ 2)2

Γ(2ℓ+ 3)

(N + 2) (ℓ2 + 3ℓ+ 8)

4N(N + 8)2(ℓ+ 1)(ℓ+ 2)
ε2 +O(ε3) . . (4.1.71)

and the definition aλ(1) = a(0)λ(1) + a(1)λ(0), we can extract the one-point functions

coefficients

a
(1)
JT,0,ℓ

=
(N + 8)(ℓ!)3

2
3ℓ+7

2

(
ℓ
2
!
)4√

(2ℓ)!

(
N2 − 3N − 22

(N + 8)2
− 2H ℓ−1

2
+Hℓ− 1

2
+ 2Hℓ −H2ℓ

)
,

a
(1)
JS,0,ℓ

=
(N + 8)(ℓ!)3

√
N2

3ℓ+7
2

(
ℓ
2
!
)4√

(2ℓ)!

(
N2 − 3N − 22

(N + 8)2
− 2H ℓ−1

2
+Hℓ− 1

2
+ 2Hℓ −H2ℓ

)
,

⟨a(0)JT,1,ℓ
⟩ = 2−

3ℓ+6
2 ((ℓ+ 1)!)3(

ℓ
2
!
)4√

(2ℓ+ 2)!

(N + 8)2√
(ℓ+ 1)(ℓ+ 2)[(ℓ2 + 3ℓ+ 8)(N + 2)− 4N ]

,

⟨a(0)JS,1,ℓ
⟩ = 2−

3ℓ+6
2 ((ℓ+ 1)!)3(

ℓ
2
!
)4√

(2ℓ+ 2)!

(N + 8)2√
N(N + 2)

√
(ℓ+ 1)(ℓ+ 2)(ℓ2 + 3ℓ+ 8)

, (4.1.72)

The anomalous dimensions are all zero for ℓ > 0, as expected. We also computed

C(z, β) and (4.1.67) to higher order in the z = 1 expansion to extract the coefficients

and anomalous dimensions of higher-twist operators, confirming that they are zero.

For low-spin operators, the inversion formula does not converge, so a different ap-

proach is needed. We can compute the missing data by expanding the full results

(4.1.48) and (4.1.50) in series and comparing them to the bulk OPE expansion. Al-

though we anticipated the inversion formula to fail at spins ℓ = 0, 2, we find that the

only data missed by the inversion formula are the coefficients of the twist-two operators

with ℓ = 0, namely ϕ2 and Tab = ϕaϕb − δab
N
ϕ2. For these operators, we obtain

aλ
(1)
T = a2ϕ

(1) − 1

2
− log(2)

2
,

aλ
(1)

ϕ2 = −
−4a2ϕ

(1)
+N +N log(2) + 2 + log(4)

4N
.

(4.1.73)

and

a
(1)
T =

(N + 6)(N + 8) log 4 +N2 − 5N − 38

8
√
2(N + 8)

,

a
(1)

ϕ2 =
12(N + 8) log 2− 13N − 38

8
√
2N(N + 8)

. (4.1.74)
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These last two one-point functions match the diagrammatic results of [112]. As another

non-trivial check of our results for twist-4 operators at low spin, we can derive the

coefficient of the operator ϕ4, namely aλ
(1)
S/T,1,0, using an alternative method and compare

it with the result from the inversion formula. For simplicity, we set N = 1 and focus

only on the singlet representation. We compute the two-point function of the operator

ϕ2 at leading order, and extract the bulk CFT data. Similar to the two-point function

of ϕ, the leading order correlator receives contributions from the squared one-point

function and from the bulk identity, with ∆ϕ2 = 2 +O(ε). It reads

F (0)(r, w) = a2ϕ2

(0)
+ a2ϕ

(0) rw

(w − r)(1− rw)
+

(
rw

(w − r)(1− rw)

)2

. (4.1.75)

A family of double-twist operators with twist 4 appears in the bulk spectrum at this

order. Specifically, we can extract the coefficient of the spin-zero double-twist operator

a
(0)

ϕ4 λ
(0)

ϕ2ϕ2ϕ4 from the bulk expansion and we find that it perfectly matches with what

we expect from (4.1.70). This approach can be generalized to any N . Examining other

correlators not only would be useful to validate our findings but also it would help to

resolve the degeneracy issue.

4.1.6 Diagrammatic check

In this section, we compute the two-point function (4.1.3) using Feynman diagrams, as

an independent verification of our bootstrap result. To construct Feynman diagrams,

we use the scalar propagator

≡ ⟨ϕa(x1)ϕb(x2)⟩λ0=h0=0 =
κδab

(x212)
1− ε

2

, κ =
Γ
(
d
2

)
2πd/2(d− 2)

. (4.1.76)

and the vertices

≡ −λ0
ˆ
ddx . . . , ≡ −h0

ˆ ∞

−∞
dτ . . . . (4.1.77)

The blue double line at the bottom represents the defect. The value of the couplings

at the fixed point is given in (4.1.2). In particular, λ∗ ∼ O(ε) and h∗ ∼ O(1).

Up to the first order in ε (one loop), the diagrams that contribute to the two-point

function of ϕ are

⟨ϕaϕb⟩D = + + + . (4.1.78)

The disconnected contributions in (4.1.78) naturally correspond to the defect and bulk

identity in (4.1.48) and (4.1.50). The former is the squared one-point function (4.1.21),

which was computed diagrammatically up to order ε2 in [112].
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The only non-trivial term is the cross diagram, given by

−κ (δab + 2δa1δb1)
λh2

2!

ˆ
dτ1

ˆ
dτ2

ˆ
d4−εq G(x1−q)G(x2−q)G(q−x(τ1))G(q−x(τ2)),

(4.1.79)

where x(τi) are the coordinates of the points on the defect, with |ẋ(τ1,2)| = 1, q is

the coordinate of the bulk vertex and G(x) is the free propagator. At the fixed point,

performing the τ2 and τ2 integrals, we obtain

− (δab + 2δa1δb1)
3

8π2

ˆ
d4q

1

|qi|2 |x1 − q|2 |x2 − q|2
= (δab + 2δa1δb1)

H(x1, x2)

8|xi1||yi2|
,

(4.1.80)

where H(x1, x2) is a conformally invariant function, according to (4.1.3). Thanks to

conformal invariance, it is enough to evaluate H(x1, x2) at a specific coordinate along

the defect, for instance x01 = x02 = 0. Even with this simplification, solving the integral

in (4.1.80) analytically is challenging.

A simplified integral representation can be derived starting with

H(x1, x2) = − 3

π2

ˆ
d3qi
ˆ
dq

|xi1||xi2|
|qi|2 (q2 + |xi1 − qi|2) (q2 + |xi2 − qi|2)

, (4.1.81)

where we defined q ≡ q0. Introducing a Feynman parameter α for the last two factor

in the denominator, we get

H(x1, x2) = − 3

π2

ˆ 1

0

dα

ˆ
d3qi
ˆ
dq

|xi1||xi2|
|qi|2 (q2 + α|xi1 − qi|2 + (1− α)|xi2 − qi|2)2

.

(4.1.82)

Performing the q integral and rearranging the terms, we obtain

H(x1, x2) = − 3

2π

ˆ 1

0

dα

ˆ
d3qi

|xi1||xi2|
|qi|2 (|qi − q̃i|2 + L2)

3
2

, (4.1.83)

where

q̃i = αxi1 + (1− α)xi2, L2 = α(1− α)|xi1 − xi2|2. (4.1.84)

Introducing another Feynman parameter ξ, the expression becomes

H(x1, x2) = − 9

4π

ˆ 1

0

dα

ˆ 1

0

dξ

ˆ
d3qi

ξ
1
2 · |xi1||xi2|

(|qi − ξq̃i|2 + ξ(1− ξ)|q̃i|2 + ξL2)
5
2

. (4.1.85)

Shifting qi → qi + ξq̃i and integrating over qi, we find

H(x1, x2) = −3|xi1||xi2|
ˆ 1

0

dα

ˆ 1

0

dξ
1

ξ
1
2 (L2 + (1− ξ)|q̃i|2)

. (4.1.86)

If we introduce lightcone coordinates and change variable as ξ = η2, we get

H(z, z̄) = −6
√
zz̄

ˆ 1

0

dα

ˆ 1

0

dη
1

(1 + α(zz̄ − 1)− η2(1 + (z − 1)α)(1 + (z̄ − 1)α))
.

(4.1.87)
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This integral representation can be further evaluated by integrating either over α or η.

Integrating over α leads to

H(z, z̄) = −6
√
zz̄

ˆ 1

0

dη
log
[
P (z, z̄, η) +

√
Q(z, z̄, η)

]
− log

[
P (z, z̄, η)−

√
Q(z, z̄, η)

]
√
Q(z, z̄, η)

,

(4.1.88)

where P (z, z̄, η) and Q(z, z̄, η) are the following polynomials

P (z, z̄, η) = 1 + zz̄ − η2(z + z̄),

Q(z, z̄, η) = (zz̄ − 1)2 − 2η2(z + z̄ + zz̄(z + z̄ − 4)) + η4(z − z̄)2.
(4.1.89)

Alternatively, integrating over η in (4.1.87), we find

H(z, z̄) = −6
√
zz̄

ˆ 1

0

dα
tanh−1

[
(1+(z−1)α)(1+(z̄−1)α

1+α(zz̄−1)

]
√

(1 + (z − 1)α)(1 + (z̄ − 1)α)(1 + α(zz̄ − 1))
. (4.1.90)

Both expressions (4.1.88) and (4.1.90) allow us to obtain series expansions of H(z, z̄). In

particular, we recognize that (4.1.90) is one of the representations of the bootstrap result

(4.1.44). In other words, we see that the Feynman diagram computation reproduces

the bootstrap prediction. This justifies our decision to overlook potential ambiguities

at low transverse spins in the dispersion relation (3.2.1).

4.2 The spin impurity in the O(3) model

In this section, we examine the spin impurity in the O(3) model. Following the approach

of [116], we represent the defect using the trace of the path-ordered exponential

Dj(u, v) = Pexp

(
ζ0√
κ

ˆ v

u

dτ ϕa(τ)Ta

)
, (4.2.1)

where a = 1, 2, 3 and the factor κ was introduced in (4.1.76). Explicitly, (4.2.1) amounts

to the definition

Dj(u, v) =
∞∑
n=0

ζn0
κ

n
2

ˆ
u<τ1<···<τn<v

dτ1 . . . dτn ϕa1(τ1) . . . ϕan(τn)T
a1 . . . T an . (4.2.2)

The defect extends over the imaginary time direction, 15 and for brevity, we denote

ϕa(τ) ≡ ϕa(τ, 0, . . . , 0). We will be primarily interested in the infinite defect Dj ≡
Dj(−∞,∞), but the finite version of (4.2.1) will also be considered at some point.

15Another interesting observable is the circular loop, which is monotonic under RG flow [128].

The two configurations are related by a conformal transformation, and despite potential conformal

anomalies at the level of the defect expectation value [129], our conclusions about defect correlators

are adaptable to the circular case. The straight line has a clearer interpretation as an impurity in a

condensed-matter system.
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The matrices T a form a spin-j representation of su(2), meaning they are (2j + 1)×
(2j+1) matrices. We normalize them such that the commutation relations and Casimir

read

[T a, T b] = iϵabcT c , TaTa = j(j + 1) . (4.2.3)

The defect TrDj preserves the connected component of the O(3) global symmetry. 16

Thus, it can be realized in a lattice by inserting a spin-j impurity that interacts with

other lattice sites through SU(2)-preserving interactions. The coupling ζ0 is marginally

irrelevant in four dimensions, but it becomes relevant for d < 4, driving the system

to a non-trivial interacting defect CFT in the IR. Notably, this defect CFT remains

non-trivial even when the bulk is at the free fixed point λ0 = 0. To illustrate this, we

outline the computation of the β-function, both in the free and interacting bulk cases.

For the free case, we present a new result at order ζ7, which for the first time reveals

the dependence of the beta function on the spin j. We then explore the spectrum of

operators on the spin impurity defect, motivated by the need to identify which defect

operators appear in the OPE, for an efficient application of the analytic bootstrap

techniques. Finally, we analyze the bulk two-point function of ϕa using the analytic

bootstrap method and we compare our results with diagrammatic computations.

4.2.1 Defect β-function

The computation of the β-function for line defects originates from the work of [130] on

non-abelian gauge theories, see also [131] for a comprehensive review. For the magnetic

impurities relevant to our discussion, the β-function has been calculated up to two

loops in [132, 133]. The standard approach involves selecting a specific observable and

renormalizing the coupling ζ0 to ensure UV-finiteness. Since renormalization focuses on

the UV behavior of the theory, we can consider a finite line τ ∈ [u, v] for our calculations.

We choose to impose the UV-finiteness of the vertex operator

V(x) =
Tr
〈
ϕa(x)T

a Dj(0, τ)
〉

Tr
〈
Dj(0, τ)

〉 , (4.2.4)

where ϕa(x)T
a is inserted in the trace, but it is placed in a point x in the bulk.

Free bulk

Let’s start with the case of a free bulk, where the operator ϕa does not require renormal-

ization. In this case, all the divergences in (4.2.4) are attributed to the renormalization

16Strictly speaking, we take the trace over SU(2) representations instead of O(3) to allow for half-

integer j. From now on, we will overlook this subtlety, since it does not affect our results.
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(a1) (a2)

(a3) (a4) (a5)

Figure 4.1: One-, two-, and three-loop propagator diagrams.

of the coupling ζ0. Our main goal is to find the divergent part of (4.2.4) and relate the

bare coupling ζ0 to the renormalized coupling ζ, given in the MS scheme by

ζ0 = µε/2ζ

(
1 +

a11ζ
2 + a12ζ

4 + a13ζ
6

ε
+
a22ζ

4 + a23ζ
6

ε2
+
a33ζ

6

ε3
+O(ζ8)

)
. (4.2.5)

In essence, our task is to find the coefficients aij above. Once determined, we can impose

the condition that the bare coupling remains independent of the renormalization scale

µ, namely dζ0/dµ = 0, and extract the beta function

β(ζ) = µ
dζ

dµ
= −ε

2
ζ + a11ζ

3 + 2a12ζ
5 + 3a13ζ

7 +O(ζ9) . (4.2.6)

To compute (4.2.4), we first need to discuss the expectation value of the defect.

Given that ⟨TrDj(τ)⟩ exponentiates, it’s convenient to study its logarithm. Here is the

final result, which we will derive below

log
〈
TrDj(τ)

〉
j(j + 1)(2j + 1)

= ζ20 (a1)− ζ40 (a2)+ ζ60
(
2(a3)+ 2(a4)+ (a5)

)
+ . . . . (4.2.7)

In this expression, (a1)–(a5) correspond to integrals represented diagrammatically in

Figure 4.1. The integrals are evaluated over the interval [0, τ ], with implicit time-

ordering and unit-normalized propagators. For instance

(a1) = =

ˆ

0<τ1<τ2<τ

dτ1 dτ2

τ 2−ε
21

, (4.2.8)

(a2) = =

ˆ

0<τ1<τ2<τ3<τ4<τ

dτ1 dτ2 dτ3 dτ4
(τ31τ42)2−ε

. (4.2.9)

While these integrals are straightforward to compute, their explicit value is unnecessary

as they cancel out between the numerator and denominator in (4.2.4).

In order to find (4.2.7), we start by computing ⟨Dj(τ)⟩ up to order ζ60 , performing all

possible Wick contractions. Each diagram consists of an integral multiplied by a trace.

The traces take the form TrTa1Ta2 . . . Tal , where all indices a1, . . . , al are contracted.
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These traces can be computed iteratively using the commutation relations (4.2.3). Al-

though the process is tedious, it can be automated with the help of Mathematica.

Regarding the integrals, we encounter a significant number of them, far exceeding

those depicted in Figure 4.1. However, many of these integrals can be decomposed into

products of lower-point integrals. To clarify, let’s consider an example. Consider the

following sum of diagrams

+ + + + +

We can think of it as the lower diagram “passing through” the upper diagram. Since

all possible orderings of points are accounted for, this sum is equal to the diagram (a1)

squared. Each diagram appears twice, so we obtain[ ] 2
= 2 + 2 + 2 . (4.2.10)

A similar pattern emerges for other combinations of diagrams. The crucial idea is that

a product of diagrams equals the sum of all time-ordered diagrams where the relative

order of the legs within each subdiagram is maintained. This combinatorial problem

can be automated. By decomposing sums of diagrams as illustrated in the example, we

observe an exponentiation of the result, leading to equation (4.2.7).

We now consider the complete vertex V(x) (4.2.4). As before, we’ll present the final
result first and then derive it:

V(x)
ζ0
√
κj(j + 1)

= (b1)− (b2)ζ20 +
(
(b3)+ 2(b4)+ 2(b5)

)
ζ40+

+
(
− 2(b6)− 4(b7)− (b8)− (b9)− 2(b10)− 2(b11)− 2(b12)− 2(b13)+

− 2(b14)− 4(b15)+ 2(2j(j+1)− 5)(b16)+ 4(j(j+1)− 2)(b17)− 2(b18)+

− 4(b19)+ 2(2j(j + 1)− 5)(b20)+ (2j(j + 1)− 7)(b21)
)
ζ60 + . . . . (4.2.11)

The diagrams (b1)–(b21) are shown in Figure 4.2. In this figure, the cross (×) indicates

the point where the bulk field connects to the defect. For instance, if the bulk field is

located at x = (τ ′, xi), where xi are directions orthogonal to the defect, then

(b5) = =

ˆ

0<τ1<τ2<τ3<τ4<τ5<τ

dτ1 dτ2 dτ3 dτ4 dτ5

τ 2−ε
41 τ 2−ε

53 (|xi| 2 + (τ ′ − τ2)2)
1− ε

2

.

(4.2.12)

The value of these integrals is necessary to determine the beta function, and we will

soon explain how to calculate them. Regarding the derivation of equation (4.2.11),

the procedure is similar to (4.2.7). We start by generating all Wick contractions that

contribute to Tr⟨ϕ(x)Dj(τ)⟩. For each term, we compute the traces using the commu-

tation relations, then factorize the integrals using relations analogous to (4.2.10). It
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(b1) (b2) (b3) (b4) (b5)

(b6) (b7) (b8) (b9)

(b10) (b11) (b12) (b13)

(b14) (b15) (b16) (b17)

(b18) (b19) (b20) (b21)

Figure 4.2: Vertex diagrams up to three loops.
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turns out that the result is proportional to the right-hand side of (4.2.11) multiplied

by Tr⟨Dj(τ)⟩ in (4.2.7). These steps are tedious, but we have automated them with a

computer. To obtain the beta function, we need to extract the divergent part of the

integrals in equation (4.2.11). For illustration, we compute diagram (b5) in (4.2.12) in

detail. We then explain how this approach can be generalized and automated for all

other diagrams.

The first observation is that, since we are only interested in the divergent part of

V(x), it is convenient to place the ϕ insertion far from the defect. Specifically, we

take |xi| ≫ τ , where τ is the length of the defect operator Dj(τ). In this limit, the

dependence on xi, τ ′ and τ2 drops out

(b5) ≡ lim
|xi|→∞

|xi|2−ε (b5) =

ˆ

0<τ1<τ2<τ3<τ4<τ5<τ

dτ1 dτ2 dτ3 dτ4 dτ5

τ 2−ε
41 τ 2−ε

53

. (4.2.13)

An important observation is that we can choose the order in which we integrate the

variables. Since τ2 does not appear in the integrand, it is convenient to perform its

integral first

(b5) =

ˆ

0<τ1<τ3<τ4<τ5<τ

dτ1 dτ3 dτ4 dτ5

ˆ τ3

τ1

dτ2

τ 2−ε
41 τ 2−ε

53

=

ˆ

1345

τ31

τ 2−ε
41 τ 2−ε

53

. (4.2.14)

In the second equality, we introduce the shorthand notation
´
ij...k

=
´
0<τi<τj<...<τk<τ

,

omitting dτi for brevity. The strategy is to continue integrating the simplest variable

next. For instance, since τ4 appears only once, it has a simple integral

(b5) =

ˆ

135

ˆ τ5

τ3

dτ4
τ31

τ 2−ε
41 τ 2−ε

53

=
1

ε− 1

ˆ

135

[
τ ε51τ

ε−2
53 − τ ε−1

51 τ ε−1
53 − τ ε31τ

ε−2
53

]
. (4.2.15)

In the right-hand side we used τ31 = τ51 − τ53 to simplify the result. An important

observation is that, as we integrate, many terms are generated, each requiring a different

order of integration to minimize complexity. For the first two terms in (4.2.15), we

should integrate first τ1 and τ3, and only then τ5. In this way, all integrals are elementaryˆ

135

[
τ ε51τ

ε−2
53 − τ ε−1

51 τ ε−1
53

]
=

ˆ τ

0

dτ5

ˆ τ5

0

dτ3

ˆ τ3

0

dτ1

[
τ ε51τ

ε−2
53 − τ ε−1

51 τ ε−1
53

]
=

τ 2ε+1

2(ε− 1)ε2(2ε+ 1)
. (4.2.16)

Instead, for the last term in (4.2.15) it is better to integrate first τ1 and τ5, and only

then τ3:ˆ

135

τ ε31τ
ε−2
53 =

ˆ τ

0

dτ3

ˆ τ

τ3

dτ5

ˆ τ3

0

dτ1 τ
ε
31τ

ε−2
53 =

ˆ τ

0

dτ3
τ ε+1
3 (τ − τ3)

ε−1

(ε− 1)(ε+ 1)

=
2Γ(ε− 1)Γ(ε+ 2)

Γ(2ε+ 3)
τ 2ε+1 . (4.2.17)
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The last τ3 integral is the so-called Euler integral. By carefully selecting the order of

integrations, we encounter this more challenging integral only at the last step. If instead

we had chosen the order of integration poorly, intermediate results would have included

hypergeometric functions, and simplification would have occurred only at the end.

For completeness, the value of the diagram of interest is

(b5) =

(
1

2ε2(2ε+ 1)
− 2Γ(ε)Γ(ε+ 2)

Γ(2ε+ 3)

)
τ 2ε+1

(ε− 1)2
. (4.2.18)

We can now apply the insights gained from computing diagram (b5) to all other

integrals. To summarize:

1. We first take the limit |xi| ≫ τ .

2. We integrate the variables τi that appear at most once in the integrand.

3. This process generates many terms, and for each term, we may need to choose

different integration orders to minimize complexity. Sometimes relations of the

form τij = τik + τkj are convenient to simplify intermediate expressions.

At the end of the day, we encounter only two integrals that are not elementary:

H1 =

ˆ τ

0

du ua(τ − u)b , H2 =

ˆ τ

0

du

ˆ u

0

dv ua(u− v)b(τ − v)c . (4.2.19)

These integrals may arise in the final integration step or as subdiagrams within a larger

diagram. Fortunately, they can be evaluated straightforwardly

H1 =
Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 2)
τa+b+1 , (4.2.20)

H2 =
Γ(a+ b+ 2)Γ(b+ c+ 2)

(b+ 1)Γ(a+ 2b+ c+ 4)
3F2

(
b+ 1, a+ b+ 2, b+ c+ 2

b+ 2, a+ 2b+ c+ 4
; 1

)
τa+b+c+2 . (4.2.21)

By implementing this algorithm in Mathematica, we successfully computed all the

integrals in 4.2 in closed form. The expressions are not particularly illuminating, so we

do not present them here.

The final step is to combine all the components. We substitute the values of the

integrals into equation 4.2 for the vertex V(x). Demanding the result to be finite, we

obtain

ζ0 = µε/2ζ

(
1 +

ζ2

ε
− ζ4

2ε
+

3ζ4

2ε2
+
ζ6

3ε

(
2− π2

(
j(j+1)− 1

3

))
− 11ζ6

6ε2
+

5ζ6

2ε3
+O(ζ8)

)
.

(4.2.22)

Consequently, the β-function reads

βζ = −ε
2
ζ + ζ3 − ζ5 +

(
2− π2

(
j(j + 1)− 1

3

))
ζ7 + . . . (4.2.23)
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Notably, starting at O(ζ7), the β-function depends on the spin j, which complicates the

resummation of the perturbative series, even for a free bulk. However, for large spin

j, one can consider a double-scaling limit where ζ → 0, j → ∞ and ζ2j is kept fixed.

The β-function was recently computed in this limit in [116] and our result is in perfect

agreement for large j. Solving the fixed point equation β(ζ) = 0 perturbatively in ε

leads to a defect fixed point for

ζ2∗ =
ε

2
+
ε2

4
+

(
j(j + 1)− 1

3

)
π2ε3

8
+O(ε4) . (4.2.24)

In four dimensions, the defect coupling is irrelevant, leading to a trivial fixed point at

ε = 0. For ε > 0 there is a non-trivial fixed point, even though the bulk is free. The

existence of this fixed point in three dimensions, i.e. for ε→ 1, was questioned in [116],

based on a large spin analysis. In Section 4.2.4 we will confirm that indeed this fixed

point is trivial.

Interacting bulk

For an interacting bulk, extending the calculation to higher orders in perturbation the-

ory is more challenging due to the presence of diagrams with quartic bulk interactions.

We perform the calculation to order λζ3, where a single Feynman diagram contributes

to the vertex renormalization. The result of this computation was presented without

derivation in [133].

At the order we are focusing on, the majority of contributions to the β-function

arise from diagrams either without bulk interactions or from corrections to the bulk

propagator. The only exception is the diagram

ϕaTa

(4.2.25)

where we set the length of the defect operator to be one, since the integral is ho-

mogeneous. We first compute the symmetry factor of this diagram. It’s crucial to

note that Ta also participates in the trace, according to the definition of the vertex

(4.2.4). One of the three legs attached to the defect carries a generator Ta with the

same index as the external field ϕa, while the other two legs carry generators Tb with

contracted indices. Out of the three possible permutations, two configurations place the

contracted generators Tb adjacent to each other and they simplify to j(j + 1)Ta. The

remaining configuration reads TbTaTb = (j(j + 1)− 1)Ta. Thus, the total contribution

is
(
j(j + 1)− 1

3

)
Ta. Additionally, note that the integral is path-ordered, but, thanks
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to permutation symmetry, we can divide by 3! and instead compute the unordered

integral. Therefore, the contribution of this diagram to the vertex is

V(x)
ζ0
√
κj(j + 1)

⊃ −λ0 ζ
2
0 κ

2

6

(
j(j + 1)− 1

3

)
I(x) , (4.2.26)

where the integral is

I(x) =

ˆ
d4−εy

((τ ′ − τ ′′)2 + |xi − yi|2))
2−ε
2

(ˆ 1

0

dt

(|yi|2 + (t− τ ′′)2)
2−ε
2

)3

. (4.2.27)

where ϕaT
a is inserted at (τ ′, xi) and the bulk interaction is localized at (τ ′′, yi) . For

our purposes, it is enough to extract the leading contribution in the limit |xi| → ∞
that is also divergent for ε→ 0. It’s important to note that divergences in ε only arise

for small |yi| and when τ ′′ lies near the interval [0, 1].

Without loss of generality, we can set xi =
(
1
2
, L, 0, . . .

)
, and then pass to cylindrical

coordinates (τ ′′, yi) → (τ ′′, ρ, θ, . . . ):

I(L) =

ˆ ∞

0

dρ

ˆ +∞

−∞
dτ ′′
ˆ π

0

dθ

ˆ
dΩ1−ε

ρ2−ε (sin θ)1−ε((
1
2
− τ ′′

)2
+ ρ2 + L2 − 2ρL cos θ

) 2−ε
2

×

×

(ˆ 1

0

dt

(ρ2 + (t− τ ′′)2)
2−ε
2

)3

.

(4.2.28)

Here Ωd−1 is the volume of the d − 1-dimensional sphere. We are interested in the

leading term as L → ∞. In order to extract the divergent part, we can assume that ρ

and τ ′′ are bounded. Therefore, we obtain

I(L) ∼ 1

L2−ε

ˆ δ

0

dρ

ˆ 1+δ

−δ

dτ ′′
ˆ π

0

dθ

ˆ
dΩ1−ε ρ

2−ε (sin θ)1−ε ×

×

(ˆ 1

0

dt

(ρ2 + (t− τ ′′)2)
2−ε
2

)3

+O(ε0) ,

(4.2.29)

where δ > 0 is some arbitrarily small parameter. The integrals over dt, dΩ1−ε and dθ

are easily performed and one finds

I(L) ∼ 1

L2−ε

2π
3−ε
2

Γ
(
3−ε
2

) ˆ δ

0

dρ

ˆ 1+δ

−δ

dτ ′′ ρ−4+2ε
(
(1− τ ′′) 2F1

(
1
2
, 1− ε

2
; 3
2
;− (1−τ ′′)2

ρ2

)
+

+ τ ′′ 2F1

(
1
2
, 1− ε

2
; 3
2
;− τ ′′2

ρ2

))3
.

(4.2.30)
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Computing this integral in full generality is challenging, but given that ρ < δ is small,

we can straightforwardly expand the integrand. The crucial observation is that only

terms of the form ρ−1+c ε produce divergent contributions, since

ˆ δ

0

dρ ρ−1+c ε =
1

c ε
+O(ε0) . (4.2.31)

All in all, only one term contributes to the divergence, and the remaining dρ and dτ ′′

integrations are elementary:

I(L) ∼ 1

L2−ε

2π
3−ε
2

Γ
(
3−ε
2

) π 3
2Γ
(
1−ε
2

)3
8 Γ
(
1− ε

2

)3 ˆ δ

0

dρ

ˆ 1+δ

−δ

dτ ′′ ρ−1+2ε (sgn(1− τ ′′) + sgn(τ ′′))
3

=
1

L2−ε

2π4

ε
+O(ε0) . (4.2.32)

Inserting this into (4.2.26) we finally get

V(L)
ζ0
√
κj(j + 1)

⊃ − 1

L2

λ0ζ
2
0

48 ε

(
j(j + 1)− 1

3

)
, (4.2.33)

Combining this result with the free-theory contributions (4.2.11) and with the two-loop

correction to the bulk propagator, which is known from previous work on the theory

without defects, we obtain

ζ0 = µε/2ζ

(
1 +

ζ2

ε
− ζ4

2ε
+

3ζ4

2ε2
+

5λ2

72(4π)4ε
+

(
j(j + 1)− 1

3

)
ζ2λ

48ε
+ . . .

)
. (4.2.34)

From this, we can extract the β-function [113,114,133]

βζ = −ε
2
ζ + ζ3 − ζ5 +

5

36

ζλ2

(4π)4
+

(
j(j + 1)− 1

3

)
ζ3λ

24
+ . . . (4.2.35)

After setting the bulk coupling to the fixed-point value λ∗, the equation βζ(ζ∗, λ∗) = 0

can be solved perturbatively, yielding

ζ2∗ =
ε

2
+ ε2

(
29

121
− π2

11

(
j(j + 1)− 1

3

))
+O(ε3) . (4.2.36)

Notice that in the interacting theory, the dependence on j appears already at order ε2.

When the bulk and defect couplings are tuned to their fixed-point values, we obtain

an interacting defect conformal field theory. While the bulk spectrum remains unaf-

fected by the presence of the defect, it is crucial to understand how to characterize the

defect operators. This topic will be explored in detail in Section 4.2.3.
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4.2.2 Discrete symmetries

It is important to examine the discrete symmetries preserved by the defect, as they

imply selection rules in correlation functions and help in classifying defect operators.

The bulk theory, both in the free and interacting cases, is invariant under time reversal

symmetry 17 and a global Z2 symmetry

Tt : ϕ
a(τ, xi) 7→ ϕa(−τ, xi) , TZ2 : ϕ

a(τ, xi) 7→ −ϕa(τ, xi) . (4.2.37)

A sufficient condition to extend these symmetries to the defect theory is that they leave

the trace of the defect operator TrDj invariant. This is exactly what happens to the

SU(2) global symmetry. In contrast, the generators TZ2 and Tt modify the defect. It

is straightforward to see that the net effect of TZ2 is to change the sign of the defect

coupling constant [115]

TZ2 D
ζ
j = D−ζ

j , (4.2.38)

where D ζ
j is the defect extended operator with coupling constant ζ. On the other hand,

Tt flips the signs of the arguments of all the fields in (4.2.2). However, by a convenient

change of integration variables and name redefinitions, this is equivalent to reversing

the order of the generators inside the trace. For generators of representations of su(2),

the following relation holds 18

Tr (T an . . . T a1) = (−1)nTr (T a1 . . . T an) . (4.2.39)

From this it follows that also Tt also effectively changes the sign of the defect coupling

constant

Tt TrD ζ
j = TrD−ζ

j . (4.2.40)

We can now define a modified time reversal symmetry for the defect theory by requiring

that the fundamental fields are odd under this symmetry

T̄t = TZ2 ◦ Tt : ϕa(τ, xi) 7→ −ϕa(−τ, xi) . (4.2.41)

Now T̄t is both a symmetry of the homogeneous theory and leaves TrD ζ
j invariant (it

changes the sign of ζ two times). Therefore, it is a symmetry of the defect theory as

well. To derive useful selection rules, we need to understand how this symmetry acts

on defect operators. This will be briefly discussed in Section 4.2.3, after we have gained

a general understanding of the defect operators in this model.

17In the context of defects, the inversion of the defect coordinate is also known as S-parity [39,134].
18This is due to the facts that the generators T a are taken to be Hermitean and that the su(2)

representation given by the complex conjugated generators (T a)∗ is equivalent to the original one, so

that (T a)T = P T a P−1 for some matrix P .
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4.2.3 The defect spectrum

In this section, we investigate the spectrum of operators localized on the spin impurity

defect. We begin with the free-bulk theory, because the spectrum is simpler and Ward

identities protect several defect operators. When bulk interactions are introduced, the

dimensions of these operators are corrected by additional terms proportional to powers

of λ∗, which remains perturbatively small in the ε-expansion. Our analysis enables

us to understand the perturbative definition of defect operators, which is surprisingly

complex in some instances. This will in turn clarify how to enumerate all possible defect

operators within perturbation theory and help us in the analytic bootstrap analysis of

Section 4.2.4.

The defect spin operator

As noted in [116], an interesting Ward identity is obtained by considering the shift

of the fields ϕa(x) → ϕa(x) + ca for some constants ca. This is a symmetry of the

free-bulk theory without the defect. The Noether currents for these symmetries are

Jµ
a (x) = −∂µϕa(x), and their conservation is equivalent to the equations of motion

since 0 = ∂µJ
µ
a (x) = −□ϕa(x). The defect interaction explicitly breaks this shift

symmetry and the conservation equation is modified by a term localized on the defect

∂µJ
µa(0, xi) = − ζ0√

κ
Ŝa
0 (0) δ

d−1(xi) , (4.2.42)

where the minus sign is introduced for future convenience. We will often assume that

the coordinate of bulk operators parallel to the defect is zero, thanks to translational

invariance along the defect. Since the bulk is free, the bulk fundamental field ϕa do

not renormalize. Introducing renormalization factors such that Ŝa
0 = ZŜ Ŝ

a and ζ0 =

µ
ε
2Zζ ζ, it follows that in the MS scheme

ZŜ = Z−1
ζ , (4.2.43)

at all orders in perturbation theory, since the right hand side of (4.2.42) must be finite.

This relation holds even when substituting renormalized quantities for the bare ones 19.

The operator Ŝa responsible for symmetry breaking is a defect primary operator at the

fixed point, known as the defect spin operator. As argued in [116], the Ward identity

protects its dimension to ∆̂Ŝ = ε/2. 20 The explicit form of the defect spin operator

19More precisely, for renormalized quantities we would have ∂µJ
µa(0, xi) = −µ

ε
2 ζ√
κ
Ŝa(0) δd−1(xi).

We will often forget about the scale factor µ and set it to one, as is customary in the CFT literature,

because we are ultimately interested in correlation functions at the fixed point and they depend on µ

in a trivial way.
20This result can also be derived using diagrammatic considerations, as originally done in [113].
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Ŝa in the perturbative setup can be derived via the Schwinger-Dyson equations. The

defect contributes an extra term to the full action S = Sbulk + Sdefect, where

Sdefect = − log TrDj . (4.2.44)

Inside correlation functions, it holds that

□ϕa(τ, x
i) =

δSdefect

δϕa(τ, xi)
= − ζ0√

κ
δd−1(xi)

Tr
(
Dj(−∞, τ)TaDj(τ,∞)

)
Tr Dj

. (4.2.45)

Thus, comparing with (4.2.42), correlators involving a defect spin operator Ŝa
0 (τ) in-

serted at a point τ on the defect satisfy 21

⟨O1(x1) . . . Ŝ
a
0 (τ) . . .On(xn)⟩Dj

= −⟨O1(x1) . . . T
a(τ) . . .On(xn)⟩Dj

, (4.2.47)

Hence, we can write

Ŝa(τ) = −Z−1

Ŝ
Ta(τ) . (4.2.48)

In this sense, the Ŝa operators in perturbation theory are just normal matrices that

acquire an anomalous dimension when inserted into the defect 22.

Another interesting consequence of (4.2.42) is that we can rewrite it as

□ϕa(0, x
i) =

ζ√
κ
Ŝa(0) δ

d−1(xi) , (4.2.49)

which can be inverted as

ϕa(0, x
i) =

√
κ ζ

ˆ
dτ

Ŝa(τ)

(|xi|2 + τ 2)1−
ε
2

+ ϕ free
a (0, xi) , (4.2.50)

where we set the defect coordinate of ϕa to zero and ϕ free
a is a free field that does not

interact with the defect. Using (4.2.50), correlators involving fundamental fields and

their orthogonal derivatives can be reduced to integrals of defect correlators involving

Ŝa (not necessarily at the fixed point).

Understanding the conformal descendants of the operator Ŝa at the fixed point is

21From the general definition (2.5.2), correlators of operators inserted on the spin impurity read

⟨Ô1(τ1) . . . Ôn(τn)⟩Dj
=

⟨Tr
[
Dj(−∞, τ1)Ô(τ1)Dj(τ1, τ2)Ô(τ2) . . . Ô(τn)Dj(τn,∞)

]
⟩

⟨TrDj⟩
. (4.2.46)

Note that matrix-valued operators interact non-trivially with the trace.
22The appearance of this non-trivial constant operator could be avoided here by choosing a different

representation of the defect in terms of one-dimensional fermions [117,59]
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crucial. These descendants are obtained by acting with the defect covariant derivative 23

DτÔ(τ) = ∂τÔ(τ) +
ζ0√
κ
ϕa(τ)

[
Ta, Ô(τ)

]
. (4.2.52)

In the case of the Ŝa operator, we get

Dτ Ŝ
a(τ) = −i ζ0√

κ
ϵabcϕbTc(τ) , (4.2.53)

where the generator on the right hand side has to be inserted inside the path ordering, as

in (4.2.47). This example shows that in this setup the question of whether an operator

is a primary or not can be hard to address, because even though (4.2.53) contains no

∂τ derivatives, it is still a descendant.

Once the bulk quartic interaction is introduced, the shift symmetry is explicitly

broken in the bulk, so the above analysis does not directly apply. However, one can still

consider the operators Ŝa, defined by (4.2.47). Their dimensions, no longer protected,

are given by

∆̂Ŝ =

(
βζ
∂ logZŜ

∂ζ
+ βλ

∂ logZŜ

∂λ

)∣∣∣∣
ζ∗,λ∗

, (4.2.54)

where now ZŜ depends also on the bulk coupling constant λ. Interestingly, up to two

loops in perturbation theory, ZŜ does not receive any divergent corrections from the

bulk interaction. Thus, we can still write

ZŜ =
(
Zζ |λ=0

)−1
+O(ζ2λ2, ζ4λ) , (4.2.55)

allowing us to compute the first correction to ∆Ŝ using only the result for the β-function

in the interacting case, without further diagrammatic computations [113]

∆̂Ŝ = βζ
∂ logZŜ

∂ζ

∣∣∣∣
ζ∗,λ∗

+O(ε3) =
ε

2
− ε2

[
5

484
+
π2

11

(
j(j + 1)− 1

3

)]
+O(ε3) . (4.2.56)

Correlators of defect spin operators in perturbation theory

Once the explicit form of the defect spin operator in perturbation theory is determined,

it is possible to evaluate correlators using standard diagrammatic techniques. This

section focuses on computing the two-point function ⟨Ŝa(τ1)Ŝb(τ2)⟩Dj
at two loops,

both for the free and interacting bulk cases. The overall normalization of the two-point

23Correlators depend on the coordinate of an operator Ô(τ) also trough the endpoints of the neigh-

bouring defect operators Dj(·, τ) and Dj(τ, ·). Therefore, it is convenient to introduce the defect

covariant derivative

Dj(u, τ)Dτ Ô(τ)Dj(τ, v) ≡
d

dτ

(
Dj(u, τ) Ô(τ)Dj(τ, v)

)
, (4.2.51)

.
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function in the free theory is physically significant, as the normalization of Ŝ is fixed

by the Ward identity (4.2.42).

Neglecting renormalization factors, for the moment, this two-point function repre-

sents the expectation value of the defect with generators Ta and Tb inserted at τ1 and

τ2, respectively. Since in (2.5.2) we divide by the defect expectation value, we can

normalize traces by dividing by 2j + 1, which is the classical expectation value. It is

also convenient to define the ”connected part” of a diagram as the part remaining after

subtracting contributions that are products of lower-order diagrams or pieces contain-

ing ”defect bubbles.” Using this terminology, the defect correlator is the sum of all

connected diagrams.

The leading order term is given by the following diagram

Ŝa

τ1

Ŝb

τ2 (4.2.57)

Here, the blue line represents the defect, and the blue points indicate where a generator

is inserted into the trace. Since there are no lower-order diagrams, this diagram is

already connected and gives

I(0)c (τ1, τ2) =
1

2j + 1
Tr (TaTb) =

j(j + 1)

3
δab. (4.2.58)

At one loop, only two diagrams contribute to the connected term. All other diagrams

factor exactly into an order-zero diagram times a piece of a one-loop bubble, which

must be subtracted

Ŝa

τ1

Ŝb

τ2

Ŝa

τ1

Ŝb

τ2 (4.2.59)

Here, the additional blue points indicate interactions with a generator insertion, and

the black line represents a free propagator (4.1.76). The interactions must be inte-

grated along the defect, but without crossing any other generator insertions. These two

diagrams have the same color factor

I(1) ∼ 1

2j + 1
Tr (TcTaTcTb) =

j(j + 1)(j(j + 1)− 1)

3
δab . (4.2.60)

Subtracting the product of the order-zero diagram and one-loop defect bubbles, which

have the same kinematic integral but a different color factor, gives

I(0)c × bubbles(1) ∼ 1

(2j + 1)2
Tr (TaTb) Tr (TcTc) =

j2(j + 1)2

3
δab . (4.2.61)
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Thus, we obtain

I(1)c (τ1, τ2) = −ζ20
j(j + 1)

3
δab

 ˆ

−∞<τ<τ1<τ ′<τ2

dτ dτ ′

|τ − τ ′|2−ε
+

ˆ

τ1<τ<τ2<τ ′<+∞

dτ dτ ′

|τ − τ ′|2−ε

 .

(4.2.62)

After performing the integrals, we find

I(1)c (τ1, τ2) = −2 ζ20 j(j + 1)

3(1− ε)ε
|τ1 − τ2|ε δab . (4.2.63)

This contribution has a pole for ε → 0, as expected, since we are computing the bare

two-point function.

At the next order, many new diagrams contribute. Similarly to what has been done

at one loop, we focus on computing connected diagrams. At two loops, this involves

subtracting not only the zeroth-order connected contribution multiplied by two-loop

bubbles, but also the first-order connected contributions multiplied by one-loop bubbles.

For example

c = − c × bubbles(2) +

− c × bubbles(1) = j(j + 1) ,
(4.2.64)

where the last diagram denotes just a kinematical integral stripped of the color factor.

All in all, the two-loop contributions are

I(2)c (τ1, τ2) =
∑

Γ(2)
c = j(j + 1)

(
+ + 2 +

+ 2 + + + +

+ + + + +

+ 2

)
.

(4.2.65)

This sum can be reorganized and further simplified, since an exponentiation of the

previous orders occurs. Indeed we have

I(2)c (τ1, τ2) =
j(j + 1)

2

(
+

)2
+ j(j + 1)

(
+

+ + + + +

+ + + +

)
.

(4.2.66)
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Furthermore, it’s worth noting that specular diagrams contribute equally. Therefore,

we are left with evaluating only five diagrams. The integrals are straightforward, and

the results are

= ζ40 |τ1 − τ2|2ε
δab
3

·
2−1−2ε Γ

(
1
2
− ε
)
Γ(ε− 1)

√
π(ε− 1)ε

,

= ζ40 |τ1 − τ2|2ε
δab
3

·
(

1

2(ε− 1)ε2(2ε− 1)
− Γ(ε− 1)Γ(−2ε)

Γ(2− ε)

)
,

= ζ40 |τ1 − τ2|2ε
δab
3

·
(
− 1

2(ε− 1)2ε2
+

Γ(ε− 1)Γ(−2ε)

Γ(2− ε)

)
,

= ζ40 |τ1 − τ2|2ε
δab
3

·

−1 + 21−2ε√π εΓ(ε)

Γ( 1
2
+ε)

2(ε− 1)2 ε2

 ,

= ζ40 |τ1 − τ2|2ε
δab
3

·
(
−Γ(1 + ε)2 + Γ(1 + 2ε)

(ε− 1)2 ε2 Γ(1 + 2ε)

)
.

(4.2.67)

Substituting these into (4.2.66) gives the two loops contribution to the bare two-point

function. Notably, the same diagrams contribute to both the free and interacting bulk

cases because, at this order, the only new diagram in the interacting case would be a

mass correction to the bulk propagator, which is zero.

Once all diagrams are evaluated, one can introduce the wavefunction renormalization

coefficient ZŜ and rewrite the bare coupling constant in terms of the renormalized one,

keeping in mind that ZŜ = Z−1
ζ . Imposing finiteness of Z−2

Ŝ
⟨Ŝa

0 (τ1)Ŝ
b
0(τ2)⟩Dj

at this

order in the coupling constant yields

ZŜ = 1− ζ2

ε
− ζ4

2ε2
+
ζ4

2ε
+O(ζ6). (4.2.68)

Putting everything together, the renormalized two-point function evaluated at the free

bulk fixed point (4.2.24) is

⟨Ŝa(τ1)Ŝb(τ2)⟩Dj
=

NŜ

|τ1 − τ2|2∆̂Ŝ

· δab
3
, (4.2.69)

where ∆̂Ŝ = ε/2 and

NŜ = j(j + 1)

(
1− ε+ ε2

12 + π2

24

)
+O(ε3) . (4.2.70)

By conformal symmetry and the fact that Ŝa is protected, we already knew that (4.2.69)

holds at the non-perturbative level. However, the computation is necessary to determine

the constant NŜ.
24

24Note that the normalization of Ŝa is already fixed from the bulk through the Ward identity

(4.2.49).

92



We can use this result together with (4.2.50) to compute the bulk-to-defect two-point

function between ϕa and Ŝb

⟨ϕa(0, xi)Ŝb(0)⟩Dj
=

√
κ ζ

ˆ
dτ

⟨Ŝa(τ)Ŝb(0)⟩Dj

(τ 2 + |xi|2)1− ε
2

, (4.2.71)

which is exact in the free-bulk theory. 25 Using (4.2.69), solving the integral, and

evaluating at the fixed point yields

⟨ϕa(0, xi)Ŝb(0)⟩Dj
=

δab

3 |xi|
·
√
κ ζ∗NŜ

√
π Γ
(
1−ε
2

)
Γ
(
1− ε

2

) ≡ δab

3 |xi|
bϕŜ . (4.2.72)

Interestingly, the above correlator contains a factor Γ
(
1−ε
2

)
that diverges in the ε → 1

limit. At this stage, it remains unclear whether this divergence could be cured by the ε-

dependent term ζ∗NŜ. Nevertheless, this suggests that the theory might be problematic

for ε = 1, i.e. in three dimensions, as we will prove in the bootstrap section.

When the bulk interaction is turned on, using (4.2.36) and (4.2.56), we obtain

NŜ = j(j + 1)

[
1− ε+ ε2

(
1512− 55π2

2904
+

2π2j(j + 1)

11

)]
+O(ε3) . (4.2.73)

The displacement operator and the defect stress-energy tensor

It is natural to consider the Ward identity arising from the translational invariance of the

bulk theory. The defect explicitly breaks this symmetry, leading to a modification in the

conservation of the bulk stress-energy tensor by a term localized on the defect [128,38]

∂µT
µν(0, xi) = −

(
δνi D̂

i(0) + ∂τx
ν(0) ∂τ T̂Dj

(0)
)
δd−1(xi) . (4.2.74)

where xν(τ) is the embedding function that describes the defect and τ is the coordinate

that parametrizes the line. The operator D̂i, known as the displacement operator, is

a primary operator with protected dimension ∆̂D = 2. The explicit expression for the

bare displacement operator is derived from the variation of the action with respect to

xi(τ)

D̂i
0(x(τ)) =

1

|ẋ(τ)|
δSdefect

δxi(τ)
. (4.2.75)

Computing this functional derivative 26 and at the end evaluating it for a straight line

with |ẋ(τ)| = 1, one finds

D̂i
0(τ) =

ζ0√
κ
∂iϕa(τ)

Tr
(
Dj(−∞, τ)TaDj(τ,∞)

)
Tr Dj

. (4.2.76)

25Since we are interested in the correlator at the fixed point, it suffices to evaluate it with vanishing

parallel distance between the operators. The kinematics is already fixed by conformal symmetry.
26Note that one needs to first reintroduce the arc length element |ẋ(τ)| in the integral of the defect

action (4.2.44) since a generic variation of the embedding spoils the unit speed parametrization.
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For correlators, the bare displacement operator inserted at a point τ on the defect

satisfies

⟨O1(x1) . . . D̂
i
0(τ) . . .On(xn)⟩Dj

=
ζ0√
κ
⟨O1(x1) . . . ∂

iϕa(τ)Ta . . .On(xn)⟩Dj
. (4.2.77)

This can be rewritten as

D̂i(τ) ∼ ∂iϕ
aTa(τ) . (4.2.78)

This analysis is valid regardless of whether the bulk is interacting, as the bulk stress-

energy tensor is always conserved.

The other operator in (4.2.74) is the defect stress-energy tensor T̂Dj
. By the Ward

identity, it has protected dimension ∆̂T̂Dj
= 1. This operator breaks conformal invari-

ance on the line defect, so it must vanish at the fixed point. In our case, the defect

stress-energy tensor is given by 27

T̂Dj
(τ) =

βζ√
κ
Φ̂(τ) , (4.2.79)

where we define Φ̂(τ) = ϕaT
a(τ). Using the definition of conformal dimension µ∂Ô

∂µ
=

−∆̂ÔÔ and the fact that T̂Dj
is protected, we obtain

∆̂Φ̂ = 1 +
∂βζ
∂ζ

+
βλ
βζ

∂βζ
∂λ

. (4.2.80)

This formula is exact and holds for both free and interacting bulk theories.

From the last equation and the definition of the anomalous dimension of Φ̂ in terms

of the wave function normalization of the operator, we find in free theory

ZΦ̂ = − 2βζ
ε ζ Zζ

. (4.2.81)

Using the expression for the beta function in the case of free bulk theory and the value

of ζ at the critical point, the conformal dimension of the defect operator Φ̂ is

∆̂Φ̂ = 1 + ε− ε2

2
+
ε3

2

[
1− π2

(
j (j + 1)− 1

3

)]
+O(ε4) . (4.2.82)

Similarly, in the interacting case

∆̂Φ̂ = 1 + ε− ε2
[
257

484
− 4π2

11

(
j(j + 1)− 1

3

)]
+O(ε3) . (4.2.83)

27For a generic line defect with a Lagrangian of the form Ldefect = gÔ, the defect stress tensor

reads T̂ = βgÔ. This follows from the more general result ∂νT
ν
µx

µ = βi
∂L
∂gi

, which is a consequence of

Noether’s theorem applied to the renormalized Lagrangian in the case of scale transformations.
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Correlators of Φ̂

In this section, we calculate the one-loop two-point function of Φ̂ for both the free

and the interacting bulk cases. This computation serves a dual purpose: it validates

the arguments presented in the previous section and demonstrates the practical evalu-

ation of correlators involving operators that incorporate both generator insertions and

fundamental fields.

At tree level there is only one diagram

Φ̂ Φ̂
= j(j + 1)

κ

|τ1 − τ2|2−ε
. (4.2.84)

At one loop, there are two types of connected diagrams: one where the two operators

are connected by a free bulk propagator, and another where they interact with the

defect. Importantly, even in the interacting bulk case, no additional diagrams appear

at this order, as bulk interactions contribute only at the subsequent order. The first

type of diagrams are those where the operators are connected by a free bulk propagator

(4.2.85)

the computation of these integrals is analogous to the one for the operators Ŝa, with

the only difference that now everything is multiplied by a free propagator. The result

is

I
(1)
1 (τ1, τ2) = −

ζ20 j(j + 1)Γ
(
2− ε

2

)
π2− ε

2 (2− ε)(1− ε) ε |τ1 − τ2|2−2ε
. (4.2.86)

The remaining diagrams involve interactions between the two operators and the defect.

There are twelve such diagrams, which can be categorized into two distinct color struc-

tures: eight diagrams are associated with Tr (TaTaTbTb) ∼ j2(j+1)2, and the remaining

four are associated with Tr (TaTaTbTb) ∼ j(j +1)(j2 + j − 1). When summing all these

diagrams, there is a component proportional to j2(j + 1)2, which represents the sum

of the ordered integral of two propagators over all possible orders. This results in the

expression κ2
´
dσ1 |σ1−τ1|−2+ε

´
dσ2 |σ2−τ2|−2+ε, which vanishes in our regularization

scheme. Consequently, we need to evaluate the remaining four diagrams

= −
ζ20 j(j + 1)Γ (2− 2ε) Γ

(
1− ε

2

)
Γ (ε)

4π2− ε
2 (1− ε)Γ (2− ε) |τ1 − τ2|2−2ε

,

= −
ζ20 j(j + 1)Γ

(
1− ε

2

) (
Γ (ε)2 − Γ (2ε− 1)

)
8π2− ε

2 (1− ε)3Γ (−2 + 2ε) |τ1 − τ2|2−2ε
,

= −
ζ20 j(j + 1)Γ

(
1− ε

2

)
4π2− ε

2 (1− ε)2 |τ1 − τ2|2−2ε
,

= −
ζ20 j(j + 1)Γ (2− 2ε) Γ

(
1− ε

2

)
Γ (ε)

4π2− ε
2 (1− ε)Γ (2− ε) |τ1 − τ2|2−2ε

.

(4.2.87)
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After summing all the contributions and introducing the wavefunction renormalization

coefficient ZΦ̂, we impose the condition that Z−2

Φ̂
⟨Φ̂(τ1)Φ̂(τ2)⟩Dj

remains finite at one

loop. This leads to the result

ZΦ̂ = 1− 3 ζ2

ε
+O

(
ζ4, ζ2λ, λ2

)
,

γΦ̂|ζ∗,λ∗
= βζ

∂ logZΦ̂

∂ζ

∣∣∣∣
ζ∗,λ∗

+O(ε2) =
3

2
ε+O(ε2) .

(4.2.88)

The renormalized two-point function evaluated at the fixed point is

⟨Φ̂(τ1)Φ̂(τ2)⟩Dj
=

NΦ̂

|τ1 − τ2|∆̂Φ̂

, (4.2.89)

where both in the free bulk and in the interacting bulk case

NΦ̂ =
j(j + 1)

4π2

(
1 + ε

(
−2 +

γE
2

+
log π

2

))
+O(ε2) ,

∆̂Φ̂ = 1 + ε+O(ε2) .

(4.2.90)

General defect operators

The defect spin and displacement operators appeared as defect corrections to Ward

identities. It is natural to wonder if there are other defect operators with protected

dimensions that can be constructed in a similar way. In particular, in the bulk-free the-

ory, an infinite series of conserved higher spin currents exists, represented schematically

as [135,136]

J ab
µ1...µs+1

(x) ∼
s∑

k=0

cs,k ∂{µ1 . . . ∂µk
ϕa ∂µk+1

. . . ∂µs+1}ϕ
b(x) , (4.2.91)

where the brackets denote traceless symmetrization, and s ≥ 1 28. These currents have

dimensions ∆Js+1 = s+ 1− ε. From the modified Ward identity

∂νJ ab
νµ1...µs

(0, xi) =
ζ0√
κ
Ĵ ab

µ1...µs
(0) δd−1(xi) , (4.2.92)

we identify a tower of defect operators with protected dimensions ∆̂Ĵs
= s+ 1 ∈ N. In

(4.2.92), the operators are defect primaries only when all free spatial indices are orthog-

onal to the defect, as parallel derivatives produce descendants. Therefore, we focus on

Ĵ ab
i1...is

, which has orthogonal spin s. For the color indices, it is convenient to use so(3)

28For s = 0, the resulting expression, up to an antisymmetric tensor, gives the Noether current

associated with the SU(2) global symmetry J a
µ ∼ ϵabcϕb∂µϕc, which remains conserved even in the

defect theory.
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rather than su(2). For even s, the two color indices are in the antisymmetric represen-

tation, equivalent to the vector representation Ĵ a
i1...is

. For odd s, the representations

can be the traceless symmetric Ĵ {ab}
i1...is

and the singlet Ĵi1...is . When bulk interactions are

introduced, these higher spin currents are weakly broken and their dimensions receive

corrections starting at second order in ε.

It is possible to obtain more information on the defect spectrum by examining Ward

identities for specific correlators. Following [137], we can consider the bulk-to-defect

two-point function of ϕ and ϕ̂, which by conformal symmetry takes the form

⟨ϕa(0, x
i)ϕ̂b(0)⟩Dj

=
bϕϕ̂

|xi|∆ϕ−∆̂ϕ̂|xi|2∆̂ϕ̂

δab . (4.2.93)

Here ϕ̂ is the fundamental field evaluated on the defect. Specializing to the free-bulk

case and applying the Laplacian □x at a point away from the defect x, we find

0 = ⟨□ϕa(0, x)ϕ̂b(0)⟩Dj
= (∆̂ϕ̂ +∆ϕ − 1)(∆̂ϕ̂ −∆ϕ)

bϕϕ̂

|xi|∆ϕ−∆̂ϕ̂+2|xi|2∆̂ϕ̂

δab , (4.2.94)

Given that ∆̂ϕ̂ = 1 + O(ε) and bϕϕ̂ ̸= 0, as one can immediately see from tree-level

diagrams, it follows that ∆̂ϕ̂ = ∆ϕ non-perturbatively. The same argument applies

to transverse spin-s operators Ô a
i1...is

∼ ∂i1 . . . ∂isϕ̂
a, leading to the exact dimension

∆̂s = ∆ϕ+s. These dimensions receive corrections in the interacting bulk case, starting

at second order in ε.

In previous sections, we observed that certain defect operators, such as the defect

spin and displacement operators, incorporate insertions of a generator Ta, making them

matrix-valued. A generic local defect operator is a (2j+1)× (2j+1) Hermitian matrix,

with entries composed of fundamental fields and their derivatives. When the matrix is

proportional to the identity, operators like the fundamental fields ϕ̂a can be factored

outside the trace of the path-ordering. To construct and identify all possible defect

operators, it is helpful to choose a convenient basis for these matrices.

For the simplest case j = 1
2
, corresponding to the fundamental representation of

su(2), the three generators and the identity span the entire real vector space of 2 × 2

Hermitian matrices. Thus, a defect operator with an arbitrary Hermitian matrix in-

sertion can be decomposed into operators with insertions linear in the generators T a.

For higher spin j > 1
2
, the space of possible Hermitian matrix insertions has a real

dimension of (2j + 1)2. This space can be spanned by Hermitian combinations of

symmetrized traceless products of the generators T {a1 . . . T ak}, with k = 0, . . . , 2j. In

particular, there are 4j(j + 1) defect primary operators defined by the basis elements

Ŝ{a1...ak}(x) ≡ T {a1 . . . T ak}(x) for k ≥ 1 inserted in the path-ordered exponential, with-

out any fundamental field. These operators are expected to be among the lightest in the

theory, since their classical dimension is zero. Additionally, no mixing occurs between
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them for representation theory reasons. For operators involving powers of fundamental

fields and their derivatives, it is still useful to organize them by their color index struc-

ture. However, in general there will be several operators in the same representation and

with the same classical dimension, therefore they may mix.

Finally, it is crucial to note that defect descendants are defined by the defect covari-

ant derivative (4.2.52), not the ordinary one. For example, as shown in (4.2.53), the

defect operator ϵabcϕbTc(τ) is not a new primary, but a descendant.

Correlators of ϕ̂a and Ô a
i1...is

In the free bulk case, there are interesting exact relations between the correlators of

defect operators we’ve discussed. For instance, consider the defect operator ϕ̂a, which

is just the fundamental field placed on the defect. Using the analogue of (4.2.50) for

ϕ̂a (i.e. when xi = 0), we can express its two-point function in terms of the correlator

of the defect spin operator

⟨ϕ̂a(τ1)ϕ̂b(τ2)⟩Dj
=
κ j(j + 1) δab
3 |τ1 − τ2|2−ε

+ κ ζ2
ˆ
dσ1

ˆ
dσ2

⟨Ŝ(σ1)Ŝ(σ2)⟩Dj

(|τ1 − σ1| |τ2 − σ2|)2−ε . (4.2.95)

This relation holds non-perturbatively. In particular, at the fixed point we obtain

⟨ϕ̂a(τ1)ϕ̂b(τ2)⟩Dj
=

δab
3 |τ1 − τ2|2−ε

(
κ j(j + 1)−

ζ2∗ NŜ Γ(1− ε) Γ
(
ε−1
2

)
sin
(
πε
2

)
22−ε π

3−ε
2

)
.

(4.2.96)

This confirms that ϕ̂a has zero anomalous dimension, as we already knew from Ward

identities.

Similarly, we can examine the two-point function involving one bulk operator and

one defect operator. At the fixed point, we find

⟨ϕa(0, x
i)ϕ̂b(τ)⟩Dj

=
δab

3 (|xi|2 + τ 2)1−
ε
2

(
κ j(j + 1)−

ζ2∗ NŜ Γ(1− ε
2
) tan

(
πε
2

)
π1− ε

2 (ε− 1)

)
.

(4.2.97)

Notably, this two-point function depends only on the four-dimensional distance between

the bulk and defect fields, because they have the same conformal dimension. This logic

also extends to correlators involving Ô a
i1...is

∼ ∂i1 . . . ∂isϕ̂
a, where one needs to compute

orthogonal derivatives in (4.2.50) before setting xi = 0.

Finally, a similar approach can be used to compute the two-point function of two

bulk fields, as will see in Section 4.2.5.

In the interacting bulk case, corrections to the correlators (4.2.96) and (4.2.97) will

appear starting from order ε2.
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Time reversal symmetry for defect operators

We are now ready to extend the discussion of time reversal symmetry to general defect

operators. Their behavior under this symmetry will be a valuable tool for classifying

these operators.

Defect operators composed only of fundamental fields and their derivatives, without

any additional generator insertions, behave just like bulk operators under time reversal

symmetry. However, for defect operators with insertions, we need a more detailed

analysis. We can apply the same logic as in Section 4.2.2 to operators with insertions

into the defect.

A careful examination shows that under the effect of Tt we have

Tt : T
a(τ) 7→ −T a(−τ) (4.2.98)

Since TZ2 does not act on generators, it follows that T a is odd under T̄t. This is evident,

for instance, from the Ward identity

□ϕa(0, x
i) =

ζ0√
κ
Ŝa(0) δ

d−1(xi) . (4.2.99)

For cases where more than one generator is inserted at the same point (for j ≥ 1),

time reversal not only introduces a factor of (−1) for each generator, but also reverses

the order of the insertions. In the matrix basis introduced earlier, the action of time

reversal is

T̄t : T{a1 . . . Tak}(τ) 7→ (−1)k T{a1 . . . Tak}(−τ) (4.2.100)

This symmetry imposes useful constraints on correlators. For instance, it can resolve

certain degeneracies, since two defect operators with different parities must have a

vanishing two-point function at the non-perturbative level. This rule also applies to

the two-point function involving a bulk operator and a defect operator, giving useful

selection rules for the coefficients in the defect block expansion.

However, this conclusion does not necessarily extend to correlators with more than

two defect operators. In one-dimensional defects, the three-point function of three

defect operators can be antisymmetric [137] 29. For example, one can check that

⟨Ŝa(τ1)Ŝb(τ2)Ŝc(τ3)⟩ ∝ iϵabc . (4.2.101)

Classification of low-lying defect operators

In this section, we conveniently collect all the information about the low-lying spectrum

of the defect obtained so far through various methods. Defect operators are classified

29Given any two points on an ordered straight line it is possible to invert their order through a

special conformal transformation that preserves the line, but the same cannot be done for three points.
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based on their transverse spin s, their su(2) representation (characterized by its dimen-

sion), their parity under time reversal symmetry T̄t and their classical scaling dimension.

Note that some of these operators only exist for sufficiently high values of j, where j

specifies the su(2)-representation of the generators Ta in the definition of the defect

(4.2.1).

Compiling a complete list of defect operators at twist zero is straightforward. 30 For

twist-one operators, it is sufficient to construct all possible composite operators using

a single fundamental field ϕa and an arbitrary number of generators Ta and orthogonal

derivatives ∂i. These must then be decomposed into irreducible representations of

su(2). Furthermore, since the defect covariant derivative increases the twist by one, all

descendants of the twist-zero primaries must be excluded. In principle, this classification

can be extended to higher twist operators, which can be constructed using multiple

fundamental fields and orthogonal Laplacians □⊥. Again, all descendants of lower-twist

primaries must be excluded. The number of primary operators grows combinatorially

with the defect twist.

In table 4.1, we list all the defect twist-zero and defect twist-one primary operators,

along with their quantum numbers and scaling dimensions at the fixed point (both for

the free bulk and interacting bulk cases). In Table 4.2, we provide the explicit definition

of these operators in perturbation theory.

30Recall that the defect twist τ̂ of a defect operator with dimension ∆̂ and orthogonal spin s is

defined as τ̂ ≡ ∆̂− s.
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Ô s dimRsu(2) T̄t ∆̂Ô
∣∣
λ=0

∆̂Ô
∣∣
λ∗

Ŝa 0 3 − ε
2

(4.2.56)

Ŝ{a1...ak} 0 2k + 1 (−)k O(ε) O(ε)

ϕ̂a 0 3 − 1− ε
2

1− ε
2
+O(ε2)

Φ̂ 0 1 + (4.2.82) (4.2.83)

D̂i 1 1 + 2 2

Ĵ a
i1...is

s 3 + s+ 1 s+ 1 +O(ε2)

Ĵ {ab}
i1...is

s 5 + s+ 1 s+ 1 +O(ε2)

Ĵi1...is s 1 + s+ 1 s+ 1 +O(ε2)

Ôa
i1...is

s 3 − s+ 1− ε
2

s+ 1− ε
2
+O(ε2)

Û
{a1...ak}
i1...is

s 2k + 1 (−)k s+ 1 +O(ε) s+ 1 +O(ε)

V̂
{a1...ak}
i1...is

s 2k + 1 (−)k s+ 1 +O(ε) s+ 1 +O(ε)

Ŵ
{a1...ak}
i1...is

s 2k + 1 (−)k+1 s+ 1 +O(ε) s+ 1 +O(ε)

Table 4.1: Defect twist-zero and twist-one primary operators with their quantum num-

bers and scaling dimensions.
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Operator Perturbative definition Existence

Ŝa T a

Ŝ{a1...ak} T {a1 . . . T ak} 2 ≤ k ≤ 2j

ϕ̂a ϕa

Φ̂ ϕaTa

D̂i ∂iϕ
aTa

Ĵ a
i1...is

ϵabc∂i1 . . . ∂isϕbTc even s, s ≥ 2

Ĵ {ab}
i1...is

∂i1 . . . ∂isϕ
{aT b} odd s, s ≥ 1

Ĵi1...is ∂i1 . . . ∂isϕ
aTa odd s, s ≥ 3

Ôa
i1...is

∂i1 . . . ∂isϕ
a s ≥ 1

Û
{a1...ak}
i1...is

∂i1 . . . ∂isϕbT
{bT a1 . . . T ak} 1 ≤ k ≤ 2j − 1, s ≥ 0

V̂
{a1...ak}
i1...is

∂i1 . . . ∂isϕ
{a1T a2 . . . T ak} 3− δ0,s ≤ k ≤ 2j + 1, s ≥ 0

Ŵ
{a1...ak}
i1...is

∂i1 . . . ∂isϕ
bϵbc{a1T cT a2 . . . T ak} 2 ≤ k ≤ 2j, s ≥ 1

Table 4.2: Schematic perturbative definition of defect twist-zero and twist-one opera-

tors.

Note that for some of these operators, the form provided is only schematic. Beyond

the tree level, mixing among operators with the same quantum numbers can occur,

and orthogonalization with respect to the two-point functions must be performed. For

instance, the explicit form of the operator Ûa =“ϕbT
{bT a}” is accurate only at tree

level. At higher loop orders, this operator must be orthogonalized relative to ϕ̂a.

Further results about defect operators will be obtained in the next section trough

analytic bootstrap techniques.

4.2.4 Analytic bootstrap of the bulk two-point function

In this section, we a similar bootstrap analysis as in Section 4.1. We use the dispersion

relation (3.2.1) to calculate the bulk two-point function

⟨ϕa(x1)ϕb(x2)⟩Dj
=
δabFϕϕ(r, w)

|xi1|∆ϕ |xi2|∆ϕ
, (4.2.102)

and then we extract the bulk and defect CFT data, similar to what we did in Sections

4.1.4 and 4.1.5. There are small differences compared to the case of the localized

magnetic field. First of all, the operators that appear in the defect block expansion
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(2.5.15) transform according to the representations of O(3), since the spin impurity

does not break the global symmetry. Additionally, the operators that appear in the

bulk OPE are all singlets of O(3). For this reason, contrary to Section 4.1, we often

omit the representation labels in the CFT data of the operators. In this section, we will

consider the two-point function both in the free and interacting (Wilson-Fisher) bulk

cases.

The computation at theWilson-Fisher fixed point is very similar to the one in Section

4.1.3. The reason is straightforward: we compute the discontinuity by expanding the

two-point function into bulk blocks and evaluating the discontinuity of each block. As

we saw in Section 4.1.3, at first order in perturbation theory the discontinuity of a block

is proportional to the anomalous dimension of the corresponding bulk operator, which is

independent of the defect. As observed in (4.1.33), in the O(3) model all the operators

that appear in the bulk OPE at order ε have vanishing anomalous dimensions, except

for the ϕ2 operator. Therefore also in this case the discontinuity will be given by a

single bulk block.

Analytic bootstrap for the free bulk

We begin by examining the spin impurity (4.2.1) in a free bulk theory in d = 4 − ε

dimensions, a case for which we can find certain results exactly in ε.

In this case, the bulk OPE includes only the identity and twist-two operators

(4.1.24). As discussed in Section 4.1.3, the discontinuity of twist-two operators is pro-

portional to their anomalous dimension. However, in a free theory, bulk operators do

not possess an anomalous dimension, meaning that the discontinuity arises solely from

the identity operator. It reads

Disc[Fϕϕ] = Disc

[(
rw

(1− rw)(w − r)

)∆ϕ

]
= 2i sin(π∆ϕ)

(
rw

(1− rw)(r − w)

)∆ϕ

,

(4.2.103)

where ∆ϕ = 1 − ε
2
. Notice that this equation holds to all orders in ε. Using the

dispersion relation (3.2.1), and adding a potential low-spin (s ≤ s∗) ambiguity 31, we

obtain

Fϕϕ(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ

+ low-spin ambiguity . (4.2.104)

To resolve the low-spin ambiguity, we can leverage the results of Section 4.2.3 regarding

the operators that may appear in the defect channel. As previously discussed, the

equation of motion □ϕa = 0 constrains the dimensions of the defect operators that

couple to it. In particular, following [137], we can infer the existence of two families of

31For more details on the low spin ambiguity, see (2.5.25) and the discussion below.
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operators from the relation

□⟨ϕa(x)Ôb(τ)⟩ = 0 , (4.2.105)

These families include:

• Modes Ôa
0,s ∼ (∂⊥)

s ϕa with s ≥ 0 and ∆̂0,s = ∆ϕ + s = 1− ε/2 + s.

• An operator Ŝa, with s = 0 and ∆̂ = ε/2. 32 This is the spin operator discussed in

Section 4.2.3, and perturbatively defined by (4.2.47). Due to the inverted Ward

identity (4.2.50) and the non-vanishing two-point function of Ŝa, the spin operator

has a non-trivial coupling to the bulk fundamental field (4.2.71).

As seen in Section 4.1.2, the defect-channel expansion of the bulk identity (4.2.104)

contains the Ôa
0,s operators, but it does not include any operator with the quantum

numbers of Ŝa. Thus, we conclude that the dispersion relation fails to account for the

contribution from spin s = 0. Consequently, the most general ansatz for the correlator

is

Fϕϕ(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ

+ k1f̂1−ε/2,0(r, w) + k2f̂ε/2,0(r, w) , (4.2.106)

where the extra terms are the defect blocks associated with the low-spin ambiguities.

The coefficients k1 and k2 are not arbitrary. They must be chosen to ensure the absence

of spurious terms and logarithms that are incompatible with a bulk-channel expansion.

To be more explicit, consider changing from radial coordinates (r, w) to lightcone coordi-

nates (z, z̄), defined in (2.5.9). In this coordinate system, one can see that the expansion

of (4.2.106) around |1 − z| ≪ |1 − z̄| ≪ 1 contains spurious powers (1 − z)n(1 − z̄)−m

for m ≥ 2, and spurious logarithms log(1− z̄) which are not accompanied by log(1−z).
These terms are incompatible with an expansion in terms of bulk-channel conformal

blocks (2.5.18), and therefore we must choose the relative size of k1 and k2 to make sure

they are absent. After carrying out this procedure, we find that the free correlator is

Fϕϕ(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ

+ aλϕ2Jε(r) , (4.2.107)

where we introduced 33

Jε(r) =
Γ
(
1−ε
2

)
√
πΓ
(
2−ε
2

) f̂ε/2,0(r, w) + Γ
(
ε−1
2

)
√
πΓ
(
ε
2

) f̂1−ε/2,0(r, w) . (4.2.108)

This correlation function is exact to all orders in ε, though it depends on one parameter

aλϕ2 that cannot be fixed by the bootstrap. Since (4.2.107) is exact in ε, it is possible

32More generally, we would find spinning operators with ∆̂ = ε/2− s, but they break unitarity for

s > 0.
33Note that this function does not depend on w because it is a sum of two s = 0 blocks (2.5.15).
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to investigate the properties of the fixed point in three dimensions by simply setting

ε = 1. Even though in (4.2.108) there are some divergent factors, one can check that

Jε(r) is finite in the ε→ 1 limit. We are left with two possibilities: either aλϕ2

∣∣
ε=1

= 0,

or aλϕ2

∣∣
ε=1

̸= 0. In the first case, Fϕϕ is just a free correlator. This is sufficient to show

that ϕ satisfies the free-field equations of motion, and therefore all its correlators are

those of the free theory. Instead, if aλϕ2

∣∣
ε=1

is a finite non-zero number, we can try to

expand the correlator in the defect channel by taking r ≪ 1. However, this expansion

contains terms with factors of log r that cannot be reproduced by the defect blocks.

Therefore, this correlator does not obey the defect bootstrap equation (2.5.14). Thus,

in three dimensions and a free bulk, no non-trivial spin impurity exists.

For 0 < ε < 1, instead, the function Jε(r) is a truncated solution of crossing 34,

meaning that it has sensible bulk and defect expansions on its own, and it involves

finitely many transverse spins. From the full two-point function, we can extract the

CFT data for ε < 1 in both OPE channels as a function of aλϕ2 . Let us start with the

defect expansion, which from the discussion above takes the form

Fϕϕ(r, w) = b20,0f̂1−ε/2,0(r, w) + b2
ϕŜ
f̂ε/2,0(r, w) +

∞∑
s=1

b20,sf̂∆ϕ+s,s(r, w) , (4.2.109)

where b20,s ≡ b2
ϕÔ0,s

. Comparing the expansion above with (4.2.107) and using the

definition of conformal blocks (2.5.15), we obtain

b20,0 = 1 +
Γ
(
ε−1
2

)
√
πΓ
(
ε
2

)aλϕ2 , b2
ϕŜ

=
Γ
(
1−ε
2

)
√
πΓ
(
2−ε
2

)aλϕ2 , b20,s =
2s(∆ϕ)s
s!

. (4.2.110)

Alternatively, one can extract the last result using the the defect inversion formula

(2.5.21) with the discontinuity given in (4.2.103).

Similarly, using the formulas for the bulk blocks (2.5.19), we find the expansion

Fϕϕ(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ

+

(
rw

(1− rw)(w − r)

)∆ϕ ∞∑
ℓ=0

aλ 0,ℓ f2∆ϕ+ℓ,ℓ(r, w) .

(4.2.111)

where, as usual, we define aλO ≡ aOλϕϕO. The bulk expansion includes only twist-two

operators (4.1.24), as expected in the bulk-free theory. The three-point OPE coefficients

are known exactly

λϕϕJ0,ℓ
=

√
2

3

2
ℓ
2 (∆ϕ)ℓ√

ℓ!(2∆ϕ + ℓ− 1)ℓ
. (4.2.112)

34This is an analog of the solutions of crossing with finite support in spin of [138], which play an

important role in the ε–expansion bootstrap for four-point functions [79,80,139,140,54].
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As a result, from the block expansion (4.2.111), we can predict the one-point functions

of all twist-two operators

aJ0,0 ≡ aϕ2 =

√
3

2
aλϕ2 , aJ0,ℓ

=
(1− ε)ℓ

(
ℓ−ε+2

2

)
ℓ
2

√
ℓ!(ℓ− ε+ 1)ℓ

25ℓ/2
(
ℓ
2
!
)2 ( ℓ−ε+1

2

)
ℓ
2

(
1− ε

2

)
ℓ

aϕ2 . (4.2.113)

For the special case of ℓ = 2, corresponding to the stress tensor, the one-point function

is conjectured to be positive [44]. 35 Therefore, in the bulk-free theory, we should have

aϕ2 > 0.

Ultimately, the two-point function of ϕa and the CFT data are completely deter-

mined by the bootstrap analysis, up to an undetermined constant corresponding to the

one-point function aϕ2 . We shall compute this to order O(ε3) in equation (4.2.136)

below.

Analytic bootstrap for the interacting bulk

Let us now consider the bulk theory to be the O(3) model at the Wilson-Fisher fixed

point in d = 4−ε dimensions, focusing on the first non-trivial order in the perturbative

expansion for small ε.

As we saw in Section 4.1.3, the bulk OPE contains twist-two operators and the

identity. In the case of O(3), the dimensions of twist-two operators are 36

∆0,ℓ = 2∆ϕ + ℓ+ ε
5

11
δℓ,0 +O(ε2) , (4.2.114)

and their coefficients can be expanded as

λϕϕJ0,ℓ
= λ

(0)
ϕϕJℓ

+ ελ
(1)
ϕϕJℓ

+ ε2λ
(2)
ϕϕJℓ

+O(ε3) , aJℓ
= a

(0)
Jℓ

+ εa
(1)
Jℓ

+ ε2a
(2)
Jℓ

+O
(
ε3
)
.

(4.2.115)

For higher-twist operators, we have

∆n,ℓ = 2∆ϕ+2n+ℓ+εγ
(1)
n,ℓ+O(ε

2) , λϕϕOn,ℓ
= ελ

(1)
ϕϕOn,ℓ

+ε2λ
(2)
ϕϕOn,ℓ

+O(ε3) . (4.2.116)

Therefore only the bulk identity and ϕ2 operators contribute to the discontinuity. All the

other operators do not contribute at the order we are working because their anomalous

dimension or OPE coefficients are higher order. Ultimately, the discontinuity is given

by 37

DiscFϕϕ(r, w) = 2i sin(π∆ϕ)
(

rw
(1−rw)(r−w)

)∆ϕ

+ ε2 5πi
11
a
(1)

ϕ2 λ
(0)

ϕϕϕ2
rw

(1−rw)(w−r)
f2,0(r, w) +O(ε3) ,

(4.2.117)

35In the N = 4 SYM literature, this observable is often referred to as the Bremsstrahlung function.
36This follows from (4.1.33) with N = 3.
37The discontinuity is obtained following the exact same steps as for the singlet contribution in

Section 4.1.3.
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where the first contribution comes from the identity (4.2.103), with ∆ϕ given in (4.1.20)

and expanded up to order ε2. It is worth noticing that aϕ2 , at leading order, matches

the tree-level result from free theory [116], and in particular aϕ2 ∼ ε. Therefore the first

non-trivial correction to the discontinuity arises at order ε2. The discontinuity (4.2.117)

is similar to the result found in (4.1.43), differing only by a factor that depends on the

specific defect through the one-point function coefficient aϕ2 . The other coefficient λϕϕϕ2

does not depend on the defect, just like the anomalous dimensions of bulk operators,

and has the value [141,79,80]

λϕϕϕ2 =

√
2

3

(
1− ε

5

22

)
+O(ε2) . (4.2.118)

Specifically, at leading order, λ
(0)

ϕϕϕ2 =
√

2
3
. The discontinuity and the dispersion relation

result can be evaluated explicitly in terms of special functions, as in (4.1.43). Ultimately,

the dispersion relation yields

Fϕϕ(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ

+ ε2
5aλ

(1)

ϕ2

11
H(r, w) + low spin +O(ε3) , (4.2.119)

where H(r, w) is defined in (4.1.47). This function can be represented in a variety of

different ways which are better suited for explicit evaluation or the extraction of the

CFT data, as we saw in (4.1.44). Like in the free bulk case, the dispersion relation result

may miss low spin contributions. In the free theory discussed previously, a truncated

solution to crossing, Jε(r), had to be added to the correlator. Expanding this function

for small ε, we obtain

Jε(r) = 1 +
ε

2
log

4r

(1 + r)2
+O(ε2) . (4.2.120)

We anticipate a similar correction in the interacting case. Our goal is to find the most

general truncated solution to be added to the final interacting correlator. Following

the same reasoning as in the case of the localized magnetic field, we assume that only

operators with defect twist equal to one appear in the defect OPE. As explained in

Section 4.1.3, this assumptions leads to

Famb(r, w) = q0f̂0,0(r, w) + r0

(
∂∆̂f̂0,0(r, w)− 2f̂1,0(r, w)

)
= q0 + r0 log

r

(1 + r)2
,

(4.2.121)

Both equation (4.2.120) and (4.2.121) suggest the ambiguities of interest are a constant

and a logarithm. Ultimately, the ansatz for the correlator is

Fϕϕ(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ

+ ε2
5aλ

(1)

ϕ2

11
H(r, w) + q0 + r0 log

r

(1 + r)2
+O(ε3) ,

(4.2.122)
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The constants aλ
(1)

ϕ2 , q0, r0 cannot be fixed from the bootstrap alone. However, they

are not independent. One can fix r0 in terms of aλ
(1)

ϕ2 exploiting the analysis on the

defect spectrum in Section 4.2.3. Indeed, the defect expansion has the same form as in

the case of the free bulk

Fϕϕ(r, w) = b20,0f̂∆̂0,0,0
(r, w) + b2

ϕŜ
f̂∆̂Ŝ ,0

(r, w) +
∞∑
s=1

b20,sf̂∆ϕ+s,s(r, w) . (4.2.123)

and in particular it contains the spin operator Ŝa. As discussed in Section 4.2.3, while

this operator has no longer protected dimension if the bulk is not free, one can see

from the Ward identity that the correction to the anomalous dimension starts at order

ε2. Therefore, the leading dimension must coincide with the one in the free bulk case.

This fixes r0 = ε
2
aλ

(1)

ϕ2 . Notice that this is different to what happened in the case of

the localized magnetic field, where no analogue of Ŝa exists. Finally, one can fix q0 in

terms of aλϕ2 just by expanding the correlator in the bulk channel, namely

F (r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ

+ ε2
5aλ

(1)

ϕ2 rw

22(1− rw)

(
f̃2,0(r, w) log(w − r) + ∂∆f̃2,0(r, w)

)
+

+
∑
ℓ>0

aλ0,ℓf2∆ϕ+ℓ,ℓ(r, w) +O(ε3) . (4.2.124)

By comparing with (4.2.122) we fix q0 = aλϕ2 + ε2aλ
(1)

ϕ2

(
5
11

+ 16
11
log 2

)
. Thus, the

correlator and all CFT data are fixed in terms of a single unknown one-point function

coefficient aϕ2 , giving

F (r, w) =
(

rw
(1−rw)(w−r)

)∆ϕ

+ aλϕ2

(
1 + ε

2
log 4r

(1+r)2
+ ε 5

11
(1 + log 2 +H(r, w))

)
+O(ε3) ,

(4.2.125)

where as always aλϕ2 = λϕϕϕ2aϕ2 =
√

2
3
(1 − ε 5

22
)
(
εa

(1)

ϕ2 + ε2a
(2)

ϕ2

)
+ O(ε3). From the

full correlator, we can extract defect and bulk CFT data, either by comparing (4.2.125)

with the explicit form of the defect and bulk expansions, (2.5.15) and (2.5.19), or using

the Lorentzian inversion formulas, as in Sections 4.1.4 and 4.1.5. The CFT data for the

defect spin operator reads

∆̂Ŝ =
ε

2
+O(ε2) , (4.2.126)

b2
ϕŜ

= aλϕ2 + ε2aλ
(1)

ϕ2

(
5

11
+

16

11
log 2

)
+O(ε3) . (4.2.127)

Notice that from (4.2.125) we can extract the defect spin dimension up to O(ε) because

bϕŜ is also O(ε). However let us stress that the O(ε2) for ∆̂Ŝ is known and we reported

it in (4.2.56). Moving on to the other operators in the defect channel, the CFT data
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for the operator Ô0,0 is

∆̂0,0 = ∆ϕ + ε2
10aλ

(1)

ϕ2

11
+O(ε3) , (4.2.128)

b20,0 = 1− ε2aλ
(1)

ϕ2

(
31

11
− 20

11
log 2

)
+O(ε3) . (4.2.129)

Finally, we find a single infinite family of defect operators Ô0,s with

∆̂0,s = ∆ϕ + s+ ε2
5aλ

(1)

ϕ2

11

1

s+ 1/2
+O(ε3) , (4.2.130)

b20,s = 2s

(
(∆ϕ)s
s!

+ ε2
5aλ

(1)

ϕ2

11

(
Hs −Hs−1/2

s+ 1/2
− 1

(s+ 1/2)2

)
+O(ε3)

)
. (4.2.131)

In the bulk channel we have the twist-two operators J0,ℓ with

aλ0,ℓ =
Γ
(
ℓ+1
2

)
Γ(ℓ+ 1)2

8ℓ
(
ℓ
2
!
)2

Γ
(
ℓ+2
2

)
Γ
(
2ℓ+1
2

) × (4.2.132)

×
[
aλϕ2 + ε2aλ

(1)

ϕ2

(
5

11
(1 + log 2) +

1

2

(
H ℓ

2
−H ℓ−1

2
+Hℓ− 1

2
− 3Hℓ

))
+O(ε3)

]
.

Notice the absence of double-twist operators with twist higher than 2. This is consis-

tent with the fact that [79, 142] λϕϕJn,ℓ
∼ ε and aJn,ℓ

∼ ε2. The latter fact follows

immediately by considering tree-level Feynman diagrams.

4.2.5 Diagrammatic computation

In this section we will outline the diagrammatic computation for the correlators of bulk

fields ϕa and ϕ2 and compare it with the bootstrap results of Section 4.2.4.

Free bulk

We begin by computing the one-point function o ϕ2 in the free theory 38. This calcula-

tion has already been performed up to next-to-leading order in [116]. This observable

is not accessible by our bootstrap analysis and indeed it is the only information needed

to completely fix the two point function of ϕa. Given that the bulk is free, we have two

approaches for the computation: we can exploit the Ward identity to express the bulk

correlator in terms of an integrated defect correlator using (4.2.50), or perform a direct

computation of the bulk correlator using Feynman diagrams. In terms of the defect

correlator, we have

⟨ϕ2(0, xi)⟩Dj
= κ ζ2

ˆ
dτ

ˆ
dτ ′

⟨Ŝa(τ)Ŝa(τ ′)⟩Dj

(τ 2 + |xi|2)1− ε
2 (τ ′2 + |xi|2)1− ε

2

. (4.2.133)

38The one-point function of ϕa is zero because of symmetry.
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At the fixed point, ⟨Ŝa(τ)Ŝa(τ ′)⟩Dj
is given by (4.2.69). By evaluating the integrals, we

find 39

⟨ϕ2(0, xi)⟩Dj
=
κ ζ2∗NŜ

|xi|2−ε

π3/2Γ
(
1
2
− ε

2

)
Γ
(
1− ε

2

) =

≡
Nϕ2aϕ2

|xi|2−ε
.

(4.2.134)

Here Nϕ2 is the normalization of the two-point function, which according to our con-

ventions is

⟨ϕ2(x)ϕ2(0)⟩ =
N 2

ϕ2

|x|2∆ϕ2
, N 2

ϕ2 = 6κ2 . (4.2.135)

If we substitute the value of the coupling at the fixed point (4.2.24) and the normaliza-

tion constant NŜ (4.2.70),we obtain 40

aϕ2 =
π2j(j + 1)ε

2
√
6

(
1 + ε

log 4− 1

2
+ ε2

2π2j(j + 1) + (log 4− 2) log 4

8

)
+O(ε4) .

(4.2.136)

We checked that this result can be reproduced from Feynman diagrams.

Moving on to the two point function of the order parameter ϕa , we can apply

the same method as before, and compute it in terms of an integrated defect two-point

function. Specifically, using (4.2.50), we find

⟨ϕa(0, x
i
1)ϕb(0, x

i
2)⟩Dj

= κ ζ2
ˆ
dτ dτ ′

⟨Ŝa(τ)Ŝb(τ
′)⟩Dj

(τ 2 + |xi1|2)1−
ε
2 (τ ′2 + |xi2|2)1−

ε
2

+

+ ⟨ϕfree
a (0, xi1)ϕ

free
b (0, xi2)⟩Dj

. (4.2.137)

At the fixed point, using (4.2.24) and (4.2.69), we obtain

⟨ϕaϕb⟩Dj
=

κζ2∗NŜ

3

´
dτ
´
dτ ′ δab

|τ−τ ′|2∆̂Ŝ (τ2+r2)1−
ε
2 (τ ′2+1)1−

ε
2
+

N 2
ϕδab(

rw
(1−rw)(w−r))

∆ϕ

|xi
1|

∆ϕ |xi
2|

∆ϕ
=

≡
N 2

ϕδabFϕϕ(r, w)

|xi1|∆ϕ|xi2|∆ϕ
, (4.2.138)

whereNϕ =
√
κ and we exploited symmetry to set the first operator at x = (0, z, z̄, 0, ...)

and the other one at (0, 1, 0, ...). We expressed the integral in radial coordinates (2.5.9)

39In the bootstrap computation, the operators are taken to be unit-normalized, as is customary

in the CFT literature. However, in the diagrammatic calculation, a different normalization is more

convenient, resulting in an additional factor in the one-point function compared to (2.5.6).
40Our result for the one-point function at the fixed point differs from equation 2.14 of [116] at

order ε2. We believe that this discrepancy arises because the authors of [116] used the leading-order

critical coupling instead of the next-to-leading order, thereby missing a contribution of order ε2 in the

one-point coefficient.
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in order to simplify the computation. The integral can be solved in terms of hypergeo-

metric functions and we obtain

Fϕϕ(r, w) = free +
ζ2∗NŜ

3

(
2π tan(πε

2 )r
1− ε

2 2F1( 1
2
,1− ε

2
; 3
2
− ε

2
;r2)

ε−1
+

πr
ε
2 Γ( 1

2
− ε

2)
2
2F1( 1

2
, ε
2
; ε+1

2
;r2)

Γ(1− ε
2)

2

)
=

=

(
rw

(1− rw)(w − r)

)∆ϕ

+ λϕϕϕ2 aϕ2Jε(r) , (4.2.139)

where the free part is given by the bulk identity contribution,
(

rw
(1−rw)(w−r)

)∆ϕ

. The

second line was derived using the expression for the one-point function (4.2.134), the

three-point function coefficient (4.2.112), and well-known identities for the hyperge-

ometric function. This result is valid for all ε and perfectly matches the bootstrap

prediction (4.2.107). Notably, the non-trivial integral corresponds to Jε(r), the contri-

bution of spin s = 0 defect operators defined in (4.2.120).

We can also compute the two-point function of ϕ2, which we did not present in the

bootstrap section. Using (4.2.50), we can express it in terms of defect correlators as

follows:

⟨ϕ2ϕ2⟩Dj
= κ2 ζ4∗

´
dτ1
´
dτ2
´
dτ3
´
dτ4

⟨Ŝa(τ)Ŝa(τ1)Ŝb(τ2)Ŝ
b(τ3)⟩Dj

(τ12+r2)1−
ε
2 (τ22+r2)1−

ε
2 (τ32+1)1−

ε
2 (τ42+1)1−

ε
2
+

+ 2κ ζ2∗

ˆ
dτ1

ˆ
dτ2

⟨Ŝa(τ1)Ŝ
b(τ2)⟩Dj

⟨ϕfree
a ϕfree

b ⟩Dj

(τ12 + r2)1−
ε
2 (τ22 + 1)1−

ε
2

+ ⟨ϕ2
freeϕ

2
free⟩Dj

=

= κ2 ζ4∗
´
d4τ

⟨Ŝa(τ1)Ŝa(τ2)Ŝb(τ3)Ŝ
b(τ4)⟩Dj

(τ12+r2)1−
ε
2 (τ22+r2)1−

ε
2 (τ32+1)1−

ε
2 (τ42+1)1−

ε
2
+

+ 1

|xi
1|

∆
ϕ2 |xi

2|
∆
ϕ2

[(
rw

(1−rw)(w−r)

)∆ϕ2

+ 2aλϕ2

(
rw

(1−rw)(w−r)

)∆ϕ

Jε(r)

]
(4.2.140)

where we suppressed the explicit dependence on the external coordinates and used the

results from the previous computations to simplify the expression. Since we are in

free theory, ∆ϕ2 = 2∆ϕ. Unlike previous cases, we cannot simplify the result further

without expanding in ε. This limitation arises because the four-point function of the

defect operator is not completely determined by conformal invariance 41 and we cannot

perform the first integral without knowing its explicit form. At tree level, the four-point

function of Ŝa is simply given by traces of the generators T a, similar to the two-point

function. However, one must be careful regarding the order of the positions where the

generators are inserted, which corresponds to different step functions. This is because,

as discussed in Section 4.2.3, the defect spin operator must be interpreted as a generator

41See (2.4.1) for the structure of the four-point function in a one-dimensional CFT.
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inserted at a specific position in the path ordering. In summary, we obtain

⟨Ŝa(τ1)Ŝ
a(τ2)Ŝb (τ3)Ŝ

b(τ4)⟩Dj
=

1

2j + 1

[
Tr (TaTaTbTb) (θ1>2>3>4 + cyclic perm.) +

+Tr (TaTbTaTb) (θ1>3>2>4 + θ1>4>2>3 + cyclic perm.)
]
+O(ε) =

= j2(j + 1)2 (θ1>2>3>4 + θ1>3>2>4 + θ1>4>2>3 + cyclic perm.) +

−j(j + 1) (θ1>3>2>4 + θ1>4>2>3 + cyclic perm.) +O(ε) , (4.2.141)

where we indicated the order of the points using theta functions. When we substitute

this result into (4.2.140) and use the symmetry of the integrand, the term proportional

to j2(j + 1)2 reproduces the square of the one-point function. The other term reduces

to

−
ˆ
τ1>τ3>τ2>τ4

dτ 4 (τ1
2 + r2)−1(τ2

2 + r2)−1(τ3
2 + 1)−1(τ4

2 + 1)−1 ≡ π2

2r2
W (r) . (4.2.142)

where W (r) is

W (r) = 2Li2

(
1− r

2

)
− Li2(1− r)− Li2(−r) + log(r + 1) log

(
r + 1

4r

)
+ log2 2 .

(4.2.143)

Ultimately, the two-point function reads

⟨ϕ2(0, xi1)ϕ
2(0, xi2)⟩Dj

=
N 2

ϕ2 Fϕ2ϕ2(r, w)

|xi1|
∆ϕ2 |xi2|

∆ϕ2
. (4.2.144)

where

Fϕ2ϕ2(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ2

+ a2ϕ2 −
π2j(j + 1)

6
ε2W (r) + (4.2.145)

+ 2aλϕ2

(
rw

(1− rw)(w − r)

)∆ϕ
(
1 +

ε

2
log

4r

(1 + r)2

)
+O(ε3) .

Expanding (4.2.145) in the defect channel (4.1.17) we find two families of operators.

The first family has the interpretation Ôn,s ∼ (∂⊥)
s□nϕ2, with

∆̂s,n = 2∆ϕ + s+ 2n , (4.2.146)

b2
ϕÔn,s

= aλϕ2

2s( 3
2)n−1

Γ( ε−1
2 )(1− ε

2)
2

n
(n− ε

2
+1)

s
(n+s−ε+2)n

√
πn!Γ( ε

2)(n+s)!( 3
2
− ε

2)n(n+s− ε
2
+1)

n

+
2s(1− ε

2)n(2−ε)2n+s

n!(n+s)!(n+s− ε
2
+1)

n

, (4.2.147)

whereas the second family is Ĵn,s ∼ (∂⊥)
s□nϕaTa, with s > 0 42

∆̂Ĵn,s
= 1 + s+ 2n , (4.2.148)

b2
ϕĴn,s

= aλϕ2

2s(−4)n
(
3
2

)
n−1

Γ
(
1−ε
2

)
(2n+ s)!

(
ε
2

)
n

(
−n− ε

2
+ 1
)
2n+s√

πn!Γ
(
1− ε

2

)
((n+ s)!)2(ε)2n

(
n+ s+ ε

2

)
n

. (4.2.149)

42Notice that the operators Ĵn,s have integer scaling dimension. In particular, the operators Ĵ0,s

are related to the higher spin symmetries in the free bulk theory which are broken by the defect, as

we discussed in Section 4.2.3.
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For n, s = 0, we have the operator ϕaTa ≡ Φ̂, with dimension

∆̂Φ̂ = 1 + ε+O(ε2) . (4.2.150)

This result matches with the expression computed from the beta function (4.2.82). One

can also extract the bulk CFT data from (4.2.145) but the results are not particularly

illuminating. Therefore we do not present them here.

Interacting bulk

When interactions are introduced, expressing the bulk correlator in terms of a defect

correlator becomes less convenient. This is because the Ward identity (4.2.42) is cor-

rected and the relation between the two correlators is more complicated. Consequently,

we will perform the computation using Feynman diagrams. The diagrams contributing

to the one-point function ⟨ϕ2⟩Dj
up to order ε2 are

⟨ϕ2⟩Dj
= + + + + + .

(4.2.151)

In the last equation, it is implied that one should also consider the mirror images of

diagrams such as the third and fifth ones. The diagrams without bulk interactions

were previously computed in the free bulk case in [116]. However, due to the shift

in the critical coupling (4.2.36), the results will be slightly different in the interacting

case. The only diagram involving bulk interactions was computed in [112]. For detailed

calculations, we refer to these papers. All in all, we find

aϕ2 =
π2j(j + 1)ε

2
√
6

(
1− 2π2

11

(
j(j + 1)− 1

3

)
ε− 181ε

242
+

6

11
ε log 2

)
+O(ε3) .

(4.2.152)

Moving on to the two-point function of ϕ, we have

⟨ϕaϕa⟩Dj
= + + + + , (4.2.153)

where, again, the contribution from the specular version of the third diagram is implied.

The first two diagrams represent the free propagator and the square of the one-point

function of ϕa, which is zero. The only non-trivial diagram is the last one, and it was

already computed in Section 4.1.6. All in all, at order ε2 we obtain

Fϕϕ(r, w) =
(

rw
(1−rw)(w−r)

)∆ϕ

+ aλϕ2

(
1 + ε

2
log 4r

(1+r)2
+ ε 5

11
(1 + log 2 +H(r, w))

)
,

(4.2.154)
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where as always aλϕ2 = λϕϕϕ2aϕ2 , with λϕϕϕ2 given by (4.2.118) and aϕ2 by (4.2.152).

This result perfectly matches the bootstrap prediction (4.2.125).

Finally, for the two-point function of ϕ2, the relevant diagrams are

⟨ϕ2ϕ2⟩ = + + + + +

+ + , (4.2.155)

As before, we did not write down the contributions from mirror diagrams. The first

diagram represents bulk corrections to the propagator up to O(ε2). These contributions

have been computed previously in the theory without the defect, and give corrections

to the dimension ∆ϕ2 in the bulk identity term
(

rw
(1−rw)(w−r)

)∆ϕ2

. The only non-trivial

diagram is the fifth, which can be computed in terms of W (r) (4.2.142). All the other

diagrams were already computed in [127], therefore we only write the final result, namely

Fϕ2ϕ2(r, w) =

(
rw

(1− rw)(w − r)

)∆ϕ2

+ a2ϕ2 −
ε2π2j(j + 1)

6
W (r)+ (4.2.156)

+
π2j(j + 1)ε[(1− rw)(w − r)]1−

ε
22

3(rw)−1+ ε
22

[
1 + ε log 2+

+
ε

11

(
−118

11
+ 5H(r, w)− 2π2

(
j(j+1)− 1

3

)
+

1

2
log

4r

(r + 1)2

)]
+O(ε3) ,

where ∆ϕ2 = 2− 6
11
ε+ 415

2662
ε2 +O(ε3) [123]. It would be difficult to compute this result

using bootstrap methods, since the discontinuity would receive contributions from all

the double-twist operators [127].

4.3 The boundary in the O(N) model

In this section, we consider our last example of defect in the O(N) model, namely the

boundary at the Wilson-Fisher fixed point. We perform a similar analysis as in Sections

4.1 and 4.2. Specifically, we compute the two-point function

⟨ϕa(x1)ϕa(x2)⟩ =
F (z)

(4|xi1||xi2|)∆ϕ
, (4.3.1)

using the boundary dispersion relation (3.2.37). This correlator was computed up to

second order in the ε-expansion in [47], using a different approach.

We begin with the free scalar theory in d = 4 in the presence of a boundary. This

setup was initially examined using bootstrap techniques in [46] and it was determined

that the two solutions to the boundary crossing equation (2.5.36) are

F
(0)
N (z) =

(
z

1− z

)∆ϕ

+ z∆ϕ , F
(0)
D (z) =

(
z

1− z

)∆ϕ

− z∆ϕ , (4.3.2)
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with ∆ϕ given in (4.1.20). These solutions correspond respectively to Neumann and

Dirichlet boundary conditions. At this order, the bulk OPE contains a single primary

operator ϕ2, with OPE coefficient a
(0)

ϕ2 λ
(0)

ϕϕϕ2 = ±1 (the upper sign refers to Neumann

and the lower one to Dirichlet). Similarly, in the boundary channel expansion, only

one defect operator is exchanged. In the case of Neumann boundary conditions, it

corresponds to the operator ϕ evaluated at the boundary and has dimension ∆̂ = ∆ϕ,

while for Dirichlet it is ∂⊥ϕ with dimension ∆̂ = ∆ϕ + 1. The corresponding squared

bulk-to-boundary coefficients are respectively b
2(0)

ϕϕ̂
= 2 or b

2(0)

ϕϕ̂
= d

2
− 1.

If we turn on interactions and consider d = 4−ε with ε small, the theory can flow to

the Wilson-Fisher fixed point. In the bulk channel, we define as before aλO ≡ aOλϕϕO
and assume the perturbative expansion

∆ = ∆(0) + εγ(1) + ε2γ(2) +O(ε3) ,

aλ = aλ(0) + εaλ(1) + ε2aλ(2) +O(ε3) .
(4.3.3)

An analogous expansion applies in the defect channel as well

∆̂ = ∆̂(0) + εγ̂(1) + ε2γ̂(2) +O(ε3) ,

b2
ϕÔ = b2(0) + εb2(1) + ε2b2(2) +O(ε3) .

(4.3.4)

We want to obtain the discontinuities of the correlators following the same strategy

that worked in the case of the localized magnetic field or the spin impurity, namely

computing the discontinuity term by term in the OPE expansion. We recall that the

advantage of doing this is that, in perturbation theory, very few terms in the OPE

expansion are necessary to compute the discontinuity. Examining the boundary OPE

expansion (2.5.32), we observe that the discontinuity at z = 0 at a given order arises

from two sources: logarithms coming from anomalous dimensions of operators that

appeared in prior orders and poles coming from the prefactors, which are necessary to

suppress the contributions at infinity in the dispersion relation, see (3.2.40). We should

always keep in mind that the discontinuity must be interpreted in a distributional sense.

Therefore, if the function F (z) has a pole at z = 0, its discontinuity will be given by

Discz<0[z
−n] =

2πi(−1)n∂n−1(δ(z))

(n− 1)!
. (4.3.5)

A similar story holds for the discontinuity at z = 1, which is controlled by the bulk

channel (2.5.33).

Before presenting the derivation of the two-point function, we point out the re-

lationship between our approach and the work of [47]. In their study, the authors

also used discontinuity techniques to bootstrap results similar to those we are investi-

gating here 43. They computed one particular discontinuity of the crossing equation,

43A similar derivation was also independently obtained in [143] by relating the problem to AdS and

solving bulk equations of motion
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which allowed them to extract the boundary CFT data using only consistency of the

crossing equation. In contrast, our method involves using two distinct discontinuities

to reconstruct the correlator, which they derived resumming the OPE expansion. In

this sense the two approaches are complementary. Additionally, it’s important to note

that throughout our analysis, we always use the OPE expansions in their regions of

convergence, thereby avoiding certain subtleties discussed in [47].

4.3.1 Next-to-leading order correlator

From now on, we will concentrate on the Neumann case, but the computation is almost

identical for Dirichlet. In order to control the large z behaviour and avoid ambiguities

in the dispersion relation, we define the rescaled correlator 44

F̃ (z) =
1

z(1− z)
F (z) . (4.3.6)

As shown in [46], the only new operator that appears in the OPE at order ε is the bulk

operator ϕ4, with classical dimension ∆ϕ4 = 2d− 4.

The discontinuity of F̃ (z) at z = 0 is controlled by the boundary expansion (2.5.32).

Since only ϕ̂ 45 is exchanged in the boundary channel, the order ε term for F̃ reads

F̃ (1)(z) =
b
2(1)

ϕϕ̂
f̂1(z) + b

2(0)

ϕϕ̂
(γ̂

(1)

ϕ̂
− 1/2)∂∆̂f̂∆̂(z)|∆̂=1

z(1− z)
, (4.3.7)

where we used

∆̂ϕ̂ =
d

2
− 1 + εγ

(1)

ϕ̂
+O(ϵ2) = 1 + ε(γ̂

(1)

ϕ̂
− 1/2) +O(ε2) , (4.3.8)

and expanded the boundary OPE (2.5.32) up to order ε. Given that f̂1(z) = z(1+ 1
1−z

),

the discontinuity is determined only by the derivative ∂∆̂f̂∆̂(z)|∆̂=1 and specifically from

the logarithm that is generated by the action of the derivative on the term z∆̂ in (2.5.34).

Thus we have

Discz<0[F̃
(1)(z)] = 2πi b

2(0)

ϕϕ̂
(γ̂

(1)

ϕ̂
− 1/2)

(
1

1− z
+

1

(1− z)2

)
. (4.3.9)

A similar argument allows to derive the discontinuity at z = 1 using the bulk expansion

(2.5.33) with only two exchanged operators [79]

∆ϕ2 = 2 + ε(γ
(1)

ϕ2 − 1) +O(ε2) aλϕ2 = 1 + εaλ
(1)

ϕ2 +O(ε2) (4.3.10)

∆ϕ4 = 4 +O(ε) aλϕ4 = εaλ
(1)

ϕ4 +O(ε2) , (4.3.11)

44The large z behaviour of the bulk two-point function is fixed in terms of the external dimension ∆ϕ,

see (3.2.39). The choice of the prefactor is arbitrary, as long as it does not introduce new singularities.
45In principle, we could ignore the results of [46] and assume that there are infinitely many defect

operators at order ε, see for example [53]. However, since these operators would appear in the defect

block expansion with their classical dimensions, they would not contribute to the discontinuity at this

order. Therefore, one would obtain the same result for the correlator and see that they were not there

in the first place.
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Note that we can neglect the order ε contribution to ∆ϕ4 , since the OPE coefficient

aλϕ4 is already of order ε. For the bulk channel, we also need to take into account the

prefactor
(

z
1−z

)∆ϕ in equation (2.5.33) with ∆ϕ given in (4.1.20). All in all we get

F̃ (1) =
aλ

(1)

ϕ2 f2(z) + aλ
(1)

ϕ4 f4(z) + aλ
(0)

ϕ2 (γ
(1)

ϕ2 − 1)∂∆f∆(z)|∆=2 + log 1−z
z
(γ

(1)
ϕ − 1/2)f2(z)

(1− z)2
.

(4.3.12)

Here all terms contribute to the discontinuity: some contribute with a delta-function

and some with a logarithm, according to (4.3.5) and (4.1.42). The only contribution

requiring special attention is the one involving log(1− z), in the last term of (4.3.12),

which gives rise to Disc
[
log(1−z)

1−z

]
. It is possible to interpret this discontinuity in terms

of a distribution. For a given test function f(x), we have

ˆ 0

−∞
dxf(x)Discx<0

[
log x

x

]
= −2πi

ˆ 0

−∞
dx∂xf(x) log(−x) . (4.3.13)

Using this formula and (4.3.9) in the dispersion relation (3.2.37), we obtain

F (1)(z) = z

(
α +

1

2− 2z

)
log(1− z) + z(γ̂

(1)

ϕ̂
+ aλ

(1)

ϕ2 ) +
(2γ̂

(1)

ϕ̂
− 1)(z − 2)z log(z)

2(z − 1)
,

(4.3.14)

where we used with the bulk CFT data computed from the theory without defects

(4.1.33)

γ
(1)
ϕ = 0 , γ

(1)

ϕ2 = 2α , α ≡ 1

2

N + 2

N + 8
. (4.3.15)

The result seems to depend on unknown bulk and boundary data, however we can

fix the undetermined coefficients by comparing our result with the bulk (2.5.33) and

boundary (2.5.32) block expansions. We find

γ̂
(1)

ϕ̂
= −α , aλ

(1)

ϕ2 = α , (4.3.16)

and finally

F (1)(z) = z

(
α +

1

2− 2z

)
log(1− z)− (2α + 1)(z − 2)z log(z)

2(z − 1)
, (4.3.17)

which agrees with the result of [46]. From the correlator, we can deduce the squared

bulk-to-defect coupling b
2(1)

ϕϕ̂
, which turns out to be zero.

4.3.2 NNLO correlator

At second order one expects, from diagrammatic considerations [47], the appearance of

an infinite tower of double-twist operators Jn,0 in the bulk channel. The double-twist
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operators have spin ℓ = 0 and appear with their classical dimensions ∆ = 2∆ϕ + 2n.

Similarly, in the defect channel one expects operators Ôn with dimensions ∆̂n = n,

with n an odd integer for Neumann boundary conditions46. As we saw in previous

sections, even when the OPE contains infinite operators, the dispersion relation offers

a significant advantage: it requires only a finite subset of these operators to completely

reconstruct the correlator.

We can compute the discontinuity at z = 0 by looking at the perturbative expansion

in the boundary OPE. In this case it reads

F (2)(z) = b
2(2)

ϕϕ̂
f̂
∆̂

(0)

ϕ̂

(z) + (b
2(0)

ϕϕ̂
γ
(2)

ϕ̂
+ b

2(1)

ϕϕ̂
γ
(1)

ϕ̂
)∂f̂

∆̂
(0)

ϕ̂

(z)

+
1

2
b
2(0)

ϕϕ̂
(γ

(1)

ϕ̂
)2∂2f̂

∆̂
(0)

ϕ̂

(z) +
∞∑
n=0

b
2(2)

ϕÔn
f̂∆̂n

(z) ,
(4.3.18)

where we used the short-hand notation ∂f̂
∆̂

(0)

ϕ̂

(z) ≡ ∂∆̂f̂∆̂(z)|∆̂=∆̂
(0)

ϕ̂

. The factor 1/z

in the prefactor (4.3.6) is always canceled by the blocks or their derivatives, so that

this discontinuity is given only by the logarithmic terms arising from the derivatives of

the block. These terms can be computed from the OPE data at lower order plus the

anomalous dimension of ϕ̂ at order ε2. Note that the new operators do not contribute.

When we explicitly evaluate the perturbative expansion (4.3.18) and retain only

terms with logarithms, we find

F̃ (2)(z) ≈ −(2α + 1)2(z − 2) log2(z)

8(z − 1)2
−
γ̂
(2)

ϕ̂
(z − 2) log(z)

(z − 1)2

+
(2α + 1)(2α(z − 1)− 1) log(1− z) log(z)

4(z − 1)2
+ regular at (z = 0) .

(4.3.19)

The discontinuity therefore is

Discz<0[F̃
(2)(z)] = −πi(2α + 1)2(z − 2) log(−z)

2(z − 1)2
−

2πiγ̂
(2)

ϕ̂
(z − 2)

(z − 1)2

+
πi(2α + 1)(2α(z − 1)− 1) log(1− z)

2(z − 1)2
.

(4.3.20)

The discontinuity at z = 1 is more complicated, due to the prefactor introducing poles

that are proportional to contributions from both the identity and ϕ2. Nevertheless,

it remains the case that the new operators do not contribute. We can compute this

discontinuity using the following finite set of bulk OPE data

γ
(2)
ϕ = − 1

12
α(2α− 1) ,

γ
(2)

ϕ2 = −1

6
α(2α− 1)(20α + 3) .

(4.3.21)

46In the case of Dirichlet boundary conditions, n would be even.
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The computation is analogous to the previous case and yields the following singular

terms at z = 1

F̃ (2)(z) ≈ log(1− z)

[
α(2α− 1)(−20α + 4(5α− 1)z + 5)

12(z − 1)2
+

(2α(z − 2)− 1) log(z)

4(z − 1)2

]
+

(1− 4α2(z − 1)) log2(1− z)

8(z − 1)2
+
α (40α2 − 30α + (−40α2 + 28α + 8) z − 7) log(z)

12(z − 1)2

+
(4α− (4α + 1)z + 2) log2(z)

8(z − 1)2
+
π2α2 − 6aλ

(2)

ϕ2 − 6α2Li2(z)

6(z − 1)
+ regular at (z = 1) .

(4.3.22)

From this, we can extract the discontinuity at z = 1, which will get contributions from

the logarithms and the negative powers. By plugging the two discontinuities in the

dispersion relation (3.2.37) and using (4.3.13) we can compute the correlator

F (2)(z) = γ̂
(2)

ϕ̂
z +

1

12
α(2α− 1)z + aλ

(2)

ϕ2 z +
1

8
z

(
4α2 +

1

1− z

)
log2(1− z) +

+
(2α + 1)2(z − 2)z log2(z)

8(z − 1)
− α(2α− 1)z(20α(z − 1)− 4z + 5) log(1− z)

12(z − 1)

− (2α + 1)z(2α(z − 1)− 1) log(z) log(1− z)

4(z − 1)
+
γ̂
(2)

ϕ̂
(z − 2)z log(z)

z − 1
. (4.3.23)

Once again we can fix the remaining unknowns by demanding consistency with the bulk

and boundary OPE expansions. All in all, we obtain

γ
(2)

ϕ̂
=

5

12
α
(
8α2 − 6α + 1

)
,

aλ
(2)

ϕ2 = −1

3
α(α(10α− 7) + 1) ,

(4.3.24)

and finally

F (2)(z) =
1

8
z

(
4α2 +

1

1− z

)
log2(1− z) +

5α (8α2 − 6α + 1) (z − 2)z log(z)

12(z − 1)

+
(2α + 1)2(z − 2)z log2(z)

8(z − 1)
− α(2α− 1)z(−20α + 4(5α− 1)z + 5) log(1− z)

12(z − 1)

− (2α + 1)z(2α(z − 1)− 1) log(z) log(1− z)

4(z − 1)
,

(4.3.25)

which corresponds to the result in [47]. One can follow the same procedure for the

Dirichlet case and find again perfect agreement with the literature.

Before concluding this section, let us briefly comment on the next orders in the per-

turbative expansion. If we wanted to compute the correlator at order ε3, we would run
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into two problems. First, the operators Jn,0 and Ôn would start contributing with their

anomalous dimensions. This means that both discontinuities could receive infinite 47

contributions, making the computation harder. In particular, the discontinuity in the

boundary channel would depend on infinite unknown dimensions ∆̂
(1)
n . The second

problem is the mixing between operators, which means that we can only extract the

average of the OPE coefficients. If the degeneracy between operators were lifted at this

order, we would not be able to use the averaged coefficients from previous orders to

compute the discontinuities from the block expansions.

4.4 The supersymmetric Wilson line in N = 4 SYM

In this section, we examine another significant example of a conformal defect that has

been extensively studied in the literature: the supersymmetric Wilson line in N = 4

SYM. It is explicitly defined as [121]

W =
1

N
Tr P exp

[ˆ
C
dτ
(
iAµẋ

µ + |ẋ|θIϕI
)]

. (4.4.1)

Here, the contour is a straight line parameterized by τ , and θI is a constant unit vector

in SO(6), chosen such that θ6 = 1 and θi = 0 for i = 1, . . . , 5. With this choice of param-

eters, the Wilson line is 1/2 BPS, meaning that it preserves half of the supercharges of

N = 4 SYM. It is holographically dual to a string worldsheet in AdS5×S5, which ends

on the specified contour. At large N and strong t’Hooft coupling λ = g2YMN , insertions

of the fundamental fields Φi on the line correspond to fluctuations of the worldsheet

of the dual fundamental string and can be thought of as light fields propagating on

an AdS2 worldsheet [144]. Correlators of defect insertions generate a one-dimensional

CFT and have been studied using various techniques, including integrability [145–149],

supersymmetric localization [150–152], holography [144, 153–155], and the conformal

bootstrap [50, 156, 51, 157, 158, 55, 104]. In particular, the authors of [51] succeeded in

bootstrapping the four-point function of the super-displacement multiplet at fourth or-

der in a strong t’ Hooft coupling expansion, using an Ansatz involving polylogarithms

and rational functions. A key step in their derivation is the resolution of an operator

mixing problem. Building on that analysis, in this section we reproduce their result

using the dispersion relation (3.1.1), bypassing the need for an Ansatz. Given the

complexity of the computation of the four-point function on the Wilson line, we first

introduce a simpler toy model of a scalar theory in AdS2 to clarify the procedure.

Another interesting observable in this setup is the two-point function of single-trace

1/2 BPS bulk operators. In the holographic description, these operators are dual to

certain Kaluza-Klein modes arising from the compactification of type IIB string theory

47It could also be the case that some anomalous dimensions are suppressed, and only a finite number

of operators contribute to the discontinuity as in Sections 4.1 and 4.2.
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on S5. As pointed out in [104], these modes can be created at the boundary of AdS5,

propagate through the bulk, and be absorbed by the string worldsheet dual to the

Wilson line. This process corresponds to a non-trivial one-point function of a bulk

operator in presence of the Wilson line. Higher-point correlators have an analogous

interpretation. Perturbative results for the bulk two-point function at strong coupling

were derived in [104] using the Lorentzian inversion formula (2.5.21) to extract the

defect CFT data and then resumming the block expansion. In this section, we will

reproduce these results directly using the defect dispersion relation (3.2.1), thereby

skipping the technically challenging intermediate steps.

4.4.1 Toy model: scalar theory in AdS2

Before we study the theory on the Wilson line, we will present a detailed computation

of a four-point function in a simpler scalar theory defined on the boundary of AdS2.

We consider the theory of a massive scalar in AdS2, with the following Lagrangian

L = 1
2
(∂Φ)2 − m2

2
Φ2 − λ

4!
Φ4 . (4.4.2)

The four-point function of the corresponding boundary field ϕ̂ with integer 48 dimension

∆̂ϕ̂ is

⟨ϕ̂(τ1)ϕ̂(τ2)ϕ̂(τ3)ϕ̂(τ4)⟩ =
1

(τ12 τ34)
2∆̂ϕ̂

G(z) . (4.4.3)

At λ = 0, the four-point function corresponds to that of a generalized free field

(GFF) theory and can be computed diagrammatically using Wick contractions. The

result is given by 49

G(0)(z) = 1 + z2∆̂ϕ̂ +
z2∆̂ϕ̂

(1− z)2∆̂ϕ̂

. (4.4.4)

The only operators that appear in the conformal block expansion (2.4.6) are double-

trace operators ϕ̂∂2∆ϕ+2nϕ̂, with OPE data

∆̂(0) = 2∆̂ϕ̂ + 2n ,

â(0)n =
2Γ2(2∆̂ϕ̂ + 2n)Γ(4∆̂ϕ̂ + 2n− 1)

Γ2(2∆̂ϕ̂)Γ(4∆̂ϕ̂ + 4n− 1)Γ(2n+ 1)
.

(4.4.5)

We assume the following expansion for the CFT data up to second order (one loop in

AdS2)

∆̂ = 2∆̂ϕ̂ + 2n+ λγ̂(1)n + λ2γ̂(2)n +O(λ3) ,

â∆̂ = â(0)n + λ â(1)n + λ2 â(2)n +O(λ3) ,
(4.4.6)

48We assume we can adjust m2 in such a way that ∆̂ϕ̂ is integer, as was done in [98].
49In this section we denote with G(ℓ)(z) the ℓth-order correlator in the perturbative expansion. The

zeroth order term should not be confused with G(0)(z) in (2.4.3).
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and expand the four-point function G(z) around the GFF solution

G(z) = G(0)(z) + λG(1)(z) + λ2 G(2)(z) +O(λ3) . (4.4.7)

Inserting the CFT data (4.4.6) in the one-dimensional OPE expansion (2.4.6) we find,

in the t-channel,

G(0)(z) =
(

z
1−z

)2∆̂ϕ̂
∑
n

â
(0)
n G2∆̂ϕ̂+2n(1− z) , (4.4.8)

G(1)(z) =
(

z
1−z

)2∆̂ϕ̂
∑
n

[
â
(1)
n G2∆̂ϕ̂+2n(1− z) + â

(0)
n γ̂

(1)
n ∂nG2∆̂ϕ̂+2n(1− z)

]
, (4.4.9)

G(2)(z) =
(

z
1−z

)2∆̂ϕ̂
∑
n

[
â
(2)
n G2∆̂ϕ̂+2n(1− z) + (â

(0)
n γ̂

(2)
n + â

(1)
n γ̂

(1)
n )∂nG2∆̂ϕ̂+2n(1− z) ,

+
1

2
â(0)n (γ̂(1)n )2∂2nG2∆̂ϕ̂+2n(1− z)

]
. (4.4.10)

Similar expressions hold in the s-channel. Notice that the derivatives of the conformal

blocks 50 produce logarithmic terms

∂nG2∆̂ϕ̂+2n(1−z) = log(1−z)G2∆̂ϕ̂+2n(1−z)+(1−z)2∆̂ϕ̂+2n∂n

[
G2∆̂

ϕ̂
+2n(1−z)

(1−z)
2∆̂

ϕ̂
+2n

]
(4.4.11)

We aim to compute the first two orders 51 in the expansion (4.4.7) using the dispersion

relation (3.1.1). Since the theory lacks derivative interactions, we anticipate that the

bound in the Regge limit (2.4.22) will hold, allowing us to use the dispersion kernel

(3.1.23). The double discontinuity of the correlator, using the expansion (4.4.6) in

(2.4.14), is then given by

dDisc
[
G(z)

]
= λ2 π2

∑
n

1

2
â(0)n (γ̂(1)n )2

z2∆̂ϕ̂

(1− z)2∆̂ϕ̂

G2∆̂ϕ̂+2n(1− z) +O(λ3) . (4.4.12)

In other words, the double discontinuity up to second order is entirely determined by

zeroth- and first-order data, a pattern that persists at higher orders. This crucial fact

is the CFT equivalent of the so-called AdS unitarity 52. By comparing (4.4.12) with

(4.4.8) and using (4.4.11), it is evident that the double discontinuity is completely

determined by the terms in (4.4.8) which are proportional to logn(1 − z) with n > 1.

Therefore, an alternative method of determining the double discontinuity is to compute

the terms proportional to logn(1 − z) from the OPE and replace logn(1 − z) with its

double discontinuity (2.4.12). As seen from (4.4.12), the double discontinuity at first

50See (2.3.3) for the explicit expression of the one-dimensional conformal block.
51This correlator was originally computed up to one-loop in AdS2 in [98].
52For a comprehensive discussion of the relationship between unitarity cuts in Witten diagrams and

the computation of the double discontinuity, see [159].
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order (tree-level in AdS) vanishes. This implies that the tree-level correlator results

solely from the two infinitesimal contour integrals in (3.1.22).

G(1)(z) = lim
ρ→0

ˆ
C+

ρ

dw

2w2
Kbd

∆ϕ
(z, w)G(1)(w) + lim

ρ→0

ˆ
C−

ρ

dw

2w2
Kbd

∆ϕ
(z, w)G(1)(w) , (4.4.13)

which can be evaluated by expanding both the kernel (3.1.19) and G(1)(w) around w = 1.

In particular, the correlator can be expanded using the t-channel OPE (4.4.9). Setting

∆̂ϕ̂ = 1 for simplicity, we obtain

G(1)(z)=lim
ρ→0

´
C+

ρ
dw I(z, w) + lim

ρ→0

´
C−

ρ
dw I(z, w) , (4.4.14)

I=
[

z2

π2(1−w)3

( log(1−z)
z

+ log(z)
1−z

)
+O( 1

(1−w)2
)
]∑

n

[
â
(1)
n G2+2n(1−w)+â(0)n γ̂

(1)
n ∂nG2+2n(1−w)

]
Switching to radial coordinates 1−w ≡ ρeiθ and using that G2+2n(1−w) ∼ (1−w)2+2n,

the integrals become

G(1)(z) = lim
ρ→0

z2
( log(1−z)

z
+ log(z)

1−z

) ´ π
0
dθ 1

π2ρ2

[
â
(1)
0 G2(ρe

iθ) + â
(0)
0 γ̂

(1)
0 ∂nG2(ρe

iθ) +O(ρ3)
]

+ lim
ρ→0

z2
(
log(1−z)

z
+ log(z)

1−z

) ´ π
2π
dθ 1

π2ρ2

[
â
(1)
0 G2(ρe

iθ) + â
(0)
0 γ̂

(1)
0 ∂nG2(ρe

iθ) +O(ρ3)
]

= lim
ρ→0

γ̂
(1)
0 z2

( log(1−z)
z

+ log(z)
1−z

) (´ π
0
dθ log(ρeiθ) +

´ π
2π
dθ log(ρeiθ)

)
= 2γ̂

(1)
0 z2

( log(1−z)
z

+ log(z)
1−z

)
. (4.4.15)

In the third line, the logarithm arises from the derivative of the conformal block with

respect to the conformal dimension, and we used the value of â
(0)
0 from (4.4.5). All

terms with n > 0 in the OPE expansion of the correlator are suppressed as ρ → 0,

so the only contributing term is the one proportional to γ̂
(1)
n=0. This is a constant that

can be absorbed into the renormalization of the coupling at each order in perturbation

theory. To align with the results in the bootstrap literature, we follow [98, 102] and

define our coupling by setting

γ̂
(1)
0 = 1 , γ̂

(ℓ)
0 = 0 for ℓ > 1 . (4.4.16)

Using this convention we find

G(1)(z) = 2 z2
[ log(1− z)

z
+

log(z)

1− z

]
, (4.4.17)

from which one extracts the tree-level OPE data

γ̂(1)n =
1

(2n+ 1)(n+ 1)
, â(1)n =

1

2
∂n
[
a(0)n γ̂(1)n

]
. (4.4.18)

At second order, the double discontinuity (4.4.12) can be computed from the order

zero (4.4.5) and order one (4.4.18) data, and reads simply

dDisc
[
G(2)(z)

]
=

π2 z2

(1− z)2
log2 z . (4.4.19)
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To obtain this result, the sum in (4.4.12) was computed using a standard integral

representation for the hypergeometric function that defines the conformal block (2.3.3),

allowing for the exchange of summation and integration. By inserting (4.4.19) into the

dispersion relation (3.1.22), we obtain

G(2)(z)
?
=

ˆ 1

0

dw

w2
Kbd

∆ϕ=1(z, w)
π2w2

(1− w)2
log2w+

+ lim
ρ→0

ˆ
C+

ρ

dw

2w2
Kbd

∆ϕ=1(z, w)G(2)(w) + lim
ρ→0

ˆ
C−

ρ

dw

2w2
Kbd

∆ϕ=1(z, w)G(2)(w) .

(4.4.20)

However, the first integral does not converge due to a pole at w = 1. As discussed

around (3.1.23) and (2.4.26), we can fix this by defining a regularized correlator with

the following subtraction:

Greg(z) = G(2)(z)− 1
2

(
z2 log2( z

1−z
) + log2(1− z) + z2

(1−z)2
log2(z)

)
. (4.4.21)

Remember that we are free to subtract any function, provided the resulting regularized

correlator remains Regge-bounded and crossing symmetric. With the specific subtrac-

tion above, the double discontinuity becomes

dDisc
[
Greg(z)

]
= π2

(
z2

(1−z)2
log2 z − 1+z2

2

)
, (4.4.22)

and the dispersion relation (3.1.22) is now a sum of convergent integrals

Greg(z) =

ˆ 1

0

dw

w2
Kbd

∆ϕ=1(z, w) π
2
(

w2

(1−w)2
log2w − 1+w2

2

)
+

+ lim
ρ→0

ˆ
C+

ρ

dw

2w2
Kbd

∆ϕ=1(z, w)Greg(w) + lim
ρ→0

ˆ
C−

ρ

dw

2w2
Kbd

∆ϕ=1(z, w)Greg(w) .

(4.4.23)

For the two semi-circle integrals above, one follows the same strategy as at tree-level,

finding

ˆ
C+

dw

2w2
Kbd

∆ϕ=1(z, w)Greg(w) +

ˆ
C−

dw

2w2
Kbd

∆ϕ=1(z, w)Greg(w) = 2z2
( log(1−z)

z
+ log(z)

1−z

)
(4.4.24)

Notice that the result is proportional to the tree-level term (4.4.17). Computing the

integrals in (4.4.23) and using (4.4.21), the correlator at second order (one loop in AdS)
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finally reads

G(2)(z) = 1
(1−z)2

[
4(z − 2)z3Li4(1− z) + 4(z2 − 1)(1− z)2Li4(z)

−2(1− z)2Li3(1− z)
(
(z2 − 1) log(1− z) + (z2 + 2 ) log(z)

)
−2z2Li3(z)

(
(z2 − 2z + 3) log(1− z) + (z − 2)z log z

)
+ 4(2z − 1)Li4(

z
z−1

)

− 1
90
π4z2(z2 − 2z − 6) + (1

3
π2(2z − 1)− (z − 1)2(z2 + 1) log2(z)) log2(1− z) +

+(1− z)2(1
3
π2(z2 + 2) log z + z) log(1− z)− (z − 1)z2 log(z)

+ζ3(2 log(z)− 2(2z3 − 3z2 + 4z − 1) log( z
1−z

)) + 1
6
(2z − 1) log4(1− z)

−1
3
(4z − 2) log(z) log3(1− z)]

]
, (4.4.25)

reproducing the result in [98]. A comment is in order: as is often the case in perturbation

theory, the spectrum of operators exchanged in the OPE of ϕ̂ × ϕ̂ is degenerate. This

means there are multiple distinct operators with the same dimension at a given order

in perturbation theory. Consequently, all the CFT data should be interpreted as an

average over the degenerate operators, as discussed in detail in [51,157]. At first order,

we can only extract ⟨γ̂(1)n ⟩ instead of γ̂
(1)
n . If the degeneracy were lifted at first order,

we would then not be able to compute the double discontinuity

dDisc
[
G(2)(z)

]
= π2

∑
n

1

2
⟨â(0)n (γ̂(1)n )2⟩ z2∆̂ϕ̂

(1− z)2∆̂ϕ̂

G2∆̂ϕ̂+2n(1− z) , (4.4.26)

because

⟨â(0)n (γ̂(1)n )2⟩ ≠ ⟨â(0)n ⟩⟨γ̂(1)n ⟩2 . (4.4.27)

To compute ⟨â(0)n (γ̂
(1)
n )2⟩ in (4.4.26), we would need to first solve the degeneracy by

properly diagonalizing the dilatation operator. This issue is commonly known as op-

erator mixing 53. In this section, we have disregarded this subtlety because, in the

specific scenario considered here, the degeneracy among operators remains intact and

the mixing problem can be safely ignored, at least up to one-loop order [98]. However,

for computations involving higher loops, a careful analysis of the operator spectrum

would be necessary.

4.4.2 Defect four-point function on the Wilson line in N = 4 SYM

In this section, we now turn our attention to correlators involving fundamental scalars

Φi, where i = 1, ..., 5, inserted on the supersymmetric Wilson line given by (4.4.1). The

corresponding defect operators Φ̂i belong to the super-displacement 54 multiplet [156]

53This issue also affects the computation of the two-point function of bulk operators, as we men-

tioned in Sections 4.1 and 4.3.
54The displacement operator was defined in (4.2.74). We refer to [156] for details on the general-

ization to superconformal field theory.
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and have protected dimension ∆̂Φ̂ = 1. Their four-point function reads

⟨Φ̂i(τ1)Φ̂
j(τ2)Φ̂

k(τ3)Φ̂
l(τ4)⟩W =

⟨Φi(τ1)Φ
j(τ2)Φ

k(τ3)Φ
l(τ4)W⟩

⟨W⟩
=

Gijkl(z)

(τ12 τ34)2
, (4.4.28)

We restrict our attention to the case of identical operators, e.g. i = j = k = l = 1. Using

superconformal Ward identities [156], one obtains for G1111(z) ≡ G(z) the structure

G(z) = F(λ) z2 + (2z−1 − 1)f(z)−
(
z2 − z + 1

)
f ′(z) , (4.4.29)

where F(λ) is a constant that depends on the t’Hooft coupling λ = g2YMN , and f(z) is

a crossing-antisymmetric function

f(z) = − z2

(1− z)2
f(1− z) (4.4.30)

that can be expanded in superconformal blocks

f(z) = FI(z) + âB2 FB2(z) +
∑
∆̂

â∆̂ F∆̂(z) . (4.4.31)

This is an analogue of the conformal block expansion (2.4.6), where the blocks are

replaced with superblocks in presence of supersymmetry. Above, ∆̂ are the dimensions

of operators belonging to a long 55 supermultiplet, âB2 is the squared OPE coefficient

of a short operator and the superconformal blocks are

FI(z) = z ,

FB2(z) = z − z 2F1(1, 2, 4; z) ,

F∆̂(z) =
z∆̂+1

1− ∆̂
2F1(∆̂ + 1, ∆̂ + 2, 2∆̂ + 4; z) .

(4.4.32)

The constant F(λ) in (4.4.29) can be computed using supersymmetric localization [150,

156], and at strong coupling reads

F(λ) = 1 + âB2 = 3− 3

λ
1
2

+
45

8λ
3
2

+
45

4λ2
+O

(
1

λ
5
2

)
. (4.4.33)

Building on previous work [144,156], the large λ expansion of the correlator

G(z) = G(0)(z) +
1

λ
1
2

G(1)(z) +
1

λ
G(2)(z) +

1

λ
3
2

G(3)(z) +
1

λ2
G(4)(z) +O

(
1

λ
5
2

)
(4.4.34)

has been recently computed [51, 157] up to fourth order (three loops in AdS2) using

analytic bootstrap techniques. This impressive result was obtained using an Ansatz

in terms of a linear combination of Harmonic PolyLogarithms (HPL) multiplied by

rational functions, and fixing the unknowns using:

55Short supermultiplets are annihilated by some of the supercharges of the superconformal algebra,

while long multiplets are not subject to any such constraint.
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• Bose symmetry of the correlator, and in particular crossing symmetry.

• The terms proportional to logn(1 − z) (or logn(z)) with n > 1 in the OPE ex-

pansion, which are fixed at each order by lower order data, see (B.8). In order to

compute them one has to take care of operator mixing, especially beyond one-loop.

• The assumption 56

γ̂(ℓ)n ∼ nℓ+1 , (4.4.35)

on the behaviour of the anomalous dimensions at each perturbative order ℓ.

This corresponds to a divergence ∼ tℓ of the correlator in the Regge limit [102],

see (2.4.24).

• Compatibility with the OPE (4.4.31), which combined with the localization result

(4.4.33) implies

f(z) ∼ −F(λ)
2

z2 for z ∼ 0 , (4.4.36)

There is a similar condition at z = 1, thanks to crossing. This point is essentially

equivalent to giving a definition of the coupling.

The aim of this section is to reproduce this result from first principles using our dis-

persion relation, rather than an Ansatz. This means that we will not need to input

crossing symmetry or Bose symmetry, or assume the type of functions that appear in

the correlator. However, we will see that the results obtained from the dispersion re-

lation depend on undetermined constants, just like in section 4.4.1. We will then need

some theory-specific assumptions to fix them, such as the behaviour in the Regge limit

and the definition of the coupling.

Our strategy will be the following:

• Compute the terms proportional to logn(1− z) in the OPE expansion (B.8) with

n > 1 from lower order data and find dDisc
[
G(z)

]
, just like we did at one-loop in

(4.4.12). Regarding the problem of operator mixing, which may prevent us from

computing the logarithmic terms from lower order CFT data, we will rely on the

analysis of [157].

• At each perturbative order ℓ, assume a Regge-behaviour compatible with γ̂
(ℓ)
n ∼

nℓ+1 and derive the corresponding unbounded kernel (3.1.25), using the strategy

outlined around (2.4.31).

• Solve the integrals in (3.1.22) with the appropriate kernel and regularized corre-

lator. We choose the convenient subtraction

Greg(w) = G(w)−
∑
m,n

Sm,n

(
logn(1− z)

zm
+

z2 logn(z)

(1− z)m+2

)
, (4.4.37)

56For the OPE data of the long operators, we define a perturbative expansion as in (4.4.6).
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where the coefficients Sm,n are fixed demanding that the integrals (3.1.22) do not

have singularities at w = 1. The number of such coefficients depends on the

specific case. Notice that the double discontinuity of the extra term in Greg(z)

can be easily computed using the definition (2.4.12), once all the Sm,n are fixed.

We stress that (4.4.37) is not the only possible subtraction.

• Finally, we fix any undetermined constant using the localization result (4.4.36),

or equivalently 57 ˆ 1

0

dz z−2 G(z) = 0 , (4.4.39)

and, if needed, the following identities for integrated correlators [148,160]
ˆ 1

0

dz
[(

G(z)− 2(z − 1)z + 1

(z − 1)2

)(1 + log z

z2

)]
=

3C(λ)− B(λ)
8 B2(λ)

,

ˆ 1

0

dz
[ f(z)

z
− 2 +

1

z − 1

]
=

C(λ)
4 B2(λ)

+ F(λ)− 3 ,

(4.4.40)

where B(λ) is the Brehemstraalung function [161, 162] and C(λ) is the curvature

function [163]. Their explicit expressions at large N read

B(λ) =

√
λ

4π2

I2(
√
λ)

I1(
√
λ)

(4.4.41)

C(λ) =
(2π2 − 3)

√
λ

24π4
+

−24ζ3 + 5− 4π2

32π4
+

11 + 2π2

64π4
√
λ

+
96ζ3 + 75 + 8π2

1024π5λ

+
3 (408ζ3 − 240ζ5 + 213 + 14π2)

16384π6λ
3
2

+
3 (315ζ3 − 240ζ5 + 149 + 6π2)

16384π7λ2

+O

(
1

λ
5
2

)
(4.4.42)

In what follows we will sketch the computation up to three loops. Just like in Section

4.4.1, we start by computing the order zero term using Wick contractions [144]

G(0)(z) =
2z2 − 2z + 1

(z − 1)2
. (4.4.43)

Comparing the above result with (4.4.29) and (4.4.31), one obtains the CFT data for

long double-trace operators,

∆̂(0) = 2 + 2n , ⟨â(0)n ⟩ = Γ(5 + 2n)Γ(3 + 2n)(1 + 2n)

Γ(6 + 4n)
. (4.4.44)

57This last equality can be proved by noticing that (4.4.29) implies

z−2 G(z) = ∂z

(
F(λ) z −

(
1− 1

z + 1
z2

)
f(z)

)
. (4.4.38)

Integrating between z = 0 and z = 1 and using (4.4.36) and its equivalent condition at z = 1 one

obtains (4.4.39).
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Above, we use the average symbol because in this setup operator mixing turns out to

be important at higher orders. Moving on to the tree-level result (first order in the

expansion (4.4.34)), we see that the assumption γ̂
(1)
n ∼ n2 implies that the correlator

will diverge linearly in the Regge limit. This means we need to use the unbounded

kernel (3.1.25), which in this case becomes 58

K̄(z, w) ≡ K∆ϕ=1(z, w)−
2∑

n=0

(A0,n Ĥ
B
0,2(w)+A1,n Ĥ

B
1,2(w))Cn

[
2
π2

(
z2 log(z)

1−z
+z log(1−z)

)]
−(Ã0,n Ĥ

B
0,2(w) + Ã1,n Ĥ

B
1,2(w))G2+2n(z)

=
−2w2(2w4−9w3+16w2−14w+7)(z2−z+1)

2

7π2(w−1)3(z−1)2
− w(2w4−5w3+5w−2)z2(z2−z+1)

2
log(1−w)

π2(w(z−1)+1)(w−z)(w(z−1)−z)(w+z−1)((w−1)wz2+z−1)

+
[
− w2(w2−w+1)(2w2−7w+7)z4

(w−1)3
− w2(w2−w+1)(2w2−7w+7)(z−1)z3

(w−1)3
+ 7w2(2−z)z2

(w−z)(w(−z)+w+z)

+
w2(w2−w+1)(2w2−7w+7)(z−2)

(w−1)3
+

2(w2−w+1)(2w4−7w3+14w−7)z2
(w−1)3

+ 7(w−1)z2

w(z−1)+1
+ 7z2

wz−1

]
log(1−z)
7π2z

+
w4(w2−w+1)z6(2w4(2z3−9z2+14z−7)+w3(4z4−40z3+131z2−182z+91)) log(z)

7π2(w−1)3(z−1)3(w(z−1)+1)(w+z−1)((w−1)wz2+z−1)

+
w4(w2−w+1)z6(w2(−18z4+131z3−365z2+468z−234)+2w(14z4−91z3+234z2−286z+143)) log(z)

7π2(w−1)3(z−1)3(w(z−1)+1)(w+z−1)((w−1)wz2+z−1)

+
w4(w2−w+1)z6(−14z4+91z3−234z2+286z−143) log(z)
7π2(w−1)3(z−1)3(w(z−1)+1)(w+z−1)((w−1)wz2+z−1)

, (4.4.45)

where the coefficients were fixed demanding that K̄(z, w) ∼ w3, see (2.4.24). The

discontinuity at this order is zero, just like in the scalar case. However, since K̄(z, w) ∼
(1−w)−3 and G(w) ∼ (1−w)0 from (4.4.31) and (4.4.29), the two contour integrals in

(3.1.22) diverge because of the singularity at w = 1. We introduce the regularization

(4.4.37) and fix the coefficients by imposing

w−2K̄(z, w)Greg(w) ∼ (1− w)0 for w → 1 . (4.4.46)

Since the expansion of G(w) around w = 1 can be read from the t-channel OPE (B.8),

the condition above fixes the coefficients of the subtraction (4.4.37) in terms of known

and unknown OPE data. In particular, since the block expansion goes schematically

like (1 − z)2n, see (B.8), this means that at tree level with K̄(z, w) ∼ (1 − w)−3 the

subtraction will depend on ⟨â(1)0 ⟩, ⟨â(0)0 γ̂
(1)
0 ⟩, ⟨â(1)1 ⟩, ⟨â(0)1 γ̂

(1)
1 ⟩. From (4.4.46), the contour

integrals in (3.1.22) vanish

lim
ρ→0

ˆ
C+

ρ

dw

2w2
K̄(z, w)Greg(w) + lim

ρ→0

ˆ
C−

ρ

dw

2w2
K̄(z, w)Greg(w) = 0 . (4.4.47)

The only integral we need to compute is the one involving the double discontinuity of

the regularized correlator. The latter can be computed from the explicit form of the

58We choose to subtract ĤB
1,2(w), but we could have used ĤB

0,1(w) instead. The difference boils

down to having a log(1−w)
1−w singularity at w = 1, rather than a second-order pole. We choose the latter

for simplicity.
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subtraction (4.4.37) and the definition of double discontinuity (2.4.12), and it will de-

pend on the unknown coefficients ⟨â(1)0 ⟩, ⟨â(0)0 γ̂
(1)
0 ⟩, ⟨â(1)1 ⟩, ⟨â(0)1 γ̂

(1)
1 ⟩. Solving the integral

of the double discontinuity in (3.1.22) with the kernel K̄(z, w) defined in (4.4.45) and

removing the subtraction, we obtain

G(1)(z) = −
(
5⟨γ̂(1)

1 ⟩(z(2z−7)+7)z4+7⟨γ̂(1)
0 ⟩(z(z(5z(2z−7)+49)−28)+14)z2

)
log(z)

245(z−1)3
+ (4.4.48)

+
2(7⟨γ̂(1)

0 ⟩+⟨γ̂(1)
1 ⟩)((z−1)z+1)2

49(z−1)2
+

(
5⟨γ̂(1)

1 ⟩(z(2z+3)+2)(z−1)2+7⟨γ̂(1)
0 ⟩(z(z(5z(2z−1)+4)−5)+10)

)
log(1−z)

245z

Notice that two of the unknown constants (the OPE coefficients) are automatically can-

celed once we remove the subtraction. Using the theory-dependent constraints (4.4.39)

and one of (4.4.40), we fix the remaining constants and find

G(1)(z) = −2(z2−z+1)
2

(z−1)2
+

(−2z4+z3+z−2) log(1−z)

z
+

(2z4−7z3+9z2−4z+2)z2 log(z)
(z−1)3

, (4.4.49)

which is precisely the result obtained in [144]. The only non trivial step of the derivation

is the computation of the integral in (3.1.22). While expressions like (4.4.45) look

complicated, an efficient way to do the integrals is the repeated use of

´ 1
0
dw wa(1−w)b

w−x
= πe−iπa

(
−xa csc(πa)(1−x)b+ (cot(πa)+i)Γ(b+1) 2F̃1(1,−a−b;1−a;x)

Γ(a+b+1)

)
, (4.4.50)

and its derivatives with respect to parameters a and b, to compute the integrals involving

logarithms and rational functions. From (4.4.49), one can solve (4.4.29) for f(z) and

then extract the CFT data [156]

⟨γ̂(1)n ⟩ = (2 + 2n)(5 + 2n)

2
, ⟨â(1)n ⟩ = 1

2
∂n⟨â(0)n γ̂(1)n ⟩ . (4.4.51)

Moving on to one-loop, one should worry about mixing 59. However, the authors of [51]

found that since at first order the anomalous dimension of any operator is proportional

to the eigenvalue of the superconformal Casimir 60 C̃F∆̂(z) = ∆̂(∆̂ + 3)F∆̂(z), the

degeneracy is actually not lifted. Therefore we can compute the higher logarithmic

terms and the double discontinuity at one-loop from tree level data, just like we did in

(4.4.12). The double discontinuity in this case reads

dDisc
[
G(2)(z)

]
=
π2 (9z6 − 8z5 + 4z4 + 4z2 − 8z + 9)

2z2
. (4.4.52)

Assuming γ̂
(2)
n ∼ n3, we see that the correlator diverges as t2 in the Regge limit. We

can still use the same kernel as for the tree level (4.4.45), since it goes like O(w4)

for small w. We fix the coefficients in the subtraction (4.4.37) by demanding that the

integral of the double discontinuity in (3.1.22) converges and that w−2 K̄(z, w)Greg(w) ∼
59See the discussion around (4.4.27).
60We refer to [51] for the explicit expression of the superconformal Casimir operator.
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(1−w)0, killing the contour integrals. Performing the remaining integral and removing

the subtraction, we find

G(2)(z) = z2(9z6−46z5+99z4−116z3+83z2−30z+10) log2(z)
2(z−1)4

+
(z((z(9z−8)+4)z3+4z−8)+9) log2(1−z)

2z2

+ (118z6+125z5+4388z4−10102z3+4388z2+125z+118) log(1−z)
840(z−1)2z

+
(−118z6+833z5−6783z4) log(z)

840(z−1)3

− (3(z−1)z+1)(6z6−18z5+19z4−8z3+z−2) log(z) log(1−z)

2(z−1)3z
+

(11060z3−3430z2−2520z+840) log(z)
840(z−1)3

+ ⟨γ̂(2)0 ⟩
[
− (z(z(5z(2z−7)+49)−28)+14)z2 log(z)

35(z−1)3
+ 2((z−1)z+1)2

7(z−1)2
+ (z(z(5z(2z−1)+4)−5)+10) log(1−z)

35z

]
+ ⟨γ̂(2)1 ⟩

[
− (z(2z−7)+7)z4 log(z)

49(z−1)3
+ 2((z−1)z+1)2

49(z−1)2
+ (z−1)2(z(2z+3)+2) log(1−z)

49z

]
− 1831((z−1)z+1)2

420(z−1)2
.

(4.4.53)

Using (4.4.39) and one of the integrated correlators in (4.4.40), we obtain [156]

G(2)(z) =
(9z6−8z5+4z4+4z2−8z+9) log2(1−z)

2z2
+ (26z6−63z5+66z4−62z3+66z2−63z+26) log(1−z)

4(z−1)2z

+
z2(9z6−46z5+99z4−116z3+83z2−30z+10) log2(z)

2(z−1)4
+

(−26z6+93z5−141z4+92z3−36z2−12z+4) log(z)
4(z−1)3

+
(−18z8+72z7−117z6+99z5−43z4+5z3+9z2−7z+2) log(z) log(1−z)

2(z−1)3z
+

2(z2−z+1)
2

(z−1)2
. (4.4.54)

From which one can extract the same CFT data that was found in [157]

⟨γ̂(2)⟩n = γ̂
(1)
n

1
2
∂nγ̂

(1)
n + j2n

8

(
− 11− 6

j2n+2
+ 4H3+2n

)
,

⟨â(2)⟩n =
1

2
∂n⟨â(0) γ̂(2) + â(1) γ̂(1)⟩n −

1

4
∂2n⟨â(0) (γ̂(1))2⟩n (4.4.55)

+⟨â(0)⟩n
( j2n(j2n−2)

2
(S−2(2 + 2n) + 1

2
ζ(2))− 1068+5000n+8772n2+7616n3+3424n4+736n5+64n6

4(j2n+2)

)
,

where j2n = (2 + 2n)(5 + 2n) is the Casimir eigenvalue for the long operators and

H(m)
n =

n∑
k=1

1

km
, Hn ≡ H(1)

n , (4.4.56)

S−2(n) =
n∑

k=1

(−1)k

k2
=

(−1)n

4

(
H

(2)
n/2 −H

(2)
(n−1)/2

)
− 1

2
ζ2 . (4.4.57)

The procedure can be carried on at the next two orders, we will however skip the

details of the computations and highlight the differences with respect to the previous

orders. First of all, in order to compute the double discontinuity at three loops one

needs ⟨â(0) (γ̂(2))2⟩n.
It turns out that at this order the degeneracy is lifted, therefore

⟨â(0) (γ̂(2))2⟩n ̸= ⟨â(0)⟩n ⟨γ̂(2)⟩2n , (4.4.58)
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and one has to solve the operator mixing problem in order to compute the double

discontinuity. This was done in [51] and we report their result

⟨â(0) (γ̂(2))2⟩n
⟨â(0)⟩n

= ⟨γ̂(2)⟩2n +
1

2
j2n(j

2
n − 2)S−2(3 + 2n) +

1

8
j2n(3j

2
n − 4)H2

3+2n (4.4.59)

+
(
− j4n +

3
4

(
5 + 2

j2n+2

))
H3+2n +

1
32

(
− 156 + 50j2n + 29j4n +

24
j2n+2

)
.

Using this result, together with the other OPE data from previous orders, we can

compute all the higher logarithmic terms in the OPE (B.8) up to three loops and the

corresponding contributions to the double discontinuity. A second new aspect of the

calculation at this order is that, since the behaviour in the Regge limit gets worse,

see (4.4.35), one is forced to subtract an extra term from the dispersion kernel

¯̄K(z, w) ≡ K∆ϕ=1(z, w)−
∑3

m=0

∑
nAm,n Ĥ

B
m,2(w) Cn

[
2
π2

(
z2 log(z)

1−z
+ z log(1− z)

)]
−
∑3

m=0

∑
n Ãm,n Ĥ

B
m,2(w)G2+2n(z) , (4.4.60)

where the coefficients are fixed demanding that ¯̄K(z, w) ∼ w6 for small w, according

to (2.4.24). We do not report here the (huge) explicit expression. Now ¯̄K(z, w) ∼
(1−w)−5 for w ∼ 1, and demanding that the integrals in the dispersion relation (3.1.22)

converge introduces a dependence on extra OPE data. This means that, to fix the

unknown constants, one has to impose an additional constraint, and one can use (4.4.39)

and both integrated correlators (4.4.40). For the third and fourth-order four-point

function (4.4.28), the results obtained using the dispersion relation (3.1.22) reproduce

the ones in [157]. The explicit expressions of the correlators are presented in (B.9) and

(B.10).

4.4.3 Bulk correlator in presence of the Wilson line in N = 4 SYM

In this section we are interested in the two-point function of 1/2 BPS bulk operators

of protected dimension ∆ = P , where P is their R-charge. For the case P = 2

OIJ
20′(x) = Tr

[
ΦI(x)ΦJ(x)− 1

6
δIJΦK(x)ΦK(x)

]
. (4.4.61)

This operator is the superprimary of theN = 4 stress tensor multiplet and it transforms

in the 20′ representation of the SO(6) R-symmetry group 61. To manage the dependence

on R-symmetry indices, it is often convenient to introduce the complex null vector Y I ,

satisfying Y IYI = 0, and define

O2(x, y) ∝ Tr (Y · Φ(x))2 . (4.4.62)

61The 1/2 BPS operators in N = 4 SYM are commonly identified by the Dynkin labels [0, P, 0],

with the operator (4.4.61) corresponding to the [0, 2, 0] case.
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By acting with a suitable differential operator it is always possible to transform func-

tions of Y into SO(6) tensor structures. This expression readily generalizes for higher-

dimensional BPS operators

OP (x, y) ∝ Tr (Y · Φ(x))P . (4.4.63)

We normalize the operators (4.4.63) as

⟨OP (Y1, x1)OP (Y2, x2)⟩ =
(
Y1 · Y2
x212

)P

. (4.4.64)

In the presence of the Wilson line these operators have a non-vanishing one-point func-

tion, which is fixed by superconformal invariance up to a coefficient aP

⟨OP (Y, x)⟩W ≡ ⟨OP (Y, x)W⟩
⟨W⟩

= aP

(
Y · θ
|xi|

)P

, (4.4.65)

where xi are the coordinates on the plane orthogonal to the defect. We are interested

in the two-point function in the presence of the Wilson line

⟨OP (Y1, x1)OP (Y2, x2)⟩W =
⟨OP (Y1, x1)OP (Y2, x2)W⟩

⟨W⟩
, (4.4.66)

which can be written as [164,55]

⟨OP (Y1, x1)OP (Y2, x2)⟩W =

(
Y1 · θ Y2 · θ
|x1⊥||x2⊥|

)P

FP (z, z̄, σ) , (4.4.67)

where z and z̄ are the same kinematical cross-ratios as in (2.2.9) and σ is the R-

symmetry cross-ratio

σ =
Y1 · Y2

Y1 · θ Y2 · θ
. (4.4.68)

The function FP (z, z̄, σ) is a polynomial in σ of order P , namely

FP (z, z̄, σ) =
P∑

n=0

σP−nFP,n(z, z̄) . (4.4.69)

The dispersion relation (3.2.1) applies individually to the functions FP,n(z, z̄), provided

we understand their behavior as w → 0. Before we move to the computation of these

functions at strong t’Hooft coupling, we examine their superconformal OPE expansions.

Selection rules and superconformal block expansion

The function FP (z, z̄, σ) can be expanded in the bulk and in the defect channel. The

block expansions discussed in Section 2.5.1 are improved to superblock expansions in

the presence of supersymmetry. Here we summarize the results for the selection rules
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and the superblocks derived in [164, 55] and we refer the reader to these works for a

thorough discussion.

The operators OP are superprimaries of the 1/2 BPS multiplet B[0,P,0] (here we used

the notation of [165] for the N = 4 supermultiplets). In the bulk channel, we are

interested in taking the fusion B[0,P,0] × B[0,P,0] and select the supermultiplets with a

non-vanishing defect one-point function. Combining the results of [166] and [50,55], we

have

B[0,P,0] ⊗ B[0,P,0] → 1 ⊕
P∑

k=1

B[0,2k,0] ⊕
P−1∑
k=1

∑
ℓ

C[0,2k,0],ℓ ⊕
P−2∑
k=0

∑
∆,ℓ

A∆
[0,2k,0],ℓ , (4.4.70)

where C[0,2k,0],ℓ are semishort multiplets with protected scaling dimension ∆ = 2+2k+ℓ,

while A∆
[0,2k,0],ℓ are long multiplets with arbitrary scaling dimension ∆ > 2+2k+ℓ. Each

exchanged supermultiplet corresponds to a superblock F∆,ℓ(z, z̄, σ), which encodes the

contributions of all the superdescendants in the associated supermultiplet and for this

reason it can be expressed as a linear combination of ordinary bulk blocks. Then the

correlator can be expanded as

FP (z, z̄, σ) =

( √
zz̄ σ

(1− z)(1− z̄)

)P ∑
O

λPPOaOF∆,ℓ(z, z̄, σ) , (4.4.71)

where the sum is taken over the superprimary operators O for each of the supermulti-

plets that are allowed to appear in the OPE (4.4.70). The coefficients are given by a

product of a bulk three-point function λO and a one-point function aO. For single-trace

short exchanged multiplets, the OPE coefficients are known exactly from supersymmet-

ric localization. Their large-N expression reads

λP1P2P3 =

√
P1P2P3

N
,

aP =

√
λP

2
P
2
+1N

IP (
√
λ)

I1(
√
λ)

.

(4.4.72)

Each superconformal block F∆,ℓ(z, z̄, σ) can be expressed as a linear combination of

ordinary bulk conformal blocks f∆,ℓ(z, z̄) (2.5.18). We refer to Appendix B.3 for the

explicit expressions.

In the defect channel, each supermultiplet B[0,P,0] is expanded in defect superblocks.

Here we will not need the details of this expansion, which can be found in [164, 55].

Our next goal is to understand the implications of the dispersion relation (3.2.1) for

this setup.

Strong coupling computation

At large N and strong coupling λ, where the supersymmetric Wilson loop is described

as the string worlsheet of minimal area ending on the contour of the loop, the correlator
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of bulk operators can be computed perturbatively by Witten diagrams with some prop-

agators ending on the worldsheet. The leading contribution to the correlator ⟨OPOP ⟩W
is just (4.4.64), i.e. the two-point function without the defect. At order 1/N2 we have

many contributions and we focus on the first two: the disconnected one, which is sim-

ply given by the product of two one-point functions at leading order, and the leading

connected contribution, which is suppressed by 1/
√
λ. Explicitly

⟨OPOP ⟩W = ⟨OPOP ⟩+
λ

N2

(
⟨OP ⟩(0)W ⟨OP ⟩(0)W +

1√
λ
⟨OPOP ⟩(1)W +O

(
1

λ

))
+O

(
1

N4

)
,

(4.4.73)

Correspondingly, the function FP (z, z̄, σ) reads

FP (z, z̄, σ) =

( √
zz̄ σ

(1− z)(1− z̄)

)P

+
λ

N2

(
P

2P+2
+

1√
λ
F (1)

P (z, z̄, σ) +O
(
1

λ

))
+O

(
1

N4

)
,

(4.4.74)

where we used the result for the one-point function (4.4.72). The function F (1)
P (z, z̄, σ)

has been computed for P = 2, 3, 4 in [55] extracting the defect CFT data using the

Lorentzian inversion formula and resumming the defect block expansion. Here, using

the dispersion relation (3.2.1) we can skip the intermediate step and recover the result

performing a very simple integration. This gives a clear understanding of the reason

why the final result for the correlator is particularly simple.

The crucial observation of [55] is that very few operators contribute to the discon-

tinuity at z̄ = 1. In particular, at large N and large λ, the bulk theory is described by

an effective supergravity theory in AdS5 and the spectrum of light excitations contains

only the protected Kaluza-Klein modes in the short B[0,P,0] multiplets and double trace

operators with dimension

∆ = 2P + 2n+ ℓ+O(N−2) . (4.4.75)

Notice that the twist of the double trace operators (τ = ∆ − ℓ = 2P + 2n) is higher

than the lower bound allowed by the selection rules (4.4.70) which would allow for long

operators of twist as low as two. As mentioned before, double trace operators will

not contribute to the discontinuity. This fact seems to suggest that the full correlator

can be computed just from the CFT data of short operators (4.4.72). However, the

dispersion relation (3.2.1) is able to reconstruct the full correlator only if the two-point

function decays fast enough at infinity, see (2.5.25). Otherwise, it fails to account

for the contribution of low-spin defect operators. Alternatively, the correlator can be

reconstructed using the improved dispersion relation (3.2.24), though this approach

introduces new poles, which contribute to the discontinuity. In [55] it was argued that

the behaviour of the functions F
(1)
P,n(z, z̄) in (4.4.69) for w → 0 62 is F

(1)
P,n(r, w) ∼ wP−n−1

62The behaviour of F
(1)
P,n(r, w) at w → 0 is related to the one at infinity by the symmetry F

(1)
P,n(r, w) =

F
(1)
P,n(r,

1
w ).
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so that the improvement is needed only for F
(1)
P,P−1 and F

(1)
P,P . For all the cases when the

improvement is not needed, only short operators contribute to the discontinuity.

For P = 2, no improvement is needed to compute F
(1)
2,0 (z, z̄). In this case, the discon-

tinuity arises solely from the negative powers in the superblock expansion, originating

from the contributions of short operators. As recalled in (4.3.5), these contributions

correspond to δ-function terms in the discontinuity. In this case we find

Disc(F
(1)
2,0 (r, w)) = −2πiλ

(1)
222δ(r − w)

(r2w (r4 − 2r2 log (r2)− 1))

(r2 − 1)3 (rw − 1)
, (4.4.76)

where λ
(1)
222 is the strong coupling expansion of (4.4.72). More generally, in this section

we define

λPPOaO =

√
λ

N2
λ
(1)
PPO +O(λ) . (4.4.77)

Equation (4.4.76) can be immediately integrated in (3.2.1) obtaining with no effort the

final result of [55]

F
(1)
2,0 (r, w) = −λ(1)222

r2w (r4 − 2r2 log (r2)− 1)

(r2 − 1)3 (r − w)(rw − 1)
. (4.4.78)

In principle, we could follow a similar procedure for the other R-symmetry components,

but it that case we would need to take care of the low-spin ambiguities. In [55], it was

argued that these ambiguities can be fixed using superconformal Ward identities.

In general, we can carry out this same procedure for all ⟨OPOP ⟩, confirming and

extending the results of [55]. Indeed, in this holographic setup only short operators

contribute to the discontinuity in all the cases where we do not have low-spin ambigu-

ities. Specifically, only the multiplets B[0,2k,0] in (4.4.70) need to be considered for the

discontinuity. Furthermore the multiplet B[0,2P,0] is too high in dimension to generate

a negative power in the OPE expansion and therefore it does not contribute to the

discontinuity. For generic P , we can compute the discontinuity at the order we are

interested in as

Disc(F (1)
P (z, z̄, σ)) = Disc

[( √
zz̄σ

(1− z)(1− z̄)

)P P−1∑
k=1

λPP2ka2kG[0,2k,0](z, z̄, σ)

]
, (4.4.79)

and use the dispersion formula to find the F
(1)
P,p up to p = P − 2. Notice that, as for the

case P = 2, all the contributions are distributions, specifically δ-functions or derivatives

thereof. For example for P = 3

Disc(F
(1)
3,0 (r, w)) = λ

(1)
334δ(w − r)

(r3w (r6 + 9r4 − 9r2 − 6 (r4 + r2) log (r2)− 1))

4 (r2 − 1)5 (rw − 1)

− λ
(1)
332 δ

′(w − r) r3w

4 (r2 − 1)5 (rw − 1)2

(
2r2
(
−5r4w+3r3

(
w2+1

)
− 2r2w+3r

(
w2+1

)
− 5w

)
log
(
r2
)

+
(
r2 − 1

) (
3r6w − r5

(
w2 + 1

)
+ 9r4w − 10r3

(
w2 + 1

)
+ 9r2w − r

(
w2 + 1

)
+ 3w

))
,

(4.4.80)
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which gives the expected result [55]

F
(1)
3,0 (r, w) = −3

4

r3w2 (r4 − 4r2 log(r)− 1)

(r2 − 1)3 (r − w)2(rw − 1)2
. (4.4.81)

Computing at higher P does not involve any conceptual obstacle and it is only an

algorithmic procedure. We checked the conjecture of [55] for the function F
(1)
P,0

F
(1)
P,0(z, z̄) = −P

4

(zz̄)
P
2

[(1− z)(1− z̄)]P−1

[
1 + zz̄

(1− zz̄)2
+

2zz̄ log(zz̄)

(1− zz̄)3

]
(4.4.82)

up to very high values of P and we always found perfect agreement. We also derived the

functions F
(1)
P,p(z, z̄) with p ≤ P −2 for several values of P . As an example, in Appendix

B.4 we spell out the results for F
(1)
5,p , which is the first case that did not appear in [55].
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Chapter 5

Conclusions

This thesis focused on developing new tools for the analytic bootstrap of defect con-

formal field theories and applying these techniques to defects of interest in condensed

matter physics and holography.

The first objective was accomplished in Chapter 3, where we introduced new dis-

persion relations to compute defect and bulk correlators from their singularities. In

particular, we derived a dispersion relation for the four-point function of defect oper-

ators in one-dimensional CFTs from the corresponding Lorentzian inversion formula.

The formula expresses the correlator as an integral over its double discontinuity. Specif-

ically, we presented the integration kernel for the case of identical bosonic (fermionic)

operators with integer (half-integer) dimensions. We saw that the dispersion relation

may receive extra contributions depending on the behaviour of the correlator at infinity.

These contributions depend on the CFT data of low-dimensional operators. Moreover,

we formulated two different dispersion relations for the two-point functions of bulk op-

erators in presence of a defect. The first relation represents the correlator as an integral

over a single discontinuity, which is influenced by the OPE data of the bulk channel

expansion. The second relation reconstructs the correlator using a double discontinuity

governed by the defect channel OPE. Additionally, we derived a separate dispersion

relation for codimension-one defects. In this case, the dispersion relation involves both

defect and bulk discontinuities. Since all these dispersion relations are derived using a

contour deformation argument in the complex plane, which necessitates that the corre-

lator decays sufficiently fast at infinity, they inherently involve some ambiguities. These

ambiguities correspond to the exchange of low transverse spin operators in the defect

channel OPE. We addressed this issue either by subtracting these low-spin contribu-

tions or by introducing an appropriate prefactor to improve the asymptotic behavior of

the correlator.

The second objective of this thesis – bootstrapping defects of interest in condensed

matter physics and holography – was achieved in Chapter 4. There, we explored line

defects in the O(N) model, employing both the analytic bootstrap and conventional
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methods. By applying analytic bootstrap and diagrammatic techniques, we computed

the two-point function of the fundamental field at the first non-trivial order in the ε-

expansion, extracting a wealth of new defect CFT data. We performed this analysis for

both a localized magnetic field and a spin impurity. In both scenarios, we found that

the discontinuity of the correlator is determined by a single bulk conformal block and is

proportional to the anomalous dimension of the corresponding operator. This allowed

us to reconstruct the correlator, up to low-spin ambiguities, using only this single piece

of known bulk data. We then resolved the ambiguities with the aid of diagrammatic

input. For the spin impurity, we analyzed both the free and the interacting bulk cases,

thoroughly examining the RG flow on the defect by computing the beta function up to

third loop and investigating the defect spectrum. Combining bootstrap and diagram-

matic methods, we determined that the spin impurity in the free bulk case flows to

a trivial defect CFT. We concluded our exploration of defects in the O(N) model by

reproducing known results for the bulk two-point function in the presence of a bound-

ary, at second order in the ε-expansion. In the final section of the thesis, we turned

our attention to holographic correlators in presence of the supersymmetric Wilson line

in N = 4 Super Yang-Mills theory. Exploiting the analytic bootstrap techniques de-

veloped in the previous sections, we successfully reproduced the four-point function of

fundamental fields inserted on the line, achieving results up to the fourth order in the

large ’t Hooft coupling expansion. This correlator was previously obtained using an

Ansatz involving polylogarithms and rational functions, and our derivation validates

this approach a posteriori. We also streamlined the derivation of existing results for

the two-point function of half-BPS single-trace bulk operators.

This thesis demonstrated that the analytic bootstrap is a powerful method for study-

ing conformal defects that admit a small parameter expansion. A natural extension of

this work is to perform a similar analysis for other defects. For example, one could

study line defects in the Gross-Neveu-Yukawa and cubic models [167–169]. The for-

mer are relevant for modeling impurities in graphene undergoing a second-order phase

transition, while the latter provide a more accurate description of defects in real-world

magnets, which are often not isotropic (i.e. they do not preserve the full O(3) sym-

metry group but only a discrete subgroup). Another fascinating research direction is

the analytic bootstrap of defect CFTs that admit a large N limit [112, 170–172]. The

expansion in inverse powers of N is relevant both in holography, where 1/N is pro-

portional to the dual string coupling, and in condensed matter physics. In the latter

case, it is a powerful alternative to the ε-expansion to study strongly coupled defect

CFTs in three dimensions. Moreover, one could analyze higher-dimensional defects in

the O(N) model [173–176], as well as superconformal defects with holographic descrip-

tions [117, 177–179]. The latter are interesting because they highlight the interplay

between the analytic bootstrap and various other techniques such as integrability, su-
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persymmetric localization, and holography. A more ambitious goal is to apply the

analytic techniques used in this thesis beyond perturbation theory. In absence of de-

fects, the numerical bootstrap can be used to extract non-perturbative CFT data from

the crossing equation for the four-point function. This approach can be extended to

the case of defect four-point functions [39, 42]. However, due to the lack of positivity

in the bulk channel, the numerical bootstrap cannot be used for extracting the CFT

data from bulk two-point functions in the presence of a defect. A possible strategy to

overcome this limitation is to combine non-perturbative bulk data from the defect-free

numerical bootstrap with the defect Lorentzian inversion formula and dispersion rela-

tion, as it has been done in CFTs without defects [33, 180–182]. Another interesting

extension of the ideas explored in this thesis is to consider correlators involving multi-

ple defects. For example, one can study the correlator of two parallel line defects or of

two lines forming a cusp. From these two-point functions, one can extract interesting

observables such as the (generalized) Casimir energy [183]. In this setup, one would

like to obtain an analogue of the crossing equation by expanding each defect in terms

of local operators [184, 185] and comparing this expansion with the one obtained from

the fusion of two defects [186–188]. At the present time, it is not known if this ”fusion

OPE” can be turned into a convergent block expansion. Finally, it is important to

address certain technical issues in the derivation of the dispersion relations. First of

all, it would be useful to derive a non-perturbative bound on the growth of the bulk

two-point function at |w| → ∞ for a generic defect, in order to control the low-spin

ambiguities. In the case of a CFT without defects, the positivity of the OPE expansion

can be used to prove the existence of a bound. For defect CFTs, positivity is absent in

one of the OPE channels, therefore an alternative strategy is required. In the context of

the one-dimensional dispersion relation, it would be interesting to find a general form of

the dispersion kernel, valid for any value of the dimension of the external operators and

for non-identical operators. In order to do this, we would first need to generalize the

Lorentzian inversion formula introduced in [85]. Additionally, we would like to further

investigate the connection between the dispersion relation and other analytic bootstrap

tools, such as Mellin amplitudes [68,189] and analytic functionals [66,96–98]. In higher

dimensions, it is possible to show that these approaches imply completely equivalent

sum rules [67]. However, each formalism highlights different features of the correla-

tors. For example, Mellin amplitudes have a simpler analytic structure compared to

their counterparts in position space [190]. Moreover, they can be related to flat-space

scattering amplitudes [69]. It would be interesting to explore this connection for cer-

tain one-dimensional CFTs defined at the boundary of AdS2, looking for evidence of

integrability such as S-matrix factorization.
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Appendices

A Polyakov blocks from the dispersion relation

The dispersion relation (3.1.22) can be used to compute the 1d Polyakov blocks. The

Polyakov blocks [21, 70] are crossing symmetric 1 and Regge-bounded functions that

satisfy [97, 98,85]

G(z) =
∑
∆

a∆P
∆ϕ

∆ (z) . (A.1)

Roughly speaking, they are a crossing symmetric version of the conformal blocks. Since

the four-point function G(z) can be also expanded in conformal blocks G∆(z) with the

same coefficients (2.4.6), the above equation implies∑
∆

a∆G∆(z) =
∑
∆

a∆P
∆ϕ

∆ (z) . (A.2)

Building on the original study of [21, 70] in higher-dimensions, equation (A.2) can be

turned into a powerful set of constraints on the OPE data [102]. See also [99–101, 52]

for more recent applications.

As mentioned in Section 2.4, the Polyakov block can be expressed as the crossing-

symmetric combination of exchange diagrams in AdS2 in the s-, t- and u-channel, Regge-

improved – in the bosonic case – via the subtraction of the scalar contact diagram of the

ϕ4 interaction in AdS2 [85]. Alternative representations of the Polyakov blocks exist,

such as in terms of linear combinations of conformal blocks and their derivatives [85].

Using their representation in terms of master functionals [96], they have been computed

in the flat space limit – the limit of both ∆ and ∆ϕ large 2 – in [191], where their sum

lead to a dispersion relation for the related analytic S-matrix. For specific choices of

integer exchanged dimensions ∆ (and ∆ϕ = 1) they were computed in [192] at tree

level, using their explicit definition as sum of exchanged Witten diagrams in AdS2.

The dispersion relation (3.1.1) (for the fermionic case) or (3.1.22) (for the bosonic

case) can be used to obtain an integral representation of the Polyakov block, as noticed

1The fact that Polyakov blocks are crossing symmetric implies that their functional form depends

on the external dimension ∆ϕ.
2In this limit [191], the ratio ∆/∆ϕ is fixed and strictly different from two.

141



in [96]. Indeed, from (A.2) and the fact that the double discontinuity (2.4.12) commutes

with the t-channel OPE, in the bosonic case one has

dDisc
[
P∆ϕ

∆ (z)
]
= 2 sin2 π

2
(∆− 2∆ϕ)

z2∆ϕ

(1− z)2∆ϕ
G∆(1− z) , (A.3)

whereas in the fermionic one one obtains

dDisc
[
P∆ϕ

∆ (z)
]
= 2 cos2

π

2
(∆− 2∆ϕ)

z2∆ϕ

(1− z)2∆ϕ
G∆(1− z) . (A.4)

Therefore, in the bosonic case and for ∆ > 2∆ϕ, the Polyakov block can be computed

as

P∆ϕ

∆ (z)= 2 sin2(π
2
(∆− 2∆ϕ))

ˆ 1

0

dww−2Kbd
∆ϕ

(z, w) w
2∆ϕ

(1−w)
2∆ϕ

(1−w)∆ 2F1(∆,∆, 2∆, 1−w) ,

(A.5)

with Kbd
∆ϕ

(z, w) defined in (3.1.23). Notice that the condition ∆ > 2∆ϕ is necessary to

have a convergent integral 3. In the fermionic case instead, one has

P∆ϕ

∆ (z)= 2 cos2(π
2
(∆− 2∆ϕ))

ˆ 1

0

dww−2K∆ϕ
(z, w) w

2∆ϕ

(1−w)
2∆ϕ

(1−w)∆ 2F1(∆,∆, 2∆, 1−w) ,

(A.6)

with K∆ϕ
(z, w) defined in (3.1.19). If ∆ is integer, the above integrals can be computed

in closed form, for any fixed ∆ϕ, and reduce to a combination of polylogarithms and

rational functions. This is consistent with the Ansatz discussed in [102] and with the

Witten diagrams computation of [192]. For generic ∆ the integrals can be expressed in

terms of infinite series. For example, for ∆ϕ = 1 and ∆ = 3 we find

P∆ϕ=1
∆=3 (z) = −60z2(6z2−6z+1)Li2(1−z) log(1−z)

π2 − 60Li2(z)((z2−6z+6)(z−1)4 log(1−z))
π2(z−1)4z2

+

−
60Li2(z)

(
(z−2)z

(
6(z2−z+1)

2
(2z3−z2−2z+1)+(6z4−18z3+25z2−14z+7)z4 log(z)

))
π2(z−1)4z2

+

+
60(6z6−6z5+z4−3z2+18z−18)Li3(1−z)

π2z2
+

60z2(6z6−30z5+61z4−64z3+33z2−22z−2)Li3(z)
π2(z−1)4

+

− 120z2(6z2−6z+1)Li3( z
z−1)

π2 + 20z2(6(z−1)z+1) log3(1−z)
π2 − 60(z(6z5−6z4+z3+z−6)+6) log2(1−z) log(z)

π2z2

+
5(306z6−471z5+(279−62π2)z4−153z3+219z2−144z+36) log(z)

π2(z−1)4
+ 60(−192z3+183z2−90z+18)ζ3

π2(z−1)4z2
+

− 180((z−1)z+1)2(2z4−5z3+5z−2) log(z) log(1−z)

π2(z−1)4z
+

log(1−z)(−1710z7+3075z6+5(56π2−498)z5+5(306+4π2)z4)
π2(z−1)4z

+
log(1−z)(−10(249+7π2)z3+5(615+4π2)z2−1710z+360)

π2(z−1)4z
+

20z5(36z2+π2(z(6(z−5)z+61)−62)) tanh−1(1−2z)

π2(z−1)4
+

+
30

(
((z−3)z+3)(2z4−z3+2z−7)+ 3(z−1)((z−1)z+1)2

π2 + 6
z

)
(z−1)3

+ 60(12z10−60z9+122z8−128z7+78z6−38z5+113z4)ζ3
π2(z−1)4z2

(A.7)

3This condition has also the effect of killing the extra contour integrals in the bosonic dispersion

relation (3.1.22), something in fact necessary as they are defined in terms of the full, unknown, Polyakov

block.

142



For generic ∆ and ∆ϕ = 1 one has instead

P∆ϕ=1
∆ (z) = sin2

(
π∆
2

){
2 csc2(π∆)z∆ 2F1(∆,∆; 2∆; z)

+ 2(−2∆z((1−z) log(1−z)+z log(z))+∆(z−1) log(z)+z−1) 3F2(∆,∆,∆;2∆,∆+1;1)
π2∆2(z−1)

+

− 4∆Γ(∆+ 1
2)

π5/2(∆−2)(∆−1)(z−1)2Γ(∆+2)

(
2(2− 3(∆− 1)∆)z tanh−1(1− 2z) +

+ ((∆− 1)∆ + ((∆− 1)∆− 1)z4 − 3(∆− 1)∆z3 + 2(∆− 1)∆z2− 1) log(1−z) +

+ 2z3 log((1− z)z) + (−2(∆− 1)∆− 3z2 + 2) log(z)
)
+

− 2∂a 3F2(∆,∆,∆;2∆,∆+1+a;1)
π2∆

+ 2∂a 3F2(∆,∆,∆+a;2∆,∆+1;1)
π2∆

+

+
∞∑
n=0

[
2zn

π2

(
z2 4F3(∆,∆,n+∆,n+∆;2∆,n+∆+1,n+∆+1;1)

(∆+n)2
− log(z) 3F2(∆,∆,n+∆−2;2∆,n+∆−1;1)

∆+n−2

)
+

+ 2zn

π2(n−∆)2

(
((n−∆) log(z)− 1) 3F2(∆,∆,∆− n; 2∆,−n+∆+ 1; 1) +

− (n−∆)
(
∂a 3F2(∆,∆,∆− n; 2∆,∆− n+ 1 + a; 1) +

+ ∂a 3F2(∆,∆,∆− n+ a; 2∆,∆− n+ 1; 1)
))

+

− 2z
π2Γ(2∆)(1−z)n−2Γ(n+1)

(
z2Γ(∆−2) log

(
1−z
z

)
3F̃2(∆−2,∆,∆; 2∆, n+∆−1; 1)

+ (z − 1)2Γ(∆)
(
ψ(0)(∆) 3F̃2(∆,∆,∆; 2∆, n+∆+ 1; 1) +

+ ∂a 3F̃2(∆,∆,∆; 2∆,∆+n+1+a; 1) + ∂a 3F2(∆,∆,∆+a; 2∆,∆+n+1; 1)
))]}

+
z2

(1− z)2
(
z → 1− z

)
. (A.8)

where (3F̃2) 3F2 are (regularized) generalized hypergeometric functions and ∂a indicates

the derivative with respect to a evaluated at a = 0. The structure of Polyakov blocks is

quite similar in the fermionic case. For example, for ∆ϕ = 1/2 and ∆ = 1 the Polyakov

blocks reads

P∆ϕ=1/2
∆=1 (z) = −(6z2 − 6) log2(1− z) log(z)

3π2(z − 1)
− (−6(z − 2)zLi2(z)− π2z2) log(z)

3π2(z − 1)
+

−(6(z2−1)Li2(z)−2π2z2+2π2z) log(1−z)

3π2(z−1)
− 18(z2−1)Li3(1−z)+(18z2−36z)Li3(z)+18ζ3

3π2(z−1)

(A.9)

B Details on the supersymmetric Wilson line in N = 4 SYM

B.1 Superconformal block expansion for the defect four-point function

We consider the four-point function defined in (4.4.28),

⟨Φ̂1(τ1)Φ̂
1(τ2)Φ̂

1(τ3)Φ̂
1(τ4)⟩ =

G(z)
(τ12 τ34)2

, (B.1)
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with

G(z) = F(λ) z2 + (2z−1 − 1)f(z)−
(
z2 − z + 1

)
f ′(z) , (B.2)

where F(λ) is given in (4.4.33) and f(z) is an arbitrary crossing-antisymmetric function.

As explained in Section 4.4.2, the function f(z) be expanded in superconformal blocks

f(z) = FI(z) + âB2 FB2(z) +
∑
∆̂

â∆̂ F∆̂(z) , (B.3)

where ∆̂ are the dimensions of unprotected long operators and

âB2 = 2− 3

λ1/2
+

45

8λ3/2
+

45

4λ2
+O

(
1

λ5/2

)
. (B.4)

The explicit form of the superconformal blocks is

FI(z) = z ,

FB2(z) = z − z 2F1(1, 2, 4; z) ,

F∆̂(z) =
z∆̂+1

1− ∆̂
2F1(∆̂ + 1, ∆̂ + 2, 2∆̂ + 4; z) .

(B.5)

We assume the following perturbative expansion

∆̂ = 2 + 2n+
1

λ
1
2

γ̂(1)n +
1

λ
γ̂(2)n +

1

λ
3
2

γ̂(3)n +
1

λ2
γ̂(4)n +O

(
1

λ5/2

)
,

â∆̂ = â(0)n +
1

λ
1
2

â(1)n +
1

λ
â(2)n +

1

λ
3
2

â(3)n +
1

λ2
â(4)n +O(λ3) +O

(
1

λ5/2

)
,

f(z) = f (0)(z) +
1

λ
1
2

f (1)(z) +
1

λ
f (2)(z) +

1

λ
3
2

f (3)(z) +
1

λ2
f (4)(z) +O

(
1

λ
5
2

)
.

(B.6)

If we introduce the notation

F
(ℓ)

∆̂
(z) = z∆̂ (∂∆̂)

ℓ z−∆̂ F∆̂(z) , (B.7)

where F∆̂(z) are conformal blocks for long operators (B.5), then the s-channel OPE

expansion of f(z) reads [51]

f (0)(z) = FI(z) + â
(0)
B2
FB2(z) +

∑
n

â(0)n F2+2n(z), (B.8)

f (1)(z) =
∑
n

[
â(0)n γ̂(1)n Fn(z)

]
log(z)+â

(1)
B2
FB2(z)+

∑
n

[
a(1)n F2+2n(z) + â(0)n γ̂(1)n F

(1)
2+2n(z)

]
,
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f (2)(z) =
∑
n

[
1

2
â(0)n

(
γ̂(1)n

)2
F2+2n(z)

]
log2(z) + â

(2)
B2
FB2(z)

+
∑
n

[(
â(0)n γ̂(2)n + a(1)n γ̂(1)n

)
F2+2n(z) + â(0)n

(
γ̂(1)n

)2
F

(1)
2+2n(z)

]
log(z)

+
∑
n

[
a(2)n F2+2n(z) +

(
â(0)n γ̂(2)n + a(1)n γ̂(1)n

)
F

(1)
2+2n(z) +

1

2
â(0)n

(
γ̂(1)n

)2
F

(2)
2+2n(z)

]
,

f (3)(z) =
∑
n

[
1

6
â(0)n

(
γ̂(1)n

)3
F2+2n(z)

]
log3(z)

+
∑
n

[(
â(0)n γ̂(1)n γ̂(2)n +

1

2
a(1)n

(
γ̂(1)n

)2)
F2+2n(z) +

1

2
â(0)n

(
γ̂(1)n

)3
F

(1)
2+2n(z)

]
log2(z)

+
∑
n

[ (
â(0)n γ̂(3)n +a(1)n γ̂(2)n +a(2)n γ̂(1)n

)
F2+2n(z)+

(
2â(0)n γ̂(1)n γ̂(2)n +a(1)n

(
γ̂(1)n

)2)
F

(1)
2+2n(z)

+
1

2
â(0)n

(
γ̂(1)n

)3
F

(2)
2+2n(z)

]
log(z) + â

(3)
B2
FB2(z)

+
∑
n

[
a(3)n F2+2n(z) +

(
â(0)n γ̂(3)n + a(1)n γ̂(2)n + a(2)n γ̂(1)n

)
F

(1)
2+2n(z)

+

(
â(0)n γ̂(1)n γ̂(2)n +

1

2
a(1)n

(
γ̂(1)n

)2)
F

(2)
2+2n(z) +

1

6
â(0)n

(
γ̂(1)n

)3
F

(3)
2+2n(z)

]
,

f (4)(z) =
∑
n

[
1

24
â(0)n

(
γ̂(1)n

)4
F2+2n(z)

]
log4(z)

+
∑
n

[(
1

2
â(0)n

(
γ̂(1)n

)2
γ̂(2)n +

1

6
a(1)n

(
γ̂(1)n

)3)
F2+2n(z)+

1

6
â(0)n

(
γ̂(1)n

)4
F

(1)
2+2n(z)

]
log3(z)

+
∑
n

[(
â(0)n γ̂(1)n γ̂(3)n +

1

2
â(0)n

(
γ̂(2)n

)2
+ a(1)n γ̂(1)n γ̂(2)n +

1

2
a(2)n

(
γ̂(1)n

)2)
F2+2n(z)

+

(
1

2
a(1)n

(
γ̂(1)n

)3
+

3

2
â(0)n

(
γ̂(1)n

)2
γ̂(2)n

)
F

(1)
2+2n(z) +

1

4
â(0)n

(
γ̂(1)n

)4
F

(2)
2+2n(z)

]
log2(z)

+
∑
n

[ (
â(0)n γ̂(4)n + a(1)n γ̂(3)n + a(2)n γ̂(2)n + a(3)n γ̂(1)n

)
F2+2n(z)

+
(
â(0)n

(
γ̂(2)n

)2
+ 2 â(0)n γ̂(1)n γ̂(3)n + 2 a(1)n γ̂(1)n γ̂(2)n + (a(2)n

(
γ̂(1)n

)2)
F

(1)
2+2n(z)

+

(
3

2
â(0)n

(
γ̂(1)n

)2
γ̂(2)n +

1

2
a(1)n

(
γ̂(1)n

)3)
F

(2)
2+2n(z) +

1

24
â(0)n

(
γ̂(1)n

)4
F

(3)
2+2n(z)

]
log(z)

+ â
(4)
B2
FB2(z)+

∑
n

[
a(4)n F2+2n(z)+

(
â(0)n γ̂(4)n +a(1)n γ̂(3)n +a(2)n γ̂(2)n +a(3)n γ̂(1)n

)
F

(1)
2+2n(z)

+

(
1

2
â(0)n

(
γ̂(1)n

)2
γ̂(2)n +

1

6
a(1)n

(
γ̂(1)n

)3)
F

(3)
2+2n(z) +

1

24
â(0)n

(
γ̂(1)n

)4
F

(4)
2+2n(z)

]
.

We can obtain the t-channel expansion by sending z → 1−z and multiplying by − z2

(1−z)2
.

Using (B.2), we can obtain an analogous expansion for G(z).
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B.2 Defect correlators at two and three loop

In this section we present the explicit form of the third and fourth order correlators,

which were obtained following the procedure outlined in Section 4.4.2. The third order

(two loops) four-point function reads

G(3)(z) = − z2(111z6−560z5+1215z4−1480z3+1165z2−510z+170) log2(z)
4(z−1)4

+
(55z6−191z5+312z4−245z3+130z2−9z+3) log(z)

4(z−1)3
+ 36z8ζ3−176z7ζ3+15z6(24ζ3+1)−20z5(20ζ3+3)

8(z−1)4

+40z4(7ζ3+3)−6z3(16ζ3+25)+8z2(4ζ3+15)−60z+15
8(z−1)4

+
z2(72z8−477z7+1391z6−2345z5+2515z4−1751z3+817z2−200z+50) log3(z)

6(z−1)5

+
[
−55z6+139z5−182z4+193z3−182z2+139z−55

4(z−1)2z
− z2(72z7−396z6+940z5−1260z4+1040z3−536z2+156z−25) log2(z)

2(z−1)4

+
(222z8−888z7+1497z6−1383z5+707z4−145z3−45z2+35z−10) log(z)

4(z−1)3z

]
log(1− z)

+
[
−111z9+442z8−741z7+684z6−441z5+439z4−684z3+746z2−449z+114

4(z−1)3z2

+
(144z10−639z9+1197z8−1233z7+747z6−247z5+17z4+45z3−55z2+35z−9) log(z)

4(z−1)3z2

]
log2(1− z)

+
(−144z11+639z10−1197z9+1233z8−747z7+281z6−247z5+657z4−1123z3+1127z2−621z+144) log3(1−z)

12(z−1)3z3

+
(3z8−10z7+15z6−15z5+13z4−15z3+15z2−10z+3)Li2( z

z−1)
2(z−1)3z2

+
(−2z9+9z8−16z7+14z6−36z5+76z4−116z3+99z2−46z+9)Li3(z)

2(z−1)4z2

−(9z9−35z8+55z7−45z6+17z5+17z4−45z3+55z2−35z+9)Li3( z
z−1)

2(z−1)3z2

+
Li2(z)(3z9−13z8+25z7−30z6+28z5−28z4+30z3−25z2+13z−3)

2(z−1)4z2

+
Li2(z) log(1−z)(9z10−44z9+90z8−100z7+62z6−62z4+100z3−90z2+44z−9)

2(z−1)4z2

+
z log(z)Li2(z)(−9z9+46z8−99z7+116z6−76z5+36z4−14z3+16z2−9z+2)

2(z−1)4z2
. (B.9)

The fourth order (three-loops) correlator is

G(4)(z) = −3(46z8−175z7+287z6−271z5+254z4−271z3+287z2−175z+46)Li2(z)
16(z−1)3z2

−3(96z11−423z10+785z9−799z8+477z7−137z6−137z5+477z4−799z3+785z2−423z+96)Li2(z) log2(1−z)

8(z−1)3z3

+
3(264z11−1572z10+4097z9−6169z8+5713z7−3107z6+190z5+1460z4−1466z3+796z2−236z+30)Li2(z) log(z)

16(z−1)5z2

−3(96z11−633z10+1835z9−3071z8+3265z7−2292z6+980z5−262z4−30z3+25z2−11z+2)Li2(z) log2(z)
8(z−1)5z

+ log(1− z)

[
−3Li2(z)(264z10−1086z9+1893z8−1797z7+740z6+456z5−1293z4+1255z3−580z2+30z+48)

16(z−1)3z3
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−3(1−z)(96z11−528z10+1252z9−1674z8+1376z7−700z6+228z5−86z4+100z3−90z2+44z−9)Li2(z) log(z)
4(z−1)5z2

]
−3(z2−z+1)(46z8−175z7+241z6−142z5+142z4−241z3+175z2−46z)Li2( z

z−1)
16(z−1)4z3

−3(z2−z+1)(24z9−93z8+136z7−90z6+26z5−26z4+90z3−136z2+93z−24)Li2( z
z−1) log(1−z)

8(z−1)4z3

+
3(z2−z+1)(24z8−108z7+188z6−156z5+58z4+32z3−66z2+52z−15)Li2( z

z−1) log(z)
8(z−1)4z2

−3(72z11−396z10+900z9−1080z8+94z7+1939z6−4005z5+4625z4−3193z3+1260z2−216z)Li3(z)
16(z−1)5z3

−
3(27z12−163z11+424z10−620z9+570z8−226z7−388z6+1320z5−2240z4+2368z3−1564z2+588z−96)Li3(z) log(1−z)

8(z−1)5z3

+
3(27z11−161z10+413z9−595z8+540z7−488z6+592z5−972z4+1025z3−703z2+271z−45)Li3(z) log(z)

8(z−1)5z2

+
(648z11−3348z10+7419z9−9156z8+6099z7−6099z5+9156z4−7419z3+3348z2−648z)Li3( z

z−1)
16(z−1)4z3

+

3(96z12−519z11+1208z10−1584z9+1276z8−614z7+614z5−1276z4+1584z3−1208z2+519z−96)Li3( z
z−1) log(1−z)

8(z−1)4z3

−3(96z11−564z10+1432z9−2052z8+1808z7−1024z6+444z5−410z4+532z3−468z2+224z−45)Li3( z
z−1) log(z)

8(z−1)4z2

(1800z13−9144z12+20115z11−25093z10+19259z9−9009z8+2403z7−1581z6) log4(1−z)

48(z−1)3z4

(6147z5−14465z4+20383z3−17577z2+8568z−1800) log4(1−z)

48(z−1)3z4

+
(1728z8−8446z7+17973z6−21752z5+17642z4−8178z3+2824z2−84z+21) log2(z)

16(z−1)4

+
(−3024z10+19629z9−56379z8+94369z7−101549z6+71379z5−34041z4+8808z3−2232z2+20z−4) log3(z)

24(z−1)5

+
z2(900z10−7272z9+26487z8−57436z7+82346z6−81720z5+56934z4−26952z3+8613z2−1250z+250) log4(z)

24(z−1)6

+ log3(1− z)
[
12096z11−55620z10+110010z9−122387z8+82023z7−35200z6

96(z−1)3z3

31084z5−71961z4+112931z3−105816z2+55566z−12528
96(z−1)3z3

+
(−7200z12+42912z11−112473z10+170512z9−164340z8+102980z7) log(z)

48(z−1)4z2

+
(−40586z6+9300z5−1996z4+1800z3−1620z2+792z−162) log(z)

48(z−1)4z2

]
log2(1− z)

[
3456z9−14350z8+25751z7−26307z6

32(z−1)3z2

+19443z5−19392z4+26259z3−26087z2+14737z−3594
32(z−1)3z2

+
(−12096z11+66492z10−159516z9+219295z8−188716z7+102443z6) log(z)

32(z−1)4z2

+
(−32956z5+6317z4−2608z3+2251z2−1050z+198) log(z)

32(z−1)4z2
+

(3600z12−21312z11+55404z10−83184z9) log2(z)
16(z−1)4z2

+
(79272z8−49008z7+18976z6−4116z5+602z4−332z3+288z2−136z+27) log2(z)

16(z−1)4z2

]
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+−648z8ζ3+3348z7ζ3+z6(26−7451ζ3)+4z5(2321ζ3−26)+z4(208−7369ζ3)+z3(3362ζ3−260)
16(z−1)4

+ z2(208−1270ζ3)+8z(16ζ3−13)−32ζ3+26
16(z−1)4

+ (2304z10ζ3−15840z9ζ3+152z8(316ζ3−7)+z7(5583−84320ζ3)+z6(94240ζ3−14343)) log(z)
64(z−1)5

+ (z5(22559−68768ζ3)+z4(33376ζ3−23629)+z3(17036−8960ζ3)+z2(2240ζ3−8294)+2690z−538) log(z)
64(z−1)5

+ log(1− z)
[
(−3456z8+13824z7−23847z6+23157z5−13699z4+4931z3−2289z2+1379z−388) log(z)

16(z−1)3z

+−2304z10ζ3+12456z9ζ3−56z8(520ζ3−19)+z7(38592ζ3−5057)−8z6(3956ζ3−1497)+z5(16752ζ3−18877)
64(z−1)4z

+ z4(21788−5088ζ3)+z3(2016ζ3−18877)−8z2(128ζ3−1497)+z(576ζ3−5057)−128ζ3+1064
64(z−1)4z

+
(6048z10−33030z9+78696z8−107437z7+91780z6−49499z5+15706z4−2762z3+532z2−274z+60) log2(z)

16(z−1)4z

+
(−1800z12+12528z11−38799z10+70469z9−83015z8+65845z7) log3(z)

12(z−1)5z

+
(−34966z6+11946z5−2256z4+280z3−25z2+11z−2) log3(z)

12(z−1)5z

]
. (B.10)

B.3 Superconformal block expansion for the bulk two-point function

In this section we present the expression of the superconformal blocks that were found

in [50] and that we used in Section 4.4.3. We follow the conventions of [55]. After

defining the R-symmetry block

hk = σ− k
2 2F1

(
−k
2
,−k

2
;−k − 1;

σ

2

)
, (B.11)

then the superconformal blocks are expressed as a combination of ordinary bulk blocks

f∆,ℓ(z, z̄) (2.5.18) as

GB[0,P,0]
= hPfP,0(z, z̄) +

(P + 2)2P

128(P + 1)2(P + 3)
hP−2fP+2,2(z, z̄)

+
(P − 2)(P + 2)P 2

16384(P − 1)2(P + 1)(P + 3)
hP−4fP+4,0(z, z̄) ,

GC[0,2,0],ℓ = h2fℓ+4,ℓ + b1h0fℓ+6,ℓ−2+(b21h4 + b22h2+b23h0)fℓ+6,ℓ+2+(b31h2+b32h0)fℓ+8,ℓ

+ b4h2fℓ+8,ℓ+4 + b5h0fℓ+10,ℓ+2 ,

GA[0,0,0],ℓ
= h0f∆,ℓ + (h2η11 + h0η12)f∆+2,ℓ−2 + (h2η21 + h0η22)f∆+2,ℓ+2 + η3h0f∆+4,ℓ−4

+ (h4η41 + h2η42 + h0η43)f∆+4,ℓ + η5h0f∆+4,ℓ+4 + (h2η61 + h0η62)f∆+6,ℓ−2

+ (h2η71 + h0η72)f∆+6,ℓ+2 + η8h0f∆+8,ℓ . (B.12)

The explicit form of the coefficients bij and ηij is not particularly illuminating, and can

be found in the ancillary file of [164].
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B.4 Bulk correlators for P = 5

In this section we present the results for the components F
(1)
5,p , defined in (4.4.67) and

(4.4.69), with p < P − 1,

F
(1)
5,0 = −5

4

[
r5(r2+1)w4

(r2−1)2(r−w)4(rw−1)4
− 2r7w4 log(r2)

(r2−1)3(r−w)4(rw−1)4

]
,

F
(1)
5,1 = 5

4

[
(r4−38r2+1)r5w3

(r2−1)4(r−w)3(rw−1)3

+
r6w3(r6(w2+1)+5r5w−10r4(w2+1)+26r3w−10r2(w2+1)+5rw+w2+1) log(r2)

(r2−1)5(r−w)4(rw−1)4

]
,

F
(1)
5,2 = 5

4

[
− 3r6w2(8r6(w2+1)+43r5w−83r4(w2+1)+214r3w−83r2(w2+1)+43rw+8w2+8)

(r2−1)6(r−w)3(rw−1)3

+
3r5w2(r(r9w+7r8(w2+1)+15r7w−46r6(w2+1)+284r5w)+w) log(r2)

2(r2−1)7(r−w)3(rw−1)3

+
3r5w2(r(−222r4(w2+1)+284r3w−46r2(w2+1)+15rw+7w2+7)+w) log(r2)

2(r2−1)7(r−w)3(rw−1)3

]
,

F
(1)
5,3 = 5

4

[
5r5w(r(3r11w+15r10(w2+1)+20r9w−35r8(w2+1)+833r7w−960r6(w2+1))+3w) log(r2)

2(r2−1)9(r−w)2(rw−1)2

+
5r5w(r(+2208r5w−960r4(w2+1)+833r3w−35r2(w2+1)+20rw+15(w2+1))+3w) log(r2)

2(r2−1)9(r−w)2(rw−1)2

− 5r5w(r(9r9w+72r8(w2+1)+188r7w−503r6(w2+1)+2743r5w−2078r4(w2+1)+2743r3w)+9w)
3(r2−1)8(r−w)2(rw−1)2

− 5r5w(r(−503r2(w2+1)+188rw+72(w2+1))+9w)
3(r2−1)8(r−w)2(rw−1)2

]
.

(B.13)

They were derived following the approach outlined in Section 4.4.3.
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