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Abstract

Conformal Field Theories (CFTs) play a pivotal role in various areas of theoretical
physics, including string theory, holography, and condensed matter physics. Many of
these theories feature non-local excitations, known as defects. Conformal defects break
some of the conformal symmetry of the bulk theory while preserving it on the defect.
Therefore, it is natural to study them using similar methods to those employed for
CFTs without defects, such as the analytic conformal bootstrap. In this thesis, we
develop some analytic bootstrap techniques specifically for defect CFTs. We also apply
these techniques to several defects that are relevant in the context of condensed matter
physics or holography. We begin by reviewing the fundamental principles of conformal
field theory and the analytic bootstrap. Following this, we derive dispersion relations
that enable the reconstruction of defect and bulk correlators from their singularities. In
favorable cases, these singularities are determined by a small set of data of defect and
bulk operators. Specifically, we derive a new dispersion relation which computes the
four-point function of defect operators in 1d CFTs (i.e. line defects) as an integral over
its double discontinuity. Additionally, we construct two distinct dispersion relations for
two-point functions of bulk operators in presence of a defect. The first one expresses
the correlator as an integral over a single discontinuity governed by the bulk channel
Operator Product Expansion (OPE). The second relation reconstructs the correlator
from a double discontinuity controlled by the defect channel OPE. We also derive a
different dispersion relation for the special case of codimension-one defects. In the
last part of the thesis, we analyze the O(N) model in presence of line defects, which
correspond to magnetic impurities in condensed matter systems. In particular, using
a dispersion relation, we compute the two-point function of the fundamental field at
the first non-trivial order in the e-expansion. From this result, we are able to extract
an infinite set of new defect CFT data. Finally, we compute holographic correlators
in presence of the supersymmetric Wilson line in N' = 4 Super Yang-Mills. Using the
dispersion relation, we compute the four-point function of defect operators up to fourth
order in the large t'Hooft coupling expansion. Our derivation validates the results
previously obtained using an Ansatz. Similarly, we streamline the computation of two-
point functions of half-BPS single trace bulk operators, thanks to the efficiency of the

dispersion relation.
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Chapter 1

Introduction

This thesis studies Conformal Field Theories (CFTs) that admit extended excitations,
known as defects. CFTs are Quantum Field Theories (QFTs) that are invariant under
the conformal group, which includes translations, rotations, dilatations, and special
conformal transformations (transformations that map straight lines into circles). Con-
formal field theories are interesting due to their various applications, ranging from
critical phenomena in condensed matter physics to string theory and the AdS/CFT
correspondence.

In condensed matter physics, it is well-known that scale invariance arises when
a system undergoes a second-order phase transition. This statement goes back to
the experimental observation of critical opalescence near the critical point of COy [1]
which was interpreted as an indication of the diverging correlation length of the fluid
density [2]. Tt was later proven that scale! invariance emerges at the critical point of the
ferromagnetic phase transition in two-dimensional metals [5]. Therefore, second-order
phase transitions are described by CF'Ts. A characteristic feature of critical phenomena
is universality: the relevant parameters of completely different systems behave in the
same way near the critical point. This means that, in order to describe a second-order
phase transition, the microscopic details of a model are irrelevant and the behaviour
of the system is determined only by general properties such as symmetries [6]. In
other words, the same CF'T can describe the behavior of different systems undergoing
a second-order phase transition [7]. For example, the 3d Ising CFT describes both
the liquid—vapor transition of water at the critical point and the ferromagnetic phase
transition of uniaxial magnets. This connection to universality is one of the reasons
why conformal field theory is such a fascinating and powerful tool.

Conformal field theories appear also in the context of high-energy physics. When
quantum field theories are probed at different energy scales, their coupling constants

change. For instance, the coupling of the strong interaction is small at high energies

! Assuming unitarity, Poincaré invariance, a discrete spectrum and the existence of a scale current,
scale invariance implies conformal invariance in dimension d > 2 [3,4].



[8] but increases at low energies, leading to phenomena such as confinement. This
evolution of the coupling constants as a function of energy or length scale is interpreted
as a Renormalization Group (RG) flow [9-11] from a microscopic theory at very short
distances or high energies (UV) to a theory defined at long distances (IR), which arises
as one integrates out the degrees of freedom of the UV theory. The renormalization
group explains the phenomenon of universality: different high-energy QFTs can give
rise to the same low-energy physics. Scale invariant theories are fixed points of the RG
flow. Therefore, studying CFTs allows us to identify the endpoints of RG flows and
shed light on the space of QFTs.

Finally, conformal field theory has applications to string theory and holography.
Indeed, the sigma model that describes the worldsheet of a string must be a two-
dimensional CFT to ensure consistency of the string theory. Moreover, the AdS/CFT
correspondence [12-14] states that string theory in Anti-de Sitter (AdS) spacetime is
dual to a CFT defined on the boundary of AdS. In other words, this correspondence
provides a non-perturbative definition of quantum gravity in AdS in terms of a CFT.

Many of the CFTs that are relevant for physical applications are strongly coupled.
To study theories like the Ising model in three dimensions, various alternative expansion
methods can be used. One approach is the e-expansion [15], where we study the CFT in
d = 4—¢ dimension, with € being small. Specifically, we set up a perturbative expansion
around € = 0 and extrapolate the results to ¢ = 1 [16,17]. In the case of CFTs with
internal symmetries, such as the O(N) model, we can also perform a large N expan-
sion [18]. In order to go beyond perturbation theory, we can perform numerical Monte
Carlo simulations [19]. All these methods depend on having an explicit microscopic
model to compute the observables of the CFT. An alternative approach is to focus on
the general properties of CF'Ts and derive results based on consistency conditions. This
is the crucial idea of the conformal bootstrap [20-23], which combines conformal invari-
ance with the existence of a convergent and associative Operator Product Expansion
(OPE) [24] to obtain constraints on CFT observables. This approach allows the precise
determination of CFT data and, in certain cases, the exact solution of the theory. The
conformal bootstrap program was initially implemented for two-dimensional CFTs [22]
but has since been extended to higher dimensions [23]. A crucial breakthrough in this
area was the development of a numerical method, based on linear programming, to com-
pute scaling dimensions and OPE coefficients from the conformal bootstrap equations.
This method has lead to remarkable non-perturbative results for the CF'T data of many
strongly-coupled theories, such as? the 3d Ising model [27-29]. Alongside these numer-
ical developments, a range of important analytic tools have been introduced [30-33].
These tools have proven extremely useful, particularly when the theory allows for a
perturbative expansion in some small parameter.

2See [25,26] and references therein for more numerical bootstrap results.
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The spectrum of a CFT includes both local and non-local operators. The latter are
often called defects. The expectation values of certain defects, such as Wilson and 't
Hooft lines, are useful for diagnosing phases of theories [34,35]. In condensed matter
physics, defects like boundaries and interfaces naturally appear as consequence of the
finite size of physical systems, while line defects extended in the time direction represent
point-like impurities [36]. Additionally, topological defects correspond to symmetry
generators [37]. In the context of CFTs, we usually consider conformal defects, which
preserve part of the conformal symmetry of the bulk CFT [38]. Motivated by the success
of the conformal bootstrap for homogeneous CFTs, it is natural to explore a similar
approach for theories with conformal defects. In recent years, numerous new results for
defect CFTs have emerged from both numerical [39-43] and analytic bootstrap [44-55]
studies.

1.1 Main results and structure of the thesis

The aim of this thesis is to develop new tools for the analytic bootstrap of defect CFT's
and to apply them to defects that are relevant in the context of condensed matter
physics or holography. This work is structured as follows.

In Chapter 2, we review fundamental aspects of conformal field theory essential for
understanding the main results of this thesis. The results discussed in this chapter are
well-known in the literature. We begin by examining generic CFTs without defects. We
present the conformal algebra and its implications for correlation functions. Next, we
introduce the Operator Product Expansion, which allows to expand the product of two
operators in correlation functions as a sum over primary operators. Then, we discuss
the crossing equation and the conformal bootstrap program, with a particular focus on
the analytic methods, specifically the Lorentzian inversion formula. This is an integral
formula that can be used to extract conformal data from singularities of the four-point
function in Lorentzian signature. In view of applications to line defects, we dedicate
a section to one-dimensional CFTs, highlighting the main differences from the higher-
dimensional case. In particular, we focus on the special features of the one-dimensional
Lorentzian inversion formula. Towards the end of the chapter, we introduce conformal
defects and we explain how correlation functions of local operators are modified in
presence of a defect. We consider correlators of both defect and bulk operators. For the
latter case, we introduce the bulk-defect (or simply defect) and bulk-bulk (bulk) OPE
expansions and outline the concept of the defect analytic bootstrap. We discuss two
distinct Lorentzian inversion formulas: the defect inversion formula, which extracts the
CF'T data of operators exchanged in the defect OPE channel from a single discontinuity
controlled by the bulk OPE channel, and the bulk inversion formula, which extracts
data in the bulk channel from a double discontinuity controlled by the defect spectrum.

11



Finally, we discuss the special case of boundaries and interfaces.

After this review, we present the main results of the thesis. In Chapter 3, we
present new dispersion relations for correlators in defect CFTs. A dispersion relation
is an integral formula that allows the reconstruction of a function from one or more of
its discontinuities. We obtain novel dispersion relations for four-point functions in one-
dimensional CFTs (i.e. line defects) and for two-point functions of bulk operators in
the presence of a generic defect. Specifically, we derive the one-dimensional dispersion
relation directly from the corresponding Lorentzian inversion formula. The input of the
formula is the double discontinuity of the four-point function. We explicitly work out
the integration kernel for correlators of identical operators with integer or half-integer
dimensions. We also introduce two distinct dispersion relations to reconstruct two-point
functions of bulk operators in the presence of a defect, up to low-spin ambiguities. The
first formula involves a single discontinuity and we derive it using either a contour
deformation argument, combined with the symmetries and the analytic structure of the
correlator, or by re-summing the result of the defect Lorentzian inversion formula. The
discontinuity is controlled by the bulk OPE, making this formula particularly suitable
for theories where the bulk is well-understood. The second dispersion relation depends
on a double discontinuity controlled by the defect channel. The derivation in this case
is more complex, but for certain defect dimensions, we can relate the problem to the
case without a defect. Finally, we present a dispersion relation for the special case of
boundaries and interfaces. Here, it is not possible to find a relation controlled solely
by either the bulk or the defect OPE. Instead, the dispersion relation involves two
distinct discontinuities, each controlled by one of the OPE channels. The presentation
of Chapter 3 is based on [56] and [57].

In Chapter 4, we present several applications of the defect analytic bootstrap. We
begin by considering defects in the critical O(/N) model in d = 4 — & < 4 dimensions,
where the fundamental excitation is the vector of scalar fields ¢, with a = 1,..., N.
Using a dispersion relation, we compute the two-point function of ¢, (i.e. the magnetic
susceptibility) in the presence of a defect obtained by coupling the field ¢; to a magnetic
field localized on a line. In Lorentzian signature, this defect corresponds to a magnetic
field localized at a point in space. Following [58], we determine the two-point function,
at first order in e-expansion and at the Wilson-Fisher critical point. The discontinuity of
the correlator is governed by a single bulk conformal block, associated with the lightest
operator exchanged in the bulk OPE channel, and is proportional to the anomalous
dimension of this operator. Given that the anomalous dimensions of bulk operators
are known from the analysis of the bulk theory without defects, we can reconstruct
the non-trivial part of the order-¢ correlator using only a single piece of known bulk
CFT data. This is a universal feature of defects in the O(N) critical model in e-

expansion. However, differences among defects may arise from low-spin ambiguities.
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For the case of the localized magnetic field, we argue that the ambiguity corresponds to
the contribution of the squared one-point function of the fundamental field ¢,. From the
result for the two-point function, we can extract an infinite amount of new CFT data,
including defect anomalous dimensions, bulk-to-defect couplings and bulk one-point
functions.

Next, we consider a line defect corresponding to a spin impurity, following the anal-
ysis of [59]. In Lorentzian signature, this setup models a doped two-dimensional anti-
ferromagnet at the quantum critical point. Among the various realizations of the spin
impurity, we choose to work with a path-ordered exponential, which preserves the full
global symmetry algebra only for N = 3. Thus, we focus on this case. We start by
examining a free bulk theory and compute the beta function for the defect coupling
up to three loops. We then analyze several important operators in the defect spec-
trum, particularly their explicit realization in the path-ordered exponential framework.
Finally, we calculate the bulk two-point functions of ¢, using analytic bootstrap meth-
ods, in the case of a free or interacting bulk. For the free bulk case, the form of the
correlator is completely fixed at all orders in ¢, up to a single unknown (e-dependent)
constant which is essentially the one-point function of ¢%. Evaluating this correlator at
¢ = 1 and assuming that the one-point function is non-zero, we obtain a correlator that
cannot satisfy the defect bootstrap equations, leading to the inevitable conclusion that
the defect CFT is trivial in this scenario. For the interacting bulk case, we compute
the correlator up to order €2. This computation is very similar to that for the localized
magnetic field, the main difference being an extra contribution due to low-spin ambi-
guities. From the explicit form of the correlator, we extract an infinite amount of new
CFT data. We also confirm and extend our results by diagrammatic computations.

As a last example of a defect in the O(N) model, we consider a conformal boundary.
In this case, we demonstrate that previously obtained results for the order €2 two-
point correlator can be efficiently reproduced by the boundary dispersion relation. This
section is based on [56].

In the final section of this chapter, we examine the supersymmetric Wilson line in
N = 4 SYM, which is holographically dual to a string worldsheet in AdS5 x S® end-
ing on the line at the boundary. We compute the four-point function of fundamental
fields inserted on the line, corresponding to fluctuations of the worldsheet of the dual
fundamental string. Using the dispersion relation, we reproduce results in the planar
limit up to the fourth order in a strong 't Hooft coupling expansion, which were previ-
ously obtained using an Ansatz in terms of polylogarithms and rational functions. Our
first-principles computation retrospectively justifies the Ansatz. Additionally, by taking
advantage of the simplicity of the dispersion relation, we efficiently reproduce known
results for the bulk two-point function of 1/2 BPS operators at strong coupling. Previ-

ously, these correlators were derived using the Lorentzian inversion formula to extract

13



defect CF'T data and then resumming the OPE expansion. We obtain the correlators
directly, bypassing the technically challenging intermediate steps. This section is based
on [56] and [57].

In Chapter 5, we summarize our results and discuss potential future research direc-

tions.
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Chapter 2

A review of conformal field theory

In this chapter, we review the fundamental principles of conformal field theory. We
begin by considering CFTs without defects. We introduce conformal transformations
and their algebra, examining their implications for correlation functions. We also discuss
the Operator Product Expansion and the crossing equation, which lay at the heart of the
conformal bootstrap program. Furthermore, we provide a brief overview of the analytic
methods used in the conformal bootstrap. Towards the end of the chapter, we introduce
conformal defects, which will be the central focus of the subsequent chapters. This
chapter is a short review of known results, we refer to the excellent reviews [25,60-63]

for a more comprehensive treatment.

2.1 The conformal algebra and its representations

A conformal transformation is a change of coordinates that preserves the metric up to

a spacetime dependent scale factor
dx’? = QO (x)da?, da® = n,,detdz” (2.1.1)

where 7, is the flat metric in Euclidean or Minkowski space. In what follows we
will mostly focus on the Euclidean case. In order to see explicitly the form of such
transformations, one considers an infinitesimal transformation x|, = r, + ¢,(x) with
Q(x) = 1+ o(x) and expands the definition (2.1.1) at first order in € and 0. One
obtains the constraint

Ouer + 0,6, = 200, . (2.1.2)

This is the so called conformal Killing equation. Its general solution reads !

— v 2 v
ez) = a, Hwur’+ Az, +b,a°—2z,b,2", (2.1.3)
~—~ —— ~—~ ~
translation  rotation  dilatation special conformal

1See for example [63] for more details about the solution of the conformal Killing equation.
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where w,, = —w,,. In other words, the generic conformal transformation is a combi-
nation of translations, rotations, dilatations and special conformal transformations.

Given a conformal Killing vector € = €0, one can define the associated generator
Q.. The commutation relations of the conformal generators can then be obtained from
those of the Killing vectors as

[Qen Qez] = Q—[61,62] . (214)

If we associate the generators {P,, M,,, D, K, } to the conformal Killing vectors with
parameters {a,, w,,, A, b, }, we obtain

[(Myws Bp] = 0up Py = 60 P,
[ uvs ] = ‘5 u 5upKV7
[Myws Mpo] = 60pMyuo — 0upMyo + by Mpy = 66 My, (2.1.5)
[ ] = Pua
(D, K] =
(K, P)] = %D 2M,.0,

and all other commutators vanish. This is the conformal algebra. If we rearrange the
generators as

Ly = My,
L_1o0=D,
Lo, = %(Pu +K,), (2.1.6)
L= 5P K,
where Ly, = — Ly, and a,b € {—1,0,1,...,d}, then
[Labs Lea) = MoeLad — NacLva + MvaLleca — NadLeb , (2.1.7)
where 7., = diag(1,1,...,—1). The equation above implies that the d-dimensional

Euclidean conformal algebra is isomorphic to the algebra of SO(d 4 1,1), which is the
Lorentz group in d + 1 dimensions >

Operators in a CFT transform in the representations of the conformal algebra. Ex-
ploiting the equivalence with the Lorentz algebra, one can easily construct such rep-
resentations, following the same strategy that one uses for the Poincare group. For a

given operator O, we assume

(M, 0°(0)] = (S, )s"0"(0)  [D,0(0)] = AO*(0), (2.1.8)

2The Lorentzian conformal algebra is instead isomorphic to the algebra of SO(d,2).
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where S, are matrices satisfying the same algebra as M, and a and b are spin indices
for the SO(d) representation of O. The eigenvalue under the action of the dilatation
generator, A, is called the scaling dimension of the operator. Operators in a CFT are
uniquely characterized by their dimension A and representation under SO(d). From
now on, we will often suppress the spin indices to avoid cluttering.

From the conformal algebra (2.1.5), one can see that P, and K, are respectively
rising and lowering operators for scaling dimensions. In physically sensible theories, the
scaling dimension is bounded from below . Therefore, there must exist operators such
that

[K,,0(0)] =0. (2.1.9)

These are called primary operators. Given a primary, we can construct operators
of higher dimension, called descendants, by acting with P,. The resulting conformal
multiplet forms an irreducible representation of the conformal group.

The construction above can be generalised to operators inserted at an arbitrary
point in spacetime, using

O(z) = " O(0) e . (2.1.10)

The action of the conformal generators on an operator in this case reads

[P, O(x)] = ( )

(M, O(x)] = ( — 240, + 5,,,)O0(x) (2.1.11)
[D,0(z)] = (x“@ + A)O(z),
[K,, O(z)] = (22,270, — 2°0,, + 2Ax, — 22"5,,)O(z) .

2.2 Correlation functions and the OPE

Now we can introduce the main observables in conformal field theories, namely corre-

lation functions of local primary operators,

Here the vacuum state |0) is defined as the state that is annihilated by all the conformal

generators. For a general n-point function, conformal invariance implies
(0[[Lap, O1(21)...0p (2,)]]0) = Z.c (O (21)...0, (2,)) =0, (2.2.2)

where L, are the generators (2.1.6) and £® are the corresponding differential operators
acting on O(z), see (2.1.11).

3As we shall see in the next section, if we had an operator with A < 0, then its two-point
function would grow with distance, violating cluster decomposition [61]. Moreover, unitarity /reflection
positivity implies A > 0.
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The first non-trivial 4 correlator is the two-point function. For scalar operators, the
Ward identity (2.2.2) implies

(01 (1) Oy (1)) = S22 (2.2.3)

L2

where 215 = 2§ — 25. In other words, the two-point function is completely fixed in
terms of the scaling dimension of the operators (and possibly an overall normalization
constant C'). One can generalize (2.2.3) to the case of spinning operators. In the case
of a spin ¢ symmetric traceless tensor one obtains

W, (z)--- I, (x)

(Jrr-te(x)d, ,,00)) =Cy ( o £~ — traces ) , (2.2.4)
where i
xhz,

I, (x) =68 —2 o (2.2.5)

Moving on, three-point functions of scalar operators read

A123
(O1 (1) O3 (22) O (23)) = N, vy, v, way e v, (2.2.6)

T12 Lo3 L31

whereas the three-point correlator of two scalars and a symmetric traceless tensors is

given by
A0 0u7 (Z1 -+ ZH — traces )
(O1 (1) Oy (z9) JH 1 (23)) = A1+A21_A2J+g A A, AT A TR A D
L9 Lo3 T3
T (2.2.7)
g =218 723
afy 23

The coefficients \;;;, are called three-point couplings or OPE coefficients. The reason
for this name will soon become clear.

The next correlator is the four-point function. In this case, conformal invariance
(2.2.2) cannot fix the kinematic dependence completely and one obtains, for identical
scalars ° ¢,

(6(0)0(22)0 @) (2)) = ek (228)

LT1g T3y
Here G(z,z) is an arbitrary function of z and Zz, which are two (complex conjugate)
conformal cross-ratios, satisfying
2 .2
L12T34

(1= 2)(1—2) = “tls (2.29)
, —2)(1—-2) = —=—=. 2.
l’%3$%4 :U%3:v§4

2z =

We can understand the meaning of the two cross-ratios by performing the following

transformations [61]:

4One-point functions vanish because of translation and dilatation invariance, except in the case of
the identity operator (1) = 1.
Similar expressions exist for non-identical operators. We will not need them in what follows.
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1. Using special conformal transformations we move x4 to infinity.

2. We move z; to the origin using translations.

3. Using rotations and dilatations we set x3 to (1,0,0,...,0).

4. Using rotations that fix x3, we move x5 to a plane, ie. (z,y,0,0,...,0).

This procedure leaves exactly two undetermined coordinates (x,y), which parametrize
a plane. We can then introduce lightcone coordinates for the plane, namely z = x + 1y
and zZ = x —iy. These are precisely the cross-ratios (2.2.9) in this frame. Notice that, if
we Wick rotate to Lorentzian signature, the cross-ratios become two independent real
numbers z =xr 4y, 2 =1 — y.

One could of course go on and study higher point functions, using (2.2.2) to constrain
the form of the correlators up to an arbitrary function of an increasing number of cross-
ratios. However, it turns out that all higher-points correlators can be constructed from
two- and three-point functions using the Operator Product Expansion (OPE).

In a CFT one can expand the product of two operators inside any correlation func-

tion as an infinite sum over primary operators, namely

$(21)P(x2) = Y AppoCal@12, 02) 0% (x2) . (2.2.10)

Above, C, is a differential operator that encodes the contribution of descendants °, a
is a SO(d) index 7 as before and finally Ass0 is the three-point coupling introduced in
(2.2.6). We now see why it is also called OPE coefficient. Contrary to what happens
in the case of a generic quantum field theory, the OPE in a CFT is convergent [64],
provided that one can surround the two operators with a sphere without crossing any
other operator.

Using the OPE, any n-point function can be expressed as a sum of lower point

functions,

<¢(I1>¢($2) T ¢n<l’n)> = Z )\¢¢@C(x12, 32)<O(I2) e ¢n($n)> . (2.2.11)

Applying the above equation recursively, one can in principle obtain any correlator
just from two- and three-point functions. For this reason, one often says that the
spectrum of scaling dimensions and OPE coefficients, collectively referred to as CFT
data, completely determines a CFT.

6The explicit for of this operator can be computed by applying the OPE inside a three-point
function and comparing with (2.2.6).

"Indeed, the OPE of scalars may contain spinning operators. In particular, in the case of two
identical scalar operators, the OPE contains symmetric traceless tensors with even spin /.
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2.3 The conformal bootstrap

We can finally introduce the conformal bootstrap method for the study of CFTs [23,
65, 25]. Roughly speaking, the crucial idea is to consider four-point functions and
perform the OPE between pairs of operators in different orders. This results in different
expansions of the same correlator in terms of the CFT data. By imposing consistency
between them, one obtains a crossing equation that constrains the allowed CFT data.
One can rephrase the previous statement in more sophisticated terms by saying that
associativity of the OPE imposes constraints on the CFT data.

The crossing equation can be (approximately) solved numerically [23,65], leading
to astonishing non-perturbative results for the CFT data of many strongly-coupled
theories, such as the 3d Ising model [27-29]. Alternatively, one can tackle the bootstrap
problem analytically, either by taking special kinematic limits of the crossing equation
[32,33] or by using alternative techniques such as analytic functionals [66,67], the Mellin
transform [68-71] and the Lorentzian inversion formula [31]. The analytic approach is
viable when the CFT admits a small parameter expansion. In the next sections we
will introduce the crossing equation and review one of the most powerful tools for the

analytic bootstrap: the Lorentzian inversion formula.

2.3.1 Conformal block expansions and the crossing equation

We start by considering a four-point function (2.2.8) and taking the OPE between the
first and the last couples of operators, schematically (12)(34),

(¢ (1) @ (22) ¢ (23) @ (74)) = Z Aps0 00 Ca (12, 02) Cy (234, 04) (O (m2) O (24))

0,0
1 (@4)
= > XowoCa (212, 0) Cy (w31, 01) —355
© 24
1 —
- mz)\iﬁOGAf (Za Z) . (231)
Tip Ty o

In the last line we introduced the conformal block Ga (2, Z), defined as

1% (x
Gayl(2,2) = 20510y Cy (212, 02) Cy (234, 0y) % (2.3.2)
24

It turns out that conformal blocks are also eigenfunctions of the quadratic Casimir

operator of the conformal algebra (2.1.5) and can be computed explicitly [72-74] in
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d =1 % or in even dimensions,

GdA:yfl(Zv Z) = Galz) = 2%F (A, A 24, 2)
GEF(2:2) = Gopr (:)Ga1() + Gat ()G ape (3),
GEH7) = 75 (Gan(9)Gaga () ~ Cagu(0Gan (@) . (235)

Above, o F (A, A, 2A, 2) is a Gaussian hypergeometric function. In general dimension,
conformal blocks admit representations in terms of infinite sums, but no closed form is

known. A useful representation is

Garlz, )= Anvq(A,z)z¥+nGM?Qq(z). (2.3.6)

n=0 g=—n

where the coefficients A, ,, can be fixed recursively using the Casimir equation [33].
In analogy with scattering amplitudes, the expansion (2.3.1) is called ”s-channel”

conformal block expansion. As we already mentioned, there is another possible way

of performing the OPE, namely (14)(23). This is the so-called t-channel expansion °.

Following the same steps as in equation (2.3.1), one obtains

2Z = —
(6 (01) 6 (22) & (23) 6 (22)) = ity 35 Moo (c55s) Garll-z1-2).
(2.3.7)
Imposing consistency between the two expansions (2.3.1) and (2.3.7) one obtains the

crossing equation
oG (22) = (2 ) [ S A2 oG (1— 21— 2 2.3.8
Z GdO A,é(zaz)_ (1-2)(1-2) %: PO A,Z( 2, Z) ) ( )
o

This is an infinite-dimensional system of equations for the CFT data {A, £, Asp0}-

In the case of identical operators, the crossing equation can also be written as

G(z,2) = (m) G(l—2,1-2). (2.3.9)

2.3.2 The analytic bootstrap and the Lorentzian inversion formula

The interplay between the CFT data in the two channels of the crossing equation (2.3.8)
can also be captured using the Lorentzian inversion formula of [31].
In order to derive this powerful tool, one has to introduce yet another expansion

of the four-point function (2.2.8). One introduces conformal partial waves Ua 4(z, 2),

8Notice that in d = 1 the conformal blocks, and the four-point function, depend only on one
cross-ratio. We refer to section 2.4 for more details on one-dimensional CFTs.

9n the case of a four-point function of non-identical operators, there is also a u-channel and a
corresponding additional crossing equation.
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which are single-valued eigenfunctions of the Casimir operator that can be written as

a linear combination of conformal blocks

Un(2,2) = kaneGa(z,2) + £aGa-ni(z,2) (2.3.10)
¢ W%F(A—%)F(Aﬁ—l)r(W)?
F(A—I)F(d—AM)F(%)Z’

kae = (—3) (2.3.11)

Harmonic analysis on the conformal group [75] shows that a complete and orthogonal
basis is formed by partial waves with (unphysical) complex dimensions A = g +ia with

a > 0, referred to as the principal series representation. The orthogonality condition

reads
(2.3.12)
where p(z, 2) is the SO(d + 1, 1) invariant measure
(2, %) = u, (2.3.13)
22|
and 1(S%2)(2¢ + d 4 (+d
_ )2 —2)rl nr -2
na, = Haae o vol(STH@E4 d = Dl + DI+ d—2). (2.3.14)

2421 (( + 42

The four-point function can then be decomposed as [76]

(z,2) Z/ o %c A OUA (2, 2). (2.3.15)

The s-channel OPE decomposition (2.3.1) is recovered by closing the integration contour
to the right, so that terms of the OPE come from the poles of the coefficient ¢(A, ¢),

namely

Z K ¢¢O O € s-channel OPE. (2.3.16)

In other words, the coefficient c(A, ¢) encodes the s-channel OPE data. This coefficient
can be obtained using orthogonality to invert equation (2.3.15),

(A 0) = 2na / dzdz (2, 2) Ua (2 2) G(2, 7). (2.3.17)
C

This is the so called Fuclidean inversion formula. Exploiting the analytic structure of
the correlator, which is determined by the conformal block expansions, Caron-Huot [31]
performed a contour deformation of the Euclidean inversion formula and obtained a

Lorentzian '° inversion formula. In the case of identical scalars, it reads
1+(_1)€ F(A+€
(A ) = SWQ(I‘(A+E—)1) T /dz/dzu 2,2) Grya—1.a-d+1(2, 2) dDisc[G(z, 2)] .

(2.3.18)

ONotice that now the integration runs over a Lorentzian region, with (z, z) independent and real,
see the discussion below (2.2.9).
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The contour deformation requires dropping contributions from arcs at infinity, which

1Tt turns out that one

are controlled by the so-called Regge limit of the correlator
can prove a bound on the growth of the correlator in the Regge limit [31] from the
convergence of the OPE expansion and positivity of )\é(w. The latter is a consequence
of unitarity, which implies A\y30 € R. At the end of the day, one finds that the contri-
butions at infinity can be safely ignored only for ¢ > 1, therefore the formula may miss
contributions to the CFT data of spin £ = 0, 1 operators.

The input of the formula is the double discontinuity of the correlator, defined as
1 1 la)
dDisc|G(z, 2)] = G(z, 2) — §Qo(z, z) — 59”(2, z), (2.3.19)

where G“(z, z) and G“(z, z) are two analytic continuations of G(z, z) around the branch
point at z = 1 in the directions specified by the arrows.

The double discontinuity of a four-point function can be computed by expanding
G(z, %) in the t-channel and applying the definition (2.3.19) to the conformal blocks.
One obtains

: > : 2z Do 2 5
dDisc|G(z, z)] = dDisc {(W) [% NosoGae(l—2z,1— z)H
2 . z B
= Z )‘45(;5(9 dDisc {(%) GAj (1 —z,1— Z):| (2.3.20)
o
: m 2z A¢ =
= %: 2 sin? §(A —2A4 — 1) /\iw (m) Gay(l—2,1-2).

In the last line, we used an explicit series representation of the conformal blocks (2.3.6)
and
dDisc[(1 — 2)*] = 2sin®(ra)(1 — 2)~. (2.3.21)

We stress that the inversion formula (2.3.18) extracts the CFT data in the s-channel
OPE from the double discontinuity (2.3.20), which is controlled by the t-channel ex-
pansion 2. This is a manifestation of crossing symmetry (2.3.8).

A natural domain of application of the inversion formula is perturbation theory
around a (generalized) free theory. The spectrum of these theories consists of the
identity and double-twist operators '* with dimensions

A=20As+2n+1¢. (2.3.22)

H'We refer to the original work [31] for a thorough discussion of the contour deformation and of the
Regge limit.

12Tn the case of non-identical operators, the inversion formula contains an extra term which receives
contributions from the u-channel OPE data, see [31].

13In the literature, they are also referred to as double-trace operators.
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When a small perturbation !4

is turned on, the scaling dimensions of these opera-
tors receive perturbative corrections. Crucially, the contribution of (approximately)
double-twist operators to the double discontinuity at any given order in perturbation
theory depends entirely on lower order data. In other words, in this case, the double
discontinuity is considerably simpler than the full correlator. Therefore, the inversion
formula can be used to bootstrap the CFT data order by order in perturbation the-
ory. This is a consequence of the fact that the double discontinuity (2.3.20) has double
zeros at A = 2A4 + 2n + (. The inversion formula has been heavily exploited to an-
alytically bootstrap various theories that admit a small parameter expansion, see for
example [77-80].

Let us conclude this section by mentioning an important feature of the Lorentzian
inversion formula (2.3.18), namely that it is analytic in spin. This property justifies a

posteriori the convergence of large-spin expansions of the CFT data all the way down
to spin ¢ = 2 [32,33,81-83].

2.4 A special case: one-dimensional CFT

In this section we specialize to the case of one-dimensional CFTs, in view of applications
to line defects. It is often said that 1d CFTs are trivial, since the conformal Killing
equation (2.1.2) is identically satisfied for any smooth coordinate transformation [63].
Moreover, the traceless condition on the stress-energy tensor '° implies that it vanishes,
i.e. the Hamiltonian is trivial. However, one can relax the assumption of the existence
of a conserved stress-tensor and study theories invariant under the one-dimensional
conformal group SO(2,1) = SL(2,R). This is natural in the context of line defects,
where one considers correlators of operators inserted on a line immersed in a higher-
dimensional bulk CFT.

The one-dimensional conformal group has just three generators {P, D, K} (2.1.5),
and operators are labeled by their scaling dimension A. There is no spin in d = 1
and fermions are just anti-commuting scalars. Correlators of one-dimensional CFTs
share many of the properties of their higher-dimensional cousins, in particular two- and
three-point functions have the same form as in (2.2.3) and (2.2.6).

Four-point function of identical scalar operators ¢ with dimension Ay have the

structure 1

(Tl2 T34

(D(11)D(T2) b (73)0(Ta)) = (2.4.1)

)250 Gg(2),

14The small parameter can be the coupling of an interaction, but also 1/N in large N theories or &
in the e-expansion.

15Tn generic CFT, the stress tensor is conserved, 0,T* =0, and traceless, Tl =0. One can prove
that these conditions imply the conformal Killing equation (2.1.2), see [61] for a proof.
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where 7 is the coordinate on the line and z is the single invariant cross-ratio

32%7 Tij =Ti = Tj - (2.4.2)
Comparing with the higher-dimensional case (2.2.8), one can see that restricting to
a line corresponds to setting z = z. This is the so-called diagonal limit. Given the
ordering 71 < T < 73 < 74 on the line, conformal symmetry can be exploited to set
71 =0, 13 =1, 74 = 00, see the discussion below (2.2.9). This results in 7, = z falling in
the interval (0, 1). Changing the ordering of the points alters the range of z. Unlike the
higher-dimensional case, correlators derived from (2.4.1) through the exchange 1 <> 2
(placing z in the region z < 0) and 2 <+ 3 (corresponding to z > 1) are not related by
analytic continuation. The correlator G(z) is given by three separate functions in the
intervals (—o0,0), (0,1) and (1, 00) [84,85],

G (z) for z € (—o0,0)
G(2) =< G9(2) for z€(0,1) (2.4.3)
GH)(z) for z € (1,00).
As discussed in details in [85], in the case of identical operators Bose (or Fermi) sym-

metry implies relations between the three functions above. In particular, G (2) is
sufficient to determine the correlator on the whole real axis as

G(z) =g ( =),
G(z) = +222G0 (1),

(2.4.4)

where the plus sign is for bosons and the minus sign for fermions. The exchange 7 <> 73
(or equivalently, 7 <> 74) is the sole true symmetry of the correlator, as it consistently
maps the interval (0,1) onto itself. This symmetry is none other than the crossing
relation (2.3.9), which in this case reads

© 2 G0
Just like in the higher-dimensional case (2.3.8), the four-point function (2.4.1) can be
expanded using the OPE in two different channels

ZQA

¢
0 _ _
g( )<Z> = Z CLAGA(Z) - m ZCLAGA(:[ - Z) y (246)

A A
where the sum runs over primary operators with scaling dimension A and we defined
an = N4o for convenience. Above, Ga(z) are the one-dimensional conformal blocks

defined in (2.3.3).
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2.4.1 The Lorentzian inversion formulas in 1d CFTs

As in higher-dimension, one can introduce a conformal partial wave expansion (2.3.10).
However, in this case the representation theory of SL(2,R) [86] shows that, in order to
have a complete and orthogonal basis, one needs two sets of partial waves: the principal
series with complex dimensions A = % + i with o > 0, and the discrete series with

A = 2m, m € N. The orthogonality relations for partial waves in the d = 1 case are '6

(\Ij%+ia(z> ) ‘Il%Jrzﬁ(Z)) = 27Tn%+ia5(a - /8) ) «, 5 € R+
A2 (2.4.7)

(\Ilgm(Z) s qjgn(Z)) = m(smn, m,n & N

with (U1/2450(2), ¥m(2)) = 0 and nay is defined in (2.3.14). The four-point function
can be decomposed in partial waves as

0= [, e Ca@+ 3 qar s gy lmnComeals) . (249

m=0

The s-channel OPE decomposition (2.4.6) is recovered by closing the principal series
integration contour to the right. The contributions to the OPE expansion come from
the poles of ¢(A) = In/2ka and from the discrete series. Notice that, in general, the
coefficient of the discrete series fm is different from In|a—,. The coefficients In and
I, can be obtained using orthogonality to invert the conformal partial wave expansion
(2.4.8), namely

In = /_ dw w2G(w)Ua(w), I = /_ dw w2 G () U (w).  (2.4.9)

" inversion

However, in the case of identical operators, there are also two Lorentzian !
formulas that allow to reconstruct I,,, [84] and I [85] from the double discontinuity of

the four-point function,

In = 2/1 dw w > HE'" (w) dDisc[G(w)] (2.4.10)
¥ 4F2(m) ! -2 .
I, = T@m) /0 dw w™ G, (w) dDisc[G(w)] . (2.4.11)

Notice that none of the two formulas can be obtained from a diagonal limit (z = z) of
the higher-dimensional expression (2.3.18).

16Tn what follows WA (2) = leA7O(Z’2)|GA74(Z,2)—>GA(Z) and na = na o, see (2.3.10) and (2.3.14).

1"Tn d = 1 there is no distinction between Euclidean and Lorentzian signature, the name Lorentzian
means only that the input of the formula is a double discontinuity, as in the original Lorentzian
inversion formula (2.3.18).
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The double discontinuity in the equations above is defined as

G (2)+G7(2)

dDisc|G(2)] = G(z) — 5 ;

(2.4.12)

where G7(z) is the value of G(z) moving counterclockwise around the branch cut at
z = 1 and viceversa for G™(z). For identical operators, (2.4.3) implies

G(2) = G (2 +ie), G™(2) = G (2 —ie). (2.4.13)

For a bosonic correlator, using the explicit form of the conformal blocks (2.3.3) and

following the same steps as in (2.3.20), one obtains

dDisc[G(2)] = ) _ 2sin’ (A —245)ax T Ga(l—2), (2.4.14)
A
whereas, in the case of fermions, one finds
dDisc[G(2)] = Z 2 cos® §(A —2A,) aa mG’A(l —z). (2.4.15)
A

The difference between the two cases is due to a different sign in G(F)(2), see (2.4.4).

Notice that, as in the higher-dimensional case, the double discontinuity has double
zeros at the dimensions of double-trace operators, namely A = 2A4 +2n in the bosonic
case and A = 2A; + 2n + 1 in the fermionic one.

In the case of identical bosons (B) or fermions (F), the inversion kernels HAB/ " lw)
in (2.4.10) can be determined requiring consistency between the Lorentzian inver-
sion (2.4.10) and the Euclidean one (2.4.9), as discussed in [85]. It turns out that
HAB/ "(w) must be holomorphic functions in w ¢ (1,00) and satisfy the constraints

HR' (w) = HY" (w/(w — 1)) and
HB/F l_|_ —|—HB/F 1
2R gRIT () 4 (1= 2)22e 2R (1 — ) £ =2 s 5 N il =
SN (% —I—ie) + WA (% — ie)
> |

= 22020 (2) + (1 — 2)220 205 (1 — 2) £ (2.4.16)

The explicit solution of such constraints is only known in the case of identical bosons

(fermions) with integer (half-integer) conformal dimension [85], and reads

Hf/F(w) . 2m [w2_2A¢pA(w) + (L)Q*M‘P}M(ﬁ) +q§¢(w))} (2.4.17)

sin(rA) w1
pa(w) = 2 F1(A 1 - A1 w), (2.4.18)
ax? (w) = ax? (w) + by (w) log(1 — w) . (2.4.19)
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In (2.4.19), a§¢ (w) and b§¢ (w) are polynomials in A '® and w,
2A,—2 2044
Ay U)) _ Z Z Cmn wm+2—2A¢An(A . 1)n ’
0 n=0

204220 4—4

) =33 B ANA — 1)
m=0 n=0

The coefficients a,, ,, and 3,,,, above have to be fixed case-by-case in A, by demanding
that Hf/ F(w) satisfies the constraint (2.4.16) and is holomorphic in w = 0. The first
few examples read

(2.4.20)

ap(w) =0, by(w) =0,
ad(w) =w? +2w -2, bi(w)=0,
aAg ;) _ bl/Q('LU) _ OA (2.4.21)

(
a3l *(w) = (2A2—2A Dw, bv%w) =0.

We stress that there is a crucial difference between the Lorentzian inversion formula
in d = 1 and the original one (2.3.18). In higher dimensions the inversion kernel does not
depend on the external dimensions A, and it is simply a conformal block, see (2.3.18).
Here the kernel depends on the external dimensions. However, it turns out that the
coefficient function In corresponding to a single t-channel conformal block of dimen-
sion A encapsulates the CFT data of the crossing-symmetric sum of exchange Witten
diagrams in AdS; with the same dimension, the so-called Polyakov block 7724’(2) [85].

In this sense, the one-dimensional inversion formula is manifestly crossing symmetric.

2.4.2 Regge-limit behaviour and the improved inversion formula

In unitary CFTs, four-point functions are bounded in the Regge limit [87,31]. In d = 1,
the Regge bound reads

1 N"28 /1
<§ + zt) Q<§ + zt) < oo fort— oo, (2.4.22)

The inversion formulas (2.4.10) and (2.4.11), with kernels (2.4.17), hold for any Regge-
bounded fermionic four-point functions. In the bosonic case, the inversion formula

(2.4.10) holds only for Regge super-bounded four-point functions, namely correlators
that satisfy

1 2R 1
(5 + it) g (5 + it) ~ 1t fort — o0, (2.4.23)

18Notice that the definition of the conformal partial waves (2.3.10) and of the inversion formula
$(2.4.9) and (2.4.10) imply H /F(w) = HlB_/g(w) Therefore aﬁ¢(w) and bﬁ“’ (w) are polynomials in
A(A-1).
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with € > 0.
In general, one can relate the behaviour of the correlator in the Regge limit with
the behaviour at w = 0 of the inversion kernel [85],

1 —24, 1
(5 + z't) g <§ + it) ~t" for t — 0o => Ha(w) ~ w*™™" for w — 0. (2.4.24)

From the explicit expressions (2.4.17), one can see that HX(w) ~ w® and HX (w) ~ w?.
To derive an inversion formula applicable to Regge-bounded bosonic correlators, it is
necessary to enhance the behavior of the inversion kernel HZ(w) at w = 0. This
can be achieved by subtracting any function that shares all the properties of HZ(w)
except that it satisfies (2.4.16) with vanishing RHS. There are two natural choices
for the subtraction, ﬁ%(w) and ﬁfl (w), which are defined by expanding HZ(w) at
A= 2A¢ + 2n,
HE (w) Yy (w) P (w)

- + +0(1), A = 2A;+2n. (2.4.25
RA (A—2A¢—2n)2 A—2A¢—2n ( ) ¢ ( )

Using for instance fl(fQ(w), one obtains for bounded bosons [85]

Hbd(w> — HB(U)) _ 7T222(A¢_1)F (A¢+%) I (A¢_%>2 I (A¢_%)2 27 ﬁB (w)
AT Ta [(Ag)°T (284,—1) T (1_%)% (1_%)2 sin(rA) %27
(2.4.26)

The coefficient in front of ﬁ]&(w) is determined by requiring that H}%(w) ~ w? for
w — 0.

The function f]&(w) has a pole in w = 1 for all Ay, potentially spoiling the con-
vergence of the inversion formula (2.4.10). Therefore, beyond the kernel redefinition in
(2.4.26), it may be necessary to define a regularized correlator G*8(z) by subtracting a
crossing symmetric and Regge-bounded function from G(z), to eliminate the singularity

in the integral. Generally, the regularized correlator is defined as

G5(z) = G(2) — Y aaPr’(2), (2.4.27)

A<2A,

where Pﬁ"’(z) are the Polyakov blocks 'Y we mentioned earlier, which are crossing
symmetric and Regge-bounded functions with the same double discontinuity as the
conformal blocks [85]. For example, in the bosonic case

S20

. A . 7T
dDisc [PAé(Z)} = 2S1H2 §(A — 2A¢)m

Ga(l—2). (2.4.28)

19Tn Appendix A we briefly discuss the properties of Polyakov blocks and show some explicit ex-
amples. Specifically, we compute Polyakov blocks for integer and half-integer Ay using a dispersion
relation intruduced in Section 3.1.1.
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Therefore

520

dDisc Qreg Z 2ap sin? — A —2Ay) o
AT, (1—2)%3 (2.4.29)

~(1=2)° withe>0,

ensuring that the integral in (2.4.10) converges. While the definition (2.4.27) of G"8(z)
is general, it is difficult to use because Polyakov blocks are complicated functions. In
practical applications, it is often more convenient to use different, ad hoc subtractions.
We shall see examples in Section 4.4.

In summary, the inversion formula for Regge-bounded bosonic correlators reads [85]

o= [y 2 H3 (w)dDisclg™s(w)] + limy | [ 28 HY (w) G4 () + f- 25 R ()G (w)
(2.4.30)
where C’;E are semicircular contours of radius p cenﬁered in w = 1, going above and
below the real axis, introduced to avoid the pole of H(fg(w).
One can extended all the above results to the case of correlators unbounded °
in the Regge limit. Given a specific asymptotic behaviour in the Regge limit, the

corresponding inversion kernel is

HE™ () = HE () = 3 Au B2 o) 505 = 5 B B2, (0) 505"

(2.4.31)
where the coefficients A,, ,, and B,, ,, are fixed by the imposing that H wbd (4)) vanishes
at small w according to (2.4.24). The more severe the divergence in the Regge limit,
the more terms will be needed in equation (2.4.31), resulting in increasingly strong
singularities at w = 1 2%

2.5 Conformal defects

In this last section we extend the previous discussion on the analytic bootstrap to the
case of defect conformal field theory.

We consider flat defects of dimension p and codimension ¢ = d —p in d spacetime di-
mensions. We find convenient to separate the coordinates z* = (2%, ') into coordinates
parallel to the defect, with @ = 1, ..., p, and orthogonal, with i =p+ 1, ..., d.

Conformal defects are extended operators that preserve a subgroup of the full con-
formal symmetry of the bulk theory

SO(d+1,1) = SO(p+1,1) x SO(q) . (2.5.1)

20The bound in the Regge limit is a non-perturbative feature of CFTs. However, this constraint
can be violated at each order in perturbation theory, if the theory involves derivative interactions.

21The functions f[ﬁz (w) have poles at w = 1, with order that increases as n increases, while ﬁf 1 (w)
also exhibit logarithmic singularities.
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In presence of a defect, there are two kinds of operators:

e Defect operators 22 O, which are inserted in the worldvolume of the defect and
transform in the representations of the broken symmetry group. They are labeled
by scaling dimensions A, parallel spin ¢ and transverse 2 spin s.

e Bulk operators O, which are the operators inserted in the bulk (i.e. away from
the defect). They are the same operators that exist in the CFT in absence of the
defect and transform in the representations of SO(d + 1,1). They are labeled by
scaling dimensions A and spin /.

In a defect CFT, correlation functions are defined as

(Oy(x1)...0,(2,)D)
(D) ’

(O1(x1) .00 (2,))p (2.5.2)

where D is the non-local operator that represents the defect. Just like in the case
without defects (2.2.2), the action of the generators of the unbroken conformal subgroup
SO(p+1,1) x SO(q) constrains correlation functions

n

> L0 (1) ... O (20))p =0 (2.5.3)

i=1

Here £/ are the differential operators associated to the unbroken generators, see (2.1.11).
Correlators involving only defect operators have the same structure as in the case of a

p-dimensional CF'T without defects, for example

R . Cox A
(01 (21) Oz (w2))p = — 272,
L12
A A A o A123
<Ol (xl) 02 <x2) 03 (x3>>D A A Ay AstAs—Ar As+A-As (2.5.4)
L1 Log 31

On the other hand, correlators of bulk operators change dramatically. Since the defect
breaks translation invariance in the directions orthogonal to the defect, bulk operators
can acquire non-trivial one-point functions ** [38]

(o(x))p a|“;¢ . (2.5.6)

22Tn what follows, we will often indicate defect quantities with a hat.

ZTransverse spin is the quantum number associated to the group SO(q) of rotations in directions
orthogonal to the defect.

24Here we consider the case of a scalar, but analogous expressions exist form spinning operators,

see [38]. Schematically, they read

ao
(Jpgeoope (T))D = Wlul"w(xi)’ (2.5.5)
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For generic codimension ¢ 2°, the two-point functions of bulk operators is no longer
fixed as in (2.2.3), but instead depends on an arbitrary function of two cross-ratios [38]
F(z,2)

(¢(21)o(22))p = B (2.5.7)

with , , o
1422 _ |29, |2 + |28 )? + |2b|? 2tz 7
V2z |23 |5 ’ 2Vzz  |wl|ah]

The interpretation of the cross-ratios is similar to the one in the case of four-point func-

(2.5.8)

tions in absence of a defect: they are complex conjugate coordinates that parametrize
the plane orthogonal to the defect. In Lorentzian signature they are real and indepen-
dent. It is clear from the definition of the cross-ratios that F'(z, z) = F\(Z, z). Sometimes
we will find useful to switch to radial coordinates r and w, defined by
zZ =rw, =L (2.5.9)
w
In Euclidean signature, w is the phase and r the modulus of the complex number
z, whereas in the Lorentzian regime they are independent real numbers. In radial
coordinates, one has that F(r,w) = F(r, - ).
One can of course consider mixed correlators, involving both defect and bulk oper-
ators, such as [38]
(0le)Ofea))p = ——— (25,10
STl e (P +ad)h -

The constants by are the so-called bulk-to-defect couplings. Using (2.5.3), one can

constrain higher points functions, but we will not pursue this direction further.

2.5.1 The defect conformal bootstrap

Just like in the case without defects, associativity of the OPE inside correlators (2.5.2)
can be used to impose constraints on the CFT data of bulk and defect operators. In
a defect CFTs, one can consider three kinds of OPEs: the bulk-bulk, defect-defect
and bulk-defect expansions. The bulk-bulk OPE is the one described in the previous
sections in absence of defects, see (2.2.10). The defect-defect OPE is the analogue result
for defect operators, namely it is the expansion of a product of two defect operators as
a sum of defect primaries

9?’@1)&5(@) = Z /A\g)(;@c(xm, 52)@($2) . (2.5.11)
o

Finally, the bulk-defect OPE is an expansion of a bulk operator as an infinite sum of

defect operators

o(x) = Z byo> C(x,0)O(x), for ' — 0. (2.5.12)

25For ¢ = 1 the structure of the two-point function is simpler, see Section 2.5.2.
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Just like in the absence of defects, one can use different OPEs inside a correlator to
obtain different expansions. By demanding consistency between them, one obtains
a crossing equation that can be used to bootstrap the CFT data of the theory. In
defect CFT, one can obtain a crossing equation from the four-point functions of defect
operators, similar to what happens in (2.3.8), but also from the two-point functions of
bulk operators. If one considers the four-point correlator of defect scalars @ég&ﬁ), the
first crossing equation reads

Z%w ):<W> [ZM)@ (1-21-2)], (2513

where G A and 2, Z are respectively p-dimensional conformal blocks (2.3.3) and cross-
ratios(2.2.9). For the special case of a line defect, the crossing equation was given in
(2.4.5).

One can also consider the two point function of bulk operators (2.5.7) and expand

it in two ways:

1. Using the bulk-bulk OPE ¢(x1)¢(z2) = Y AseoC(x12,02)O and then using the
0
bulk-defect OPE (2.5.12) to expand O.

2. Using the bulk-defect OPE (2.5.12) on the two ¢ first and then summing over the
resulting defect two-point functions.

The consistency between these two OPE expansions imposes constraints on both the
bulk and the defect CFT data. Following the same steps as in (2.3.1), one can translate
the above OPEs into conformal block expansions and find a crossing equation 2

Ay B “ B
Z)\d)d)o CL(’) ( 1— Z 1 Z)) fA,Z(ZJZ) = ij)@ fA,s(’ZVZ)? (2514)
@

where ap are the one-point couplings (2.5.6) and b, are the bulk-to-defect couplings
(2.5.10). Notice that, compared to the four-point crossing (2.3.8), the equation above
lacks positivity in the bulk channel, since Agp0 ap can have arbitrary sign. In (2.5.14),
fA’S(z, Z) and fa (2, Z) are conformal blocks. With an abuse of notation, we will often
refer to the former as defect conformal blocks and the latter as bulk conformal blocks.
The explicit expression of the defect blocks can be obtained by solving a Casimir dif-
ferential equation [38] and reads *7

A~

A+1—

A _ A—s A+s z N

fAs(Z7Z):Z 2z 2 2F1<_S7g_172_g_sai)ZFl(Aa
' 2 2 z

26For the special case of ¢ = 1 we refer to Section 2.5.2.

27Since we consider the two-point function of bulk scalars, the operators exchanged in the defect

,2%). (2.5.15)

IS
N |3

OPE do not carry longitudinal spin /. Correspondingly, the defect blocks depend only on the transverse
spin s.
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It terms of the radial coordinates introduced in (2.5.9), the blocks factorize

~

Fas(row) = fa(r)gs(w) (2.5.16)
with

fA(T) :TAQFl (Aﬂ§7A+1_§7T2> ) gs(w) :w_SQFI (_S)%_laz_g_saw2>

The angular part, for integer s, is actually a Gegenbauer polynomial in the variable
1=(w+)
g _9\ "
d(w) = ( 0 ) ca () (25.17)
12—
The bulk conformal blocks are not known in closed form, similarly to what happens for
conformal blocks in generic dimension d in a setup without defect, but can be expressed
as a sum of Harish-Chandra functions [88]
D(0+d = 2)T(— = 52) D(FF=)0(1FY)
2T (0+ S2)I(—0)  D(EE=hr(e)

fA’g<Z7 2) = 2_6 g?(z, 2) +

(2.5.18)
where f g 2(z, %) can be expressed as a double infinite sum
HS 5 - 2L rmtn 4m-n (%)nfm
Nz ) =D [(1—2)(1—2) P (A, O) B (1 — 0,1 — A) I (B - )
m,n=0 n—m

120 2

(1—22)" P (A —m+n, & —m+n, A+ —2(m —n),

1 A~ d . A4 A+l A d | 3.
X 4 F3(—n,—m T—§+1,—T++1—n,—+—m,——§+§,1)
5 1—2

" (51,3 =), (39
hn(A0) = ~ 2 2/n32  2/nt 2 Jn (2.5.20)
(A-5+1), (55 +3),
The crossing equations (2.5.13) and (2.5.14) are the foundation of the defect con-

formal bootstrap. As we saw before in the case of CFTs without defects, the crossing
equation can be translated into a Lorentzian inversion formula. For the defect case,
there are two analogous formulas that invert the two-point function of bulk operators.

The first formula is the so called defect inversion formula, and was derived in [44]

from a contour deformation argument. It reads 2°

. Ldz -+ [+ dz Ags q q 2
bAs)= [ L3 [T L0z )z —2F< 1,2-914 —>
(A, s) i 5,7 2/1 27”,( 2Z)(z —2)z7 2 " oF s+ 1, 2,2—1-8,2 X
X oy (1 YN g, 1+ g _A, 22) Disc[F(z, 7)].
(2.5.21)

28The formula is slightly different in the case of ¢ = 2 monodromy defects, see [54]. We will ignore
this subtlety in what follows.
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The coefficient function b(A, s) has simple poles for A equal to the dimensions of oper-
ators exchanged in the defect OPE and residues given by the couplings b2A .- The input

of this inversion formula is the single discontinuity
Disc[F(z, 2)] = F(z,Z +i€) — F(z, Z — ie€), (2.5.22)

where F(z,Z + ie) and F(z,Z — i€) indicate that z should be taken above or below the
branch cut at z = 1, leaving z fixed. One can obviously express the inversion formula
in radial coordinates (2.5.9). In that case, the discontinuity is computed with respect

to a branch cut running from w =0 to w = r,
Disc|F(r,w)] = F(r,w + i€) — F(r,w — ic) . (2.5.23)

The discontinuity can be computed by expanding the two-point function in bulk blocks
(2.5.18), following a similar strategy as in (2.3.20). The end result is

Disc[F(z, 2)] = Y —2isin[Z(A—2A4—0)] a0 Aggo (22)  [(1—2) (5= 1) 25 Fau(z 7).

o
(2.5.24)
where fa(z,2) = [(1 — 2)(1 — 2)}_¥f&g(z, Z). Just like in the case without defects,
the Lorentzian inversion formula allows to extract the CFT data in one channel (the
defect one in this case) from a discontinuity controlled by the other channel (the bulk
channel). Notice that the discontinuity has single zeros at the dimensions of double
trace operators. This implies that it will be useful to study perturbative theories that
contain operators with scaling dimensions close to the double-trace spectrum. In those
cases, the discontinuity at any given order depends on lower order OPE data and on
the anomalous dimensions of bulk operators at the order one is working at 2. We shall
see explicit examples in Chapter 4.
The defect inversion formula is derived from a contour deformation argument in the

w complex plane, assuming that F(r,w) decays fast enough at large w 3",

F(rw) ~w*, w-—o00, s*<0. (2.5.25)
If instead s* > 0, the inversion formula misses contributions to the CF'T data of defect
operators with low transverse spin s < s*. This looks similar to what happens in
the original inversion formula (2.3.18), however there is a big difference: in that case
positivity of the OPE expansion can be used to prove the existence of a bound on the
growth of the correlator and find £* = 1. Since in the defect case we lack positivity, see
below (2.5.14), we cannot derive a bound on s* following the same strategy that worked

in the case without defects [44]. However, in all known examples s* = 1, suggesting the

29Notice that the single discontinuity is less powerful than the double discontinuity, since the latter
depends only on lower order data in perturbation theory.
1

300ne can rephrase (2.5.25) into a condition for the behaviour at small w, using F(r,w) = F(r, ).
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existence of a bound also in this setup. It would be interesting to prove this conjecture,
but we will not pursue this direction here.

Instead, we introduce the bulk inversion formula, which is very similar to the original
Lorentzian inversion formula (2.3.18) and allows to extract the bulk OPE data from a
double discontinuity in the defect channel. The formula reads [45]

(A, 0) = 47(;;((;3:))5((:?;)_41) foldQZ (2, 2) fera—1,a—ar1(2, Z) dDisc [(%)A%(@ 2)}
(2.5.26)

with

(2.5.27)

and where fa ¢(z, Z) are the bulk blocks. In this case, the coefficient function ¢(A, ¢) has
poles corresponding to the dimensions of the operators that are exchanged in the bulk
OPE and corresponding residues given by the product of bulk three-point functions

and one-point functions, A\gp0aep. The input of the formula is the double discontinuity
defined by

dDisc[F (2, 2)] = F(z, %) — %FO(Z, 5 - %F%, 5, (2.5.28)

where the functions F°(z,2) and F(z,z) are obtained by taking the analytic contin-
uation around the point z = 0, leaving 2 fixed. Similar to the case of the original
formula (2.3.18), the bulk inversion formula might fail for low spins ¢. More precisely,
the formula is valid for spins ¢ > ¢, where 3!

— (1 = Do
((w ) W)) F(row) Sw'™, w— 0. (2.5.29)
rw
As we already mentioned below (2.5.25), there is no universal bound on the behaviour
of F(r,w) for large w, or equivalently for w — 0. Therefore, £* has to be determined

case-by-case.

2.5.2 Boundaries and interfaces

In the discussion above, we considered a defect with generic codimension ¢g. In the spe-
cial case of boundaries and interfaces, namely ¢ = 1, the kinematics of bulk correlators
simplifies [46,89]. In particular, the two-point function of bulk operators reads **

F(z)
(4faf||z5])e

(p(x1)9(22))p = (2.5.30)

31Here we give a condition for the behaviour of F(r,w) at small w. This is equivalent to a condition
at large w, since F(r,w) = F(r, ).

32Notice that the conventions used in the ¢ = 1 case are slightly different compared to the case of
general codimension.
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where z is a single cross-ratio, defined as

-z _ |33(f2‘2

= 2.5.31
z 4o xt, ( )

One can expand the two-point function (2.5.30) in the defect (or boundary) channel
2) =Y Wsfal?), (2.5.32)
o

or in the bulk channel,

Ag
F(z):( : ) Y aorssofal2), (2.5.33)
O

1—=z2

where the conformal blocks are given by 33

A A A oA d -
falz) = 22 R (A,A+1—§,2A+2—d,z> , (2.5.34)
and A A d d

Notice that, contrary to what happens for generic codimension (2.5.18), the bulk blocks
here have a simple expression.

Imposing consistency between the two OPE expansions, one finds a crossing equation

z Ao
ZbofA (1_ ) Za(’))\qb(i)OfA(Z), (2.5.36)

(@]

One can derive two Lorentzian inversion formulas for boundaries and interfaces. How-
ever, the structure of the Lorentzian inversion formulas is very different compared to
the generic case, see (2.5.21) and (2.5.26). In the ¢ = 1 case, the two formulas receive
a contribution from both the single discontinuity, which is controlled by the bulk OPE,
and the double discontinuity, controlled by the boundary OPE. For identical operators,
the two formulas read [48]

Ty = Q/Idz (1—2) "% Hy(2)dDisc|F(2)] — i7dz (z—1)"4H, (2 z 1) Disc[F(2)]

In = Q/dz (1—2)"% Ha(2)dDisc|F(2)] — i [dz (= — 1)} Ha <

0 1

z
Disc|F(z
) iselrCe)
The single and double discontinuity are taken with respect to z = 1 and z = 0, respec-
tively. The inversion kernels H,(z) and Ha(z) are not known in closed form, except
in the case of a two-point function of operators with dimensions that differ by an odd
integer, see [48].

33Notice that there is no transverse spin s when ¢ = 1.

37



Chapter 3

Dispersion relations for defect CFT's

In this chapter, we introduce new tools for the analytic bootstrap of defect CFTs,
namely conformal dispersion relations. By dispersion relation we mean an integral
formula that reconstructs a function from its discontinuity. Such a formula is typically
derived, using a contour deformation argument, from the knowledge of the analytic
structure and the behaviour at infinity of the function. Dispersion relations have a long
history in theoretical physics, going back to the the work of Kramers and Kronig [90,91]
in optics. These authors exploited the analyticity properties of the refractive index to
find a relation between its real and imaginary parts, the latter being related to the
absorption coefficient of the optical medium. In other words, the Kramers—Kronig
relations allow one to calculate the refractive index of an optical material solely from
its absorption coefficient. Before the advent of QCD, dispersion relations were also
used to constrain the S-matrix [92], in an attempt of bootstrapping strong interactions.
Dispersion relations are most useful in perturbative setups, where one can often compute
the imaginary part without knowing the full function. For example, in the context of
perturbative scattering amplitudes, the imaginary part of an amplitude at any given
order can be efficiently computed in terms of lower-order amplitudes [93,94].

In the context of CFTs in dimension d > 1, a dispersion relation was first developed

in [95], starting from the Lorentzian inversion formula (2.3.18), and reads
1
G(z,2) = / dwdw K (z, z, w, w) dDisc|G(w, )], (3.0.1)
0

where G(z,z) is the four-point function (2.2.8) and K(z,z,w,w) is a known kernel *.
The input of the formula is the double discontinuity dDisc|G(z, z)], which we defined in
(2.3.19). The double discontinuity is the analogue, in the CFT case, of the imaginary
part of an amplitude. Just like the latter, it is positive definite and can be computed at
any given order in perturbation theory from lower-order data, as we mentioned below

(2.3.20).

1See (3.2.32) below for the (cumbersome) explicit expression.
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In Section 3.1, we derive the analogue of the dispersion relation (3.0.1) for four-point
functions of one-dimensional CFTs (i.e. correlators on a line defect). The derivation is
based on [57].

Next, in Section 3.2, we present two distinct dispersion relations for two-point func-
tions of bulk operators in presence of a defect. The first relation expresses the correlator
through an integral over a single discontinuity governed by the bulk channel OPE. We
also introduce a second relation that reconstructs the correlator using a double disconti-
nuity controlled by the defect channel OPE. Finally, we derive a dispersion relation for
codimension-one defects (boundaries and interfaces), which incorporates contributions
from both OPE channels. The exposition is based on [56].

3.1 Dispersion relation for the four-point function in a 1d CFT

In the case of one-dimensional correlators, a dispersion relation was constructed in [96]
building on previous work on analytic functionals [66,97,98]. In [96], the application
of a class of functionals to the crossing equation was shown to generate a family of
dispersive sum rules 2, which can be rephrased as dispersion relations for the four-point
function. The functional kernels can be computed numerically, for identical operators
with generic scaling dimension. In the case of a four-point function of operators with
integer or half-integer dimension, they can be determined analytically, on a case-by-case
basis, using an Ansatz and a series of consistency conditions.

Here we complement this derivation, computing the kernel of the dispersion relation
directly from the Lorentzian inversion formulas (2.4.10) and (2.4.11). The dispersion
relation reads

G(z) = /0 dww™? dDisc [G(w)]Ka, (2, w) . (3.1.1)

The input of the formula is the double discontinuity defined in (2.4.12). As mentioned
below (2.4.15), the double discontinuity has double zeros at the dimensions of double
trace operators. This property allows to derive dispersive sum rules for the OPE data
from the dispersion relation, as explained in [85,96]. We are able to find an explicit
expression for the kernel Kx,(z,w) for correlators of identical operators with integer or
half-integer dimension. For Regge-(super)bounded ® (bosonic) fermionic correlators, it

2A sum rule is dispersive if it has double zeros for the dimensions of double-trace operators.
3See (2.4.23) and (2.4.22) for the meaning of Regge-(super)bounded.
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reads

) — w2 (w—2)log(1 —w)  zw’(z—2)log(1 — z)
Ko,z w) 2 (w—z)(w+z—wz) w(w-—2z2)(w+z—wz2) (3.12)

272A¢ (1 2w)w2_2A¢

2
< (1—2w)w2_2A¢ log(1—2) w - w
+ F 10g<1 —U)) (w—1)wz2+2z-1 + s z wz—1 + IOg(Z) (w—1)wz2+2z-1 + (UJ — w—l)

204—2 2044

t X% (@t Balog(l —w)yur e Cn | 2 (S8 4 log(1 ) )|

m=0 n=

where the plus sign is for bosons, the minus for fermions. Here C = 22(1 — 2)9? — 220
is the Casimir operator of the 1d conformal group. The coefficients o, ,, and 3, , are
fixed by a system of equations,

20422044

> Z (B, n Log(1—w) Juw™ 27280 (C [fz (z l5(2) 4 2log(1— z))]— crossing)

m=0 n=
- z2A¢
(1_2)2A4>

(Kdiscrete(l . z,w) + Kgd)(l . Z,UJ)) o Kdiscrete(z’w) _ KZCb(Z,w) (313)

where Kdserete(> 1) and KR, (2, w) are given explicitly below, in (3.1.8) and (3.1.14).
As for the Lorentzian inversion formula, the dispersion relation receives extra con-
tributions in the case of Regge-bounded bosonic correlators. In particular, it requires

a regularisation of the correlator, see the discussion around (2.4.30). It has the form

G¥(2) = / T 12 (2 20) dDiscg™ () +
0 w?
duw ' du 3 (3.1.4)
+ lim o 20 KX (2,0)G™ 8 (w) + lim o 20 R (2,0)G" 5 (w),
where the kernel Kg‘j)(z, w) is given below in (3.1.23). A dispersion relation can also be
constructed for correlators that are not bounded in the Regge limit.

Notice that it is not possible to derive the 1d dispersion relation from the higher-
dimensional expression (3.0.1), as the one-dimensional case is intrinsically different *. At
variance with the higher-dimensional case (3.0.1), the kernel (3.1.2) depends explicitly
on the dimensions A, of the external operators and it is manifestly crossing symmetric.
As pointed out in [96], this fact implies the equivalence between the dispersion relation
and the so-called Polyakov bootstrap. This is the idea of replacing the conformal block
expansion with a similar expansion in terms of crossing symmetric Polyakov blocks
P17 (2) such that [21,70,99-102]

Z(IAGA ZaAPA . (3.1.5)

The dispersion relation can be used to obtain explicit expressions for Polyakov blocks
in position space. We show some examples in Appendix A.

4See Section 2.4 for more details.
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3.1.1 Derivation of the dispersion relation

We begin by examining the case of Regge-(super)bounded (bosonic) fermionic correla-
tors, see (2.4.22). Starting with the conformal partial wave expansion given in equation
(2.4.8), we substitute the inversion formulas (2.4.10)-(2.4.11) and then exchange the

order of integration.
+ieo N HE/F (w)
Cico 2T KA

2T (2m + 2)*
m2(4dm + 4)I'(4m + 3)

G(z) :/0 dw w™2dDisc[G (w)] Ga(2)

o

WE

—|—/0 dw w~2dDisc[G (w)] Gam+2(w)Gami2(2)

0

E/O dw w*dDisc[G(w)]Ka, (z, w),

3
|

(3.1.6)

Using (2.4.17), Ka,(z,w) is explicitly defined as

= 2T (2m + 2)*
K _
8,(zw) mz::() 72T (4m + 4)0(4m + 3)

/%”00 dA Ga(z) 27
+ — -
1joe 2T K sin(mA)

Gamia(w)Gamya(2)+

— w — w A
|02 p (1) + (52)2 29pa55) + 57 (w)]
= Kty ) + KR, (z,w) + K}, (z,0). (3.1.7)

The three terms in the last line represent respectively the contributions from the discrete
series and from the integrals of pa and qﬁ"’.

The discrete contribution does not depend on the external dimension A, and is
identical for both fermions and bosons. It reads

o0

2T (2m + 2)*

discrete —
Kz w) = mz_:o (A £ T (am = 3) 22 (0)Gamea(2)
x 8(4m + 3) (3.18)
= Z TQZm-H(% — 1)Qoms1(2 —1).
m=0

In the last line we introduced the Legendre functions of the second kind @, (z) and we

used that
240 (2m + 1 4 2)

VTL(2m + 2)
The discrete sum can be computed using a representation of Q),(z) as an integral of a
Legendre function of first kind P, (z),

2 . ! P2m+1(U)
sz+1(;—1> _/1dv o+ 2-1) (3.1.10)

G2m+2 = Q2m+1(% - 1) . (319)
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and using
o

> (4m + 3) Pos1 () Pamga (y) = 6(z — y) — d(z + y) , (3.1.11)

m=0

At the end of the day, we find

iscrete - 8(4m + 3
e (2 ) = Z %Q%ﬂ—l(% —1)Qam1 (2 - 1)
m=0
= f d'Uf d’LL )2(2_1 ) Z (4m+3)P2m+1( )sz_;’_]_(u)

_ w= ?(w — 2)log(1 —w) B zw2( —2)log(1 — 2)
a m2(w—2)(w+ 2z —wz) m(w—2)(w+z—wz)’ (3.1.12)

The second term in (3.1.7) is defined by

PO A Ga(z) 27

KX =+ — [ 2-24 _w _)2-20gy) (W ]

A¢(z’ w) /é—ioo 21 ka  sin(mA) v pa(w) +(557) palazi)]
(3.1.13)

with pa(z) in (2.4.18). Closing the contour on the right and using the residue theorem,

one obtains

KR, (2 w) = F 32 0 [P Qg1 (2 = 1) (w229 Py (1 = 20) + (w— 325) )]

2
m=0
2 —2uw)w2 =280 1 —2) 2200 —ow)w2—240 w
=+ [1082(1 w) g + Rl et +10g(2)ww+(w—>m)] :
(3.1.14)
In order to perform the sum in the first line, we used integral representations of Legendre
functions,
27’7, (0.9} o n
Po(z) = —/ du(’H—wi+1 (3.1.15)
BRIy
1
I — 7riu2—1/—1 2 1 w2 T 1 / dt (1 = t? v —t —pu—v—1
Q) = ™2 ) T ) [ (1) -

and then we exchanged the order of sum and integral.
The last contribution to Ka,(z,w) in (3.1.7) is defined as

70 gA Ga(z) 27 A
: = — ¢ 1.1
KR, (% w) ﬁ 21 Kka  sin(mA) aa"(w), (3.1.16)

5 —to0
where ¢1?(w) is defined in (2.4.19).
Since qﬁ"’(w) is a polynomial in w and A(A—1), see (2.4.19) and (2.4.20), we obtain

20422044

m +ico n
KL 23 3 (g1~ 3-280 [117 8 G0 e vy
(3.1.17)
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The coefficients oy, , and 3, , have to be determined on a case-by-case basis, requiring
that HAB/F(U)) has no poles in w = 0.
The integral in (3.1.17) can be evaluated using that

St aa e An(A— 1) = Cn (K Ly (2,0)] = €= 2 (ZE 4 2log(1-2) )|

(3.1.18)
where C = 2%(1 — 2)0? — 220 is the Casimir operator of the one-dimensional conformal
group, which acts as CGa(z) = A(A — 1)Ga(z) on the conformal blocks, and we used
the definition (3.1.13) of K} ,_;(z,w = 0). All'in all, the kernel reads

wz2?(w—2)log(l —w)  zw?*(z—2)log(l - 2)

Ka,(z,w) = 2 (w — 2)(w+ z — wz) B 3 (w — z)(w+ 2z — wz)

(3.1.19)

2
2-24, (1 2w)w2—2A¢

< (1—2w)w2_2A¢ log(1—2) w - w
+ ﬁ log(l—w) (w—1)wz242z-1 + s z wz—1 + log(z) (w—1)wz242—1 +(w — m)

20,5—22A,—4

+ 3 > (o + B log(l — w))wm™ 228 Cn [% (z log (2 )+zlog(1 — z))} )
m= =0

Once all the coefficients are fixed as explained below (2.4.20), the kernel is explicitly
crossing symmetric. If the coefficients are not determined first, the requirement of
crossing symmetry of the kernel can be used to fix them. To be more explicit, we write
the crossing equation for the kernel

L2

Ka,(z,w) = m

Ka,(1—2z,w). (3.1.20)

and expand it using (3.1.19). The end result is

2045—2 2044
> Y (et B log(1—w))w 228 (Cn | 3 (Z5E) o 2 og(1-2)) |~ crossing)
m=0 n=0
. 22A¢,
T (-2

(K1 —z,w) + KR, (1-2,w) ) = K9z, 0) = KR (2, w), (3.1.21)

which is a system of equations that can be used to determine o, , and 3,,,, without
referring to the inversion kernel H]Ag/ "(w). Plotting (3.1.19) for several values of the
external dimension A, and (z,w) € (0,1) we found that the kernel is always positive.
The dispersion kernel (3.1.19) is applicable only to super-bounded bosonic correla-
tors (2.4.23). To extend this result to bounded bosonic correlators, one must use the
improved inversion kernel (2.4.26) in (3.1.6). The dispersion relation is then given by

greg(z):/ d—wKZ‘i(z w) dDiscG"8(w)+
o W (3.1.22)

dw bd reg : dw bd reg
%—})131(1J ot 2—K (2, w)G" 8 (w )+})1§(l) 052_“’2 A¢(sz)g (w).
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with
2A¢ 2

KR (z,w) = Ka,(2,w) — Hoy(w Z A, C" [3 (M—i—zlog(l—z))} .

(3.1.23)
In order to compute the extra term, we have followed the same procedure as for Kg¢.
Indeed, we noticed that for every integer A, the ratio of gamma functions appearing
in (2.4.26) reduces to a polynomial in A(A — 1), exactly like KZ¢. Explicitly, we find

7r222(A¢*1)F(A¢—|— l)r Ao A 28,2
2 [l g) e 2 ) Ap AMA — 3.1.24
T(Ag)*T (24, — 1) Mo SRy T 2 (A-1)", (3.1.24)

where the coefficients A,, can be easily determined case-by-case in A4. The function
ﬁfz(w) is defined in (2.4.25). As with the inversion formula, the kernel redefinition
(3.1.23) introduces an additional pole at w = 1, potentially affecting the convergence of
the integral. To ensure convergence, a crossing-symmetric, Regge-bounded subtraction
is necessary, as discussed below (2.4.26).

Following the same strategy that works for the bounded case, using (2.4.31) and
(3.1.18), we can also derive a dispersion formula for unbounded correlators. In general,

it reads
2 [ 2%log(z)

unbd n

K\»(z,w) = Ka,(2,w) E Amn w)C [F <—1—z —i—zlog(l—z))
~ 2 2log( )

_ B n | 2 [ 2 o\~ .

mE - Bm,n Hm,l(w) C |iﬂ_2 ( 1= 2 + ZlOg(l Z)):|
=D Angp HE ,(w) Gayan(z § By HE (w) Gaon(2), (3.1.25)

where the coefficients Amm,Bm,n,flm,n,Bm,n are fixed as in (2.4.31). The final two
coefficients are necessary to enhance the behavior of the contribution coming from the
discrete inversion kernel (2.4.11).

3.2 Dispersion relation for bulk two-point functions

In the case of bulk two-point functions in a defect CF'T, the existence of two Lorentzian
inversion formulas, (2.5.21) and (2.5.26), implies that we can formulate two distinct
dispersion relations.

The first dispersion relation can be derived from the defect inversion formula (2.5.21)
and depends on a single discontinuity of the two-point function, which is controlled by
the the bulk OPE. It can also be obtained directly from Cauchy’s theorem °. For general

5A similar approach can also be used to derive a dispersion relation for four-point functions in
CFTs without defects [103].
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codimension ¢ > 1, the dispersion relation reads ©

F(r,w):/or dw/< I —%) Disc[F(r, w')] . (3.2.1)

2m\w' —w  w — =
w

Since the bulk OPE controls the discontinuity, see (3.2.16), this formula allows to re-
construct the full correlator using only a subset of bulk data (with defect information
encoded in the one-point functions of bulk operators). This approach is especially pow-
erful for theories where the bulk is well understood and we can leverage that knowledge
to gain insights about the defect.

As in the case of the defect inversion formula (2.5.21), the dispersion relation may
miss contributions from defect operators with low transverse spin, as discussed in
(2.5.25). This issue arises because both the inversion formula and dispersion relations
are derived from a contour deformation argument, which involves neglecting contribu-
tions from arcs at infinity. If the defect OPE includes operators with low transverse
spin, these contributions are not suppressed. To address this in the context of the
dispersion relation, we can introduce a suitable prefactor to enhance the behavior of
the correlator without altering its analytic structure, see (3.2.24) below. Alternatively,
we have to subtract the divergent contributions and add them back after using the
dispersion relation, as in (3.2.17).

The second dispersion relation involves the double discontinuity and is controlled
by the defect channel. Deriving this relation is more complex, but for certain specific
values of the defect dimension, the problem can be related to the case of four-point
functions without the defect (3.0.1). Since the dispersion relation is a mathematical
statement that is valid for any function of two complex variables with a specific ana-
lytical structure, we conjecture a general formula. This formula is essentially similar to
(3.0.1) and, like it, is technically challenging to use.

A slightly different discussion is needed for codimension-one defects. In this case, the
bulk two-point function depends on a single cross-ratio, leading to a different form of
the dispersion relation. In particular, it is impossible to derive a relation controlled only
by either the bulk or the defect OPE. A similar drawback is present in the Lorentzian
inversion formula, as seen in (2.5.37). Therefore, we propose a dispersion relation that

includes contributions from two distinct cuts, dominated by the two OPE channels,

!

F(2') F(z')

A+l 0 Disc.r<o [Tﬂ] Mg+l poo Discyrsg [Tﬂ]
F(z) = Z—/ dz’ SO / d G 1 (32.2)
- 1

y / ) !
2mi o Z -z 2mi 2 —z

Our boundary formula involves two single discontinuities, while the Lorentzian inversion
formula depends on a single discontinuity controlled by the bulk channel and a double
discontinuity controlled by the defect OPE. It would be interesting to explore whether

SFor the special case of ¢ = 2 monodromy defects, see [104].
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a dispersion relation could be formulated which exhibits these same features. Such a
formula would be more powerful because the double discontinuity is typically simpler
than the single one. However, this problem appears technically challenging, as no closed

form is known for the kernel of the Lorentzian inversion formula [48].

3.2.1 Dispersion relation from defect inversion formula

We can obtain a defect dispersion relation following the same strategy that worked for
four-point functions in absence of defects, see for example Section 3.1.1.
We introduce the defect conformal partial wave decomposition [44],

N [P gA .
Fr,w) :; /p o B (), (3.2.3)
with ) L o ) A
Ua() =5 (A +20,50) . K=ty (3.2.4)

The functions f4(r) and gs(w) are defined in (2.5.16). The coefficient b(A, s) encodes
the CF'T data in the defect channel and can be computed using the Lorentzian inversion
formula (2.5.21). In radial coordinates, the formula reads

A Koo g A
bA,s) = ——a [ g / dw ji(r.w) Gy (W) T4 (F) ) Disc[F(r,w)]  (3.2.5)
inK, x Jo 0

where the integration measure is
f(r,w) = w91 — w2 PN - )P (3.2.6)

Using (3.2.5) inside the partial wave expansion (3.2.3) and exchanging the order of
integration, we find an expression of the form

F(r,w) :/0 dr’ /Or dw" S(w,w") I(r,r") Disc[F(r',w")], (3.2.7)

where the discontinuity is defined in (2.5.23) and

S(w,w') = w1 = )Gy (w) gy (w)
s=0 R (3.2.8)

%+lOO dA K" R
I(r,r' =/ — ()P = ()PP ——2— WA (r)UA(r
R = e G

Note that the contributions from the angular and radial parts factorize. The angular
contribution S(w,w’) can be computed using the integral representations of the Gegen-
bauer polynomials and of the hypergeometric function. Exchanging the sum over spin
with the integrals from these representations, we obtain

S(w, w') = i( N —i> | (3.2.9)

2m \w' —w w’—a w'
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The remaining contribution I(r,r’) can be evaluated exploiting the orthogonality of
conformal partial waves, namely

1 K
/ dr r P (1= r?PW, ()W, (r) = g;—_“@(w — ) +0(ni ). (3.2.10)
0 Ay
where A = % + v, and the identity
K
U, Alr) = T S, (r). (3.2.11)
p—A

It turns out that I(r,r") = 6(r" — ). We can prove it by introducing a generic function
f(r) and expanding it on the W (r) basis as

Bico gAT
Fr) = / I YA ). (3.2.12)

oo 2mi

Using the properties of the conformal partial waves, we find

1 1 L4ico gAT
/0 dr I(r,7")f(r") :/0 dr I(r, r’)[ da FANYTA(r) (3.2.13)

Loico 27

_/ngioo dA S 4ico AN’ KA

Poioo 2T Jp i 2 K, i

\IIA(T)]E(A')/O dr’ (r')7PH 1 = ()P UA ()W A (r)

B gA B AN Ky T K
- Py \I[A A/ —p— 5 N, 5 A~ /
[’m 2mi Jo_ioo 2mi KA A f(A)5 KL (60 —V)+8(0+1))
2 5 P
5+ gA -
= _\IJA A
/12;_2,00 21 A(r)f( )
= f(r),
which implies
](T7 T/) - 6(T — 7",) . (3214)

We can finally collect the pieces, (3.2.9)- (3.2.14), and obtain

1 r’ /
F(r,w)—/o dr’/o dw (5(7‘—7“)( ! + ! T —i/) Disc[F(r', w')]

211 w' —w w’—E w

- /0 i (w’ —w + VR J) Disc|[F (r,w")],

w

(3.2.15)

which is the defect dispersion relation (3.2.1). The input of the formula is the disconti-
nuity (2.5.23), which can be computed from the bulk expansion as in (2.5.24). In radial
coordinates it reads

Disc[F(r,w)] = — %: 2isin[5 (A =204 —1)] ap Appo Ao [(1=rw)(5— 1)]A¢_¥fA75(7’, w).
(3.2.16)
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We conclude this section by noting that in the above derivation, we ignored the fact
that the inversion formula (2.5.21) reconstructs b(A, s) up to low-spin ambiguities, as
discussed around (2.5.25). Since the dispersion relation is derived from the inversion
formula, it has the same ambiguities. Specifically, it will miss a contribution given by
the sum of defect conformal blocks (2.5.16) with transverse spin lower than a certain s*.
If s* > 0, one has to subtract these contribution when applying the dispersion relation
and then add them back at the end. All in all, in the most general case, the correlator
reads

F(r,w) = dispersion relation + Z Z bi@A szs(r, w) . (3.2.17)
s=0 A ’

In the next section we will see a different approach to fix this ambiguity.

3.2.2 Alternative derivation using Cauchy’s theorem

There is an alternative, and perhaps more transparent, way to derive the defect disper-
sion relation. If we set r € (0, 1), we observe from the bulk and defect block expansions
that the two-point function is regular everywhere in the complex w plane except for
two branch cuts at (0,7) and (%, o0) 7. Thus, we can directly apply Cauchy’s theorem
to the variable w and write

dw' F(r,w')
F(ryw)=p — ——=. 3.2.18

( ) §£ 2w, w' —w ( )
We can now deform the contour and wrap it around the branch cuts as shown in
Figure 3.1. For now, we assume that we can neglect the contributions from all the

circles, including the circle at infinity and the small circles around w = 0,7,1/r &,

Under this assumption, we can write:

"dw' 1 Cdw 1
F(r,w) = / i Discocrr < [F(r, w")] + / v Disc,, - 1[F(r,w")],
0 I

2mw’ —w 1 2mw —w

' (3.2.19)

Finally, we can change variable w’' — % in the second integral and use the symmetry
F(r,w) = F(r, 1) to obtain

" duw' 1 1 1 )
Fr,w) = /0 il (w, ot woie J> Disc[F(r, u/)] . (3.2.20)
where the discontinuity is taken around the branch point at w = r as in (2.5.23).

We now discuss the behavior at w’ = 0 and w’ = r. The behavior near w' = r
is controlled by the bulk OPE, specifically the block expansion (2.5.18). The bulk

"See [44] for a detailed analysis of the analytic structure of F(r,w).
®Notice that, thanks to the symmetry F(r,w) = F(r, =), it is sufficient to require good behavior
at w=0and w=r.
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Figure 3.1: Contour deformation leading to the dispersion relation.

blocks fa ¢(r, w) behave like (w — r)2~* for w — r so the correlator is dominated by
the operator with the lowest twist ?, which is the identity. Therefore, as w — r, the

correlator behaves as
F(r,w) ~ (w—7r)"2. (3.2.21)

For or Ay > 1, we need to interpret the formula (3.2.20) carefully. Since the original in-
tegral (3.2.18) was finite, and assuming no other singularities are present, the combined
contribution from the small circle around w’ = r and the integral in (3.2.20) must also
be finite. This implies that the discontinuity in equation (3.2.20) should be understood
in a distributional sense with values of A, > 1 giving additional finite contributions
localized at w' = r.

For the behaviour near w = 0, or equivalently at infinity, the situation is similar to
that in the Lorentzian inversion formula (2.5.21). While the inversion formula allows
us to extract defect CFT data for sufficiently high spin (s > s.), the dispersion relation
(3.2.20) reconstructs only part of the full correlator. The missing terms are given by low-
spin conformal blocks, see (3.2.17), which are polynomials in w but can be arbitrarily
complicated functions of r. The derivation from Cauchy’s theorem makes it clear how
to improve the dispersion formula to include the missing contributions. This can be
done once the behavior of the correlator for w — 0 (or equivalently for |w| — o0) is

9By definition, the twist 7 of an operator is 7 = A — /.
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known. In particular, if we know '° that

Sx

F(rw) ~w™ for w—0, (3.2.22)

then we can define

wr

F(r,w) = <(w A W))s*ﬂ F(r,w), (3.2.23)

which, by construction, goes like w™! at large w. Therefore, formula (3.2.20) applies to

the function F. We can then write an improved version of the dispersion relation for
F(r,w),

F<T7w) _ 7 dw < ,l + /ii . %) Disc |:(w/_r) F(rw’) ] .

(w _ T>S*+1<$ _ 7n)s*—&-l 0 2mi \ w—w w s*+1(%_r)s*+1
(3.2.24)
This improved formula offers an alternative to (3.2.17). Depending on the context, one
approach may be better than the other. The main drawback of using the prefactor is
that it worsens the behavior near w — r, and introduces additional contributions to
the discontinuity!!.

3.2.3 A dispersion relation with the double discontinuity

A second dispersion relation can be obtained starting from the bulk conformal partial
wave expansion [45]

d/2+ic0 dA
F(z,7) = — (A, 0T z 2.2

(2,7) %} /d e T OVas(z:2), (3.2.25)

with . %
Vaul(z2) = 3 (fA,g(z,z)Jr -8t fM,g(z,z)) , (3.2.26)

and 2
NA—p— D52 [(&f)2

Kap= (& -p = DN, )/fAHa ) (3.2.27)

FAH T ORI (A+ OT(A+(— 1)

LA = §)D(55)

By substituting the result of the Lorentzian inversion formula (2.5.26) into the partial
wave decomposition (3.2.25) and summing over spin and dimension, one should obtain
a dispersion relation involving the double discontinuity at z = 0. This computation is

10As we mentioned multiple times, the value of the low-spin threshold s* is not known for general
defect theories.
U More precisely, the prefactor may introduce extra poles in the correlator, which correspond to

delta-function contributions to the discontinuity.
12The factors Ka ¢ and ra4e should not be confused with (3.1.19) and (2.3.10).
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challenging because no closed form exists for the bulk blocks. However, this is the case
also in the defect-free case. The strategy employed in the case without defects [95] was
to derive a formula for d = 4 and d = 2 and then argue for its validity in general. We
believe that a similar approach can be applied to our case. For p = 2 and generic d, we

can exploit the following fact [45]

(1-2)(1-2)

fau(z,2) = T G m(l—21-2), (3.2.28)

where fa(z,2) is the bulk block and G4 (2, Z) is the conformal block for a four-point
function without the defect in dimension d, see (2.3.3). Then, if we rewrite the defect

two-point function as

NI ) (-2 - DG —21-3), (3.2.29)

F(z’z):((l—z)(l—é) 1= 2z

the function G(z,z) can be expanded using ordinary conformal blocks for four-point
functions. This implies that it can be computed using the dispersion relation for Regge-
bounded four-point functions. The formula is given by [95]

G(u,v) = G'(u,v) + G"(u,v),

" i y (3.2.30)
—G'(u,v) = / du'dv’ K (u,v,u,v")dDisc (—/Q(u',v’)) ,
v 0 v

where the u-channel expression is obtained by sending z — —*; and we have introduced

the variables
u=2zz, v=1-2)(1-2). (3.2.31)

In these coordinates the kernel K (u,v,u,v") is

K(u,v,u',v") =

_ I_/ 13
u—v+u —wv 32F1(

647T(uvu’v’)% 279’ 2,1- x) (O(x—1)—46(x—1)), (3.2.32)

where

1 Iay/
x = Ovuvuy (3.2.33)

(Vi + Vo = (il + VPl = Vo = (r = Vo)

Therefore for our correlator we obtain

— Ay _ 1
F'(z2,2) = V22 — ZZ/dwdwK(l—z,l—z,l—w,l—w)
(1—-2)(1-2) 1—22 J,

x dDisc

VvV ww wWwW

Flw, o) ((1 —w)(1— w)>A¢ 1- ww] | (32.34)
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This formula is derived for p = 2 and arbitrary d. However, we observe that the function
F(z,Z) has the same analytic structure for all p and the prefactors in the formula do
not introduce new singularities. Given that the original derivation relied on a contour
deformation argument based on the analytic properties of the functions involved, we
conjecture that this formula extends to defects of arbitrary dimensions. Due to the
complicated nature of the dispersion kernel in (3.2.34), we could only check the formula
explicitly for the bulk identity correlator, which corresponds to

1—2z2z
1-2)(1-2)

In this case, the check reduces to the one performed in [95] for generalized free fields.

G(l—z1-2)= (3.2.35)

3.2.4 The special case of boundary CFTs

In this section, we turn our attention to codimension-one defects, such as boundaries
and interfaces. The main difference with general defects lies in the absence of transverse
spin and the presence of a single cross-ratio z. As noted in [48], this feature implies
a different structure for the Lorentzian inversion formula, see (2.5.37). Specifically,
the formula includes two distinct contributions: one involving a single discontinuity
controlled by the bulk OPE (2.5.33), and another involving a double discontinuity
controlled by the boundary (defect) OPE (2.5.32).

Another drawback of this case is that the integration kernels are not generally known
in closed form, except when the difference of external dimensions is an odd integer.

Fortunately, we can employ a straightforward contour deformation argument, as in
Section 3.2.2, to derive a dispersion relation involving two discontinuities. However, in
contrast with the general case, there is no symmetry that relates these two contributions.

Explicitly, we start from

1 , F(2)
Flz) = %yﬁ i L (3.2.36)
where the integration contour encircle any regular point z. Based on the explicit ex-
pressions of the conformal blocks, (2.5.34) and (2.5.35), and the convergence properties
of the two OPE expansions [48], it is clear that the correlator exhibits branch cuts
originating at z =0 and z = 1.

We can deform the contour as depicted in Figure 3.2. Assuming once more that we
can disregard the contribution from the circle at infinity and the two small circles at
Z'=0and 2’ = 1, we obtain

1 /0 o Disc./ o[ F(2')] N 1 (> 5 Disczx>1[F(z’)].

27 2 —z 21 )y 2 —z

F(2) (3.2.37)

— 00
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Figure 3.2: Contour deformation for the boundary case.

The discontinuities can be computed from the two OPE expansions, in a similar way
as in (2.5.24). Explicitly,

. A o d -
Disc,<o[F(2)] = Z 2i sin(ﬂA)bZ@(—z)A o Fy (A, A+1- X 2A+2—d, z) :
@)

A72A¢ ~

Disc.o1[F(2)] = Y 2isin [F(A = 284)]aorsso 22(z = 1) 77 fa(z),  (3.2.38)
o

where we used the explicit forms of the blocks, (2.5.34) and (2.5.35), and we defined
Falz) = (1= 22 fal2).

Let us now discuss the convergence at 2/ = 0,1,00. In the boundary channel,
the lightest exchanged operator is the boundary identity, corresponding to A =0in
(2.5.34). All other boundary operators contribute terms that vanish for z = 0, so this
limit does not pose any problem. At z = 1, the dominant contribution comes from the
bulk identity, which, according to (2.5.33), implies F'(z) ~ (1 —2)~2¢. This is similar to
the behavior observed in the case of a generic defect for w — r (see (3.2.21)). Therefore,
the same argument that was applied in that context is applicable here: if Ay > 1, one
interprets the singular terms as giving rise to a discontinuity with distributional values
(i.e. a delta-function and its derivatives).

The circle at |z| — oo presents a subtler situation since it is not directly governed
by an OPE expansion. However, compared to higher codimension cases, the situation
is under much greater control. In [48], the authors managed to derive an upper bound
on the behavior of a boundary correlator as |z| — oo

F(z)~ 2%, for |z] = o0. (3.2.39)
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We can then improve the dispersion relation (3.2.37) by introducing a suitable prefactor
as we did in (3.2.24). A possible choice is

Ag+l 0 Disc. <o [W] Ag+l oo Disc,i~1q [W}
F(z)_z / dz' () ¢ 4z / dz' e d
1

- . , .
2m J_o Z -z 2mi

(3.2.40)
Clearly this choice affects the behavior of the integrand at z/ = 0 and one should
reconsider the contribution from the small circle around 2z’ = 0, in case the integral
diverges. It’s important to note that the choice of prefactor =2+~ in (3.2.40) is not
unique. For example, one could use a different prefactor (1 —z)~2¢~! or a combination
of the two. In a perturbative context, different choices may reduce the number of
exchanged operators required to compute the discontinuities. We shall see an example

in Section 4.3.
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Chapter 4

Applications

In this chapter, we apply the tools of the analytic bootstrap, introduced in Chapters
2 and 3, to several defect CFTs that are relevant in the context of condensed matter
physics or holography.

We begin by examining three distinct types of defects in the critical O(N) model.
The O(N) model is a well-known field theory which can be realized by deforming the
four-dimensional free theory of N scalar fields by a quartic O(N) invariant interaction.
It is characterized by the following action

S = /dd[ 0,)° ?(%%)2, a=1,...N, (4.0.1)

where )y is the bare coupling and the fundamental fields ¢, transform in the vector
representation of O(N). For d = 4 — e < 4, the coupling \ is relevant and it triggers a
renormalization group flow, which can be studied perturbatively in €. The g-function
for the quartic coupling reads

o s N +38
dlogp 4872

Br = M+ 0N, (4.0.2)

and a non-trivial fixed point is reached for

A87%  1447%(3N + 14)

3
. = . 4.0.
A N+8€+ N £ 3)° + O(e”) (4.0.3)

This is the so-called Wilson-Fisher fixed point. This solution is perturbative in € and this
is the regime we are going to be interested in. The critical O(N) model has numerous
applications in condensed matter physics. Notable examples of critical models within
the same universality class include the Ising model for N = 1, the XY model and the
Helium superfluid transition for N = 2, and isotropic magnets for N = 3.

In Section 4.1, we consider the localized magnetic field defect. It is obtained by
turning on a magnetic field along a line, breaking the O(/N) symmetry down to O(N —1)
along the defect. In Lorentzian signature, it can be viewed as a point-like impurity
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generated by an external magnetic field, extended over the time direction. This line
defect can be effectively realized on the lattice and has been studied through Monte
Carlo simulations in [105,106]. Experimental applications are also conceivable, either
in quantum simulators [107] or in a mixture of two liquids with a colloidal impurity
[108,109,106]. Therefore, it is crucial to produce predictions for the defect CFT data
of this critical system. The localized magnetic field was studied using traditional field-
theoretic methods, either in the large N limit or using the e-expansion, in [110-112].
More recently, [42] analyzed this defect for N = 2 using numerical bootstrap techniques
for the four-point function of defect operators. Here we calculate, for the first time,
the two-point function of the bulk operator ¢, up to order € using both the analytic
bootstrap and diagrammatic methods, extracting an infinite set of defect CFT data.
This analysis is based on [58].

Next, in Section 4.2, we conduct a similar analysis for a different line defect known
as the spin impurity. This defect was originally introduced in [113,114] to model a
doped two-dimensional antiferromagnet at the quantum critical point. Recently, there
has been renewed interest in this setup. In [115], it was analyzed at large N with the
goal of understanding the interplay between symmetry-protected topological phases
and quantum criticality. Additionally, [116] provided a semiclassical description of this
defect in the limit of large spin. It was also noted in [117] that these defects emerge
in a specific scaling limit of superconformal Wilson lines in N' = 4 SYM theory. We
examine this defect in both the free (A = 0) and interacting bulk cases. Specifically, for
the free case, we compute the defect S-function up to three loops. We also analyze the
spectrum of defect operators and bootstrap the two-point functions of bulk operators
up to order €2, comparing the results with explicit diagrammatic computations. This
section is based on [59].

Finally, in Section 4.3, we use the boundary dispersion relation (3.2.2) to bootstrap
the two-point function of ¢, in the presence of a boundary. We successfully reproduce
the results of [47] up to order £2. This section is based on [56].

In the final section of this chapter, Section 4.4, we consider a different bulk theory,
specifically N/ = 4 Super Yang-Mills (SYM), which is defined by the following action

1 0 -
S = / da* Tr{ — FFWF‘“’ + 55 P " = X0 Dyxa = D, ®' D"’
YM

2
+9y mCPxa[®, o) + gy CranX (@7, ¥°] + gYTM[‘I’[, ‘I’J]Z} ; (4.0.4)

where gy is the gauge coupling, © is the instanton angle, F),, is the field strength
associated to the SU(N) gauge field A,,, x* are Weyl fermions, o* are the Pauli matrices,
D, are covariant derivatives, ®' are six real scalars that transform in the vector of

>~

SO(6), and C% represents the structure constants of the R-symmetry group SU(4)
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SO(6). This theory is (super)conformal and holographically' dual to type IIB string
theory in AdSs; x S° [12]. We analyze this theory at large N in the presence of a
supersymmetric Wilson line (or Maldacena-Wilson line [121]) and consider correlators
of both defect and bulk operators. Specifically, we compute the four-point function of
the fundamental scalars ®! inserted on the defect and the two-point function of single
trace 1/2 BPS bulk operators 2 Op o Tr (Y - ®)”, using the dispersion relations (3.1.1)
and (3.2.1). In the former case, we reproduce state-of-the-art results up to fourth order
in a perturbative expansion at strong t’ Hooft coupling A = ¢%,,N [51]. In the latter
case, we reproduce the results of [104] at large N and strong coupling. The content of
Section 4.4 is based on [56] and [57].

4.1 The localized magnetic field in the O(/N) model

In this section, we apply analytic bootstrap techniques to study the two-point correlator
of local operators in the O(N) critical model in the presence of a defect, which is created

by coupling the field ¢; to a magnetic field localized on a line [112]

D — o drliDléra(m) | (4.1.1)

Here, x(7) represents a straight line (or equivalently, a circle) as the real parameter 7
varies, and hg is a new coupling constant. The defect explicitly breaks the O(N) global
symmetry of the model down to O(N — 1). In the free theory in four dimensions, this
perturbation provides a straightforward example of a conformal defect, as the operator ¢
has dimension one, and hy is a defect marginal parameter [122]. As we move away from
four dimensions, the bulk theory flows to the Wilson-Fisher fixed point, and the operator
¢ becomes a weakly relevant defect deformation (the bulk dimension is 4 — &, but the
defect dimension remains fixed at one). Consequently, this perturbation, along with the
quartic interaction, triggers a renormalization group flow in the two coupling constants.
One can investigate this joint flow using standard diagrammatic techniques without
needing to work perturbatively in hgy. Indeed, any diagram contributing to a correlator
at a fixed order in A\ will only include insertions of hy up to a finite power. In other
words, hg is not treated as a small coupling constant. The RG flow reaches an infrared

fixed point at the following values of the renormalized coupling constants [111,112]

4872 AN? + 45N + 170
A = e+ 0, h,=+vVN+8+ e+ O(2). 4.1.2
e HOE), b=V P G I CRE

This implies that the fixed point can be described by a defect conformal field theory.

'We refer to [118-120] for an introduction to the AdS/CFT correspondence and holography.
2See equation (4.4.63) and the discussion above it for a proper definition of single trace 1/2 BPS
operators Op.
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4.1.1 The observable: the bulk two-point function

The main observable we consider is the two-point function of the vector of scalar fields
¢q with a = 1,..., N. Conformal and global symmetries constrain this correlator to
take the following form

Fi(2,2)0a + Fo(2, 2)0010m

(Ga(z1)Pp(72))D B ; (4.1.3)

where Fi(z,z) and Fy(z,Zz) are arbitrary functions of the two conformally invariant
cross-ratios z and Zz, defined in (2.5.7). We recall that correlation functions in presence
of a defect are defined as in (2.5.2).

As discussed in Section 2.5.1, in a defect conformal field theory there are bulk-bulk
and bulk-defect OPE channels, see (2.2.10) and (2.5.12). These expansions can be
further refined to explicitly account for the internal symmetry structure of the theory.

In the bulk channel, the OPE of two operators transforming under the representa-
tions R; and R, of the internal symmetry group must involve exchanged operators in
irreducible representations contained in the Clebsch-Gordan decomposition of Ry ® Rs.
For our model, the OPE for two fundamental scalar fields can be written as:

gb T ¢b ZEQ Z )\ggéc $12,82)0A2<.T2) (414)

AY4R

where R denotes the O(N) irreducible representations in the tensor product V@ V of
two vector representations V', which include the singlet (S), symmetric traceless (717)
and antisymmetric (A) representations. We have suppressed spacetime indices. Since
this OPE is between scalar operators, only operators in even spin-¢ traceless symmetric
representations of SO(d) can appear in the decomposition. The tensor structure of the
three-point function coefficients )‘¢¢o can be explicitly written down for R = S, T, A
as

>‘¢>¢>Os = App0g0abs )\;w = AgoOr ((5a(c5bd) - %&zb&:d) , )\;l;[éﬂ = X404 0a[cObd),
(4.1.5)
where the (anti-)symmetrization has been taken with weight 1/2.

In the defect OPE, the operators are categorized into O(N — 1) representations since
the presence of the defect breaks the O(N) symmetry. Generally, when a symmetry
group G is broken down to a subgroup H by a defect, bulk operators originally in a
representation R of G will transform according to irreducible representations found in

the decomposition of R under H. Hence we can write

Ga(z) = D bifC(x,0)0% (), (4.1.6)

As,R
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where A and s represent the conformal dimension and transverse spin of the defect
R

A8’
this OPE do not possess longitudinal spin. From the branching rule Vo) — §OWN=1 g
VOWN=1) it is clear that the only permissible representations R are the singlet S and
the vector V' of O(NN —1). The tensor structures for the bulk-defect two-point function

coeflicients bgg' are

operator @) respectively. Since ¢,(z) is a scalar field, the exchanged operators in

boos = bsasdars D35 =bya O (4.1.7)

where b = 2,...,N, and 0,1 and J; are projectors from the representation space of
VOWN) to those of SONV=1 and VOWN-  respectively.

These different OPE decompositions result in two distinct conformal block expan-
sions. To analyze the bulk block expansion, it is helpful to express the bulk two-point

function as

Fs(2,2)0a + Fr(z,2) (6a1051 — % 0a)
|| |2 |2

(Pa(T1)Pp(22))p = : (4.1.8)

where Fg(z, z) and Fr(z, z) are linear combinations of the functions Fi(z, z) and Fy(z, 2)
introduced in (4.1.3). Explicitly,

1
Fl(ZVg) = FS(Za 2) - NFT(sz)a

FQ(Z,E) = FT(Z,E). (419)

In terms of lightcone coordinates, this bulk channel decomposition reads

A
- - 1 2z ’ abR R -
Fg(z,2)0a + Fr(z, 2) <5a15b1 - N(Sab) = (m) ; Abo0 00 fau(z,2),
R=8,T

(4.1.10)
where the explicit form of the bulk conformal blocks fa (2, Z) is given in (2.5.18). Note
that the only bulk operators that have a non vanishing one-point function are those who
exchange the identity operator in their defect OPE. Therefore, the tensor structures for
the coefficients af are obtained by projecting O(N) representations into the singlet
SOWN=1) Tt immediately follows that operators in antisymmetric representations have
zero one-point functions. Hence, the sum in (4.1.10) only includes the singlet S and the
symmetric traceless T representations of O(N). The tensor structures of the one-point
functions for R =T, S are

a 1
a0s; @ng) = ao, <5a15b1 - N(Sab) : (4.1.11)
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Inserting (4.1.5) and (4.1.11) into (4.1.10) we get the following block decompositions

ZZ

(1-2)(1-2)

FT<Z,§) = (%) AZ’E)\WOTGOTfA’e(Z’z)' (4.1.13)

Ay
Fs(z,2) = ( > Z)\¢¢Osaosz7g<Z,2), (4.1.12)
Al

Similarly, for the defect channel, it is useful to rewrite the bulk two-point function as

Fs(2,2)05100 + Fv (2, 2) (0ap — 0a1001)

3| By |2

(Palz1)dp(22))D : (4.1.14)

where again Fg(z,2) and Fy(z, 2) are linear combinations of F}(z, z) and Fy(z, 2),

Fi(z, %) = Fy(z,2),
Fy(z,2) = Fs(z,2) — Fy(z, 2). (4.1.15)

The defect channel decomposition is

F5(2,2)0010m + Fv(2,2) (0ap — 0a0n) = > iG55 fa (2, 2), (4.1.16)
RSV

where the explicit form of the defect conformal blocks fA’S(z,E) is given in (2.5.15).
Using (4.1.7) one gets

ZbSAszSZZ) FVZZ ZbVAszszZ) (4117)

4.1.2 Leading order
We are know ready to compute the two-point function (4.1.3) ind =4 —«¢

F(r,w) = FO>r,w) + e FY(r,w) + O(?), e< 1. (4.1.18)
At leading order, the correlator has two components: the free correlator without the
defect, which contributes to F; in (4.1.3), and the square of the one-point function

(¢a(2))p = 5@1%. (4.1.19)

which provides the leading contribution * to F,. The dimension of ¢, is

d—2
Ny ="+ el +e8P + 0@

2
e 5 N+2

1 _ < 3
=1 2+€—4(N+8)2+O<5)’ (4.1.20)

3The defect coupling at the fixed point is not infinitesimally small, so the one-point function (4.1.19)
is not suppressed in the e-expansion.
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and a, in (4.1.19) reads [111,112]

N +38 N2 — 3N + (N + 8)%log(4) — 22
aj = 1 +5( EE(NJré) 4) )+O(52). (4.1.21)

The leading-order contributions to the two-point function are

rw

O (r, w) =
P w) (w—7)(1—rw)’

Fr,w) = ai(o). (4.1.22)

Notice that we switched to the radial coordinates introduced in (2.5.9). Each term
has a straightforward interpretation in one of the two channels. The correlator Fl(o)
corresponds to the exchange of the identity operator in the bulk channel, while the
squared one-point function corresponds to the exchange of the identity in the defect
channel. As usual, to represent the identity in one channel, an infinite tower of operators
is necessary in the crossed channel. Let us review the CFT data of these exchanged

operators.
Rewriting (4.1.22) in terms of Fs and Fr introduced in (4.1.8), we find
(0) a” rw
F 5 == + )
s ) =~ T =) (4.1.23)

F}O)(r, w) = &3)(0).

This expression shows that the bulk identity contributes solely to the singlet exchange.

On the other hand, the constant term ai(o) is reproduced by the exchange of two infinite

towers of twist-two spin-¢ operators of the schematic form

Ts00 = 0O Opdar  Tiy = $\%0p...0,, 8" — trace. (4.1.24)

Their CFT data can be extracted by comparing (4.1.23) with the block expansion
(4.1.12) or using the Lorentzian inversion formula (2.5.26) with

1\ A a2 @ _
dDisc [(—<1—z><1—2>) ¢F§°>(z,z)] — 9% (=25

Vzz

A (4.1.25)
dDisc {(%) ’ F}())(Z,z)] — 9q2®0=2)0s)
The result is ° [45]
AG), = AR, =204+,
a)‘g%,z = akgé,g N=a" 2~T (”71)3 (4.1.26)

C ar L+ )T (0+ 1)

4As we mentioned above (2.5.29), the Lorentzian inversion formula does not work for low spins. In
this case, it misses the contribution of the bulk identity. Nevertheless, it still reproduces correctly all
the defect CFT data of the twist-two operators.

5The twist-two operators have the same dimensions in both channel at tree level, however they are
distinct operators and have different anomalous dimensions and OPE coefficients.
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where the spin ¢ is even. Let us clarify our notations for the CFT data and the la-

beling of the operators, which will remain consistent at order . We define a)\g))k ¢ =

E%)% . [)‘5;3;2 7., and we use the index k to label the classical twist 70 = A

ically k = # — Ay. At this order, only two families of operators appear in the bulk
OPE: the identity and the twist-two operators (k = 0), see (4.1.24). Furthermore, for

the specific case £ = 0 we know that there is a single primary operator for any given

a

spin ¢. However, for higher values of k, corresponding to operators of the schematic
form Js/rre ~ ¢%9,,...0,,¢, degeneracies may occur. Thus, our notation will not
differentiate between degenerate operators, but since our observable does not make this
distinction either, we find this notation convenient.

Turning to the defect channel, we have

0) rw
- (w—=7r)(1—rw)’
(w—7)(1—rw)

ﬁéo)(r, w) = &2(
(4.1.27)

B (r,w) =

The defect identity contributes only to the singlet channel, while the bulk identity is

represented by two infinite towers of defect operators of the schematic form ©
Os0.s = 050", Do, = 050" (4.1.28)
These operators have transverse spin s and transverse twist 7 = A—s =1 By

comparing (4.1.27) with the block expansion (4.1.17) or using the inversion formula
(2.5.21) with 7

Disc[F (r, w)] = 2m( r )(5(7“ —w),
L= rw 4.1.29
Di F(O)( >]_2 < Tw >(5( ) ( )
isc[Fy " (r,w)] = 2mi )0 W
we find [44, 38]
Sae = D =1 +e (4.1.30)
b?S'(,Srz,s - b%/(,g')l,s — Um,0, -
where b%%s = bjﬁ(gl . As in the bulk case, we use an additional label m for the
ym,s 71(0)71

classical transverse twist, m = . At this order, only twist-one operators (m = 0)

2
appear in the OPE, as expected from the equation of motion of the bulk field [44].

SHere 0, stands for the derivative in the direction orthogonal to the defect, therefore 95 ¢ are not
defect descendants.

"In this case the Lorentzian inversion formula fails to reproduce the contribution of the defect
identity.
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4.1.3 Next-to-leading order

Now we turn our attention to the order e correlator, which we compute using the
methods outlined in Section 3.2. The idea of the defect analytic bootstrap is to use
information from the bulk theory to compute correlators in the presence of the defect.
Specifically, the discontinuity relevant to the dispersion relation (3.1.1) is governed by
the bulk block expansion, as detailed in (2.5.24). We consider the following perturbative
expansion of the bulk channel CFT data

A=A 4470402,

4.1.31
al = a\? +caXV 4 O(?). ( )

Operators that appeared at tree level, specifically twist-two operators, enter the one-
loop OPE with their anomalous dimensions given by

Asiroe =20+ L+ 750, + O(2). (4.1.32)

These anomalous dimensions are known from previous studies of the O(/N') model with-

out defects (see for example [123] and references therein)

N +2 a 2

0, = 5 ), = 5 4.1.33
V0, N +8 0,65 Y10, N +8 0,¢- (4.1.33)
Importantly, only the spin-zero operators of each representation, Jsoo = ¢* and
jﬁ%,o =Tw = Gadp — % 2 have a non-zero anomalous dimension at order . This fact

will greatly simplify the computation of the discontinuity.

At this order higher-twist operators can appear, with their classical dimensions given

by
Ag/rpe =206 +2k+0+0(), k>0 (4.1.34)

We anticipate the appearance of operators up to twist four ® because the bulk OPE
coefficients 47 of higher-twist operators are of order €? [79,80].
All in all, at order ¢, the bulk block expansion for the singlet reads
rw rw
2(1 —rw)(w —r) log <(1 —rw)(w — 7"))+

rw - -
+ —aAfb%;? <f270(7", w) log(w — ) + Oa fa,0(r, w)) +

Fél)(r, w) = —

A (4.1.35)
1
rw ~
" Z Z 1—rw a/\g)ﬂ,ﬁ(w —1)* fasonsae(r, w),
k=0 ¢

8While twist-two operators consist of a single family, meaning a single primary operator for each
spin, from twist four onwards, degeneracies may arise that cannot be resolved by analyzing a single
correlator. However, these operators do not contribute to the discontinuity in (3.2.1), hence this does
not affect the computation of the correlator.
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where we defined fA7g(7”, w) = (w— T)#fA[, with fa, given in (2.5.19).
Notice that the first line in (4.1.35) originates from the contribution of the bulk
identity operator

( rw )A¢ o rw +e < (1) . l) rw 10 ( rw ) + O<€2)
(w—r)(1—rw) T (r—w)(rw—1) ry¢ 2 )] (1—rw)(w—r) ) (1—rw)(w—r) '
(4.1.36)

is well-known to be vanishing at this order,

(1)

Specifically, the anomalous dimension ’yd)l
see (4.1.20).
For the symmetric traceless part, the bulk OPE reads

rw . _
F}l)(r, w) = maz\?)yg) <f270(7“, w) log(w — 1) + Oa faol(r, w)) +
- rw 1 N (4.1.37)
+ Z Z 1— TwCL)"Er,)M(w —)* fayanied(r, w).
k=0 ¢

With the bulk OPE expansions (4.1.35) and (4.1.37), we can compute the discon-
tinuity and then use the dispersion relation (3.2.1) to determine the full correlator.
We assume that after subtracting the defect identity ai, the rest of the correlator van-
ishes for w — oco. In other words, we assume that the dispersion relation is able to

reconstruct the correlator up to a single low-spin ambiguity
Fomn (1, w) = a . (4.1.38)

While we cannot prove this fact rigorously, we can derive it from the assumption that,
at order £, only the twist-one family appears in the defect OPE. This assumption is
motivated by the fact ? that higher-twist defect operators have bulk-to-defect couplings
bye of order € and therefore their squared coefficients are at least of order 2. Provided
the assumption is true, the most general ansatz for the ambiguity is

Fam (1, w) = (qo + 7003 fo,o + (q1 +7104) J?Lo + Z (qs+1 + Ts+18A)f5+1,s ., (4.1.39)

s=1
where ¢ and r are arbitrary constants. For any finite s, € N, the conformal blocks in
this sum can be written as polylogarithms using HypExp [124, 125]. For example, the
lowest lying ones take a very simple form:
fo,o(r, w) =1, 8Af0,0(7’, w) = log % , fm(r, w) =tanh™'r, ... (4.1.40)
—r

Expanding the ansatz (4.1.39) in the bulk channel is generally not feasible due to spu-
rious terms incompatible with bulk-channel conformal blocks (2.5.19). Experimenting

with low values of s, < 5, we conclude that the most general truncated solution is
p - p r

Famn (1, w) = qo foo(r,w) + 1o <5Afo,o(7“, w) — 2f10(r, w)) = qo +rolog m .
(4.1.41)

9This fact follows from elementary diagrammatic considerations.
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The constant term can be interpreted as the defect identity, while the logarithm signals
the presence of a defect operator with A ~ . No such operator can be constructed
from the fundamental field ¢* in presence of the defect (4.1.1). Therefore, we conclude
that this contribution is absent ' and we obtain (4.1.38).

We will check at the end that our assumption is correct by comparing the full
correlator obtained from the dispersion relation (4.1.44) with the result from Feynman
diagrams, see Section 4.1.6.

Computation of the correlator

Starting with the singlet representation, we observe from (4.1.35) that the discontinuity
in the first order of the e-expansion arises solely from the logarithmic terms. This
is because the rescaled blocks fAl(r, w) and their derivatives, evaluated at the tree-
level dimensions (4.1.26), are regular as w approaches r. Importantly, the logarithmic
terms depend linearly on leading order coefficients and next-to-leading order anomalous
dimensions. Notice that (4.1.33), combined with (4.1.35), implies that the one-loop
discontinuity of the singlet is just given by two terms: one represents the correction to
the bulk identity coming from the engineering dimension of the external field, while the
other is proportional to a single bulk block. Using

Disc[log(w — r)] = 2mi, (4.1.42)

and the explicit form of the bulk blocks as a series expansion (2.5.19) we find '*

e ' rw ©0)_(1)
A —
= —rw) T = rw) e e o)
i (s (e R ) (s (V5 )t ) )
(rw) N+42
r—w)(rw—1) + SN p— ’

(4.1.43)

Disc[Fél)(r, w)| = —ir

= —m'(

where F'(z, k) is the incomplete elliptic integral of the first kind. It’s important to em-
phasize that this contribution arises solely from a single operator in the bulk expansion,
specifically the twist-two, spin-zero operator ¢, whose anomalous dimension (4.1.33)
serves as our primary input. The intricate form of the function (4.1.43) is due to the
presence of the bulk conformal block f5, which is a particular case of the complicated
expression in (2.5.19).

The first term in (4.1.43) trivially reproduces the correction to the bulk identity
(4.1.36), as we expected. The second contribution, however, proves to be quite com-
plicated and we could not solve the corresponding integral in the dispersion relation

10Tn the case of a spin impurity, a defect operator with vanishing classical dimension will indeed

appear. We refer to Section 4.2.3 for a thorough discussion.
1 Alternatively, the discontinuity can be obtained using the general formula (3.2.16) by inserting
the perturbative OPE data and expanding up to order ¢.
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in terms of simple functions. Nonetheless, we are able to provide a simple integral
representation of the result or express it through a variety of special functions. We find

1 6r tanh ! [(H(Tw;?()r(if)(iil)x]
F(l) (T, w)S,not id — — dz - =
0 VA +(rw—-1z)(1+ (£ - 1Dz)(1+z(r—1))
0.0 m m+l
—m m 4,2 4w s Uy )
_ Z 2 - (4.1.44)
8N (m!) (rw? —wr?2 +r — w)
L1.1 )
8 t 1+7r)2w 1+7r)2(2t+1 . . . 1+r ) 1+7)2w
S 4t — 14t -
(4.1.45)
For later convenience, we define
N +2
FO(r,w) gm0t 10 = S—EH(T’, w) (4.1.46)

The result (4.1.44) is expressed in terms of an infinite sum of Meijer G-functions or as
a derivative of a Kampe de Feriet function FJiZ, which can be represented as a triple
hypergeometric sum [126]. A more compact representation of H(r,w) is [127]

rw

H(r,w) = (w—7)(1—rw)

(8A —1- log 2) fA,()(T, w)|A:2 s (4147)

where fao(r,w) is a bulk block (2.5.18). Combining (4.1.44), (4.1.36) and the contri-
bution of the defect identity, the singlet contribution reads

2(1)
Wy rw o rw N +2 W
FO () ‘- 2<1_rw)(w_r)1g((1—rw)(w—r))+ 8N " 7(4148)

The analysis for the symmetric traceless is similar, the only difference being the absence

of the bulk identity contribution and a change in the overall factor due to the OPE data
(4.1.26) and (4.1.33). The discontinuity in this case is given by

(1—rw)(w—r)

T/ TW (F (sin_l <\/F 17“:7}2> |(("r1i;1))22) _F (Sin—l ( \1/;;) ’((Twwl))j))

and we find

Disc[F}l)(r, w)| = mi a)\f(lg)%(pl)fzg(r, w) = (4.1.49)

PP(rw) = a3 + S H(rw), (4.1.50)
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Using (4.1.9) and (4.1.15), we can rewrite the results (4.1.48) and (4.1.50) in terms
of the functions Fg and Fy that are natural in the defect channel,

50 () :az(l)_ rw o rw § T, w

Fo'(r,w) = ay 2(1_rw)(w—r)l g((l—rw)(w—r))JrSH(’ ) (4.1.51)
S () — rw o rw 1 row

B rw) 2(1_Tw><w_r>1g((l—rw)(w—r>)+8m’ :

In summary, using the dispersion relation (3.1.1), we are able to compute the full
correlator at first order in e-expansion just from the knowledge of zeroth order data
and three (known) bulk data {A(b,’yg&o,fy%%,o}, given in (4.1.33) and (4.1.20). While
the full result looks complicated, we shall see that we can easily extract from it new
defect and bulk CFT data.

4.1.4 Defect channel data

We consider an expansion for the defect channel CFT data

A=A 450 L O?),

4.1.52
byo = b + b + O(). ( )

Similar to the bulk scenario, operators that appeared at leading order contribute to the

block expansion with their anomalous dimensions
Asjvos=1+s+e ﬁél/)Tm + O(£?). (4.1.53)

In contrast, higher-twist operators, which are absent at leading order, contribute with

their classical dimensions
Asjvums =1+42m+s+0(), m>0. (4.1.54)

As we already mentioned, at order e, only defect operators of transverse twist one
(m = 0) are expected to appear. This expectation will be independently confirmed by
the inversion formula.

The defect block expansions at one loop read

A

1 1 2(1) ¢ 2(0) ~(1 £
Fé‘ )(’f‘, w) = azs( : + Z bsso?sfl-i-s,s(ra w) + bsso?sfyk;()xsaAfl—I—s,s (’I“, w),
: (4.1.55)

~(1 2(1 r 2(0) ~(1 r
EP (r,w) = 37 b3S Fross(r,w) + 030,380 .04 firas.s(r, ).

S

To extract CFT data from this expansion, we plug the discontinuity into the defect
inversion formula (2.5.21). Following the strategy outlined in [31], and specialized to
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the case of defects in [44], we perform a small z expansion in the inversion formula and
then integrate each term in the expansion. Expanding the inversion formula, we find

b(A, s) = —z p cmi(A,8)B(z, 3 + 2Kk),
0

k=m (4.1.56)
dz .
B(z, ) = /1 2—25 I Dise[Fy (2, 7)),

where f = A + s = 7 + 2s and where cmyk(A, s) are the coefficients obtained from the
small z expansion of the integrand of (2.5.21). Observe that a term proportional to z*
in the small z expansion corresponds to a contribution of an operator of twist 2« in the
coefficient b(A, s), because the last integral is

1 _z
272 1
d - ) 4.1.57
/0 DT T — 2« ( )

We will explicitly demonstrate the computation of the coefficient only for the leading

order in the small z expansion, which enables us to extract the CFT data for trans-
verse twist equal to one. For higher orders, we will simply present the results, as the
expressions become increasingly complex.

Starting from (4.1.43) and (4.1.49) and performing the linear combinations (4.1.9)
and (4.1.15), we obtain

e [ (s ey ) s (L i)

] (1 mi(rw
DISC[F‘é )] - _(rfw)((m?fl) + 2(r—w) )
[ r W - = rw 2
] n (1) 7”(””) Wr[ (Sln <\[ )‘ <(7" w1))2 )_ <SID 1 < \1/; > | ((r wl))2 >:|
DISC[FV ] = T r—w)(rw—1) + 2(r—w) .

(4.1.58)

We see that both the singlet and vector defect representations contain two contributions
in the discontinuity 2. The first one originates from the the bulk identity operator.
This contribution was already considered in [44] for a generic value of A, and it gives

sin(mAg)T(1 = Ay) (%)A¢ F <%> (4.1.59)
I (3(8 =26 +2) |

Expanding in € and selecting the first order gives

1 \/g<¢()(6+1)+log<\[>+7>
B(Zvﬁ)i(d) = 2(z — 1) B (4.1.60)

= 17 (200 (F52) o) - ) + 0,

12Note that in both representations, the discontinuity does not depend on N, then the only defect

B(Zvﬁ)id =

OPE data that will depend on N is the defect identity correction, which is not captured by the inversion
formula.
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where ¢(0)(z) is the digamma function and v is the Euler-Mascheroni constant. This
result has to be combined with the contribution coming from the second term in (4.1.58).
The latter can be expanded as

DiscFs (2, Z)aor 11 — Zm\/z (log(z) +log(2) — 41og ( 2V2 )) +O(=5),

: \/2;\;1 (4.1.61)
DiscFy (2, 2)not id = Zm\/z <log(z) + log(z) — 4log (ﬁ—il)) + O(z%)

Inserting these discontinuities into (4.1.56) we find

3v/Z |2(8+1) = 2(8 = 1)8 (¥© (§)+9) +(8 — 1)8 (2Hozs +1og(2) ) |

Bs(Z, ﬂ)not id =

HB-1)p ’
VZ [2(8+1) = 2(8 = )8 (6 (§)+7)+(8 — 1)5 (2H s +log(2))|
BV(Z76>notid: 4(ﬁ—1)ﬁ2 .

(4.1.62)

where H, are harmonic numbers. Combining both contributions (4.1.60) and (4.1.62)
in (4.1.56), we obtain

A s 1 2(s — 1)H, + 3H,,.
bS(Aa S) ~ ~ + ~ . )
(2s+1)(7—1)2 22s+1)(7 —1)
(4.1.63)
A . (25 + 1) (QSHS + HS,;) +2
bv(A, S) ~ — + — 2
(25 4+ 1)(7 — 1)? 2(2s + 1)2(7 — 1)

The presence of double poles indicates the existence of anomalous dimensions, indeed

. b(0) p) b p(0)4,(1)
BA, s) v o T _ (4.1.64)
7(0) —+ g'y(l) —1 7(0) —_ 1 (7‘(0) — ]_)2
Comparing with (4.1.63), we find the next-to-leading order defect data
’A}/(l) _ 1—s bg(l) _ _2(5 - 1)H5 o 3Hs+%
S0 (25 + 1) S0, 2(2s +1) ’
25+ 1) (25H, + H,_y ) +2
O S B2 :_( s+ 1) (2eHt+ Hoy ) + _ (4.1.65)
VoS (254 1) Vo 2(25 +1)?
We can validate these results through several sanity checks. First, we see that ’yg&l =0,

indicating the presence of the displacement operator in the defect OPE of the funda-
mental field. The displacement operator is a protected operator, which is related to

the explicit breaking of translational symmetry 3. For a line defect, it has dimension

13See equation (4.2.74) below for the explicit definition of the displacement operator.
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two and transverse spin one, and it is a singlet under global symmetries. In the present
case, it is the operator 0 LQAﬁl, which is indeed associated to the vanishing anomalous
dimension &g()),l‘

Another universal protected operator is the tilt operator, which emerges when the
defect breaks part of the internal symmetry of the bulk theory. In this setup, the
defect breaks O(NN) to O(N — 1) and each of the N — 1 broken generators is associated
to a tilt operator forming a vectorial representation of the preserved subgroup. This
vector, represented by the N — 1 scalars gzgd, has dimension one and orthogonal spin
zero. Correspondingly, we find 'Ay‘(/%()),o =0.

For other defect operators, some results are already available in the literature. The
anomalous dimensions for the spin-zero singlet (51 and the spin-one vector operators
9. ¢ have been computed in equations (3.19) and (3.52) of [112] and our results agree
with those findings. Our results for the bulk-to-defect couplings are entirely new.

As previously mentioned, the order € result provides information about the anoma-
lous dimensions of operators already present at leading order. By considering additional
terms in the small-z expansion of (4.1.56) and (4.1.61), we can also determine the bulk-
to-defect couplings for higher-twist operators. As anticipated from a diagrammatic
perspective and noted in (4.1.55), all higher-twist coefficients are zero at this order in
perturbation theory

ba s = by =0, m>0. (4.1.66)

V,m,s

Therefore the only non zero OPE data in the defect channel are (4.1.65) and the defect
identity at one loop (4.1.21), which is missed by the inversion formula.

4.1.5 Bulk channel data

Finally, we can extract the bulk data at next-to-leading order using the bulk inversion
formula (2.5.26). While the bulk anomalous dimensions are well-known and reproducing
them serves only as a consistency check for our method, the product aA® is influenced
by the defect through the one-point function. Thus, we can provide new predictions for
operators that are not affected by perturbative degeneracies, specifically all twist-two

operators and the first two operators in the twist-four family.

\A
To use formula (2.5.26), we need to analyze the behavior of (%) ’ F(z,2)

as w — 0, according to (2.5.29) '*. By expanding the results of the dispersion relation
(4.1.48) and (4.1.50) around w = 0 and comparing with (2.5.29), we identify ¢* = 2.

Therefore the inversion formula will be applicable for ¢ > 2.

4Note that for the bulk inversion, we must consider an additional factor in front of the correlator
F(r,w). For this reason the behaviour at small w is different from the one discussed in the defect
inversion section.
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Since the integral in (2.5.26) is too complex to solve directly, we use a similar
approach to that employed for the defect inversion. We expand the integrand around

z = 1 and compute the coefficient term by term in the expansion, as explained in [45].
We find

1
c(A,f)—/O(lcfz)(l—z)ngl—z ZBmkAE (2, A+ 0+ 2F),

m=0 k=—m

(0=50=9)" i

where x4 is defined in (3.2.27), Ga(2) is the d = 1 conformal block (2.3.3) and B,,, x(A, £)
are coefficients that can be fixed by expanding the kernel in (2.5.26) and comparing
with (4.1.67), namely

C(z,B) = kg /OZ <1i—ing(l — z)dDisc , (4.1.67)

(1—2)(1 =221 = 2)°F u(z, 2[5 giai =

m 4.1.68
= Z(l — Z)m Z MBm’k(A,g)GAq%;ﬂk (1 — 5). ( )
m k=

KA+l

Just like in the defect case, each term in the series expansion around z = 1 (4.1.67)
reproduces the contribution of a given twist to the coefficient.
To compute the double discontinuity at order e, we first multiply the full correlator

expressions (4.1.48) and (4.1.50) by % and expand them in z = 1. We find that

every term in the expansion of the non-trivial part %H (z,Z) contains only inte-

ger powers of z. This indicates that this part of the correlator does not contribute to
the double discontinuity. The same is true for the contribution from the correction to
the bulk identity. Thus, the only contributions to the double discontinuity in both rep-
resentations are the terms proportional to the defect identity, aé(l)% However,
the coefficient (4.1.67) also receives contributions from the leading double discontinuity.
This occurs because the factors dependent on A, and d introduce terms of order € when
combined with the order zero double discontinuity (4.1.25). In particular both C(z, )

and B, x(A, () depend on ¢ through A, and d. Therefore, we need to consider

2(0) 2(1) A
dDisc {(%)A"’ FS] = <_“<]f>v +5“?V ) 9 in? (w§¢> ((1 —f/)(_l_—z)) ’
ZZ

A A 1—2)(1—2)\*
dDisc {((1—3)%—2)) ¢ FT:| _ <a¢( )+€a35( ))2sin2 <7T2 ¢> (( f/)(_ Z)) '
zZZ

Using the double discontinuities above, the first few orders in the z = 1 expansion of

71



the one-loop generating function Cr(z, 5) (4.1.67) read

1 AR
Cr(z, ) = 2(0) 1 — )2 ﬁr(ﬁ%)r(“?) F(§+A¢*1) n
R L r(22) r(3-280+0)r (3(5420,))
(2—1)2 (—B3—4B2 4 —682—4BA2—208A 4—8—4A2—16A ) ) )
+ 9203+ 1) G D@A, ) 2T

+(zfl)(53+452A¢+452+45Ai+126A¢+4B+4A3§+8A¢) (1— )5+ | x
16(8+1)(B+2A4+2)

% [F(§)4sin2 (#) n (Ai+2A¢) (2—1)21"<§)4sin2 (MT¢) A¢(z—1)1"(§)4sin2 (Wi‘P)
1

w2 L (3= (5) 8m2L(5—1)T(B) B 2m? T (B-1)T(B)
_(agseazssa)eoer(8) s (o) || L (8 0-nsen(ge i)
B Py ()i )
+0((z —1)%), (4.1.69)

where A, needs to be expanded at order €. The singlet contribution is simply Cs(z, ) =
~C7r(z, 3). By substituting these expressions into (4.1.67), using (4.1.21), and expand-
ing to first order in e, we can determine the coefficients cg/r(A, £) and extract

2O (5 +4)°

1 _ 2(0) 2(0) 2(0) (0
Mot = T D T (- 3202 H,_y + 8503 H,_y + 19630 (0) +
2 2
—38a2" " (20) — 1972 + 602V log(2) + 32a§,(”),
(0)5—r— 41 04312
Wy~ % 2T ()

0 (L +2)T (¢ +3)
1
1 1
aAE@,z),e - N (T,z),ev

1 1 1
(X)) = Fr(argn ) (4.1.70)
with af given in (4.1.21). We write (...) to stress that the data we derived for twist-
four (4.1.70) should be interpreted as an average over degenerate operators of a given
spin. Indeed, starting at spin ¢ = 2, the twist-four operators are degenerate, meaning

that multiple operators share the same classical scaling dimensions and are therefore
indistinguishable from the perspective of bootstrap. Using known expressions for the
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bulk three-point couplings [123],
¢
)\iWT,o,e - g!(QzAj::_AZ)_% 1), +0(e?),
¢ 2 2 B
- B A
)\itﬁjs,o,e - Ng!é[;l:ﬁdjg)%_ 1), +0(e?),
242 (N+2)(2+30+8)

Woosaed = Tary sy INN T 92T D1 ° TOE) - (@417

and the definition e\ = @\ + WX we can extract the one-point functions

coefficients
) (N +8)(01)3 [ N2—3N —22
= —2H .+ H, 1 +2H,— H
CLJT,(),@ 2% (5')4 (25)' (N+8)2 ZT + =3 + y4 20 ) »
(1) (N +8)(¢1)3 N? — 3N — 22
= —2Hn +H, 1 +2H,— H
aJS,O,e \/NQ% (5')4 (2@' (N 4 8)2 ZT + -3 + 14 20 |
(@® = 27 (e )P (N +8)*
T () RO T+ D+ 2)[(P + 30+ 8)(N +2) — 4N
27737 (0 + 1)1)3 (N +8)2
(af) ) = (4.1.72)

(' RO+ 2T VNN +2)/((+ 1)(0+2)(> + 30 +8)
The anomalous dimensions are all zero for ¢ > 0, as expected. We also computed
C(z,f) and (4.1.67) to higher order in the z = 1 expansion to extract the coefficients
and anomalous dimensions of higher-twist operators, confirming that they are zero.
For low-spin operators, the inversion formula does not converge, so a different ap-
proach is needed. We can compute the missing data by expanding the full results
(4.1.48) and (4.1.50) in series and comparing them to the bulk OPE expansion. Al-
though we anticipated the inversion formula to fail at spins ¢ = 0,2, we find that the
only data missed by the inversion formula are the coefficients of the twist-two operators

with £ = 0, namely ¢* and Ty, = ¢o — %£¢?. For these operators, we obtain

2 1 log(2)

1
a)\%) - a¢ 5 T 5
2 2
420 (4.1.73)
N ag '+ N+ Nlog(2) + 2 + log(4)
Ve T T AN :
and
S _ (N+6)(N+8)logd + N? — 5N — 38
' 8V2(N +38) ’
12(N + 8)log2 — 13N — 38
ag: = WS e : (4.1.74)
8v2N(N + 8)
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These last two one-point functions match the diagrammatic results of [112]. As another
non-trivial check of our results for twist-4 operators at low spin, we can derive the
coefficient of the operator ¢*, namely a)\,(Sl/)T,lp? using an alternative method and compare
it with the result from the inversion formula. For simplicity, we set N = 1 and focus
only on the singlet representation. We compute the two-point function of the operator
¢? at leading order, and extract the bulk CFT data. Similar to the two-point function
of ¢, the leading order correlator receives contributions from the squared one-point
function and from the bulk identity, with Ay, =24 O(e). It reads

FOw) =+ (w — r;(ul} “rw) T ((w — r;ﬁ - rw)) ' 41.75)

A family of double-twist operators with twist 4 appears in the bulk spectrum at this

order. Specifically, we can extract the coefficient of the spin-zero double-twist operator
a((zgl) AS;)¢2¢4
we expect from (4.1.70). This approach can be generalized to any N. Examining other

from the bulk expansion and we find that it perfectly matches with what

correlators not only would be useful to validate our findings but also it would help to

resolve the degeneracy issue.

4.1.6 Diagrammatic check

In this section, we compute the two-point function (4.1.3) using Feynman diagrams, as
an independent verification of our bootstrap result. To construct Feynman diagrams,
we use the scalar propagator

d
—— = (¢a(@1)Pp(22)) ro=ho=0 = (xgj% , K= %. (4.1.76)

and the vertices

XE—)\O/dd:B..., =l=E—hg/_oodT.... (4.1.77)

o0

The blue double line at the bottom represents the defect. The value of the couplings
at the fixed point is given in (4.1.2). In particular, A\, ~ O(¢e) and h, ~ O(1).

Up to the first order in € (one loop), the diagrams that contribute to the two-point
function of ¢ are

(Patr)p = ; + LL + ;L + ;AL (4.1.78)

The disconnected contributions in (4.1.78) naturally correspond to the defect and bulk
identity in (4.1.48) and (4.1.50). The former is the squared one-point function (4.1.21),
which was computed diagrammatically up to order £ in [112].
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The only non-trivial term is the cross diagram, given by

2
G+ 280m) - [ dny [ s [ @50 G~ )Gz~ )Gl a(r) Gla ().

(4.1.79)
where x(7;) are the coordinates of the points on the defect, with |#(72)] = 1, ¢ is
the coordinate of the bulk vertex and G(z) is the free propagator. At the fixed point,

performing the 75 and 7 integrals, we obtain

3 1 H(l’l,xQ)
- 5ab + 25{1 61, — /d4q - = 5ab + 2(5(1 5b —
( ) g | SR Pl =g 100) g1 1]
(4.1.80)

where H(xy,z5) is a conformally invariant function, according to (4.1.3). Thanks to
conformal invariance, it is enough to evaluate H(x,z5) at a specific coordinate along
the defect, for instance 2% = 29 = 0. Even with this simplification, solving the integral
in (4.1.80) analytically is challenging.

A simplified integral representation can be derived starting with

)
H(xy,25) /d3 / . — 4.1.81
( (Y e ey gy e L S

where we defined ¢ = ¢°. Introducing a Feynman parameter o for the last two factor

in the denominator, we get

H(I’l IL'Q / dOZ/d3 2/ ’leHms‘
) . ’L ’L 2'
Yl (@ +alsi — g2 + (1 —a)las — ¢ )
(4.1.82)
Performing the ¢ integral and rearranging the terms, we obtain
H(zy,25) / / |x1|’“f2| - (4.1.83)
' (lg" — ¢'* + L?)?
where
¢ =art+(1—a)ry, L*=a(l—a)lz, -2y (4.1.84)

Introducing another Feynman parameter &, the expression becomes

9 1 1 . 5% : |$Z||xl|
. 9 ; p P 1117%2 - 4.1.85
(1,.22) 47r/0 O‘/o e T T T E

Shifting ¢* — ¢* + £¢* and integrating over ¢*, we find

1
H(zy,20) = 3\:61H:z:2]/ da/ d¢ Ty (4.1.86)

(1=
If we introduce lightcone coordinates and Change variable as £ = n?, we get
1 1 1
H(z,z) = —-6V2Z2 do d .
(=,2) /0 /0 Ti+alzz—1) -0+ (:z-Da)(1+ (2 - Da))
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This integral representation can be further evaluated by integrating either over « or 7.
Integrating over « leads to

Hs.2) = —6v/53 0(1177 log [P(z, z,n) +/Q(z, Z%)[P(Z’Z7 n) — /Q(z, 5,77)} |

(4.1.88)
where P(z,z,n) and Q(z, z,n) are the following polynomials
P(z,z2,n) =1+ 22 —n*(z + 2),
(z,2,m) 277 ( 2 ) 4 2 (4.1.89)
Qz,z,m) = (22 —1)" =2n*(2+ 2+ 22(z + 2 —4)) + n* (2 — 2)".
Alternatively, integrating over 7 in (4.1.87), we find
1 tanh ™! (1+(z71)a)(1+(271)a]
1+a(zz—1
H(z,z) = —6\/22/ fe? ol . (4.1.90)
0 VI+(G-1Da)(1+(z-1Da)(1+alzz —1))

Both expressions (4.1.88) and (4.1.90) allow us to obtain series expansions of H(z, z). In
particular, we recognize that (4.1.90) is one of the representations of the bootstrap result
(4.1.44). In other words, we see that the Feynman diagram computation reproduces
the bootstrap prediction. This justifies our decision to overlook potential ambiguities

at low transverse spins in the dispersion relation (3.2.1).

4.2 The spin impurity in the O(3) model

In this section, we examine the spin impurity in the O(3) model. Following the approach
of [116], we represent the defect using the trace of the path-ordered exponential

D, (u,v) = Pexp (% / Car ¢a(7)Ta) , (4.2.1)

where a = 1,2, 3 and the factor x was introduced in (4.1.76). Explicitly, (4.2.1) amounts
to the definition

Dj(u,v) = Z Ii—og dry ... dTy Goy (1) - P, (T0) T ... T . (4.2.2)
n=0

U< < <Tp<v

15

The defect extends over the imaginary time direction, "> and for brevity, we denote
¢a(T) = ¢u(7,0,...,0). We will be primarily interested in the infinite defect D; =
D;(—00,00), but the finite version of (4.2.1) will also be considered at some point.

15 Another interesting observable is the circular loop, which is monotonic under RG flow [128].
The two configurations are related by a conformal transformation, and despite potential conformal
anomalies at the level of the defect expectation value [129], our conclusions about defect correlators
are adaptable to the circular case. The straight line has a clearer interpretation as an impurity in a
condensed-matter system.
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The matrices T form a spin-j representation of su(2), meaning they are (25 + 1) x
(27 +1) matrices. We normalize them such that the commutation relations and Casimir
read

[T, T% = ie®*T°, T, T,=7(j+1). (4.2.3)

The defect TrD; preserves the connected component of the O(3) global symmetry. '
Thus, it can be realized in a lattice by inserting a spin-j impurity that interacts with
other lattice sites through SU(2)-preserving interactions. The coupling (, is marginally
irrelevant in four dimensions, but it becomes relevant for d < 4, driving the system
to a non-trivial interacting defect CFT in the IR. Notably, this defect CFT remains
non-trivial even when the bulk is at the free fixed point Ay = 0. To illustrate this, we
outline the computation of the S-function, both in the free and interacting bulk cases.
For the free case, we present a new result at order (7, which for the first time reveals
the dependence of the beta function on the spin j. We then explore the spectrum of
operators on the spin impurity defect, motivated by the need to identify which defect
operators appear in the OPE, for an efficient application of the analytic bootstrap
techniques. Finally, we analyze the bulk two-point function of ¢, using the analytic
bootstrap method and we compare our results with diagrammatic computations.

4.2.1 Defect f-function

The computation of the S-function for line defects originates from the work of [130] on
non-abelian gauge theories, see also [131] for a comprehensive review. For the magnetic
impurities relevant to our discussion, the [-function has been calculated up to two
loops in [132,133]. The standard approach involves selecting a specific observable and
renormalizing the coupling ¢y to ensure UV-finiteness. Since renormalization focuses on
the UV behavior of the theory, we can consider a finite line 7 € [u, v] for our calculations.

We choose to impose the UV-finiteness of the vertex operator

_Ir <¢a(x)Ta Dj(0,7)>
V() = e (D;(0,7))

(4.2.4)
where ¢, (z)T“ is inserted in the trace, but it is placed in a point z in the bulk.

Free bulk

Let’s start with the case of a free bulk, where the operator ¢, does not require renormal-

ization. In this case, all the divergences in (4.2.4) are attributed to the renormalization

16Strictly speaking, we take the trace over SU(2) representations instead of O(3) to allow for half-
integer j. From now on, we will overlook this subtlety, since it does not affect our results.
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(a3) (ad) (ab)

Figure 4.1: One-, two-, and three-loop propagator diagrams.

of the coupling (5. Our main goal is to find the divergent part of (4.2.4) and relate the
bare coupling (y to the renormalized coupling (, given in the MS scheme by

2 4 6 4 6 6

o= p%¢ (1 +

In essence, our task is to find the coefficients a,; above. Once determined, we can impose
the condition that the bare coupling remains independent of the renormalization scale
w, namely d(y/dp = 0, and extract the beta function

dg

50 = g = 5 ¢+ and® + 26’ + 3T + O(C”). (4.2.6)

To compute (4.2.4), we first need to discuss the expectation value of the defect.
Given that (Tr D;(7)) exponentiates, it’s convenient to study its logarithm. Here is the

final result, which we will derive below

log < TrD; (7‘)>

S TES G (al) — ¢t (a2) + ¢¢ (2(a3) + 2(ad) + (a5)) +... .  (4.2.7)

In this expression, (al)—(ab) correspond to integrals represented diagrammatically in
Figure 4.1. The integrals are evaluated over the interval [0,7], with implicit time-
ordering and unit-normalized propagators. For instance

d7'1 dT2
(al) = £ = / g (4.2.8)
0<TI<T2<T 21
dT1 dTQ d7'3 d7'4
(a2) = = = / L (4.2.9)
(7'317'42)
0<T1<T2<T3<Ta<T

While these integrals are straightforward to compute, their explicit value is unnecessary
as they cancel out between the numerator and denominator in (4.2.4).

In order to find (4.2.7), we start by computing (D;(7)) up to order (§, performing all
possible Wick contractions. Each diagram consists of an integral multiplied by a trace.
The traces take the form TrT,,T,, ...T;,, where all indices ay,...,q; are contracted.
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These traces can be computed iteratively using the commutation relations (4.2.3). Al-
though the process is tedious, it can be automated with the help of Mathematica.
Regarding the integrals, we encounter a significant number of them, far exceeding
those depicted in Figure 4.1. However, many of these integrals can be decomposed into
products of lower-point integrals. To clarify, let’s consider an example. Consider the

following sum of diagrams

Frr 1 R+ KT LD S e

We can think of it as the lower diagram “passing through” the upper diagram. Since

all possible orderings of points are accounted for, this sum is equal to the diagram (al)
squared. Each diagram appears twice, so we obtain

[Qr — 2 LD + 2 e 4+ 2 e (42.10)

A similar pattern emerges for other combinations of diagrams. The crucial idea is that
a product of diagrams equals the sum of all time-ordered diagrams where the relative
order of the legs within each subdiagram is maintained. This combinatorial problem
can be automated. By decomposing sums of diagrams as illustrated in the example, we
observe an exponentiation of the result, leading to equation (4.2.7).

We now consider the complete vertex V(x) (4.2.4). As before, we’'ll present the final
result first and then derive it:

V<$) . . 2 4
TG T = (b1) — (b2)¢2 + ((b3) + 2(b4) + 2(b5)) i+

+ (= 2(06) — 4(b7) — (b8) — (b9) — 2(b10) — 2(b11) — 2(b12) — 2(b13)+

— 2(b14) — 4(b15) + 2(2j(j+1) — 5)(b16) + 4(j(j+1) — 2)(b17) — 2(b18)+

—4(b19) +2(2§(j + 1) — 5)(b20) + (2j(j + 1) — 7)(b21)><’§ Yo (4211
The diagrams (b1)—(b21) are shown in Figure 4.2. In this figure, the cross (x) indicates

the point where the bulk field connects to the defect. For instance, if the bulk field is
located at x = (7, z"), where z* are directions orthogonal to the defect, then

dm dro dms dra dTs
(b5) = =%= = / 2—e,_2—€(| |2 ’_ 2\1-£ °
Ty1 Ts3 (|22 + (17" — 12)?)" 2
0<T1<T2o<T3<T4<T5<T

(4.2.12)

The value of these integrals is necessary to determine the beta function, and we will
soon explain how to calculate them. Regarding the derivation of equation (4.2.11),
the procedure is similar to (4.2.7). We start by generating all Wick contractions that
contribute to Tr(¢(x)D;(7)). For each term, we compute the traces using the commu-
tation relations, then factorize the integrals using relations analogous to (4.2.10). It
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Figure 4.2: Vertex diagrams up to three loops.
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turns out that the result is proportional to the right-hand side of (4.2.11) multiplied
by Tr(D;(7)) in (4.2.7). These steps are tedious, but we have automated them with a
computer. To obtain the beta function, we need to extract the divergent part of the
integrals in equation (4.2.11). For illustration, we compute diagram (b5) in (4.2.12) in
detail. We then explain how this approach can be generalized and automated for all
other diagrams.

The first observation is that, since we are only interested in the divergent part of
V(x), it is convenient to place the ¢ insertion far from the defect. Specifically, we
take |2'] > 7, where 7 is the length of the defect operator D;(7). In this limit, the
dependence on 2%, 7/ and 7, drops out

_ dm dry drs dry d
®5) = lim |22 (b5) = / ndndndnds g3
|zt|—o00 Ty1 Ts3
0<T <To<T3<T4<T5<T

An important observation is that we can choose the order in which we integrate the
variables. Since 7, does not appear in the integrand, it is convenient to perform its
integral first

JR— T3 d
(b5) = / dry dr3dry d7'5/ % = / % (4.2.14)
134

o T41 Ts3 Ta1 T3
0<T1<T3<T4<T5<T 5

In the second equality, we introduce the shorthand notation fij p = fo it o LT <

omitting dr; for brevity. The strategy is to continue integrating the simplest variable
next. For instance, since 74 appears only once, it has a simple integral

T31 1 € £ E— g g E—
(b5) = // dry 2—e ¢ T o1 / [7517'53 — T51 1753 ! — T31753 2}- (4.2.15)

Ta1 Ts3
135 135

In the right-hand side we used 737 = 751 — 753 to simplify the result. An important
observation is that, as we integrate, many terms are generated, each requiring a different
order of integration to minimize complexity. For the first two terms in (4.2.15), we
should integrate first 71 and 73, and only then 75. In this way, all integrals are elementary

T T5 T3
e—2 e—1_e— 1 _ e & e—1_e—1
/ [7'517'53 —T51 Ts3 | = / drs / drs / dm [7'517'53 — T51 Ts3 ]
0 0 0

135
7_25+1

T 2(e—1)e2(2e + 1) (4.2.16)

Instead, for the last term in (4.2.15) it is better to integrate first 7y and 75, and only

then 73:

Ts—|—1(7_ - T )571
Jrir— [ [ o [P [

2I'(e — DI'(e +2) 241
I'(2e + 3) '

(4.2.17)
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The last 75 integral is the so-called Euler integral. By carefully selecting the order of
integrations, we encounter this more challenging integral only at the last step. If instead
we had chosen the order of integration poorly, intermediate results would have included
hypergeometric functions, and simplification would have occurred only at the end.

For completeness, the value of the diagram of interest is

. 1 20(e)l(e +2) 7>
(b5) = (252(25 +1)  T(2e+3) ) (e—1)*

(4.2.18)

We can now apply the insights gained from computing diagram (b5) to all other

integrals. To summarize:

1. We first take the limit |z¢| > 7.
2. We integrate the variables 7; that appear at most once in the integrand.

3. This process generates many terms, and for each term, we may need to choose
different integration orders to minimize complexity. Sometimes relations of the

form 7;; = 7, + T; are convenient to simplify intermediate expressions.
J J

At the end of the day, we encounter only two integrals that are not elementary:

le/ dun®(T —u)?, ng/ du/ dvu®(u —v)°(1 — v)°. (4.2.19)
0 0 0

These integrals may arise in the final integration step or as subdiagrams within a larger
diagram. Fortunately, they can be evaluated straightforwardly

Fla+1DIO+1) 4ipi

H, = 4.2.2

T Ta+b+2) (4.2.20)
T(a+b+2)T'(b 2 1 2 2

H, — (a+b+2)I'(b+c+ )3 ] b+1,a+b+2,b+c+ 1) perer(4991)
(b+1)I(a+2b+c+4) b+2,a+2b+c+4

By implementing this algorithm in Mathematica, we successfully computed all the
integrals in 4.2 in closed form. The expressions are not particularly illuminating, so we
do not present them here.

The final step is to combine all the components. We substitute the values of the
integrals into equation 4.2 for the vertex V(z). Demanding the result to be finite, we

obtain
2 4 4 6 6 6
e C oG 3¢ ey~ L)) 2 HE L 5¢ s
G = H C<1+5 2€+2€2+3€ 2= i+ 3 652+2e3+0<g> '
(4.2.22)
Consequently, the S-function reads
1
Be = —§c+<3—c5+ (2—72 (j(j+1) — 5)) S (4.2.23)
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Notably, starting at O(¢”), the S-function depends on the spin j, which complicates the
resummation of the perturbative series, even for a free bulk. However, for large spin
4, one can consider a double-scaling limit where ¢ — 0, 7 — oo and (?j is kept fixed.
The S-function was recently computed in this limit in [116] and our result is in perfect
agreement for large j. Solving the fixed point equation S({) = 0 perturbatively in
leads to a defect fixed point for

2 2.3
EZ + (j(j +1) — %) WSE +0(eY). (4.2.24)

In four dimensions, the defect coupling is irrelevant, leading to a trivial fixed point at
e = 0. For € > 0 there is a non-trivial fixed point, even though the bulk is free. The
existence of this fixed point in three dimensions, i.e. for e — 1, was questioned in [116],
based on a large spin analysis. In Section 4.2.4 we will confirm that indeed this fixed

point is trivial.

Interacting bulk

For an interacting bulk, extending the calculation to higher orders in perturbation the-
ory is more challenging due to the presence of diagrams with quartic bulk interactions.
We perform the calculation to order A(3, where a single Feynman diagram contributes
to the vertex renormalization. The result of this computation was presented without
derivation in [133].

At the order we are focusing on, the majority of contributions to the [-function
arise from diagrams either without bulk interactions or from corrections to the bulk
propagator. The only exception is the diagram

Pala

(4.2.25)

where we set the length of the defect operator to be one, since the integral is ho-
mogeneous. We first compute the symmetry factor of this diagram. It’s crucial to
note that T, also participates in the trace, according to the definition of the vertex
(4.2.4). One of the three legs attached to the defect carries a generator T, with the
same index as the external field ¢,, while the other two legs carry generators 7T, with
contracted indices. Out of the three possible permutations, two configurations place the
contracted generators Tj, adjacent to each other and they simplify to j(j + 1)7,. The
remaining configuration reads 1,7, T}, = (j(j + 1) — 1)7,. Thus, the total contribution
is (j (j+1)— %) T,. Additionally, note that the integral is path-ordered, but, thanks
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to permutation symmetry, we can divide by 3! and instead compute the unordered
integral. Therefore, the contribution of this diagram to the vertex is

ﬁéhl) > —AO%’ . (j(j +1)— %) I(z), (4.2.26)

where the integral is

dty ! dt ’
I(z) = - ( , ) S (227)
o= e b v

where ¢, T is inserted at (7/,2%) and the bulk interaction is localized at (7”,y") . For

our purposes, it is enough to extract the leading contribution in the limit |z*| — oo
that is also divergent for ¢ — 0. It’s important to note that divergences in ¢ only arise
for small |y’| and when 7” lies near the interval [0, 1].

Without loss of generality, we can set 2% = (%, L,0,... ), and then pass to cylindrical
coordinates (77, y%) — (7", p,0,...):

0 +o0 T O—e [t 0 1—¢
I(L) = / dp / dr" / a9 / a0, . p~" (sinf) _x
0 —00 0 2
(-

7'”)2 +p2+ L% — 2,0Lcos€>

()
N N

(4.2.28)

Here €4_; is the volume of the d — 1-dimensional sphere. We are interested in the
leading term as L. — oo. In order to extract the divergent part, we can assume that p

and 7" are bounded. Therefore, we obtain

I(L 1 5d Héd " ﬂd@ dQ 2=¢ (sin O)' ¢
(L)~ 12— S| A 1—e p7 7 (sinf) " x
! d

t 3
— | +0(£),
X<A<w+@~w%2) )

where 6 > 0 is some arbitrarily small parameter. The integrals over dt, d€2;_. and df

(4.2.29)

are easily performed and one finds
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Computing this integral in full generality is challenging, but given that p < ¢ is small,
we can straightforwardly expand the integrand. The crucial observation is that only

l+ce

terms of the form p~ produce divergent contributions, since

é
1
/ dpp~'tes = — 4 0("). (4.2.31)
0 ce

All in all, only one term contributes to the divergence, and the remaining dp and dr”

integrations are elementary:

1 2 355 1_ € " "
](L) 72 EF(?’ 6 8F 2 / dp/ —1+2 (sgn(l - T )—I—sgn(r ))3
1 2
2L o). (4.2.32)

T I ¢
Inserting this into (4.2.26) we finally get

V(L) 1 g
GG +1) [P ase

Combining this result with the free-theory contributions (4.2.11) and with the two-loop

(j(j +1) — %) , (4.2.33)

correction to the bulk propagator, which is known from previous work on the theory
without defects, we obtain

_ e ¢ ¢3¢ 52 (U +1)—35) A
Co=H §<1+8 % 2€2+72(47r)4€ 4853 ] (42.34)

From this, we can extract the S-function [113,114, 133]

° % + (j(j +1) - §) CMA +. (4.2.35)

After setting the bulk coupling to the fixed-point value A, the equation B¢((., Ax) =0
can be solved perturbatively, yielding

2
2= g+52 (%—% (j(j+1) - %)) +0(e%). (4.2.36)

Notice that in the interacting theory, the dependence on j appears already at order 2.

fo=—2C+¢ =+

When the bulk and defect couplings are tuned to their fixed-point values, we obtain
an interacting defect conformal field theory. While the bulk spectrum remains unaf-
fected by the presence of the defect, it is crucial to understand how to characterize the
defect operators. This topic will be explored in detail in Section 4.2.3.
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4.2.2 Discrete symmetries

It is important to examine the discrete symmetries preserved by the defect, as they
imply selection rules in correlation functions and help in classifying defect operators.
The bulk theory, both in the free and interacting cases, is invariant under time reversal
symmetry 17 and a global Z, symmetry

Tp: ¢%(r,2") = ¢ (=7,2"), Tz, :¢%(r,2") = —¢°(7,2"). (4.2.37)

A sufficient condition to extend these symmetries to the defect theory is that they leave
the trace of the defect operator TrD; invariant. This is exactly what happens to the
SU(2) global symmetry. In contrast, the generators Tz, and T; modify the defect. Tt
is straightforward to see that the net effect of T, is to change the sign of the defect
coupling constant [115]

Tz, Dy =D;*, (4.2.38)

where Df is the defect extended operator with coupling constant (. On the other hand,
T; flips the signs of the arguments of all the fields in (4.2.2). However, by a convenient
change of integration variables and name redefinitions, this is equivalent to reversing
the order of the generators inside the trace. For generators of representations of su(2),
the following relation holds ®

Te (T ... T%) = (=1)" Te (T™ ... T) . (4.2.39)

From this it follows that also T} also effectively changes the sign of the defect coupling
constant
T, Tt Df = Tt D; . (4.2.40)

We can now define a modified time reversal symmetry for the defect theory by requiring
that the fundamental fields are odd under this symmetry

T, =Ty, 0Ty : ¢*(1,7") = —¢*(—7,7") . (4.2.41)

Now T, is both a symmetry of the homogeneous theory and leaves Tr Df invariant (it
changes the sign of ¢ two times). Therefore, it is a symmetry of the defect theory as
well. To derive useful selection rules, we need to understand how this symmetry acts
on defect operators. This will be briefly discussed in Section 4.2.3, after we have gained
a general understanding of the defect operators in this model.

1"Tn the context of defects, the inversion of the defect coordinate is also known as S-parity [39,134].
18This is due to the facts that the generators T are taken to be Hermitean and that the su(2)

representation given by the complex conjugated generators (7'*)* is equivalent to the original one, so
that (T%)T = PT* P~! for some matrix P.
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4.2.3 The defect spectrum

In this section, we investigate the spectrum of operators localized on the spin impurity
defect. We begin with the free-bulk theory, because the spectrum is simpler and Ward
identities protect several defect operators. When bulk interactions are introduced, the
dimensions of these operators are corrected by additional terms proportional to powers
of A, which remains perturbatively small in the e-expansion. Our analysis enables
us to understand the perturbative definition of defect operators, which is surprisingly
complex in some instances. This will in turn clarify how to enumerate all possible defect
operators within perturbation theory and help us in the analytic bootstrap analysis of
Section 4.2.4.

The defect spin operator

As noted in [116], an interesting Ward identity is obtained by considering the shift
of the fields ¢,(z) — ¢4(x) + ¢, for some constants ¢,. This is a symmetry of the
free-bulk theory without the defect. The Noether currents for these symmetries are

JH(z) = —0"¢.(x), and their conservation is equivalent to the equations of motion
since 0 = 0,J!(x) = —O¢q(x). The defect interaction explicitly breaks this shift
symmetry and the conservation equation is modified by a term localized on the defect

9, J"(0,2") = _ %o SHORS AP (4.2.42)

N
where the minus sign is introduced for future convenience. We will often assume that
the coordinate of bulk operators parallel to the defect is zero, thanks to translational
invariance along the defect. Since the bulk is free, the bulk fundamental field ¢, do
not renormalize. Introducing renormalization factors such that Se =7 g S and Co =
M%ZC ¢, it follows that in the MS scheme

at all orders in perturbation theory, since the right hand side of (4.2.42) must be finite.
This relation holds even when substituting renormalized quantities for the bare ones .
The operator S, responsible for symmetry breaking is a defect primary operator at the
fixed point, known as the defect spin operator. As argued in [116], the Ward identity
protects its dimension to As = £/2. ?° The explicit form of the defect spin operator

“More precisely, for renormalized quantities we would have 9,J#%(0,z%) = —“\/%EC Sa(0) 641 ().
We will often forget about the scale factor u and set it to one, as is customary in the CFT literature,
because we are ultimately interested in correlation functions at the fixed point and they depend on pu
in a trivial way.

20This result can also be derived using diagrammatic considerations, as originally done in [113].
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S, in the perturbative setup can be derived via the Schwinger-Dyson equations. The
defect contributes an extra term to the full action S = Spu + Sdefect; Where

Sdefect = —1og TrD; . (4.2.44)

Inside correlation functions, it holds that

6Sdefect _ CO
dda (T, %) \/_

Thus, comparing with (4.2.42), correlators involving a defect spin operator 5’3(7’) in-

TI‘(Dj(—OO,T) T, Dj(r, oo))
TI' DJ '

O (7, 2%) = 52 (4.2.45)

serted at a point 7 on the defect satisfy 2!
(O1(21) ... S§(T) ... Op(@n))p, = —(O1 (1) ... TT) ... On())p, , (4.2.47)

Hence, we can write

Sa(r) = =Z Tu(7). (4.2.48)
In this sense, the S, operators in perturbation theory are just normal matrices that
acquire an anomalous dimension when inserted into the defect 22.
Another interesting consequence of (4.2.42) is that we can rewrite it as

e (0, 2°) = S (0) 6% (21, (4.2.49)

a\ﬂ

which can be inverted as

6ul0.5) = Vi€ [ dr- St (0,9, (4.2.50)
(e + 72)'"

where we set the defect coordinate of @, to zero and ¢ is a free field that does not
interact with the defect. Using (4.2.50), correlators involving fundamental fields and
their orthogonal derivatives can be reduced to integrals of defect correlators involving
S, (not necessarily at the fixed point).

Understanding the conformal descendants of the operator S, at the fixed point is

21From the general definition (2.5.2), correlators of operators inserted on the spin impurity read

) . (Tr [D;(— 00, 7)O0(11)D; (7'177'2)(?( 7)...O(2)D (Tnvoo)b. (4.2.46)

O1(11) ... On(T =
(O1(11) .. On(ma))p, = T D
Note that matrix-valued operators interact non-trivially with the trace.

22The appearance of this non-trivial constant operator could be avoided here by choosing a different
representation of the defect in terms of one-dimensional fermions [117,59]
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crucial. These descendants are obtained by acting with the defect covariant derivative 23

o) = 0.0 1

D,O(r) = 8,0(r) + \/Egzﬁ“(T) [T.,0(7)] . (4.2.52)

In the case of the S, operator, we get

D.S%r) = —i%e“b"’(bch(T) : (4.2.53)
where the generator on the right hand side has to be inserted inside the path ordering, as
n (4.2.47). This example shows that in this setup the question of whether an operator
is a primary or not can be hard to address, because even though (4.2.53) contains no
0, derivatives, it is still a descendant.

Once the bulk quartic interaction is introduced, the shift symmetry is explicitly
broken in the bulk, so the above analysis does not directly apply. However, one can still
consider the operators ga, defined by (4.2.47). Their dimensions, no longer protected,

dlog Zg dlog Zg
<ﬁ< aC th— >M*, (4.2.54)

where now Zg depends also on the bulk coupling constant A. Interestingly, up to two

are given by

loops in perturbation theory, Zs does not receive any divergent corrections from the
bulk interaction. Thus, we can still write

Zg = (Z<|,\:o)_1 +0(CPN%, ¢, (4.2.55)

allowing us to compute the first correction to A4 using only the result for the S-function
in the interacting case, without further diagrammatic computations [113]
5) 2

Olos Zs| 1. fo {@ b (N L1y %)} +O(%) . (4.2.56)

= |

Correlators of defect spin operators in perturbation theory

Once the explicit form of the defect spin operator in perturbation theory is determined,
it is possible to evaluate correlators using standard diagrammatic techniques. This
section focuses on computing the two-point function <ga(71)§b(72)>pj at two loops,

both for the free and interacting bulk cases. The overall normalization of the two-point

23 Correlators depend on the coordinate of an operator O(7) also trough the endpoints of the neigh-
bouring defect operators D;(-,7) and D;(7,-). Therefore, it is convenient to introduce the defect
covariant derivative

Dj(u,7) D;O(T) Dj(1,v) = % (Dj(u, ) O(7) D;(r, v)), (4.2.51)
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function in the free theory is physically significant, as the normalization of S is fixed
by the Ward identity (4.2.42).

Neglecting renormalization factors, for the moment, this two-point function repre-
sents the expectation value of the defect with generators T, and T} inserted at 7 and
Ty, respectively. Since in (2.5.2) we divide by the defect expectation value, we can
normalize traces by dividing by 25 4+ 1, which is the classical expectation value. It is
also convenient to define the ”connected part” of a diagram as the part remaining after
subtracting contributions that are products of lower-order diagrams or pieces contain-
ing ”defect bubbles.” Using this terminology, the defect correlator is the sum of all
connected diagrams.

The leading order term is given by the following diagram

A

S, S
n 2 (4.2.57)

Here, the blue line represents the defect, and the blue points indicate where a generator
is inserted into the trace. Since there are no lower-order diagrams, this diagram is
already connected and gives

1 i(j+1
! namy -Vt
25 +1 3

IO, 1) = Oab- (4.2.58)
At one loop, only two diagrams contribute to the connected term. All other diagrams
factor exactly into an order-zero diagram times a piece of a one-loop bubble, which
must be subtracted

N

Sa Sy Sa S
W T2 T1 W (4259)

Here, the additional blue points indicate interactions with a generator insertion, and
the black line represents a free propagator (4.1.76). The interactions must be inte-
grated along the defect, but without crossing any other generator insertions. These two
diagrams have the same color factor

10 L JU+1D0UG+1) —1)

Tr (T,T,T.T) = Sup - (4.2.60)

27 +1
Subtracting the product of the order-zero diagram and one-loop defect bubbles, which
have the same kinematic integral but a different color factor, gives

1 72 +1)?

]c(O) X bU.bbleS(l) ~ WTI (TaTb) Tr (TCTC) = 3 5ab . (4261)
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Thus, we obtain

(7 +1) dr dt’ dr dr’
7 - _ 2j(j_% / _ / -
¢ (11, 72) 0 3 b I — 7% + |7 — 7>~
—oo<L T <T'< T2 TI<T<T2 <7/ <+00
(4.2.62)
After performing the integrals, we find
2¢3j(G+1)

I (11, 75) :_W|

71 — T2l dap - (4.2.63)
This contribution has a pole for ¢ — 0, as expected, since we are computing the bare
two-point function.

At the next order, many new diagrams contribute. Similarly to what has been done
at one loop, we focus on computing connected diagrams. At two loops, this involves
subtracting not only the zeroth-order connected contribution multiplied by two-loop
bubbles, but also the first-order connected contributions multiplied by one-loop bubbles.
For example

@*c = @* — ——— Xbubbles(z)
Lo xbubbles® = j(j+1) LA

where the last diagram denotes just a kinematical integral stripped of the color factor.

(4.2.64)

All in all, the two-loop contributions are

](2)7—177—2 ZF _J,]+ (@(}:4-:@‘}‘2@0;4‘

=

e N W 7. va N o Ve W
+2@;).

(4.2.65)

This sum can be reorganized and further simplified, since an exponentiation of the

previous orders occurs. Indeed we have

[C@)(Tm):j(jH)( 3=+=O@> LG+ (@O:+

2
—|—=cm + m3=+=cm + ®+

+®+mo=+=cm+m>.

(4.2.66)
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Furthermore, it’s worth noting that specular diagrams contribute equally. Therefore,
we are left with evaluating only five diagrams. The integrals are straightforward, and
the results are

TN g gl ZTETG e
R V(e —1)e ’

- O 1 I'(e = 1)I'(—2¢)
LLAN o =Gl -nl (2<5_1>e2<2e—1> S T(2-9) )
LEIDN =~ gin -

[(e — 1)I'(—2¢)
(_2(5 12 T T TR ) ’
1 21—22fe)r<s>

(e —1)2e2 |

(4.2.67)

d
&b :<§|T1—T2|2€%b'

LN oe 0ap [T (1+e)*+T(1+2¢)
:<O|T1_7-2‘ o 2 9 .

3 (e —=1)2e2T(1 + 2¢)
Substituting these into (4.2.66) gives the two loops contribution to the bare two-point
function. Notably, the same diagrams contribute to both the free and interacting bulk
cases because, at this order, the only new diagram in the interacting case would be a
mass correction to the bulk propagator, which is zero.

Once all diagrams are evaluated, one can introduce the wavefunction renormalization
coefficient Z¢ and rewrite the bare coupling constant in terms of the renormalized one,
keeping in mind that Zg = Zg_l. Imposing finiteness of Zgz(ég(rl)gg(rz)m at this
order in the coupling constant yields

¢ ¢ ¢

U D B R S 6
Zy=1-2 =25+ +0(C). (4.2.68)

Putting everything together, the renormalized two-point function evaluated at the free
bulk fixed point (4.2.24) is

5 _Ne  dw

S = A 4.2.
<Sa(7_1)Sb(7-2)>D] = 7-2’2AS 3 (4.2.69)
where Ag = ¢/2 and
12 2
Ng=37(+1) (1—6+62 QZW ) +0(%). (4.2.70)

By conformal symmetry and the fact that S, is protected, we already knew that (4.2.69)
holds at the non-perturbative level. However, the computation is necessary to determine
the constant Ng. 2*

24Note that the normalization of S, is already fixed from the bulk through the Ward identity
(4.2.49).
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We can use this result together with (4.2.50) to compute the bulk-to-defect two-point
function between ¢% and Sb

(¢™(0,27)5°(0)) \/_C/ T2+|xz )»D;f, (4.2.71)

which is exact in the free-bulk theory.  Using (4.2.69), solving the integral, and
evaluating at the fixed point yields

ot VRGN VAT (457) _ 6
_ = b5
3 |t r(1-¢) 3|27|

(¢°(0,2")S°(0))p, = (4.2.72)
Interestingly, the above correlator contains a factor I (%) that diverges in the e — 1
limit. At this stage, it remains unclear whether this divergence could be cured by the e-
dependent term (. Ng. Nevertheless, this suggests that the theory might be problematic
for e =1, i.e. in three dimensions, as we will prove in the bootstrap section.

When the bulk interaction is turned on, using (4.2.36) and (4.2.56), we obtain

o 1512 — 5572 272%5(j + 1)
L o 2 3
Ng=3(+1) {1 e+e ( 5001 T T )} +0(e”). (4.2.73)

The displacement operator and the defect stress-energy tensor

It is natural to consider the Ward identity arising from the translational invariance of the
bulk theory. The defect explicitly breaks this symmetry, leading to a modification in the
conservation of the bulk stress-energy tensor by a term localized on the defect [128, 38]

0,7(0, %) = — (5/D/(0) + 847(0) 0,7, 0)) 5 (2"). (1274

where z¥(7) is the embedding function that describes the defect and 7 is the coordinate
that parametrizes the line. The operator ﬁi, known as the displacement operator, is
a primary operator with protected dimension Ap = 2. The explicit expression for the
bare displacement operator is derived from the variation of the action with respect to
2(7) 5

i o 1 defect

PO = G o)
Computing this functional derivative *® and at the end evaluating it for a straight line
with |Z(7)| = 1, one finds

(4.2.75)

Co
NG

25Since we are interested in the correlator at the fixed point, it suffices to evaluate it with vanishing

Difr) = SLoton(r) RN BT ),

(4.2.76)

parallel distance between the operators. The kinematics is already fixed by conformal symmetry.
Z6Note that one needs to first reintroduce the arc length element |#(7)| in the integral of the defect
action (4.2.44) since a generic variation of the embedding spoils the unit speed parametrization.
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For correlators, the bare displacement operator inserted at a point 7 on the defect
satisfies

(O1(21) ... Di(T) ... Opln))p, = So (O1(21) ... 00 (1) Ty ... Oplan))p, . (4.2.77)

TR
This can be rewritten as
Dilr) ~ 0,6°T, (7). (4.2.78)

This analysis is valid regardless of whether the bulk is interacting, as the bulk stress-
energy tensor is always conserved.

The other operator in (4.2.74) is the defect stress-energy tensor ij. By the Ward
identity, it has protected dimension ATD]. = 1. This operator breaks conformal invari-
ance on the line defect, so it must vanish at the fixed point. In our case, the defect
stress-energy tensor is given by %7

Tp, (1) = (1), (4.2.79)

Pe &
—
VE
where we define (1) = ¢,7°(7). Using the definition of conformal dimension ,u‘?d—(i =
—AO@ and the fact that 7' p, is protected, we obtain

Ay =1+ O | Dr0bc (4.2.80)

This formula is exact and holds for both free and interacting bulk theories.
From the last equation and the definition of the anomalous dimension of ® in terms

of the wave function normalization of the operator, we find in free theory

25
@ €CZ<'

(4.2.81)

Using the expression for the beta function in the case of free bulk theory and the value
of  at the critical point, the conformal dimension of the defect operator P is

A(i)zl—i—g—?—l—%g[1—W2<j(j—|—1)——)1+0(54). (4.2.82)

Similarly, in the interacting case

257 4m?

Ay =1+¢—¢? {@_T (j(j+1)—%)} +0(%). (4.2.83)

2"For a generic line defect with a Lagrangian of the form Lyefect = g@, the defect stress tensor

reads 7' = ﬁg@. This follows from the more general result 9,7,z = 52‘(%.7 which is a consequence of
Noether’s theorem applied to the renormalized Lagrangian in the case of scale transformations.
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Correlators of ®

In this section, we calculate the one-loop two-point function of ® for both the free
and the interacting bulk cases. This computation serves a dual purpose: it validates
the arguments presented in the previous section and demonstrates the practical evalu-
ation of correlators involving operators that incorporate both generator insertions and
fundamental fields.
At tree level there is only one diagram
Y

S O =j0+1) ——.
P P ( )|71—72|2’8

(4.2.84)

At one loop, there are two types of connected diagrams: one where the two operators
are connected by a free bulk propagator, and another where they interact with the
defect. Importantly, even in the interacting bulk case, no additional diagrams appear
at this order, as bulk interactions contribute only at the subsequent order. The first
type of diagrams are those where the operators are connected by a free bulk propagator

N % % ) (4.2.85)

the computation of these integrals is analogous to the one for the operators S'Q, with
the only difference that now everything is multiplied by a free propagator. The result
is

[O(r,7) = ——— @GiG+1r(2-35) |
P 732 —e)(1 —e)e|m — m|>%

The remaining diagrams involve interactions between the two operators and the defect.

(4.2.86)

There are twelve such diagrams, which can be categorized into two distinct color struc-
tures: eight diagrams are associated with Tr (T, T, T, 1) ~ j2(j+1)2, and the remaining
four are associated with Tr (T, T,TyT}) ~ j(j +1)(j2+ 7 — 1). When summing all these
diagrams, there is a component proportional to j(j + 1)?, which represents the sum
of the ordered integral of two propagators over all possible orders. This results in the
expression £? [ doy |0y — 11| 7*"¢ [ dog |0y — 5| 7**¢, which vanishes in our regularization

scheme. Consequently, we need to evaluate the remaining four diagrams
_ @i+ NrEe-29r{a-35T()
4175 (1 =)L (2 —¢) |1 — 1272
;% @G+ nr(=35) (L) -r@e-1)
B 2-5(1 —_ )3T (— _ o |2-2
87T2 .2 (.1 e)3l ( 2€+ 2e) | — | (4.2.87)
GG+ nra-s)
4% 5(1 —€)2 | — 22
_ @i+ DT2-2)T (15T (e)
Ar* 51— D (2—¢) |m — 22
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After summing all the contributions and introducing the wavefunction renormalization
coefficient Z;, we impose the condition that Z£2<(i)<7'1)(i)(7'2)>1)j remains finite at one
loop. This leads to the result

2
Zy=1-"140(¢L¢AN) |

4.2.88)
dlog Z; 3 (
Toleon, = Bc—é)( 2 C*Aj_ O(e%) = € +0O(e?).
The renormalized two-point function evaluated at the fixed point is
L. N
((71)@(72))p, = —ch’ (4.2.89)
71— 72|
where both in the free bulk and in the interacting bulk case
(7+1 1
Ny = j(j—t) (1—|—€ (—2+7—E+£)> 4O,
an 2 2 (4.2.90)

Ay =1+e+0(?).

General defect operators

The defect spin and displacement operators appeared as defect corrections to Ward
identities. It is natural to wonder if there are other defect operators with protected
dimensions that can be constructed in a similar way. In particular, in the bulk-free the-
ory, an infinite series of conserved higher spin currents exists, represented schematically
as [135,136]

T ein () ~ Z Cs e Oppur + - - O Oy iy« - - O 0" () (4.2.91)
k=0

where the brackets denote traceless symmetrization, and s > 1 28, These currents have
dimensions A ., = s+ 1 —¢. From the modified Ward identity

T (0,27) =22 J(0)64 (), (4.2.92)

we identify a tower of defect operators with protected dimensions A s =st1€N In
(4.2.92), the operators are defect primaries only when all free spatial indices are orthog-
onal to the defect, as parallel derivatives produce descendants. Therefore, we focus on

J . which has orthogonal spin s. For the color indices, it is convenient to use so(3)

1.0

28For s = 0, the resulting expression, up to an antisymmetric tensor, gives the Noether current
associated with the SU(2) global symmetry T~ ea%baﬂqsc, which remains conserved even in the
defect theory.
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rather than su(2). For even s, the two color indices are in the antisymmetric represen-

tation, equivalent to the vector representation jl‘fl For odd s, the representations
b}

can be the traceless symmetric jiaz and the singlet j“z When bulk interactions are
introduced, these higher spin currents are weakly broken and their dimensions receive
corrections starting at second order in €.

It is possible to obtain more information on the defect spectrum by examining Ward
identities for specific correlators. Following [137], we can consider the bulk-to-defect
two-point function of ¢ and ngS, which by conformal symmetry takes the form

b. -

(6a(0,2)85(0))p, = .A¢_§j| wmﬁb- (4.2.93)
:L-Z

||

Here é is the fundamental field evaluated on the defect. Specializing to the free-bulk
case and applying the Laplacian [J, at a point away from the defect x, we find

. . A b,
0 = (T6a(0,2)0(0))p; = (As + Ay = (A = Ag)————0w, (42.94)
e e P

Given that A 3 =1+ 0(e) and b,5 # 0, as one can immediately see from tree-level
diagrams, it follows that A 3 :AA¢ non—perturbatjvely. The same argument applies
to transverse spin-s operators O2 , ~ 0; ...0;,¢% leading to the exact dimension
A, = Ay +s. These dimensions receive corrections in the interacting bulk case, starting
at second order in €.

In previous sections, we observed that certain defect operators, such as the defect
spin and displacement operators, incorporate insertions of a generator 7T,,, making them
matrix-valued. A generic local defect operator is a (25 +1) x (2j+ 1) Hermitian matrix,
with entries composed of fundamental fields and their derivatives. When the matrix is
proportional to the identity, operators like the fundamental fields gga can be factored
outside the trace of the path-ordering. To construct and identify all possible defect

operators, it is helpful to choose a convenient basis for these matrices.
1
2
su(2), the three generators and the identity span the entire real vector space of 2 x 2

For the simplest case j = corresponding to the fundamental representation of
Hermitian matrices. Thus, a defect operator with an arbitrary Hermitian matrix in-
sertion can be decomposed into operators with insertions linear in the generators 7.

For higher spin j > 1, the space of possible Hermitian matrix insertions has a real

2
dimension of (2j + 1)%. This space can be spanned by Hermitian combinations of
symmetrized traceless products of the generators 71 ... T%} with k = 0,...,2j. In
particular, there are 4j(j + 1) defect primary operators defined by the basis elements
Slarand(g) = lar T (z) for k > 1 inserted in the path-ordered exponential, with-
out any fundamental field. These operators are expected to be among the lightest in the

theory, since their classical dimension is zero. Additionally, no mixing occurs between
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them for representation theory reasons. For operators involving powers of fundamental
fields and their derivatives, it is still useful to organize them by their color index struc-
ture. However, in general there will be several operators in the same representation and
with the same classical dimension, therefore they may mix.

Finally, it is crucial to note that defect descendants are defined by the defect covari-
ant derivative (4.2.52), not the ordinary one. For example, as shown in (4.2.53), the
defect operator €?“¢,T,(7) is not a new primary, but a descendant.

Correlators of ¢, and O¢

01...05

In the free bulk case, there are interesting exact relations between the correlators of
defect operators we’'ve discussed. For instance, consider the defect operator QASa, which
is just the fundamental field placed on the defect. Using the analogue of (4.2.50) for
ba (i.e. when z' = 0), we can express its two-point function in terms of the correlator
of the defect spin operator

(Ga(T1)0(72)) D, = wIG+1) b /dal/d@ i _01|>5_(U2)>D . (4.2.95)

3|7'1_7'2|2 c 2—U2|)

This relation holds non-perturbatively. In particular, at the fixed point we obtain

I = (w 1y ENTO T () sin ()

3| — Tof*E 92— 1 75°

(4.2.96)

This confirms that éa has zero anomalous dimension, as we already knew from Ward
identities.

Similarly, we can examine the two-point function involving one bulk operator and

one defect operator. At the fixed point, we find

i 0a " G Ns
<¢a(07x )¢b<7>>Dj = 3 (|CL’Z|2 _:7_2)1—; (I{j(j + 1) - K

I'(1—$)tan (%‘5)
m3(e —1)

(4.2.97)

Notably, this two-point function depends only on the four-dimensional distance between
the bulk and defect fields, because they have the same conformal dimension. This logic
also extends to correlators involving @ﬁz ~ 0y ...0;, ¢, where one needs to compute
orthogonal derivatives in (4.2.50) before setting =’ = 0.

Finally, a similar approach can be used to compute the two-point function of two
bulk fields, as will see in Section 4.2.5.

In the interacting bulk case, corrections to the correlators (4.2.96) and (4.2.97) will
appear starting from order £2.

98



Time reversal symmetry for defect operators

We are now ready to extend the discussion of time reversal symmetry to general defect
operators. Their behavior under this symmetry will be a valuable tool for classifying
these operators.

Defect operators composed only of fundamental fields and their derivatives, without
any additional generator insertions, behave just like bulk operators under time reversal
symmetry. However, for defect operators with insertions, we need a more detailed
analysis. We can apply the same logic as in Section 4.2.2 to operators with insertions
into the defect.

A careful examination shows that under the effect of 7, we have

T, :T7) — =T%(—71) (4.2.98)

Since Ty, does not act on generators, it follows that 7% is odd under 7}. This is evident,
for instance, from the Ward identity

O, (0, 2°) = Lo Sa(0) 641z . (4.2.99)

VE
For cases where more than one generator is inserted at the same point (for j > 1),
time reversal not only introduces a factor of (—1) for each generator, but also reverses
the order of the insertions. In the matrix basis introduced earlier, the action of time

reversal is

Ty Tpay oo Topy (1) = (=) " Ty, . Toy (—7) (4.2.100)

This symmetry imposes useful constraints on correlators. For instance, it can resolve
certain degeneracies, since two defect operators with different parities must have a
vanishing two-point function at the non-perturbative level. This rule also applies to
the two-point function involving a bulk operator and a defect operator, giving useful
selection rules for the coefficients in the defect block expansion.

However, this conclusion does not necessarily extend to correlators with more than
two defect operators. In one-dimensional defects, the three-point function of three

defect operators can be antisymmetric [137] ?. For example, one can check that

~

(Sa(71)Sb(2)Se(73)) o d€qne (4.2.101)

Classification of low-lying defect operators

In this section, we conveniently collect all the information about the low-lying spectrum
of the defect obtained so far through various methods. Defect operators are classified

29Given any two points on an ordered straight line it is possible to invert their order through a
special conformal transformation that preserves the line, but the same cannot be done for three points.
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based on their transverse spin s, their su(2) representation (characterized by its dimen-
sion), their parity under time reversal symmetry 7; and their classical scaling dimension.
Note that some of these operators only exist for sufficiently high values of j, where j
specifies the su(2)-representation of the generators 7T, in the definition of the defect
(4.2.1).

Compiling a complete list of defect operators at twist zero is straightforward. *° For
twist-one operators, it is sufficient to construct all possible composite operators using
a single fundamental field ¢, and an arbitrary number of generators 7T, and orthogonal
derivatives 0;. These must then be decomposed into irreducible representations of
s5u(2). Furthermore, since the defect covariant derivative increases the twist by one, all
descendants of the twist-zero primaries must be excluded. In principle, this classification
can be extended to higher twist operators, which can be constructed using multiple
fundamental fields and orthogonal Laplacians [J,. Again, all descendants of lower-twist
primaries must be excluded. The number of primary operators grows combinatorially
with the defect twist.

In table 4.1, we list all the defect twist-zero and defect twist-one primary operators,
along with their quantum numbers and scaling dimensions at the fixed point (both for
the free bulk and interacting bulk cases). In Table 4.2, we provide the explicit definition
of these operators in perturbation theory.

30Recall that the defect twist 7 of a defect operator with dimension A and orthogonal spin s is
defined as 7 = A — s.
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O s | dim Rgy(,) T A(ﬁ},\:o AO A
e 0 3 — < (4.2.56)
Slavea} |0 | 2k 41 | (—)k O(e) O(e)
% 0 3 — — 1—-£4+0(?)
P 0 1 + (4.2.82) (4.2.83)
D; 1 1 + 2 2
T s 3 + s+ 1 s+ 14+ 0(e?)
VA 5 + s+ 1 s+1+0(?)
T s 1 + s+1 s+1+0(e?)
O . | s 3 s+1—% s+1—5+0()
gleveest s | 2k 41 | (2)F | s+140() s+1+0(e)
vlosesd s 2k 41 | (9)F | s+ 14+0() s+1+0(e)
Wit s | 2kl [ ()] s+140() s+14+0()

Table 4.1: Defect twist-zero and twist-one primary operators with their quantum num-

bers and scaling dimensions.
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Operator Perturbative definition Existence
Se T°
Glar...ar} Tlar  ak} 2<k<2j
¢ ¢
¢ 0T,
Di 8i¢aTa
j;fl €ed;, ... 0, T, even s, § > 2
jiabz} Oy - .. O plaTt odd s, s >1
jz‘l...z‘s Oi, - .. 0;, 0Ty odd s, s >3
O;‘ll...is 82'1 e 8fis¢a S 2 1
glesad g, 0, ¢ T 1<k<2j—1,5>0
plasad | g g gl Tal |35, <k<2+1,5>0
Wineed g, o gbebelaeraz  pax) 2<k<2s>1

Table 4.2: Schematic perturbative definition of defect twist-zero and twist-one opera-
tors.

Note that for some of these operators, the form provided is only schematic. Beyond
the tree level, mixing among operators with the same quantum numbers can occur,
and orthogonalization with respect to the two-point functions must be performed. For
instance, the explicit form of the operator Ue =“p 71T is accurate only at tree
level. At higher loop orders, this operator must be orthogonalized relative to QASa.

Further results about defect operators will be obtained in the next section trough
analytic bootstrap techniques.

4.2.4 Analytic bootstrap of the bulk two-point function

In this section, we a similar bootstrap analysis as in Section 4.1. We use the dispersion
relation (3.2.1) to calculate the bulk two-point function

(Bal21) (), = S Eo(r0) (4.2.102)

[ Befas| B

and then we extract the bulk and defect CF'T data, similar to what we did in Sections
4.1.4 and 4.1.5. There are small differences compared to the case of the localized
magnetic field. First of all, the operators that appear in the defect block expansion
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(2.5.15) transform according to the representations of O(3), since the spin impurity
does not break the global symmetry. Additionally, the operators that appear in the
bulk OPE are all singlets of O(3). For this reason, contrary to Section 4.1, we often
omit the representation labels in the CF'T data of the operators. In this section, we will
consider the two-point function both in the free and interacting (Wilson-Fisher) bulk
cases.

The computation at the Wilson-Fisher fixed point is very similar to the one in Section
4.1.3. The reason is straightforward: we compute the discontinuity by expanding the
two-point function into bulk blocks and evaluating the discontinuity of each block. As
we saw in Section 4.1.3, at first order in perturbation theory the discontinuity of a block
is proportional to the anomalous dimension of the corresponding bulk operator, which is
independent of the defect. As observed in (4.1.33), in the O(3) model all the operators
that appear in the bulk OPE at order ¢ have vanishing anomalous dimensions, except
for the ¢? operator. Therefore also in this case the discontinuity will be given by a
single bulk block.

Analytic bootstrap for the free bulk

We begin by examining the spin impurity (4.2.1) in a free bulk theory in d = 4 — ¢
dimensions, a case for which we can find certain results exactly in €.

In this case, the bulk OPE includes only the identity and twist-two operators
(4.1.24). As discussed in Section 4.1.3, the discontinuity of twist-two operators is pro-
portional to their anomalous dimension. However, in a free theory, bulk operators do
not possess an anomalous dimension, meaning that the discontinuity arises solely from

the identity operator. It reads

((1 —r;;léw_r»%] = 2isin(7Ay) ((1 _m:;lér_wg% |

Disc[Fyy| = Disc

(4.2.103)
where Ay = 1 — 5. Notice that this equation holds to all orders in €. Using the
dispersion relation (3.2.1), and adding a potential low-spin (s < s*) ambiguity !, we
obtain

rw A . L
Fop(r,w) = ((1 ) (w = 7“)) + low-spin ambiguity . (4.2.104)

To resolve the low-spin ambiguity, we can leverage the results of Section 4.2.3 regarding
the operators that may appear in the defect channel. As previously discussed, the
equation of motion [l¢p, = 0 constrains the dimensions of the defect operators that
couple to it. In particular, following [137], we can infer the existence of two families of

31For more details on the low spin ambiguity, see (2.5.25) and the discussion below.
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operators from the relation
D{¢a(2)Op(7)) = 0, (4.2.105)

These families include:
e Modes (’j&s ~ (0.)°¢* with s >0 and Ag, = Ay +s=1—¢/2+s.

e An operator 5'“, withs =0and A =& /2. 3% This is the spin operator discussed in
Section 4.2.3, and perturbatively defined by (4.2.47). Due to the inverted Ward
identity (4.2.50) and the non-vanishing two-point function of S, the spin operator
has a non-trivial coupling to the bulk fundamental field (4.2.71).

As seen in Section 4.1.2; the defect-channel expansion of the bulk identity (4.2.104)
contains the @8,3 operators, but it does not include any operator with the quantum
numbers of S%. Thus, we conclude that the dispersion relation fails to account for the
contribution from spin s = 0. Consequently, the most general ansatz for the correlator
is

Ay ) .

where the extra terms are the defect blocks associated with the low-spin ambiguities.
The coefficients k£ and k5 are not arbitrary. They must be chosen to ensure the absence
of spurious terms and logarithms that are incompatible with a bulk-channel expansion.
To be more explicit, consider changing from radial coordinates (r, w) to lightcone coordi-
nates (z, z), defined in (2.5.9). In this coordinate system, one can see that the expansion
of (4.2.106) around |1 — z| < |1 — z| < 1 contains spurious powers (1 — z)"(1 — z)~™
for m > 2, and spurious logarithms log(1 — z) which are not accompanied by log(1 — z).
These terms are incompatible with an expansion in terms of bulk-channel conformal
blocks (2.5.18), and therefore we must choose the relative size of k; and ks to make sure
they are absent. After carrying out this procedure, we find that the free correlator is

rw Ao
F¢¢(T, w) = ((1 _ Tw)(w _ 7’)) + CL>\¢2JE(’I“) s (42107)

where we introduced 23

L) r(5)
N2/ \/%T(%)fl,s/g,o(r, w) . (4.2.108)

This correlation function is exact to all orders in €, though it depends on one parameter

~—r

aMg2 that cannot be fixed by the bootstrap. Since (4.2.107) is exact in ¢, it is possible

32More generally, we would find spinning operators with A=¢ /2 — s, but they break unitarity for

5> 0.
33Note that this function does not depend on w because it is a sum of two s = 0 blocks (2.5.15).

104



to investigate the properties of the fixed point in three dimensions by simply setting
e = 1. Even though in (4.2.108) there are some divergent factors, one can check that
Je(r) is finite in the ¢ — 1 limit. We are left with two possibilities: either alsz| _ =0,
Or Ay |6:1 # 0. In the first case, Fj, is just a free correlator. This is sufficient to show
that ¢ satisfies the free-field equations of motion, and therefore all its correlators are
those of the free theory. Instead, if a) L:l is a finite non-zero number, we can try to
expand the correlator in the defect channel by taking » < 1. However, this expansion
contains terms with factors of logr that cannot be reproduced by the defect blocks.
Therefore, this correlator does not obey the defect bootstrap equation (2.5.14). Thus,
in three dimensions and a free bulk, no non-trivial spin impurity exists.

For 0 < € < 1, instead, the function J.(r) is a truncated solution of crossing !,
meaning that it has sensible bulk and defect expansions on its own, and it involves
finitely many transverse spins. From the full two-point function, we can extract the
CFT data for € < 1 in both OPE channels as a function of aAs2. Let us start with the
defect expansion, which from the discussion above takes the form

F¢¢(T7 w) = b(Q),OfAl—E/Q,O(n w) + bis'f;/lo (T7 'lU) + Z b(Q),szA¢+S7S(r7 w) ) (42109)
s=1
where b3, b2 . Comparing the expansion above with (4.2.107) and using the

deﬁmtlon of conformal blocks (2.5.15), we obtain

(55 _ () 2(A)
2 _ 2 2 _ 2 2 _ ¢)s

Alternatively, one can extract the last result using the the defect inversion formula
(2.5.21) with the discontinuity given in (4.2.103).
Similarly, using the formulas for the bulk blocks (2.5.19), we find the expansion

(4.2.111)

where, as usual, we define alp = apAgp0. The bulk expansion includes only twist-two
operators (4.1.24), as expected in the bulk-free theory. The three-point OPE coefficients

are known exactly

A \/7 4.2.112
e =\37a 2A¢+£— o, ( )

34This is an analog of the solutions of crossing with finite support in spin of [138], which play an

important role in the e—expansion bootstrap for four-point functions [79, 80,139,140, 54].
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As a result, from the block expansion (4.2.111), we can predict the one-point functions
of all twist-two operators

3 (1) (5572), —e+ 1)
Agyo = G2 = \/;a)\¢z : agy,, = e (4 ) = €+1) (1 5, ag . (4.2.113)

For the special case of ¢ = 2, corresponding to the stress tensor, the one-point function
is conjectured to be positive [44]. 3 Therefore, in the bulk-free theory, we should have
age > 0.

Ultimately, the two-point function of ¢, and the CFT data are completely deter-
mined by the bootstrap analysis, up to an undetermined constant corresponding to the
one-point function agz. We shall compute this to order O(e?) in equation (4.2.136)
below.

Analytic bootstrap for the interacting bulk

Let us now consider the bulk theory to be the O(3) model at the Wilson-Fisher fixed
point in d = 4 — ¢ dimensions, focusing on the first non-trivial order in the perturbative
expansion for small e.

As we saw in Section 4.1.3, the bulk OPE contains twist-two operators and the

identity. In the case of O(3), the dimensions of twist-two operators are
App =20+ 0+ 5%5&0 + O(e?), (4.2.114)
and their coefficients can be expanded as
AboTo = )\gg% - g/\(%% - 52/\((;2\7[ +0(%), a, = afﬁ) + 5a(1) + &2 aJ[ +0 (%) .

(4.2.115)
For higher-twist operators, we have

Ay = 2A¢+2n+€+5%§2 +0(%), Apso,, = 5)\;1(20”’2 +52)\é)2¢30n7£ +0(%). (4.2.116)

Therefore only the bulk identity and ¢? operators contribute to the discontinuity. All the
other operators do not contribute at the order we are working because their anomalous

dimension or OPE coefficients are higher order. Ultimately, the discontinuity is given
by 37

DiSCF¢¢(T, U}) =2 Sin(?TA¢) <%) -+ 52 57” (1)/\¢¢¢2 mfg 0(’/’ UJ) + O( )
(4.2.117)

35In the N' = 4 SYM literature, this observable is often referred to as the Bremsstrahlung function.

36This follows from (4.1.33) with N = 3.

37The discontinuity is obtained following the exact same steps as for the singlet contribution in
Section 4.1.3.
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where the first contribution comes from the identity (4.2.103), with A, given in (4.1.20)
and expanded up to order 2. It is worth noticing that ag, at leading order, matches
the tree-level result from free theory [116], and in particular agz ~ €. Therefore the first
non-trivial correction to the discontinuity arises at order £2. The discontinuity (4.2.117)
is similar to the result found in (4.1.43), differing only by a factor that depends on the
specific defect through the one-point function coefficient a»2. The other coefficient A4
does not depend on the defect, just like the anomalous dimensions of bulk operators,
and has the value [141,79,80]

_ 2 (.5 2

Specifically, at leading order, )\((;2 52 = \/g . The discontinuity and the dispersion relation
result can be evaluated explicitly in terms of special functions, as in (4.1.43). Ultimately,
the dispersion relation yields

Ay 5a)\(1)
W 2
F = + 2 d H + low spin + O 3 4.2.11
¢¢(T,w) <(1 rw)(w 7“)) € 11 (r,w) OW Sp1 (5 ), ( 9)

where H(r,w) is defined in (4.1.47). This function can be represented in a variety of
different ways which are better suited for explicit evaluation or the extraction of the
CFT data, as we saw in (4.1.44). Like in the free bulk case, the dispersion relation result
may miss low spin contributions. In the free theory discussed previously, a truncated
solution to crossing, J.(r), had to be added to the correlator. Expanding this function
for small e, we obtain

4
J(r)=1+ Elog 4

5 m + 0(62) . (4.2.120)

We anticipate a similar correction in the interacting case. Our goal is to find the most
general truncated solution to be added to the final interacting correlator. Following
the same reasoning as in the case of the localized magnetic field, we assume that only
operators with defect twist equal to one appear in the defect OPE. As explained in
Section 4.1.3, this assumptions leads to

N ~ A T
Famn (7, w) = qo foo(r,w) + 7o <3Afo,0(7”7 w) = 2f10(r, w)) = qo +rolog 12

(4.2.121)

Both equation (4.2.120) and (4.2.121) suggest the ambiguities of interest are a constant
and a logarithm. Ultimately, the ansatz for the correlator is

1)

Ao daA
rw > r
F, = 2 g ] 3
o ) ((1—rw)(w—7“)) +e 11 (ryw) + a0 +rolog (1+47r)? +0(),
(4.2.122)
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The constants a)\f;g), qo, o cannot be fixed from the bootstrap alone. However, they
are not independent. One can fix ry in terms of a)\((;g) exploiting the analysis on the
defect spectrum in Section 4.2.3. Indeed, the defect expansion has the same form as in
the case of the free bulk

Fyo(r,w) = B0 fag o 0(rw) + 2 f%o(r, W)+ B farss(rw). (4.2.123)

s=1

and in particular it contains the spin operator Sa. As discussed in Section 4.2.3, while
this operator has no longer protected dimension if the bulk is not free, one can see
from the Ward identity that the correction to the anomalous dimension starts at order
2. Therefore, the leading dimension must coincide with the one in the free bulk case.
This fixes rqg = %a)\((z)lz). Notice that this is different to what happened in the case of
the localized magnetic field, where no analogue of 59 exists. Finally, one can fix ¢y in
terms of a2 just by expanding the correlator in the bulk channel, namely

rw A¢ ) 5a)\$2)rw - -
F) = (Y ot ) + o) +
+ Z a)\ojgngWM,g(T, w) + 0(63) . (4.2.124)
£>0

By comparing with (4.2.122) we fix ¢ = algp + €2a)\$2) (1% + %log 2). Thus, the
correlator and all CFT data are fixed in terms of a single unknown one-point function
coefficient ay2, giving

F(r,w) = (%)Ajﬁ a2 <1 + glog(li—:)z +e2(1+1log2+ H(r,w))) +0(e?),

(4.2.125)
where as always adgp = Appp2ap2 = \/g(l —e2) (5@5512) + 62a((;2)> + O(&?). From the
full correlator, we can extract defect and bulk CFT data, either by comparing (4.2.125)
with the explicit form of the defect and bulk expansions, (2.5.15) and (2.5.19), or using
the Lorentzian inversion formulas, as in Sections 4.1.4 and 4.1.5. The CF'T data for the

defect spin operator reads

~

Ag = % +0(), (4.2.126)

5 16

Notice that from (4.2.125) we can extract the defect spin dimension up to O(e) because
byg is also O(e). However let us stress that the O(e?) for Ag is known and we reported
it in (4.2.56). Moving on to the other operators in the defect channel, the CFT data
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for the operator @070 is

10&)\((;2)
ANoo =0y +¢ T O(?), (4.2.128)
31 20
bRo=1--ca\] (ﬁ 1 log 2) +O(). (4.2.129)

Finally, we find a single infinite family of defect operators @078 with

Ags = A 5%1) 1 O(e? 4.2.130
¢+s+€ 11 s+1/2+ (%), (4.2.130)
(1)
A) S5al s H—H,l/g 1
b2 =98 (Bo)s | 22% S H1 . (42131
0,5 ( AR s+1/2 (s + 1/2)? +0() (4.2.131)

In the bulk channel we have the twist-two operators Jo , with

g = —LEITEHD? (4.2.132)
8 (5) T (52 r(2%)

2

5 1
x [aA¢2 +e%ar) (11 (1+1og2) + <H — Hea + Hy ) — 3Hg>) + 0(53)} .

Notice the absence of double-twist operators with twist higher than 2. This is consis-
tent with the fact that [79,142] Aysz,, ~ € and ay, , ~ €*. The latter fact follows
immediately by considering tree-level Feynman diagrams.

4.2.5 Diagrammatic computation

In this section we will outline the diagrammatic computation for the correlators of bulk
fields ¢, and ¢? and compare it with the bootstrap results of Section 4.2.4.

Free bulk

We begin by computing the one-point function o ¢? in the free theory **. This calcula-
tion has already been performed up to next-to-leading order in [116]. This observable
is not accessible by our bootstrap analysis and indeed it is the only information needed
to completely fix the two point function of ¢,. Given that the bulk is free, we have two
approaches for the computation: we can exploit the Ward identity to express the bulk
correlator in terms of an integrated defect correlator using (4.2.50), or perform a direct
computation of the bulk correlator using Feynman diagrams. In terms of the defect
correlator, we have

518,
z) )D, = K T ! _ J . 4.2.13
s ¢ far far T2+w By + [ ) 219

38The one-point function of ¢® is zero because of symmetry.
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At the fixed point, (5’“(7)5’“(T/)>Dj is given by (4.2.69). By evaluating the integrals, we
find 3
; Kk CIN 32T (L -5
<¢2(O)x)>Dj = i2—f (2 c 2) =
|| r1-3)
_ Nppage

- |lai|2—s ’

(4.2.134)

Here NV is the normalization of the two-point function, which according to our con-
ventions is

2
(0°(2)6°(0)) = W—¢§¢’27 o = 6K%. (4.2.135)

If we substitute the value of the coupling at the fixed point (4.2.24) and the normaliza-
tion constant N (4.2.70),we obtain *°

w257+ 1)e (1 +810g4 -1 +€227r2j(j +1) + (log4 — 2)log 4

_ 4

(4.2.136)
We checked that this result can be reproduced from Feynman diagrams.
Moving on to the two point function of the order parameter ¢, , we can apply
the same method as before, and compute it in terms of an integrated defect two-point
function. Specifically, using (4.2.50), we find

So(7)Sy(T
(0a(0, 23) (0, 552» = r(? /deT (12 + |$<| >( )3(7<-/2)_|>_ |;;2| )

+ (¢ (0, 1) free(O 75))p,- (4.2.137)

At the fixed point, using (4.2.24) and (4.2.69), we obtain

A
RGNS ' Sab Nibor (i)
= T | dr : ab -+ . . =
<¢a¢b>DJ 3 f f Ir—7/ 228 (r24r2) = 5 (1124 1)1 5 |I§IA¢\9@§\A¢
. N£5abF¢¢(7“, w)

1| Sofary |2

: (4.2.138)

where N, = /k and we exploited symmetry to set the first operator at x = (0, z, z, 0, ...)
and the other one at (0, 1,0, ...). We expressed the integral in radial coordinates (2.5.9)

39In the bootstrap computation, the operators are taken to be unit-normalized, as is customary
in the CFT literature. However, in the diagrammatic calculation, a different normalization is more
convenient, resulting in an additional factor in the one-point function compared to (2.5.6).

400ur result for the one-point function at the fixed point differs from equation 2.14 of [116] at
order £2. We believe that this discrepancy arises because the authors of [116] used the leading-order
critical coupling instead of the next-to-leading order, thereby missing a contribution of order £2 in the
one-point coefficient.
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in order to simplify the computation. The integral can be solved in terms of hypergeo-

metric functions and we obtain

2 2 e ), 1-5 F 171_§;§_£; 2 61‘* 1_¢e)? F l7£;€+1; 2
Fyg(r,w) = free + *N (mam(2>r 22711(2 =2 2r>+mg G 23(12_155 2 r>> =
2

- ((1 — rzZ;U(w — T)) ¢ + g2 a2 J (1) (4.2.139)

where the free part is given by the bulk identity contribution, <%)A¢. The
second line was derived using the expression for the one-point function (4.2.134), the
three-point function coefficient (4.2.112), and well-known identities for the hyperge-
ometric function. This result is valid for all € and perfectly matches the bootstrap
prediction (4.2.107). Notably, the non-trivial integral corresponds to J.(r), the contri-
bution of spin s = 0 defect operators defined in (4.2.120).

We can also compute the two-point function of ¢?, which we did not present in the
bootstrap section. Using (4.2.50), we can express it in terms of defect correlators as
follows:

2.2\ 4 (Sa(T)S8%(11) 8y (72) 8% (73)) D,
<¢ ¢ >Dj = K’ C* del deQ deg fd7—4 2+T2)17%(722+r2)17%(732+1)17%2742+1)17%

Sa 7_1 Sb(7_2)> <¢free¢free> ) ) ) B
+ QKJC /dTl/d To 7_1 —|—7“2)1 5(7_2 +1)1 < <¢free¢free>Dj -

(Sa(11)8%(72) Sy (73)S" (14)) D
(r12472)!1 73 (22 4r2) ' 73 (m3241) 17 2 (ry241) 172

+

+

= r2C [dir

1 ST R VY o\ 4.2.140
R mre | \ T 2022 | Ty @y =(r)] (4.2.140)

where we suppressed the explicit dependence on the external coordinates and used the
results from the previous computations to simplify the expression. Since we are in
free theory, Ay = 2A4. Unlike previous cases, we cannot simplify the result further
without expanding in €. This limitation arises because the four-point function of the
defect operator is not completely determined by conformal invariance *' and we cannot
perform the first integral without knowing its explicit form. At tree level, the four-point
function of S is simply given by traces of the generators T, similar to the two-point
function. However, one must be careful regarding the order of the positions where the
generators are inserted, which corresponds to different step functions. This is because,
as discussed in Section 4.2.3, the defect spin operator must be interpreted as a generator

41Gee (2.4.1) for the structure of the four-point function in a one-dimensional CFT.
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inserted at a specific position in the path ordering. In summary, we obtain
. . R X 1 '
(Sa(11)5%(72) S (Tg)Sb(T4)>Dj = m [Tr (T.T,T,Ty) (1=253>4 + cyclic perm.) +
+Tr (T,T,T.T}) (01535254 + 1545253 + cyclic perm.) | + O(e) =
= j2(J + 1) (1525354 + 01535254 + O1545253 + cyclic perm.) +
—j(7 4+ 1) (01535254 + 01545253 + cyclic perm.) + O(e), (4.2.141)

where we indicated the order of the points using theta functions. When we substitute
this result into (4.2.140) and use the symmetry of the integrand, the term proportional
to j2(j + 1)? reproduces the square of the one-point function. The other term reduces
to

2
—/d7'4 (2 + ) N2+ ) Y+ 1) Y2+ 1) = %W(r) (4.2.142)
T r

1>T3>T2>T4

where W(r) is

1- 1
W (r) = 2Liy < T) — Lig(1 —7) — Lig(—7) + log(r + 1) log <%) +log?2.
r
(4.2.143)
Ultimately, the two-point function reads
, . N2, Eyepo(r,w)
(¢°(0,23)6%(0, 2%))p, = — (4.2.144)

S fah| S

where

A¢2 2 /.
- ) 2 "I iy (42.145)

Foga(r,w) = <(1 —rw)(w —r) gz — 6

+ 20\ <(1 - m:;‘éw - T))% (1 + % log (11—7})2) 1 O(eY).

Expanding (4.2.145) in the defect channel (4.1.17) we find two families of operators.
The first family has the interpretation O, , ~ (9, )*0"¢?, with

Agn =20+ s+ 2n, (4.2.146)
9 B 25(%)n L (8 1)(1f%)i(n77+1) (n+s—e+2)n 25(1—%)n(2—5)2n+s
b¢(9n o a)\¢2 fnll"( )(n—l—s l(% %) (n+s—§+1) n!(n+s)!(n+s—%+1)n 5 (42147)
whereas the second family is jms ~ (0,)*0"¢T,, with s > 0 42
A; =1+s+2n, (4.2.148)
25(—4)" (2 F(&E)@2n+s)!(g) (—n—<+1

V!l (1 — %) ((n+ s)H2%(e)an (n + 5+ %)n

“2Notice that the operators jms have integer scaling dimension. In particular, the operators jO,s

are related to the higher spin symmetries in the free bulk theory which are broken by the defect, as
we discussed in Section 4.2.3.
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For n,s = 0, we have the operator ¢%T, = <f>, with dimension
Ay =1+c+0(). (4.2.150)

This result matches with the expression computed from the beta function (4.2.82). One
can also extract the bulk CFT data from (4.2.145) but the results are not particularly
illuminating. Therefore we do not present them here.

Interacting bulk

When interactions are introduced, expressing the bulk correlator in terms of a defect
correlator becomes less convenient. This is because the Ward identity (4.2.42) is cor-
rected and the relation between the two correlators is more complicated. Consequently,
we will perform the computation using Feynman diagrams. The diagrams contributing

to the one-point function (¢?)p, up to order &* are

A‘l’ﬁ\\“‘[\/\"’k/\/“_/\ +}L.

—/
(4.2.151)

In the last equation, it is implied that one should also consider the mirror images of
diagrams such as the third and fifth ones. The diagrams without bulk interactions
were previously computed in the free bulk case in [116]. However, due to the shift
in the critical coupling (4.2.36), the results will be slightly different in the interacting
case. The only diagram involving bulk interactions was computed in [112]. For detailed
calculations, we refer to these papers. All in all, we find

725G + 1)e 272 1 181e 6
SLIVAC o L R 70 TS D ) P 2 clog?2 3.
2 ( (](]+) 3)5 242+115 og )—l—O(s)

(4.2.152)

Moving on to the two-point function of ¢, we have

(Paba)p, = ___ + J=L + % > . X, (42153

where, again, the contribution from the specular version of the third diagram is implied.

The first two diagrams represent the free propagator and the square of the one-point
function of ¢*, which is zero. The only non-trivial diagram is the last one, and it was
already computed in Section 4.1.6. All in all, at order £? we obtain

Fop(r,w) = (%) + adge <1 + 5 log 1+T)2 +e2(1+1log2+ H(r, w))) :
(4.2.154)
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where as always algp = Appp2a42, With Agpe2 given by (4.2.118) and ag by (4.2.152).
This result perfectly matches the bootstrap prediction (4.2.125).
Finally, for the two-point function of ¢?, the relevant diagrams are

(*¢*) = __ + |_| +J;[+ AA+/><\+
Y oe X (12.155)

As before, we did not write down the contributions from mirror diagrams. The first

diagram represents bulk corrections to the propagator up to @(g?). These contributions
have been computed previously in the theory without the defect, and give corrections

A o
to the dimension Ay in the bulk identity term (%) “ The only non-trivial
diagram is the fifth, which can be computed in terms of W (r) (4.2.142). All the other

diagrams were already computed in [127], therefore we only write the final result, namely

rw B2 e e2r?i(j + 1)
a s ——
1 —rw)(w—r) ¢ 6

Flyoge (ryw) = (( W(r)+ (4.2.156)

™25 (G + De[(1 — rw)(w —r)]' "2
3(rw) =

1+ elog 2+

e [ 118 1\ 1 4y
— (= +5H —2m2 (j(j+1) — = ) + = log ———
+ 11( o ToH (W) —2m (J(]+ ) 3) + 5 log (r+1)2)

where Ay =2 — e+ 722e? + O(e?) [123]. It would be difficult to compute this result

using bootstrap methods, since the discontinuity would receive contributions from all
the double-twist operators [127].

+0(e%),

4.3 The boundary in the O(N) model

In this section, we consider our last example of defect in the O(/N) model, namely the

boundary at the Wilson-Fisher fixed point. We perform a similar analysis as in Sections

4.1 and 4.2. Specifically, we compute the two-point function
F(z)

CIEA e

using the boundary dispersion relation (3.2.37). This correlator was computed up to

(Pa(1)Pal22)) = (4.3.1)

second order in the e-expansion in [47], using a different approach.
We begin with the free scalar theory in d = 4 in the presence of a boundary. This
setup was initially examined using bootstrap techniques in [46] and it was determined

that the two solutions to the boundary crossing equation (2.5.36) are

0 O\ 0) O\
Fy(z) = (1_2) + 2%, Fyl(z) = (1—2) — 28 (4.3.2)
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with Ay given in (4.1.20). These solutions correspond respectively to Neumann and
Dirichlet boundary conditions. At this order, the bulk OPE contains a single primary
operator ¢?, with OPE coefficient agg))\gg g2 = £l (the upper sign refers to Neumann
and the lower one to Dirichlet). Similarly, in the boundary channel expansion, only
one defect operator is exchanged. In the case of Neumann boundary conditions, it
corresponds to the operator ¢ evaluated at the boundary and has dimension A= Ay,
while for Dirichlet it is 9, ¢ with dimension A = Ay + 1. The corresponding squared
bulk-to-boundary coefficients are respectively p*© =2 or $*V) = g —1.

If we turn on interactions and consider d = 4 — ¢ with € small, the theory can flow to
the Wilson-Fisher fixed point. In the bulk channel, we define as before alo = apAsp0

and assume the perturbative expansion

A=A 4 eq1 4 2@ 4+ 0P,

4.3.3

aX = aX? + ca\W + 2a\? + O(?). (433)
An analogous expansion applies in the defect channel as well
A=A £ e3M 4 233 L 0P,

() (4.3.4)

Do = O 4 20 4 22D 1+ O(e%).

We want to obtain the discontinuities of the correlators following the same strategy
that worked in the case of the localized magnetic field or the spin impurity, namely
computing the discontinuity term by term in the OPE expansion. We recall that the
advantage of doing this is that, in perturbation theory, very few terms in the OPE
expansion are necessary to compute the discontinuity. Examining the boundary OPE
expansion (2.5.32), we observe that the discontinuity at z = 0 at a given order arises
from two sources: logarithms coming from anomalous dimensions of operators that
appeared in prior orders and poles coming from the prefactors, which are necessary to
suppress the contributions at infinity in the dispersion relation, see (3.2.40). We should
always keep in mind that the discontinuity must be interpreted in a distributional sense.
Therefore, if the function F(z) has a pole at z = 0, its discontinuity will be given by

, o 2mi(—1)"0" 1 (6(2
Disc,<o[z "] = ( (2_ 1>!( ( ))

(4.3.5)

A similar story holds for the discontinuity at z = 1, which is controlled by the bulk
channel (2.5.33).

Before presenting the derivation of the two-point function, we point out the re-
lationship between our approach and the work of [47]. In their study, the authors
also used discontinuity techniques to bootstrap results similar to those we are investi-

3

gating here **. They computed one particular discontinuity of the crossing equation,

13 A similar derivation was also independently obtained in [143] by relating the problem to AdS and
solving bulk equations of motion
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which allowed them to extract the boundary CFT data using only consistency of the
crossing equation. In contrast, our method involves using two distinct discontinuities
to reconstruct the correlator, which they derived resumming the OPE expansion. In
this sense the two approaches are complementary. Additionally, it’s important to note
that throughout our analysis, we always use the OPE expansions in their regions of
convergence, thereby avoiding certain subtleties discussed in [47].

4.3.1 Next-to-leading order correlator

From now on, we will concentrate on the Neumann case, but the computation is almost
identical for Dirichlet. In order to control the large z behaviour and avoid ambiguities
in the dispersion relation, we define the rescaled correlator 4
~ 1
F(z) = —
() 2(1—2)

As shown in [46], the only new operator that appears in the OPE at order ¢ is the bulk

F(2). (4.3.6)

operator ¢*, with classical dimension Ay = 2d — 4.
The discontinuity of F'(z) at z = 0 is controlled by the boundary expansion (2.5.32).

Since only gZ; 45 i3 exchanged in the boundary channel, the order ¢ term for F' reads

2(1)f( )+ Z(d?)(fyd) —1/2) AfA( )azs

2t 43.7
() = i , (437
where we used
- d
A$:§—1+mg)+0(6)—1+6( —1/2) + 0(?), (4.3.8)
and expanded the boundary OPE (2.5.32) up to order . Given that fl(z) = 2( 1;),

the discontinuity is determined only by the derivative 04 fa A(2)]A; and speciﬁcally from
the logarithm that is generated by the action of the derivative on the term 22 in (2.5.34).
Thus we have
- 1 1
: (1) - _
Disc,o[F'V(2)] = 2mi b¢¢ (’yd) 1/2) (1 — = z)2> : (4.3.9)

A similar argument allows to derive the discontinuity at z = 1 using the bulk expansion

(2.5.33) with only two exchanged operators [79]

Age =2+e(r}d —1) + O(e?) adge = 1+eall) + O(e?) (4.3.10)
Agp=4+0(e) gt = 5(1)\¢4 +0(e?), (4.3.11)

44The large z behaviour of the bulk two-point function is fixed in terms of the external dimension Ay,
see (3.2.39). The choice of the prefactor is arbitrary, as long as it does not introduce new singularities.

45In principle, we could ignore the results of [46] and assume that there are infinitely many defect
operators at order &, see for example [53]. However, since these operators would appear in the defect
block expansion with their classical dimensions, they would not contribute to the discontinuity at this
order. Therefore, one would obtain the same result for the correlator and see that they were not there
in the first place.
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Note that we can neglect the order € contribution to Ay, since the OPE coefficient
alg is already of order €. For the bulk channel, we also need to take into account the
prefactor (ﬁ)% in equation (2.5.33) with A, given in (4.1.20). All in all we get

X fa(2) + adld fu(z) + ad (15 — 1)0afa(2)]aza +log 52 (45 — 1/2) fo(2)
(1—2) '
(4.3.12)

Here all terms contribute to the discontinuity: some contribute with a delta-function

jaed

and some with a logarithm, according to (4.3.5) and (4.1.42). The only contribution

requiring special attention is the one involving log(1 — z), in the last term of (4.3.12),
log(1—2)
1-z

of a distribution. For a given test function f(x), we have

which gives rise to Disc [ ] It is possible to interpret this discontinuity in terms

/ ’ dz f () Disc, [loim} — —onmi / " deo, () log(—z) . (4.3.13)

—00 —00

Using this formula and (4.3.9) in the dispersion relation (3.2.37), we obtain

(240 1)(z - 2)z log(2)
2(z—1) ’
(4.3.14)
where we used with the bulk CFT data computed from the theory without defects
(4.1.33)

FO(2) = 2 (a + ) log(1 — 2) + 2(4} + X)) +

2— 2z

The result seems to depend on unknown bulk and boundary data, however we can
fix the undetermined coefficients by comparing our result with the bulk (2.5.33) and

boundary (2.5.32) block expansions. We find

fAyél) = —a, a)\f;) =, (4.3.16)
and finally
1 (2a+ 1)(z — 2)zlog(z)
FO(z) = log(1 — z) — 4.3.1
)= (a5 o1 =2) Jeo SR )

which agrees with the result of [46]. From the correlator, we can deduce the squared
bulk-to-defect coupling big), which turns out to be zero.

4.3.2 NNLO correlator

At second order one expects, from diagrammatic considerations [47], the appearance of
an infinite tower of double-twist operators 7, in the bulk channel. The double-twist
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operators have spin ¢ = 0 and appear with their classical dimensions A = 2A¢, + 2n.
Similarly, in the defect channel one expects operators O, Wlth dimensions A, = n,
with n an odd integer for Neumann boundary conditions®®. As we saw in previous
sections, even when the OPE contains infinite operators, the dispersion relation offers
a significant advantage: it requires only a finite subset of these operators to completely
reconstruct the correlator.

We can compute the discontinuity at z = 0 by looking at the perturbative expansion
in the boundary OPE. In this case it reads

FO(2) = bZ?ng))(z) + (bjif) vy + b¢¢1)7; ))8fA(p)(Z)

Lo 227 b (4.3.18)

where we used the short-hand notation 9f A0 (2) = 04 fA(z) The factor 1/z
é

|A=A@”
in the prefactor (4.3.6) is always canceled by the blocks or their éerivatives, so that
this discontinuity is given only by the logarithmic terms arising from the derivatives of
the block. These terms can be computed from the OPE data at lower order plus the
anomalous dimension of é at order 2. Note that the new operators do not contribute.

When we explicitly evaluate the perturbative expansion (4.3.18) and retain only

terms with logarithms, we find

= (2) (20 + 1)2(z — 2) log?(2) &5)(2 — 2) log(z)
F92) ~ — Ty — v
8(z—1) (1) (4.3.19)
N 2o+ 1)(2a(z — 1) — 1) log(1 — 2) log(=)
4(z —1)?

+ regular at (z =0).
The discontinuity therefore is

(2
mi(2+ 1)%(z — 2)log(—2) 27”'Y¢(; (2 -2)

Discz<0[ﬁ’(2)(z)] = —

2(z = 1)? (2 —1)7 (4.3.20)
mi(2a+ 1)(20(z — 1) — 1) log(1 — z)
2(z —1)2

The discontinuity at z = 1 is more complicated, due to the prefactor introducing poles
that are proportional to contributions from both the identity and ¢?. Nevertheless,
it remains the case that the new operators do not contribute. We can compute this

discontinuity using the following finite set of bulk OPE data
@_ 1
’7(;; - _Ea(Qa - 1) )
1 (4.3.21)
7(;22) = —aoz(Qoz —1)(20a + 3).

46Tn the case of Dirichlet boundary conditions, n would be even.
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The computation is analogous to the previous case and yields the following singular
terms at z =1

FO(2) ~ log(1 — 2) a(2a — 1)(—20a + 4(ba — 1)z +5)  (2a(z —2) — 1) log(z)

12(z — 1)2 4(z —1)2
(1 —4a?(z — 1)) log*(1 — 2) Lo (40a* — 30a + (—40a* + 28a + 8) z — 7) log(z)
8(z— 1) 12(z — 1)
2) 27
(4o — (4o + 1)z + 2) log?(2) o’ — 6al,, — 6a’Lis(2) B
S 1) + 6z 1) + regular at (z =1).

(4.3.22)

From this, we can extract the discontinuity at z = 1, which will get contributions from
the logarithms and the negative powers. By plugging the two discontinuities in the
dispersion relation (3.2.37) and using (4.3.13) we can compute the correlator

1 1 1
FO(z) = ?yg)z + Ea(Qa —1)z+ a)\g?z + 3° <4a2 + = z> log®(1 — 2) +

(20 + 1)%(z — 2)zlog*(2) _a(2a = 1)2(20a(z — 1) — 42 4+ 5)log(1 — 2)

8(z—1) 12(z — 1)
@ (2 — 2)z1og(z
~ (2a+1)z(2a(z —4(12) : 3 log(z)log(1 — 2) 49 ( - 3)11 5(2) . (4.3.23)

Once again we can fix the remaining unknowns by demanding consistency with the bulk
and boundary OPE expansions. All in all, we obtain

)
73)2) = Ea (8042 — b6a + 1) ,

(4.3.24)
a)\f;) = —%a(a(lOa —-7)+1),
and finally
FA(z) = %z (4&2 + le> log?(1 — 2) + 5o (80" 601524(—;)_(;)_ 2)zlog(2)
N (2a +1)%(z — 2)zlog?(2) _a(2a — 1)2(—20a + 4(5a — 1)z 4 5) log(1 — 2)
8(z— 1) 12(z — 1)
~ (2a+1)2(2a(2 — 1) — 1) log(2) log(1 — z)
4(z—1) ’
(4.3.25)

which corresponds to the result in [47]. One can follow the same procedure for the
Dirichlet case and find again perfect agreement with the literature.
Before concluding this section, let us briefly comment on the next orders in the per-

turbative expansion. If we wanted to compute the correlator at order 3, we would run
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into two problems. First, the operators 7, ¢ and O,, would start contributing with their
anomalous dimensions. This means that both discontinuities could receive infinite *7
contributions, making the computation harder. In particular, the discontinuity in the
boundary channel would depend on infinite unknown dimensions AP, The second
problem is the mixing between operators, which means that we can only extract the
average of the OPE coefficients. If the degeneracy between operators were lifted at this
order, we would not be able to use the averaged coefficients from previous orders to

compute the discontinuities from the block expansions.

4.4 The supersymmetric Wilson line in N =4 SYM

In this section, we examine another significant example of a conformal defect that has
been extensively studied in the literature: the supersymmetric Wilson line in N' = 4
SYM. It is explicitly defined as [121]

1
W = < Tr Pexp U dr (iA,d" + |&]0r0") | . (4.4.1)
C

Here, the contour is a straight line parameterized by 7, and 6/ is a constant unit vector
in SO(6), chosen such that §° = 1 and #* = 0 fori = 1,...,5. With this choice of param-
eters, the Wilson line is 1/2 BPS, meaning that it preserves half of the supercharges of
N =4 SYM. It is holographically dual to a string worldsheet in AdSs x S°, which ends
on the specified contour. At large N and strong t'Hooft coupling A = g%, N, insertions
of the fundamental fields ®° on the line correspond to fluctuations of the worldsheet
of the dual fundamental string and can be thought of as light fields propagating on
an AdS, worldsheet [144]. Correlators of defect insertions generate a one-dimensional
CFT and have been studied using various techniques, including integrability [145-149],
supersymmetric localization [150-152], holography [144, 153-155], and the conformal
bootstrap [50, 156,51, 157,158, 55,104]. In particular, the authors of [51] succeeded in
bootstrapping the four-point function of the super-displacement multiplet at fourth or-
der in a strong t’ Hooft coupling expansion, using an Ansatz involving polylogarithms
and rational functions. A key step in their derivation is the resolution of an operator
mixing problem. Building on that analysis, in this section we reproduce their result
using the dispersion relation (3.1.1), bypassing the need for an Ansatz. Given the
complexity of the computation of the four-point function on the Wilson line, we first
introduce a simpler toy model of a scalar theory in AdS, to clarify the procedure.
Another interesting observable in this setup is the two-point function of single-trace
1/2 BPS bulk operators. In the holographic description, these operators are dual to
certain Kaluza-Klein modes arising from the compactification of type IIB string theory

47Tt could also be the case that some anomalous dimensions are suppressed, and only a finite number
of operators contribute to the discontinuity as in Sections 4.1 and 4.2.
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on S°. As pointed out in [104], these modes can be created at the boundary of AdSs,
propagate through the bulk, and be absorbed by the string worldsheet dual to the
Wilson line. This process corresponds to a non-trivial one-point function of a bulk
operator in presence of the Wilson line. Higher-point correlators have an analogous
interpretation. Perturbative results for the bulk two-point function at strong coupling
were derived in [104] using the Lorentzian inversion formula (2.5.21) to extract the
defect CFT data and then resumming the block expansion. In this section, we will
reproduce these results directly using the defect dispersion relation (3.2.1), thereby
skipping the technically challenging intermediate steps.

4.4.1 Toy model: scalar theory in AdS;

Before we study the theory on the Wilson line, we will present a detailed computation
of a four-point function in a simpler scalar theory defined on the boundary of AdS,.
We consider the theory of a massive scalar in AdS,, with the following Lagrangian

L=100)? - 29> - Aot (4.4.2)

The four-point function of the corresponding boundary field $ with integer *® dimension
Aq@ is X
(O(11)P(12)P(73)P(T4)) = —————G(2). (4.4.3)

(T 12T 34)2%
At A = 0, the four-point function corresponds to that of a generalized free field
(GFF) theory and can be computed diagrammatically using Wick contractions. The
result is given by %

Z2Ad;

(1 . Z)QAJ’ ’
The only operators that appear in the conformal block expansion (2.4.6) are double-
trace operators ¢9?2¢t2n% with OPE data

GO(z) =1+ 222 ¢ (4.4.4)

A =2A; +2n,
A0 _ 2F2A(2Aq; —|—A2n)F(4Aq; +2n—1) | (4.4.5)
" T2(2A)P(4A; +4n — I (2n + 1)

We assume the following expansion for the CFT data up to second order (one loop in
AdS,)
A =275+ 20+ 20 + X243 + 0N,

(4.4.6)
ag = a® +xal) + 22 al? + 0N,

48We assume we can adjust m? in such a way that A 4 is integer, as was done in [98].
49n this section we denote with G(¥)(z) the fth-order correlator in the perturbative expansion. The
zeroth order term should not be confused with G(%)(2) in (2.4.3).
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and expand the four-point function G(z) around the GFF solution
G(2) = GO(2) + AGD(2) + A2 G (2) + O(N®). (4.4.7)

Inserting the CFT data (4.4.6) in the one-dimensional OPE expansion (2.4.6) we find,
in the t-channel,

L V24 N

g(O)(Z> = (17;;) °> a%O)G2Ad;+2n(1 —2), (4.4.8)
2 V24, N . (0) 2

G (z) = ()" X [ Cs an (1 = 2) + a4V 00Gos o (1= 2)] (4.4.9)

2 24, ~(2 A(0)~(2) |, ~(1)(1
GO (=) = (£22)™ X [0 G o (1 = 2) + (@387 + @0407)0uGa (1 = 2).
0 (P OGoa yon(1 = 2)] (4.4.10)

Similar expressions hold in the s-channel. Notice that the derivatives of the conformal
blocks *° produce logarithmic terms
oA 4on s | Peagren(172)
We aim to compute the first two orders °! in the expansion (4.4.7) using the dispersion
relation (3.1.1). Since the theory lacks derivative interactions, we anticipate that the
bound in the Regge limit (2.4.22) will hold, allowing us to use the dispersion kernel
(3.1.23). The double discontinuity of the correlator, using the expansion (4.4.6) in
(2.4.14), is then given by
1 2A

dDisc [g(z)} _ )\2 7T2 Z _d(O) (,%9))2 A

s N o 3
Sl T Gz, on(1=2) + OO, (44.12)

In other words, the double discontinuity up to second order is entirely determined by
zeroth- and first-order data, a pattern that persists at higher orders. This crucial fact
is the CFT equivalent of the so-called AdS unitarity 2. By comparing (4.4.12) with
(4.4.8) and using (4.4.11), it is evident that the double discontinuity is completely
determined by the terms in (4.4.8) which are proportional to log"(1 — z) with n > 1.
Therefore, an alternative method of determining the double discontinuity is to compute
the terms proportional to log"(1 — z) from the OPE and replace log"(1 — z) with its
double discontinuity (2.4.12). As seen from (4.4.12), the double discontinuity at first

50See (2.3.3) for the explicit expression of the one-dimensional conformal block.

IThis correlator was originally computed up to one-loop in AdSs in [98].

52For a comprehensive discussion of the relationship between unitarity cuts in Witten diagrams and
the computation of the double discontinuity, see [159].
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order (tree-level in AdS) vanishes. This implies that the tree-level correlator results
solely from the two infinitesimal contour integrals in (3.1.22).

dw 14

(z,w)GV (w) + lim A v (z,w) GV (w), (4.4.13)

g(l) (Z) — hm 3 Ad’

which can be evaluated by expanding both the kernel (3.1.19) and GV (w) around w = 1.
In particular, the correlator can be expanded using the t-channel OPE (4.4.9). Setting
A s=1 for simplicity, we obtain

g(l)(z)zlloig(l) fC;L dwI(z,w) + })ig(l) fc; dw I(z,w), (4.4.14)

2

I= [Trz(f_w)g (log(i_z) + kig_(? )+0( (1_1w)2 )] > [dg)GQ-ﬁ-Qn(l —w)+al 48 0, Gayan(1 —w)]

Switching to radial coordinates 1 —w = pe and using that Gy o, (1 —w) ~ (1 —w)*+2",

the integrals become

g(l) (Z) = lim Z2 (w + ligfi)) fOTr dg 71'21p2

[0 Ga(pe’®) + ad"45" 0,Ca(pe?) + O(p*)]

p—0
+ ili% 52 (@ + lig_(i)) f;; do 7T21p2 [d((]l)GQ(pew) + d(()O),?él)anprew) + O(pg)]

z

— () 22 (losl=s) | lokta)y (4.4.15)

1—z

= lim 35" 2* (P2 4 BE52) (740 log(pe'®) + [, d log(pe™)

In the third line, the logarithm arises from the derivative of the conformal block with
respect to the conformal dimension, and we used the value of &(()0) from (4.4.5). All
terms with n > 0 in the OPE expansion of the correlator are suppressed as p — 0,

so the only contributing term is the one proportional to &(1)

n—o- This is a constant that

can be absorbed into the renormalization of the coupling at each order in perturbation
theory. To align with the results in the bootstrap literature, we follow [98,102] and
define our coupling by setting

A0 =1, A =0 fore>1. (4.4.16)
Using this convention we find
log(1 — 1
GI(z) =222 og(l—2) . fg(Z)] 7 (4.4.17)
z —z

from which one extracts the tree-level OPE data

1 1
~(1) A1) — Z0 (0)5,(1) . 4.4.18
T Gny Dint 1) = 500 (a3 (4.4.18)

At second order, the double discontinuity (4.4.12) can be computed from the order
zero (4.4.5) and order one (4.4.18) data, and reads simply

w2 22 )

dDisc [9(2)(7;)] = TE=SE log” 2. (4.4.19)
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To obtain this result, the sum in (4.4.12) was computed using a standard integral
representation for the hypergeometric function that defines the conformal block (2.3.3),
allowing for the exchange of summation and integration. By inserting (4.4.19) into the

dispersion relation (3.1.22), we obtain

1 2,2
9 2 dw 14 W 9
G (z) = /0 o2 K1 (2,w) A= w2 log™ w+

. Bt (2) .
+ lim o 202 Ry (2 0)GP (w) + lim o 2w

dw 14 dw 4

KR (2, w)GP (w).
(4.4.20)

However, the first integral does not converge due to a pole at w = 1. As discussed
around (3.1.23) and (2.4.26), we can fix this by defining a regularized correlator with
the following subtraction:

G5 (2) = G (z) — L(2log?(:%) + log*(1 — 2) + ﬁ log”(2)) . (4.4.21)

1—z

Remember that we are free to subtract any function, provided the resulting regularized
correlator remains Regge-bounded and crossing symmetric. With the specific subtrac-
tion above, the double discontinuity becomes

dDisc[G™%(2)] = WQ(ﬁ log? z — 1£2%) | (4.4.22)

and the dispersion relation (3.1.22) is now a sum of convergent integrals

1
dw Lt+w?
greg<z> — /0 WKRizl(Z’w) 72(ﬁ10g2w _ 1+2w2)+

d d
+ lim —wKZ‘jFl(z, w)G"(w) + lim s

Kbdf reg ‘
=0 J ot 2w? B Jo 202 A1 (2, w)G"E (w)

(4.4.23)

For the two semi-circle integrals above, one follows the same strategy as at tree-level,
finding

dw dw
Kbd_ reg / Kbd_ reg — 9,2 log(1—=2) log(z)
| g mge) + [ TREL (e w)g ) = 222120 4 el

(4.4.24)
Notice that the result is proportional to the tree-level term (4.4.17). Computing the
integrals in (4.4.23) and using (4.4.21), the correlator at second order (one loop in AdS)
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finally reads
G?(2) = 7 [4<z —2)2Lig(1 — 2) + 4(22 — 1)(1 — 2)%Lia(2)

“9(1 — 2)2Lig(1 — 2) ( (22 — D)log(1 — 2) + (22 +2) log(z)>

—22°Lig(2)( (2% — 22 4 3) log(1 — 2) + (2 — 2)zlog 2 ) + 4(2z — 1)Lis(2; )
—aem2?(2% — 22 — 6) + (37222 — 1) — (2 — 1)*(2% + 1) log*(2)) log*(1 — 2) +
+(1 = 2)2(37%(2* + 2) log z + 2) log(1 — 2) — (2 — 1)z*log(z)

+G5(21log(z) — 2(22° — 322 + 42z — 1) log (%)) + (22 — 1) log*(1 — 2)

—4(42 — 2)log(2) log(1 - 2)] (4.4.25)

reproducing the result in [98]. A comment is in order: as is often the case in perturbation
theory, the spectrum of operators exchanged in the OPE of ngﬁ X gg is degenerate. This
means there are multiple distinct operators with the same dimension at a given order
in perturbation theory. Consequently, all the CFT data should be interpreted as an
average over the degenerate operators, as discussed in detail in [51,157]. At first order,
we can only extract (7(11)> instead of %(Ll). If the degeneracy were lifted at first order,

we would then not be able to compute the double discontinuity

ZQAJ)
o Can (1= %), (4.4.26)

il (2)] = L 56 G4)

because

(@ (30)%) # @) (D). (4.4.27)
To compute <d$10) (%1) )?) in (4.4.26), we would need to first solve the degeneracy by
properly diagonalizing the dilatation operator. This issue is commonly known as op-
erator mixing °*. In this section, we have disregarded this subtlety because, in the
specific scenario considered here, the degeneracy among operators remains intact and
the mixing problem can be safely ignored, at least up to one-loop order [98]. However,
for computations involving higher loops, a careful analysis of the operator spectrum

would be necessary.

4.4.2 Defect four-point function on the Wilson line in N’ =4 SYM

In this section, we now turn our attention to correlators involving fundamental scalars
@', where i = 1, ..., 5, inserted on the supersymmetric Wilson line given by (4.4.1). The
corresponding defect operators P belong to the super-displacement ** multiplet [156]

53This issue also affects the computation of the two-point function of bulk operators, as we men-
tioned in Sections 4.1 and 4.3.

%The displacement operator was defined in (4.2.74). We refer to [156] for details on the general-
ization to superconformal field theory.
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and have protected dimension A&, = 1. Their four-point function reads

A

(Ci)i(ﬁ)@j(7_2)(i)k(7_3)(i)l(7_4)>w _ <(I>Z(71)CI>J(7'2)(I) (T3)® (’r4) W> _ gy (Z)

w) (T12734)% "

We restrict our attention to the case of identical operators, e.g. i = 7 =k = [ = 1. Using

(4.4.28)

superconformal Ward identities [156], one obtains for G'''!(z) = G(z) the structure
G(z) =F(\) 22+ (227" = 1) f(2) = (=2 +1) f'(2), (4.4.29)

where F()) is a constant that depends on the t'Hooft coupling A = ¢g\,N, and f(z) is
a crossing-antisymmetric function

Tl 1-2) (4.4.30)

that can be expanded in superconformal blocks

f2) =~

f(2) = Fr(2) + ag, Fp,(2) + Z ax Falz). (4.4.31)

This is an analogue of the conformal block expansion (2.4.6), where the blocks are
replaced with superblocks in presence of supersymmetry. Above, A are the dimensions
of operators belonging to a long °° supermultiplet, az, is the squared OPE coefficient

of a short operator and the superconformal blocks are

Fr(z) =z,

Fg,(2) =z — 29F1(1,2,4; 2) , (4.4.32)
ZA+1 R R ) o

Fi(z) = n A2F1(A+1,A+2,2A+4;z).

The constant F(A) in (4.4.29) can be computed using supersymmetric localization [150,
156], and at strong coupling reads

.3 45 45 X
FO) =1, =3 =+ 5+ gy + O(A—%> . (4.4.33)

Building on previous work [144, 156], the large A expansion of the correlator
1 1 1 1
G(2) = V() + 7 9V (E) + 3 60 + 5 09() + 13 6() + o(f) (4.4.34)
2 2 2

has been recently computed [51,157] up to fourth order (three loops in AdSs) using
analytic bootstrap techniques. This impressive result was obtained using an Ansatz
in terms of a linear combination of Harmonic PolyLogarithms (HPL) multiplied by
rational functions, and fixing the unknowns using:

55Short supermultiplets are annihilated by some of the supercharges of the superconformal algebra,
while long multiplets are not subject to any such constraint.
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e Bose symmetry of the correlator, and in particular crossing symmetry.

e The terms proportional to log"(1 — z) (or log"(z)) with n > 1 in the OPE ex-
pansion, which are fixed at each order by lower order data, see (B.8). In order to
compute them one has to take care of operator mixing, especially beyond one-loop.

e The assumption °°

30 it (4.4.35)
on the behaviour of the anomalous dimensions at each perturbative order /.
This corresponds to a divergence ~ t¢ of the correlator in the Regge limit [102],

see (2.4.24).

e Compatibility with the OPE (4.4.31), which combined with the localization result

(4.4.33) implies

f(z) ~ —@zﬂ for 2 ~ 0, (4.4.36)

There is a similar condition at z = 1, thanks to crossing. This point is essentially
equivalent to giving a definition of the coupling.

The aim of this section is to reproduce this result from first principles using our dis-
persion relation, rather than an Ansatz. This means that we will not need to input
crossing symmetry or Bose symmetry, or assume the type of functions that appear in
the correlator. However, we will see that the results obtained from the dispersion re-
lation depend on undetermined constants, just like in section 4.4.1. We will then need
some theory-specific assumptions to fix them, such as the behaviour in the Regge limit
and the definition of the coupling.

Our strategy will be the following:

e Compute the terms proportional to log"(1 — z) in the OPE expansion (B.8) with
n > 1 from lower order data and find dDisc [Q (z)], just like we did at one-loop in
(4.4.12). Regarding the problem of operator mixing, which may prevent us from
computing the logarithmic terms from lower order CFT data, we will rely on the
analysis of [157].

e At each perturbative order ¢, assume a Regge-behaviour compatible with ’y?(f) ~

n‘*! and derive the corresponding unbounded kernel (3.1.25), using the strategy

outlined around (2.4.31).

e Solve the integrals in (3.1.22) with the appropriate kernel and regularized corre-

lator. We choose the convenient subtraction

RS S (C{ ECIEIT ) R

m (1 _ Z)m+2

56For the OPE data of the long operators, we define a perturbative expansion as in (4.4.6).
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where the coefficients S,, ,, are fixed demanding that the integrals (3.1.22) do not
have singularities at w = 1. The number of such coefficients depends on the
specific case. Notice that the double discontinuity of the extra term in G™8(z)
can be easily computed using the definition (2.4.12), once all the S,,,, are fixed.
We stress that (4.4.37) is not the only possible subtraction.

e Finally, we fix any undetermined constant using the localization result (4.4.36),
or equivalently °7

/1 dz27%G(2) =0, (4.4.39)

and, if needed, the following identities for integrated correlators [148, 160]

/01 . [<G(2) B 2(,2(2—_1)1,2); 1) (1 +;20gz>] _ 3C(8)\é2—()\l3)(>\) ’

Aakp%ﬁ—2+zil]:4§2$+FQy—&

where B()) is the Brehemstraalung function [161,162] and C(\) is the curvature

function [163]. Their explicit expressions at large N read

(4.4.40)

I
B(\) = QQ (V) (4.4.41)
42 I (V)
cO = (272 — 3) VX N —24(3+5 —4n? 11+ 272  96(; + 75 + 82
B 2474 32m4 644/ \ 102475\
+3 (408(3 — 240(5 + 213 + 1472) N 3 (315¢s — 240¢; + 149 + 672)
1638476\ 3 1638477\
1
+0 (—) (4.4.42)
A2

In what follows we will sketch the computation up to three loops. Just like in Section
4.4.1, we start by computing the order zero term using Wick contractions [144]

7222—22—1—1
(212

Comparing the above result with (4.4.29) and (4.4.31), one obtains the CFT data for
long double-trace operators,

G9(2) (4.4.43)

(5 + 2n)T(3 + 2n)(1 + 2n)

A =2+ 2n, (@) = (6 + 4n)
n

n

(4.4.44)

5TThis last equality can be proved by noticing that (4.4.29) implies
22G(2) = 8. (F(/\) - (1 —1ly i) f(z)) : (4.4.38)

Integrating between z = 0 and z = 1 and using (4.4.36) and its equivalent condition at z = 1 one
obtains (4.4.39).
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Above, we use the average symbol because in this setup operator mixing turns out to

be important at higher orders. Moving on to the tree-level result (first order in the

expansion (4.4.34)), we see that the assumption %(11) ~ n? implies that the correlator

will diverge linearly in the Regge limit. This means we need to use the unbounded

kernel (3.1.25), which in this case becomes *®

[_((z,w)EKA¢:1(z,w) i(AOn ( )—i—AlnHlBQ( ))C”[%(ﬁ%gz(z)%—zlog(l—z))}

n=0

(AOn ( )+A1n B( ))Gag2n(2)
(

. —2w? (Zw 79w3+16w2714w+7) z 7z+1) w(2w475w3+5w72)22<2272+1)2log(lfw)
- T2 (w—1)3(z—1)2 T 2w+ (w—2)(w(z—1)—z)(wtz—1)((w—1)wz2+z—1)
w2<w2—w+1)<2w2—7w+7)z4 w2(wz—w-l—l)(2w2—7w+7)(z—1)z3 Tw?(2—2)22
+ [ - (w—1)3 - (w—1)3 (w—2)(w(—z)+w+2)
w2(w2—u}+1)(2w2—7w+7)(z—2) 2(w2—w+1)(2w4—7w3+14w—7)z2 7(w—1)22 722 | log(1—2)
+ (w—1)3 + (w—1)3 + w(z—1)+1 + wz—1 g7ﬂ'2z

w (w2 7w+1)26 (2w4 (223 7922+14z77) +w? (4z4740z3+13122 71822+91)) log(z)
T2 (w—1)3(2—1)3(w(z—1)+1)(w+z—1)(w—1)wz2+2—1)
w (w2 —w+1)28(w?(—1824+1312° 36522 +4682—234 ) +-2w (1424 —9123+23422 - 2862+143) ) log(2)

_|_

+ Tn2(w—1)3(2—1)3 (w(z—1)+1)(w+z—1)(w—1)wz2+2—1)
w (w2 —w+1)28(—1424 4912523422 4+2862—143) log(2)
+ T2 (w—1)3(z—1)3(w(z—1)+1)(w+z—1)((w—1)wz2+2—1) ’ (4445)

where the coefficients were fixed demanding that K(z,w) ~ w?®, see (2.4.24). The
discontinuity at this order is zero, just like in the scalar case. However, since K (z,w) ~
(1—w)™? and G(w) ~ (1 —w)° from (4.4.31) and (4.4.29), the two contour integrals in
(3.1.22) diverge because of the singularity at w = 1. We introduce the regularization
(4.4.37) and fix the coefficients by imposing

w2 K (z,w)G"(w) ~ (1 —w)" forw — 1. (4.4.46)

Since the expansion of G(w) around w = 1 can be read from the t-channel OPE (B.8),
the condition above fixes the coefficients of the subtraction (4.4.37) in terms of known
and unknown OPE data. In particular, since the block expansion goes schematically
like (1 — 2)", see (B.8), this means that at tree level with K(z,w) ~ (1 —w)™® the
subtraction will depend on <&(()1)) (a(()o)”y(()l)> <a§ )) <a§ )”y(l)> From (4.4.46), the contour

integrals in (3.1.22) vanish

lim d—K(z w)G 8 (w) + lim d—K(z w)G" 8 (w) =0. (4.4.47)

=0 Jo 2w? =0 Jor 2w?

The only integral we need to compute is the one involving the double discontinuity of

the regularized correlator. The latter can be computed from the explicit form of the

58We choose to subtract ?1132( ), but we could have used ﬁfl( ) instead. The difference boils

g(l w)

down to having a singularity at w = 1, rather than a second-order pole. We choose the latter

for simplicity.
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subtraction (4.4.37) and the definition of double discontinuity (2.4.12), and it will de-
pend on the unknown coefficients <dél)>, (déo)’yél)% <d§1)), (dgo)’yfl)) Solving the integral
of the double discontinuity in (3.1.22) with the kernel K (z,w) defined in (4.4.45) and

removing the subtraction, we obtain

5(3 MY (2(22=7)+7) 24+ 7(3 V) (2(2(52(22— ) +49) —28)+14) 22 ) log(2)
g(l)(z) _ _( 1 0 e ) + (4.4.48)

2T+ (GO) ) (o= 1)2+1)? (5(’?%1))(z(22+3)+2)(z71)2+7(’y(()1)>(z(z(5z(2zfl)+4)75)+10)> log(1—2)
+ 49(z—1)2 + 245z

Notice that two of the unknown constants (the OPE coefficients) are automatically can-
celed once we remove the subtraction. Using the theory-dependent constraints (4.4.39)
and one of (4.4.40), we fix the remaining constants and find

2_, 2 DY _ 4_7.310,2_ 2
g(l)(z) _ _2(z(z_1—)|—21) i ( 22442 +zz 2) log(1—=2) X (22 7 +9(Z_14)7;+2)z log(z) ’ (4449)

which is precisely the result obtained in [144]. The only non trivial step of the derivation
is the computation of the integral in (3.1.22). While expressions like (4.4.45) look
complicated, an efficient way to do the integrals is the repeated use of

1 w(1—w)b —ir cot(wa)+i)(b+1) 2 1 (1,—a—b;1—a;x
Jo dw% = e~ (—2" cse(ma) (1—g)b 4 Leotmat) (FJEGZLQble() )), (4.4.50)

and its derivatives with respect to parameters a and b, to compute the integrals involving
logarithms and rational functions. From (4.4.49), one can solve (4.4.29) for f(z) and
then extract the CFT data [156]

(2+2n)(5+ 2n)
5 ;

@) = Loaosmy.  @asy

() =

Moving on to one-loop, one should worry about mixing *°. However, the authors of [51]

found that since at first order the anomalous dimension of any operator is proportional

to the eigenvalue of the superconformal Casimir © CFi(z) = A(A 4 3)Fi(2), the

degeneracy is actually not lifted. Therefore we can compute the higher logarithmic

terms and the double discontinuity at one-loop from tree level data, just like we did in
(4.4.12). The double discontinuity in this case reads

2(920 — 825 + 42 + 422 —82+9
dDisc[G)(z)] = = (07 —827 442 +427 ~82+49) (4.4.52)

222

Assuming %(12) ~ n3, we see that the correlator diverges as t? in the Regge limit. We

can still use the same kernel as for the tree level (4.4.45), since it goes like O(w?)
for small w. We fix the coefficients in the subtraction (4.4.37) by demanding that the
integral of the double discontinuity in (3.1.22) converges and that w2 K (z, w)G**8(w) ~

See the discussion around (4.4.27).
60We refer to [51] for the explicit expression of the superconformal Casimir operator.
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(1—w)?, killing the contour integrals. Performing the remaining integral and removing
the subtraction, we find

) 22(926 462549924~ 116234+8322—302410) log2(2) | (2((2(92—8)+4)23+42-8)+9) log?(1-2)

g ( ) 2(z—1)4 + 222
(11820412525 +43882* —1010223 4438822 4+12524118) log(1—2) (—11826+833z5—6783z4) log(2)

+ 840(z—1)2z + 840(z—1)3
(3(2—1)2+1)(620—1825+1921-82%+2-2) log(2) log(1-2) = (110602 —343022—25202+840) log(2)

- 2(2—1)32 + 840(2—1)3
~(2) (2(2(52(22—T)+49)—28)+14)22 log(2) 2((z—1)z+1)? (2(2(52(22—1)+4)—5)+10) log(1—=%)

+ (%o >[_ 35(2—1)° + et 352

49(z—1)3 49(z—1)2 49z 420(z—1)2

(4.4.53)

I <%2)> [ _ (2(2e=T)+7) 2 log(2) X 2((z—1)2+1)2 1 (z—1)2(2(2243)+2) log(lfz)] _1831((2—1)2+1)? ‘

Using (4.4.39) and one of the integrated correlators in (4.4.40), we obtain [156]

G2 (z) (926820 +4214+422-82+49) log?(1—2) | (26206325 46621 6227 16622 ~632126) log(1—2)

- 222 4(2—1)22
22(926-462549921-1162°48322—302+10) log?(2) | (—26204932°—14124+9223 3622 —122+4) log(2)
2(z—1)4 + 4(z—1)3
(718zs+72z77117z6+99z574324+523+9z277z+2) log(z) log(1—=2) 2(227z+1)2 4.4.54
2(z—1)32 (z—1)2 ( -k )

From which one can extract the same CFT data that was found in [157]

A A A 2
<7(2)> = (1) la (1) + %( — 11 - 2+2 + 4H3+2n) )
(@), = £0,GO4D a0 50), - 25260 GOy, (4.4.55)
A i3 n2 n3 77/4 77/5 n6
+<(I(O)> (]n(Jn (S_ (2 + 277,) QC( )) _ 10684-5000n+8772 +Z(6j%6+2)-i-3424 +736n° 464 ) ,

where j2 = (2 + 2n)(5 + 2n) is the Casimir eigenvalue for the long operators and

"1
H™ — — H,=HWY 4.4.56
n Z kfm Y n Y ( )
~ (—1)F (1" 2 9 1
Saln) =Y = (5~ HE ) — 56 (4.4.57)
k=1

The procedure can be carried on at the next two orders, we will however skip the
details of the computations and highlight the differences with respect to the previous

orders. First of all, in order to compute the double discontinuity at three loops one
needs (a(® (4(2)2),,.
It turns out that at this order the degeneracy is lifted, therefore

(@@ (3®)%)n # (@) 37, (4.4.58)
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and one has to solve the operator mixing problem in order to compute the double
discontinuity. This was done in [51] and we report their result

WO GO o Loa Ly,
e = U+ L2 - D53+ 20) + GRE — O (1459
(=0 35+ 225) ) Haon + 5 — 156+ 5072 + 2051 + 7245

Using this result, together with the other OPE data from previous orders, we can
compute all the higher logarithmic terms in the OPE (B.8) up to three loops and the
corresponding contributions to the double discontinuity. A second new aspect of the
calculation at this order is that, since the behaviour in the Regge limit gets worse,

see (4.4.35), one is forced to subtract an extra term from the dispersion kernel

Kz w) = Kam(2,0) = Sy 5 A B8 ,(0) € [2 (2152 4 210g(1 - 2))]
- Z?nzo >on Amn ﬁg,z(w) Gayon(2), (4.4.60)

where the coefficients are fixed demanding that K (z,w) ~ w® for small w, according
to (2.4.24). We do not report here the (huge) explicit expression. Now K (z,w) ~
(1—w) ™ for w ~ 1, and demanding that the integrals in the dispersion relation (3.1.22)
converge introduces a dependence on extra OPE data. This means that, to fix the
unknown constants, one has to impose an additional constraint, and one can use (4.4.39)
and both integrated correlators (4.4.40). For the third and fourth-order four-point
function (4.4.28), the results obtained using the dispersion relation (3.1.22) reproduce
the ones in [157]. The explicit expressions of the correlators are presented in (B.9) and
(B.10).

4.4.3 Bulk correlator in presence of the Wilson line in N =4 SYM
In this section we are interested in the two-point function of 1/2 BPS bulk operators

of protected dimension A = P, where P is their R-charge. For the case P = 2

1
O (r) = Tr |®!(2)®/ () — 65IJ<DK($)(I)K(LC) : (4.4.61)
This operator is the superprimary of the N' = 4 stress tensor multiplet and it transforms
in the 20’ representation of the SO(6) R-symmetry group %!. To manage the dependence
on R-symmetry indices, it is often convenient to introduce the complex null vector Y7,
satisfying Y!Y; = 0, and define

Oy(z,y) o< Tr (Y - ®(z))” . (4.4.62)

61The 1/2 BPS operators in N' = 4 SYM are commonly identified by the Dynkin labels [0, P, 0],
with the operator (4.4.61) corresponding to the [0, 2, 0] case.
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By acting with a suitable differential operator it is always possible to transform func-
tions of Y into SO(6) tensor structures. This expression readily generalizes for higher-
dimensional BPS operators

Op(z,y) o< Tr (Y - ®(z))" . (4.4.63)

We normalize the operators (4.4.63) as

vy -\
. 2) . (4.4.64)

(Op(Y1,21)0p(Ya, 29)) = ( )

T1a

In the presence of the Wilson line these operators have a non-vanishing one-point func-
tion, which is fixed by superconformal invariance up to a coefficient ap

(Op(Y, 2)W) v -0\"

(Op(Y,2))yp = —0—=ap | —— | , (4.4.65)
v W) |2

where 2 are the coordinates on the plane orthogonal to the defect. We are interested

in the two-point function in the presence of the Wilson line

(OP(YL 5U1)OP(Y2, 1’2)W>

<Op(}/1,$1)0p()/2,$2)>w = <W> s (4466)
which can be written as [164,55]
Yi-0 Yy 0\
(Op(Y1,21)Op(Y2, 22))w = (m) Fp(z,2,0), (4.4.67)

where z and Z are the same kinematical cross-ratios as in (2.2.9) and o is the R-
symmetry cross-ratio
Yi-Y,
— S 4.4.68
TV Y0 (469
The function Fp(z, 2, 0) is a polynomial in o of order P, namely

P
Fp(z,2,0) =Y 0" "Fpu(2,7). (4.4.69)

n=0

The dispersion relation (3.2.1) applies individually to the functions Fp,(z, z), provided
we understand their behavior as w — 0. Before we move to the computation of these
functions at strong t’Hooft coupling, we examine their superconformal OPE expansions.

Selection rules and superconformal block expansion

The function Fp(z,z,0) can be expanded in the bulk and in the defect channel. The
block expansions discussed in Section 2.5.1 are improved to superblock expansions in
the presence of supersymmetry. Here we summarize the results for the selection rules
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and the superblocks derived in [164,55] and we refer the reader to these works for a
thorough discussion.

The operators Op are superprimaries of the 1/2 BPS multiplet By pg (here we used
the notation of [165] for the N/ = 4 supermultiplets). In the bulk channel, we are
interested in taking the fusion By pg X Bjopo and select the supermultiplets with a
non-vanishing defect one-point function. Combining the results of [166] and [50,55], we
have

P P-1 pP-2
B[O,P,O] ® B[O,P,O] —1® Z B[o,zho] ® Z Z C[Q,Qk,o],z ©® Z Z A[Aogk,o],f s (4.4.70)
k=1 k=1 ¢

k=0 A0

where Cg o1,0),¢ are semishort multiplets with protected scaling dimension A = 2+2k+-/,
while A[%,zk,o}, , are long multiplets with arbitrary scaling dimension A > 2+4-2k+/. Each
exchanged supermultiplet corresponds to a superblock Fa (2, Z, o), which encodes the
contributions of all the superdescendants in the associated supermultiplet and for this
reason it can be expressed as a linear combination of ordinary bulk blocks. Then the

correlator can be expanded as

NEER
T-2)1-2)

where the sum is taken over the superprimary operators O for each of the supermulti-

P
FP(Z, 2,0’) = ( ) Z)\ppoa@./—"A,g(Z, Z,O‘), (4471)
@

plets that are allowed to appear in the OPE (4.4.70). The coefficients are given by a
product of a bulk three-point function Ap and a one-point function ap. For single-trace
short exchanged multiplets, the OPE coefficients are known exactly from supersymmet-
ric localization. Their large-N expression reads

VP PPy

)\Pl PyP3 — N )

P IR (4.4.72)
T 2FHIN L(VA)

ap

Each superconformal block Fa (2, Z,0) can be expressed as a linear combination of
ordinary bulk conformal blocks fa(z,%) (2.5.18). We refer to Appendix B.3 for the
explicit expressions.

In the defect channel, each supermultiplet Bjg pp) is expanded in defect superblocks.
Here we will not need the details of this expansion, which can be found in [164, 55].
Our next goal is to understand the implications of the dispersion relation (3.2.1) for
this setup.

Strong coupling computation

At large N and strong coupling A\, where the supersymmetric Wilson loop is described
as the string worlsheet of minimal area ending on the contour of the loop, the correlator
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of bulk operators can be computed perturbatively by Witten diagrams with some prop-
agators ending on the worldsheet. The leading contribution to the correlator (OpOp),,
is just (4.4.64), i.e. the two-point function without the defect. At order 1/N? we have
many contributions and we focus on the first two: the disconnected one, which is sim-
ply given by the product of two one-point functions at leading order, and the leading
connected contribution, which is suppressed by 1/ VA Explicitly
_ A ) .y 1 (1) 1 1
(OpOp)y,, = (OpOp) + e ((OP>W (Op)yy + ﬁ (OpOp)yy +0O (X)) +0 (m) ,
(4.4.73)
Correspondingly, the function Fp(z, 2, 0) reads

NEZ NP1y 1 1
SN A o 5 o= ol —
Fp(z,2,0) (—(1—2)(1—2) —I—N2 2P+2+\/X.7:P (2,2z,0) + ) + i)
(4.4.74)
where we used the result for the one-point function (4.4.72). The function F, 1(31)(2, Z,0)
has been computed for P = 2,3,4 in [55] extracting the defect CFT data using the

Lorentzian inversion formula and resumming the defect block expansion. Here, using

the dispersion relation (3.2.1) we can skip the intermediate step and recover the result
performing a very simple integration. This gives a clear understanding of the reason
why the final result for the correlator is particularly simple.

The crucial observation of [55] is that very few operators contribute to the discon-
tinuity at z = 1. In particular, at large N and large A, the bulk theory is described by
an effective supergravity theory in AdS; and the spectrum of light excitations contains
only the protected Kaluza-Klein modes in the short By po) multiplets and double trace

operators with dimension
A=2P+2n+(+O(N?). (4.4.75)

Notice that the twist of the double trace operators (1 = A — ¢ = 2P + 2n) is higher
than the lower bound allowed by the selection rules (4.4.70) which would allow for long
operators of twist as low as two. As mentioned before, double trace operators will
not contribute to the discontinuity. This fact seems to suggest that the full correlator
can be computed just from the CFT data of short operators (4.4.72). However, the
dispersion relation (3.2.1) is able to reconstruct the full correlator only if the two-point
function decays fast enough at infinity, see (2.5.25). Otherwise, it fails to account
for the contribution of low-spin defect operators. Alternatively, the correlator can be
reconstructed using the improved dispersion relation (3.2.24), though this approach
introduces new poles, which contribute to the discontinuity. In [55] it was argued that
the behaviour of the functions F]g?)l(z, z) in (4.4.69) for w — 0 %% is Flg}%(r, w) ~ w1

62The behaviour of FI(D}ZL(T, w) at w — 0 is related to the one at infinity by the symmetry FI(DTBL(T, w) =
FO)(r, L),

n
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so that the improvement is needed only for Fgl);_l and FI(D’IJ)D. For all the cases when the
improvement is not needed, only short operators contribute to the discontinuity.

For P = 2, no improvement is needed to compute F2(10) (z,Z). In this case, the discon-
tinuity arises solely from the negative powers in the superblock expansion, originating
from the contributions of short operators. As recalled in (4.3.5), these contributions
correspond to d-function terms in the discontinuity. In this case we find
r?w (r* — 2r?log (r?) — 1))

Disc(FY rw)) = —2 IMNDS(r — w ( ,
( 2,0( ) TiA990 ) (r2 — 1)3 (rw — 1)

(4.4.76)

where )\glg)Q is the strong coupling expansion of (4.4.72). More generally, in this section

VA
)\ppoa(f) = m)\gglj)go + O()\) . (4477)
Equation (4.4.76) can be immediately integrated in (3.2.1) obtaining with no effort the

final result of [55]

we define

r?w (r* — 2r?log (r?) — 1)
FZ(,IO) (T,U)) = _)‘92)2 9 3 . (4.4.78)
(r2—=17(r—w)(rw—1)

In principle, we could follow a similar procedure for the other R-symmetry components,

but it that case we would need to take care of the low-spin ambiguities. In [55], it was
argued that these ambiguities can be fixed using superconformal Ward identities.

In general, we can carry out this same procedure for all (OpOp), confirming and
extending the results of [55]. Indeed, in this holographic setup only short operators
contribute to the discontinuity in all the cases where we do not have low-spin ambigu-
ities. Specifically, only the multiplets Bjg a0 in (4.4.70) need to be considered for the
discontinuity. Furthermore the multiplet B 2pp) is too high in dimension to generate
a negative power in the OPE expansion and therefore it does not contribute to the
discontinuity. For generic P, we can compute the discontinuity at the order we are

interested in as

Disc(]:g) (2,%,0)) = Disc

R P P-1
ZZo
(m) Z )\PP2ka2kg[0,2k,0](zu Z, U) ) (4-4-79)
k=1

and use the dispersion formula to find the F 1(32 up to p = P — 2. Notice that, as for the
case P = 2, all the contributions are distributions, specifically J-functions or derivatives
thereof. For example for P =3

(r3w (r® + 9r* — 9r2 — 6 (r* + r?) log (r?) — 1))

4(r2=1)° (rw—1)

Disc(Fyg (r,w)) = Ahd(w —7)

AW §(w —r) rw
—4 (jf_ 1)5 (w12 (27“2 (—5r4w+3r3 (w2+1) — 2r%w+3r (w2—|-1) — 5w) log (7"2)
+ (r2 — 1) (3r6w — 7 (w2 + 1) + 9rtw — 10r° (w2 + 1) +9r%w —r (w2 + 1) + 3w)> ,

(4.4.80)
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which gives the expected result [55]

3 r*w? (r! —4r?log(r) — 1) .
4 (r2 — 1)3 (r—w)?(rw—1)2

FY (r,w) = — (4.4.81)

Computing at higher P does not involve any conceptual obstacle and it is only an

algorithmic procedure. We checked the conjecture of [55] for the function F ](3,())

n, - P (22)2 1+22 22z 1og(22)
Fro=2) =~ 30977 |G T 0=y (4.4.82)

up to very high values of P and we always found perfect agreement. We also derived the

functions F' ](32(2, z) with p < P —2 for several values of P. As an example, in Appendix

B.4 we spell out the results for F; 5(2, which is the first case that did not appear in [55].
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Chapter 5

Conclusions

This thesis focused on developing new tools for the analytic bootstrap of defect con-
formal field theories and applying these techniques to defects of interest in condensed
matter physics and holography.

The first objective was accomplished in Chapter 3, where we introduced new dis-
persion relations to compute defect and bulk correlators from their singularities. In
particular, we derived a dispersion relation for the four-point function of defect oper-
ators in one-dimensional CFTs from the corresponding Lorentzian inversion formula.
The formula expresses the correlator as an integral over its double discontinuity. Specif-
ically, we presented the integration kernel for the case of identical bosonic (fermionic)
operators with integer (half-integer) dimensions. We saw that the dispersion relation
may receive extra contributions depending on the behaviour of the correlator at infinity.
These contributions depend on the CFT data of low-dimensional operators. Moreover,
we formulated two different dispersion relations for the two-point functions of bulk op-
erators in presence of a defect. The first relation represents the correlator as an integral
over a single discontinuity, which is influenced by the OPE data of the bulk channel
expansion. The second relation reconstructs the correlator using a double discontinuity
governed by the defect channel OPE. Additionally, we derived a separate dispersion
relation for codimension-one defects. In this case, the dispersion relation involves both
defect and bulk discontinuities. Since all these dispersion relations are derived using a
contour deformation argument in the complex plane, which necessitates that the corre-
lator decays sufficiently fast at infinity, they inherently involve some ambiguities. These
ambiguities correspond to the exchange of low transverse spin operators in the defect
channel OPE. We addressed this issue either by subtracting these low-spin contribu-
tions or by introducing an appropriate prefactor to improve the asymptotic behavior of
the correlator.

The second objective of this thesis — bootstrapping defects of interest in condensed
matter physics and holography — was achieved in Chapter 4. There, we explored line
defects in the O(N) model, employing both the analytic bootstrap and conventional

138



methods. By applying analytic bootstrap and diagrammatic techniques, we computed
the two-point function of the fundamental field at the first non-trivial order in the e-
expansion, extracting a wealth of new defect CFT data. We performed this analysis for
both a localized magnetic field and a spin impurity. In both scenarios, we found that
the discontinuity of the correlator is determined by a single bulk conformal block and is
proportional to the anomalous dimension of the corresponding operator. This allowed
us to reconstruct the correlator, up to low-spin ambiguities, using only this single piece
of known bulk data. We then resolved the ambiguities with the aid of diagrammatic
input. For the spin impurity, we analyzed both the free and the interacting bulk cases,
thoroughly examining the RG flow on the defect by computing the beta function up to
third loop and investigating the defect spectrum. Combining bootstrap and diagram-
matic methods, we determined that the spin impurity in the free bulk case flows to
a trivial defect CFT. We concluded our exploration of defects in the O(N) model by
reproducing known results for the bulk two-point function in the presence of a bound-
ary, at second order in the e-expansion. In the final section of the thesis, we turned
our attention to holographic correlators in presence of the supersymmetric Wilson line
in N = 4 Super Yang-Mills theory. Exploiting the analytic bootstrap techniques de-
veloped in the previous sections, we successfully reproduced the four-point function of
fundamental fields inserted on the line, achieving results up to the fourth order in the
large 't Hooft coupling expansion. This correlator was previously obtained using an
Ansatz involving polylogarithms and rational functions, and our derivation validates
this approach a posteriori. We also streamlined the derivation of existing results for
the two-point function of half-BPS single-trace bulk operators.

This thesis demonstrated that the analytic bootstrap is a powerful method for study-
ing conformal defects that admit a small parameter expansion. A natural extension of
this work is to perform a similar analysis for other defects. For example, one could
study line defects in the Gross-Neveu-Yukawa and cubic models [167-169]. The for-
mer are relevant for modeling impurities in graphene undergoing a second-order phase
transition, while the latter provide a more accurate description of defects in real-world
magnets, which are often not isotropic (i.e. they do not preserve the full O(3) sym-
metry group but only a discrete subgroup). Another fascinating research direction is
the analytic bootstrap of defect CFTs that admit a large N limit [112,170-172]. The
expansion in inverse powers of N is relevant both in holography, where 1/N is pro-
portional to the dual string coupling, and in condensed matter physics. In the latter
case, it is a powerful alternative to the e-expansion to study strongly coupled defect
CFTs in three dimensions. Moreover, one could analyze higher-dimensional defects in
the O(N) model [173-176], as well as superconformal defects with holographic descrip-
tions [117,177-179]. The latter are interesting because they highlight the interplay
between the analytic bootstrap and various other techniques such as integrability, su-
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persymmetric localization, and holography. A more ambitious goal is to apply the
analytic techniques used in this thesis beyond perturbation theory. In absence of de-
fects, the numerical bootstrap can be used to extract non-perturbative CF'T data from
the crossing equation for the four-point function. This approach can be extended to
the case of defect four-point functions [39,42]. However, due to the lack of positivity
in the bulk channel, the numerical bootstrap cannot be used for extracting the CFT
data from bulk two-point functions in the presence of a defect. A possible strategy to
overcome this limitation is to combine non-perturbative bulk data from the defect-free
numerical bootstrap with the defect Lorentzian inversion formula and dispersion rela-
tion, as it has been done in CFTs without defects [33,180-182]. Another interesting
extension of the ideas explored in this thesis is to consider correlators involving multi-
ple defects. For example, one can study the correlator of two parallel line defects or of
two lines forming a cusp. From these two-point functions, one can extract interesting
observables such as the (generalized) Casimir energy [183]. In this setup, one would
like to obtain an analogue of the crossing equation by expanding each defect in terms
of local operators [184, 185] and comparing this expansion with the one obtained from
the fusion of two defects [186-188]. At the present time, it is not known if this ”fusion
OPE” can be turned into a convergent block expansion. Finally, it is important to
address certain technical issues in the derivation of the dispersion relations. First of
all, it would be useful to derive a non-perturbative bound on the growth of the bulk
two-point function at |w| — oo for a generic defect, in order to control the low-spin
ambiguities. In the case of a CF'T without defects, the positivity of the OPE expansion
can be used to prove the existence of a bound. For defect CFTs, positivity is absent in
one of the OPE channels, therefore an alternative strategy is required. In the context of
the one-dimensional dispersion relation, it would be interesting to find a general form of
the dispersion kernel, valid for any value of the dimension of the external operators and
for non-identical operators. In order to do this, we would first need to generalize the
Lorentzian inversion formula introduced in [85]. Additionally, we would like to further
investigate the connection between the dispersion relation and other analytic bootstrap
tools, such as Mellin amplitudes [68,189] and analytic functionals [66,96-98]. In higher
dimensions, it is possible to show that these approaches imply completely equivalent
sum rules [67]. However, each formalism highlights different features of the correla-
tors. For example, Mellin amplitudes have a simpler analytic structure compared to
their counterparts in position space [190]. Moreover, they can be related to flat-space
scattering amplitudes [69]. It would be interesting to explore this connection for cer-
tain one-dimensional CFTs defined at the boundary of AdSs, looking for evidence of
integrability such as S-matrix factorization.
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Appendices

A Polyakov blocks from the dispersion relation

The dispersion relation (3.1.22) can be used to compute the 1d Polyakov blocks. The

! and Regge-bounded functions that

Polyakov blocks [21,70] are crossing symmetric
satisfy [97,98, 85]

G(z) =Y aaPy*(2). (A1)
A

Roughly speaking, they are a crossing symmetric version of the conformal blocks. Since
the four-point function G(z) can be also expanded in conformal blocks Ga(z) with the
same coefficients (2.4.6), the above equation implies

S aaGalz) =Y asPr?(z). (A.2)

A A

Building on the original study of [21,70] in higher-dimensions, equation (A.2) can be
turned into a powerful set of constraints on the OPE data [102]. See also [99-101,52]
for more recent applications.

As mentioned in Section 2.4, the Polyakov block can be expressed as the crossing-
symmetric combination of exchange diagrams in AdS, in the s-, t- and u-channel, Regge-
improved — in the bosonic case — via the subtraction of the scalar contact diagram of the
¢* interaction in AdS, [85]. Alternative representations of the Polyakov blocks exist,
such as in terms of linear combinations of conformal blocks and their derivatives [85].
Using their representation in terms of master functionals [96], they have been computed
in the flat space limit — the limit of both A and A, large * — in [191], where their sum
lead to a dispersion relation for the related analytic S-matrix. For specific choices of
integer exchanged dimensions A (and A, = 1) they were computed in [192] at tree
level, using their explicit definition as sum of exchanged Witten diagrams in AdSs.

The dispersion relation (3.1.1) (for the fermionic case) or (3.1.22) (for the bosonic
case) can be used to obtain an integral representation of the Polyakov block, as noticed

IThe fact that Polyakov blocks are crossing symmetric implies that their functional form depends

on the external dimension Ag.
?In this limit [191], the ratio A/A, is fixed and strictly different from two.
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in [96]. Indeed, from (A.2) and the fact that the double discontinuity (2.4.12) commutes
with the t-channel OPE, in the bosonic case one has

. A ) ™ Z2A¢
dDisc [PAdJ(Z)] = 2sin E(A — 2A¢)mGA(1 — Z) , (Ag)
whereas in the fermionic one one obtains
. A g T 2280
dDisc [PA¢<Z):| = 2cos §(A — 2A¢)mGA(1 — Z) . (A4)

Therefore, in the bosonic case and for A > 2A, the Polyakov block can be computed
as

1
Pﬁd’(z): 2sin®(Z(A — 2A¢))/dw w2 Kz(i(z, w)—~ ~e (1—w)® o F1 (A, A28, 1 —w),

0 (1—w)*2¢
(A.5)
with Kg‘i(z, w) defined in (3.1.23). Notice that the condition A > 2A, is necessary to
have a convergent integral ®. In the fermionic case instead, one has
1
PR (2) = 2cos?(£(A — 2A¢))/dw W K (2. 0) 72t (L) o Py (AL A 28,1 w).
’ (A.6)
with Ka, (2, w) defined in (3.1.19). If A is integer, the above integrals can be computed
in closed form, for any fixed Ay, and reduce to a combination of polylogarithms and
rational functions. This is consistent with the Ansatz discussed in [102] and with the
Witten diagrams computation of [192]. For generic A the integrals can be expressed in
terms of infinite series. For example, for A, =1 and A = 3 we find

Pals(2) = -
60Liz (2) ((2—2),2(6(7;2—z+1)2(223—22—2z+1)+(624—18z3+25z2—14z+7)z4 log(z))>
w2 (z—1)422
60(626—627+21—322+182—18 ) Liz(1—2) n 602 (620—302°+612" —6425+3322—222—2) Lis(2)
w222 m2(2—1)%
B 12022 (6z276z+1)L13(zf1 ) n 2022(6(z—1)z+1) log3(1—2) 60<z(6z576z4+z3+276)+6) log?(1—2) log(2)
7T2 ’7T2 7T2Z2
5(3062°—4712%+(279—-6272) 21— 15323421922~ 1442436 ) log(=) n 60(—19223 118322 —902418)Cs n
m2(2—1)% m2(2—1)%22
_180((z—1)z+1)? (221-523452—2) log(2) log(1—=2) n log(1—2)(—1710274+307520+5 (5672 —498) 2545 (306 +472 ) %)
m2(z—1)%z m2(z2—1)%2
log(1—2)(—10(249+772) 2345(615+472 ) 22—~17102+360) n 202° (3622472 (2(6(2—5)2+61)—62) ) tanh ! (1—22)
m2(z—1)%z m2(z—1)%

6022 (622—6241)Liz(1—2)log(1—2)  60Liz(2)((22—6246)(2—1)*log(1—2))
2 - m2(z—1)422

2
_ 04340, 1)y 3G=D(G=Dz+D? | g
30(((2 3)2+3)(22* —27+22-7)+ 2 ts p 60(12:10-602%4+12255 1285747825825 113:4)¢s

* (z—-1)3 72 (z—1)%22

(A7)

3This condition has also the effect of killing the extra contour integrals in the bosonic dispersion
relation (3.1.22), something in fact necessary as they are defined in terms of the full, unknown, Polyakov
block.
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For generic A and Ay = 1 one has instead

P (2) = sin 2(z=2 ){2 csc?(mA) 22 o F1 (A, A 2A; 2)

+ 2(—2Az((1—2)log(1—2)+zlog(z))+A(z—1) log(z)+2z—1) 3 F2 (A, A, A;2A,A+1;1) +

m2A2(z—1)
487 (A+1) -1
— AN )TED (2(2 —3(A —1)A)ztanh (1 — 2z) +

+(A=DA+((A—=1A—=1)2* —=3(A - 1)A2% + 2(A — 1)Az?— 1) log(1—2) +
+22%log((1 — 2)2) + (—2(A — 1)A — 322 + 2) 10g(z)> +

204 3F2(AAA2A A+1+as1) + 20q 3 F2 (A, A A4a;2A,A+1;1) +
T2A T2 A

+ Z Z 22 4 F5 (A A n+An+A2A n+A+1,n+A+1;1) _ log(2) 3F2(AANn+A-22A n+A—1;1) +
(A+n)? A+n—2

+ 7rQ(nZ—_A)Q(((n—A)log(z) — 1) 3F(AAA =y 2A —n+ A+ 1;1) +
— (n—=A)(0usFo(AAA =0 2A A —n+1+a;1) +
+8a3F2(A,A,A—n+a;2A,A—n+1;1))> +

— ZT(2A)(1—2)"2T(n+1) <z2F(A—2) log (12) 3Fy(A—2, A, A; 2A, n+ A—1; 1)
+ (2 = 1)20(A) (VO (A) 3Fo(A, A, A 248, n + A+ 15 1) +

4 003 B (A, A, A 2N, At 14as 1) + 8y 3 Fo(A, A, Ata; 2A, Atnt1; 1)))] }
2
z

(1-2)

(z—>1-2). (A.8)

where (3£3) 3F, are (regularized) generalized hypergeometric functions and 9, indicates
the derivative with respect to a evaluated at a = 0. The structure of Polyakov blocks is
quite similar in the fermionic case. For example, for Ay = 1/2 and A = 1 the Polyakov
blocks reads

PA¢ 1/2( )= - (62% — 6)log*(1 — 2)log(z)  (—6(z — 2)zLiy(2) — 7222) log(2) N

3r?(z —1) a 3n?(z —1)
(6(22—1)Lis(2)—272224+2n22) log(1—2)  18(22—1)Lig(1—2)+ (1822362 ) Liz(2)+18C3
B 3m2(2—1) - 3m2(z—1)
(A.9)

B Details on the supersymmetric Wilson line in ' =4 SYM

B.1 Superconformal block expansion for the defect four-point function

We consider the four-point function defined in (4.4.28),

SRy g(z)

(@) (1) ()} () () = (B.)
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with
G(z) =F(\) 22+ (271 = 1)f(2) — (22 —z+ 1) f'(z), (B.2)

where F(\) is given in (4.4.33) and f(z) is an arbitrary crossing-antisymmetric function.

As explained in Section 4.4.2, the function f(z) be expanded in superconformal blocks

f(Z) :FI(Z)+&32 F52(Z>+ZdA FA(Z)’ (B3)

where A are the dimensions of unprotected long operators and

. 3 45 45 1
aB2:2_)\1/2+8)\3/2+4)\2+0(W>. (B4)

The explicit form of the superconformal blocks is

Fr(z) ==z,
Fg,(2) =z — 29F1(1,2,4; 2) , (B.5)
SA+1 R R A '
Fi(z) = N AZFl(AJr LA+2,2A+4;z).
We assume the following perturbative expansion
A 9 2 ~(1) 1 2(2) 1 2(3) 2 (4) O 1
=2+2n+ 1n _I—Xn +)\_%n +)\27n + (>\5/2)7
. (0) 1A1> Lo, .o, 1 @ 3 1
axp = ay, +Ea" +Xa” +)\—%an +ﬁan +O()\)+(9(W2) , (B.6)
1 1 1
£(2) = £0) + 3 FOE) + 3 1) + 5 V@) + 35 1) + 0 ()
If we introduce the notation
¢ A ¢ A
FO(2) = 2% (03) =72 Fal2), (B.7)

where Fi(z) are conformal blocks for long operators (B.5), then the s-channel OPE
expansion of f(z) reads [51]

144



PO = X 50 G Fuuanla)] tog*(e) + ) P2

~(0) ~ A . ~ 2
+Z (anO) n2) + agl)f)/r(zl)) F2+2n<z) + anO) (’Y'ELl)) FQ(i)Qn(z)] IOg(Z)

~ ~ ~ 1 1 N N 3 1
(anO) nl) n2) + 5 51) (77(1 )) ) F2+2n(z) + §an0) (77(11)) F2(+)2n(z):| lOgQ(Z’)
N N n N “ N 2
3 [ @039 +alD 32 +aD30) Fayanz) + (200905 ) (360)7) FLb, (2

5l (589)° ()] log(z) + ad) Fi (2

~ ~ 1
O3 4 a4 +a@ 30) B, (2)

_1_
N
| —|

S

s

&

_l’_

™)

—~

N

N~—

_|_
—~

Q>

N N ~ 1 “ 2 2 1 ~ 3 3
+(an°> PP+ Sal (5) ) Fton(2) + zal? (30) Fa(2)]

P = 3 [ 3700 ()" Favan(2)] t0g'(c)

1. R 1 (1 2

F 3 [ (a9 5059 + 500 ()7 4 309+ Jal? G)") Fasa)

1 (13 3. N2 1, ~ONA (2
#5087 G+ 509 G 32) Fih)+ 30 G ()] tog'()
#30 [(@9 30 + a0 40 + a2 52 + 0 50) By

N ~ 2 R 2
+(a® (32)” + 2003039 + 260 504D + (P (1)*) Fa(2)

3. SN2 (13 2 1. R 3)
+(—a£> (387)" A2 + 50 (1)) ) Fin(2)+ 5308 ()" Fi(2)] 10g(2)

) Fi, ()4 [0 Bruon(2)+ (6030 +aD3P +aP3P +aP40) Kl (2)

:/-\

1. R 2 . 1 3 1. ~ 4 4
#(09 GO 32 + Gl (G0)°) D) + gal® (G10)' Fith(2)]

We can obtain the t-channel expansion by sending z — 1—2z and multiplying by —ﬁ.

Using (B.2), we can obtain an analogous expansion for G(z).
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B.2 Defect correlators at two and three loop

In this section we present the explicit form of the third and fourth order correlators,
which were obtained following the procedure outlined in Section 4.4.2. The third order

(two loops) four-point function reads

3 22 (111z6—560z5+1215z4—1480z3+1165z2—510z+170) log?(z)
g( )( z) —
4(z—1)%
(5526 -1912°+3122% 24522413022 —92+43) log(2) | 36235 —17627¢s +152(24¢3+1) =202 (2003 +3)
1(z—1)3 8(z—1)4
402*4(7¢3+3)—623(16¢3+25)+822(4¢3+15)—602+15
+ —a
8(z—1)
22 (72,287477z7+1391z672345z5+2515z471751z3+817z27200z+50) log3(z)
6(z—1)°

55.64 13025 18241 10325182224 13055 22 (7227—39626+9402°—12602"+10402°~53622+1562-25) log?(2)
+ 4(2—1)22 o 2(z—1)7

(222z8—88827+1497z6—1383z5+707z4—145z3—45z2+352 10) log(z 1 1
1(z-1)%= og(l —2)
— 11129444228 74127468426 —-44125+4392* —68423 474622 —4492+114
+ 4(z—1)322

(144z10 639z9+1197zs71233z7+747z67247z5+17z4+45z3755z2+35z 9) log(z
log (1—2)
4(z—1)32

+( 1442114639210 — 1197z9+1233z8—747z7+281z6—247z5+657z —112323+112722 —621z+144) log3(1—2)
12(2—1)32
7 6 5 4 3 2 : z
+(3 —1027+1526—15z +12?E;1;§z2+15z 1OZ+3)L12(271)
-I—( 22949281627 +1426— 3625+76z47116z3+99227462+9>L13()
2(z—1)%2
(9z9—35z8+55z7—4526+17z +1724 452345522 35249 ) Liz (27 )
2(2—1)322
Lia(2)(32%—1328+2527 —3026+2825—2821+302% 2522 +132-3)
2(z—1)122
n Liz(z) log(1—=2) (921074429+90z8f100z7+62z6762z4+100z3790z2+44z79)
2(z—1)422
2log(2)Lia(2) (—92%+4625-9927+11626-762543621—142%+1622-92+2) (B.9)
2(z—1)%22 : :
The fourth order (three-loops) correlator is
9(4)(z) _ _3(46z87175z7+287z67271z5+254z4727lz3+287z271752+46)Li2(z)
16(z—1)322
3(96z11 —423210+785z9—799z8+477z7—13726—137z5+477z4—799z3+78522—423z+96)L12(z) log?(1—2)
8(z—1)323
3(264z11 —1572z10+4097z9—6169z8+5713z7—3107z6+190z5+1460z4—1466z3+796z2—236z+30)L12 (2) log(2)
16(z—1)%22
3(96z117633zw+1835z973071z8+3265z772292z6+980257262z4730z3+25z27112+2)L12(z) log?(2)
8(z—1)°z

loo(1 3Liz(2) (264z10—1086z9+1893z8 —179727+74025+45625 129324 +125523 —580z2+30z+48)
+ Og( _Z) - 16(z—1)323
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3(1—=2) (96z11 —528210412522°— 1674284137627 — 70025422825 —86244+10023—9022 +44z—9)Li2 (2) log(2)
4(z—1)°22

3(22—2+1) (4625 17527424126 14225 +14221— 24123417522~ 462 ) Liz (=27 )
16(z—1)423
3(22—2+1) (242° 9328413627 —90264+262° —2621+9025 — 13622 +-932—24 ) Liz (=27 ) log(1—2)
8(z—1)423
3(22—2+1) (242510827 +18826 15627 +582" 4322 —6622 452215 ) Liz (27 ) log(2)
(

+

z—1
8(z—1)422
3( 72211 —3962194-9002° — 10802849427 +193926 —40052°+462521 319323 +126022 —216z) Liz(2)
16(z—1)°23
3(27,2127163z11+424z107620z9+570287226z77388z6+13202572240z4+2368z371564z2+588z796)Li3(z) log(1—2)
8(z—1)523
3(27z11 —161210441329 59528454027 —488z6+592z5—972z4+1025z3—70322+271z—45)L13(z) log(2)
8(z—1)°22
(648211 —3348210474192°~915625 +609927 —609925+91562% —74192°+334822—6482 ) Lis ( =7 )
16(z—1)%23
3(96212-519211 41208210~ 158429 +12762% —61427+61425— 1276214+ 158425 — 120822 45192—96 ) Liz ( .27 ) log(1—2)
8(z—1)423
3(96211 —564210414322°— 205225+ 180827 — 102420444425 — 41021453225 —46822+2242—45 ) Liz ( =7 ) log(2)
8(z—1)422
(1800z13—9144z12+20115z11—25093z10+19259z9—9009z8+2403z7—1581z6) log#(1—2)
48(2—1)324
(614725714465z4+20383z3717577z2+8568z71800) log*(1—2)
48(z—1)324
( 172828 -844627 41797325 -2175225 +1764224 —8178234-282422 —84z—|—21) log2(z)
16(2—1)4
(—3024z10+19629z9—56379z8+94369z7—101549z6+71379z5—34041z4+8808z3—2232z2+20z—4) log®(2)
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22 (900z107727229+26487z8757436z7+82346z678172025+56934z4726952z3+8613z271250z+250> log*(2)
24(z—1)6

3 12096211 —5562021041100102° —122387284+8202327 —352002°
+log”(1 — 2) 96(2—1)323

3108425 —7196124+11293123—105816224+555662—12528
96(z—1)323

(*7200z12+429122117112473zlo+170512z9716434028+102980z7) log(2)
48(z—1)422

(—4058626—1—930035—1996z4+1800z3—162022-‘,-7922—162) log(2)
48(z—1)%22
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+ 1944325 —19392244-2625923 — 2608722 +147372—3594
32(z—1)322
(—12096z11+66492z10—159516z9+21929528—188716z7+102443z6) log(2)
32(z—1)%422
(—32956z5+6317z4—2608z3+2251z2—1050z+198) log(2) n (3600z12—21312z11+55404z10—83184z9) log?(z)
32(z—1)%22 16(2—1)%22
(79272z8749008z7+18976z6741 162° +602z47332z3+288227136z+27) log?(z) ]
16(z—1)422

9__ 8 7T_ 6
log?(1 — 2) [34562 1435028 +2575127 —263072
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+ —64828(3+334827(3426(26—7451(3)+42°(2321¢3—26)+2*(208—7369¢3)+2°3 (3362(3—260)

16(2—1)%
+z2(20871270{3)+82(16C3713)732C3+26
16(z—1)4
+ (2304219¢3—1584029(3+15228(316¢3—7)+2" (5583—84320(3)+25(94240(3—14343)) log (=)
64(z—1)°
+ (2°(22559—68768¢3)+2*(33376¢3—23629)+2°(17036—8960¢3) +22(2240{3 —8294)+2690z —538) log(z)
64(z—1)°
loo(1 (7345628+13824z7723847,26+23157z5f13699z4+49312372289z2+1379z7388) log(2)
+ Og( - Z) 16(2—1)32
+ —2304219¢3+124562% (55628 (520¢3—19)+27 (385923 —5057) —825 (39563 —1497)+2° (16752(5 —18877)
64(z—1)%z
+ 24(21788—5088(3)+23 (20163 —18877)—822(128¢3—1497)+2(576(3—5057)—128(3+1064
64(2—1)42
(6048210—33030z9+7869628—107437z7+9178026—49499z5+15706z4—276223+532z2—274z+60) log?(2)
16(z—1)4z
(—1800212+12528211—387992104704692° —8301525+6584527 ) log® (2)
12(2—1)%z
(—3496626+11946z5—225624+280z3—2522+11,z—2) log3(2) B.10
12(2—1)%z . ( . )

B.3 Superconformal block expansion for the bulk two-point function

In this section we present the expression of the superconformal blocks that were found
in [50] and that we used in Section 4.4.3. We follow the conventions of [55]. After
defining the R-symmetry block

k ko k o
he =073 R, <—§7—§;—k—1§§) ’ (B.11)

then the superconformal blocks are expressed as a combination of ordinary bulk blocks
Ias(z,2) (2.5.18) as
(P +2)*P
128(P + 1)2(P+3
(P —2)(P+2)P? ~
hp_
+ 16384(P _ 1)2(}3 4 1)(P + 3) P 4fP+4,0(Z,Z) R
gC[0,2,0]’[ = h2f£+4,£ + blhofg+5,g_2+(b21h4 + b22h2+b23h0)f€+67é+2+(b31h2+b32h0)f£+87£
+ baha frigera + bsho feri0,e12
G0 = hofae+ (hamin + homz) faree—a + (hanar + honae) fata,ere + M3hofatac—a
+ (hamar + honaz + honas) fasae + nsho fasaera + (Raner + honez) fatee—2

+ (hamz + honre) fasve ez + nshofatse - (B.12)

gB[O,P,O] = h/PfP70(Z7 2) +

)hP—sz+2,2(Z, Z)

The explicit form of the coefficients b;; and 7;; is not particularly illuminating, and can
be found in the ancillary file of [164].
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B.4 Bulk correlators for P =5

In this section we present the results for the components Fé?, defined in (4.4.67) and
(4.4.69), with p < P — 1,

4

(r2—1)2(r—w)* (rw—1)* (r2—1)3 (r—w)4 (rw—1)4 |
F(l) 5 (7“4—387“2—1—1)7"511)3
51 7 4 [(r?—l)‘*(r—w)%w—m
763 (r6 (w2+1)+5r5w710r4 (w2+1)+26r3w710r2 (w2+1)+5rw+w2+1) log(rQ)
(D w0 w18 } ’
s 3r0w? (87 (w?41)+43rw—83r (w2 +1)+214r3w—83r? (w?+1)+43rw+8w?+8)
52 7 4 [ a (r2—1)% (r—w)3 (rw—1)3

1 ro(r241)wt 2r7w log(r?
FY = 5[ (2+1) ()

)

+

3row? (r(r9w+7r8 <w2+1)+157‘7w—46r6 (w2+1) +284’r5w) +w) log(r2)

T 2(r2—1)" (r—w)3 (rw—1)3 (B.13)
3row? (r(—222r% (w?+1)+284r3w—46r2 (w?+1)+ 157w+ Tw?+7) +w) log(r?) ’
+ 2(r2—1)" (r—w)3 (rw—1)3 ] ’

F(l) 5 |:5r5w(r(3r11w+15r10 <w2+1>+20r9w—35r8 (w2+1)+833r7w—960r6 (w2+1))+3w) log(rQ)
53 T 4 2(r2—1)° (r—w)2(rw—1)2
50w (7 (+2208r°w—960rt (w?+1)+833r3w—35r2 (w2 +1)+20rw+15(w?+1) )+3w) log(r?)
2(r2—1)? (r—w)2 (rw—1)2
50w (7 (9rw+72r8 (w2+1)+188r7w—503r0 (w2 4+1)+2743rw—2078r4 (w2 +1)+2743r%w ) +9w)
3(r2—1)8 (r—w)2 (rw—1)2
5r0w(r(—503r2 (w2+1)+188rw+72(w?+1) ) +9w)
3(r2—1)8 (r—w)2 (rw—1)2

They were derived following the approach outlined in Section 4.4.3.
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