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Mathematical frameworks for the analysis of nhorms
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Research into society’s informal rules of conduct, or norms,
has recently experienced a surge, extending across multiple
academic disciplines. Despite this growth, the theoretical
modeling of norms often remains siloed within specific para-
digms, as different disciplines tend to favor certain frameworks
over others, thereby hindering the spread of innovative ideas.
This article breaks through disciplinary barriers to explore
recent advancements in the mathematical study of norms. It
specifically focuses on cutting-edge theoretical research,
structuring the discussion around four general frameworks:
game theory, evolutionary game theory, agent-based
modeling, and multi-agent reinforcement learning.
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Introduction

Society’s informal rules of conduct, or norms, significantly
influence individual decision-making. As we gain deeper
insights into their interactive dynamics, the study of
norms has emerged as a key field within and beyond the
social sciences. Despite this increasing academic interest,
the theoretical modeling of norms has often remained
siloed within specific paradigms, as different disciplines
tend to favor certain frameworks over others, thereby
hindering the spread of innovative ideas. Breaking disci-
plinary barriers, this article explores recent advancements
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in the mathematical study of norms. It specifically focuses
on the latest theoretical research, organizing the exposi-
tion into four wide-ranging approaches: game theory,
evolutionary game theory, agent-based modeling, and
multi-agent reinforcement learning.

While formalisms vary, social norms are commonly un-
derstood (per Bicchieri’s account [1]) as group-specific
behavioral regularities that arise from particular prefer-
ences for conformity: these preferences are contingent
on group members’ beliefs about what others w2/ do, and
what others think oug/t 70 be done ([2—4]).1 With this in
mind, each of the above four modeling approaches
further draws on various intuitions about individuals’
thought processes and motivations; as a result, each
model incorporates distinct assumptions — often
implicitly — into its formal specification. So, even
though each framework aims to grasp the essence of
social norms, their diverse assumptions often lead to
distinct conclusions and, in fact, address different as-
pects of the complex world of norms. This article dis-
cusses some of the newest theoretical contributions,
highlighting their broad assumptions, scope, benefits,
and possible limitations.

Game theory: modeling the conditions
under which experienced agents follow
stable norms

Game-theoretic models of social norms focus on equi-
librium states; in particular, here the emphasis is on the
conditions under which a social norm implies a stable
solution to a mixed-motive (social dilemma) game.
Formally, a social norm is a behavioral pattern such that:
(1) players choose best-responses to one another’s stra-
tegies, given preferences for conformity to that pattern;
and (ii) players hold correct ‘empirical’ beliefs about the
others’ actions, as well as correct ‘normative’ expecta-
tions as to the actions that others deem appro-
priate ([5]).

Thus, a social norm is a stable pattern where people in a
given society expect and follow a certain way of
behaving, based on their understanding of what others

! In practice, people generally exhibit varying degrees of conformity to those two
types of expectations (i.e., what wz/ and what ought to be done), or even unconditional
conformity toward an ideal, leading to distinctions between social norms, descriptive
norms, and moral norms. In what follows, ‘norms’ will be used in an inclusive sense,
with the specific type indicated as appropriate. For a detailed analytical discussion of
the differences between classes of norms, see Bicchieri [1].
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will do and what others believe is appropriate. As such,
game-theoretic models of social norms typically assume
a belief-dependent utility function, meaning that in-
dividuals’ utilities are affected by their beliefs about
how their actions align with the group’s standards. As
per the scope of this journal, the following discussion
will primarily focus on research published in the past
two years; readers should consult [6] for a comprehen-
sive survey of belief-dependent motivations, collectively
referred to as psychological game theory (‘PGT’). In this
regard, it is important to note that PGT models vary
considerably, and not all are designed to capture norms
in the sense described above. For instance, some early
PGT applications — known as ‘social preferences’ —
assume that individuals care about conforming to a
unique (exogenously given) standard of behavior (e.g.,
cgalitarianism), irrespective of the population or
context. However, social norms are properly understood
as contingent on expectations that vary with the popu-
lation and context ([1,5]).

Accordingly, a recent series of models account for het-
erogeneity in what is deemed appropriate, so that an
individual anticipates that standard ‘codes of conduct’
may differ across people or situations ([7,8]). Among the
latest approaches, [9] proposes a model to predict de-
cisions in dictator games by explicitly integrating
empirical beliefs, normative expectations, and personal
values (otherwise known as personal normative beliefs):
an advantage of this model is the ability to show how the
level of consensus in personal values affects dictator
behavior. A related research stream focuses on znage
concerns in the face of heterogeneity in what is deemed
appropriate (without explicitly modeling empirical be-
liefs). In particular, [10] presents a model of social
norms that regulate the expression of opinions: in this
case, an individual faces a binary decision about which
opinion to express, balancing a desire for authenticity
with the need to be perceived as having the right values
by the relevant audience; social norms regarding opinion
expression emerge as equilibria of a signaling game. In a
similar vein, [11] studies a simple setting in which one
has to make a morally contentious choice: here, prefer-
ences are determined by consumption utility, personal
values (norms), and social image, where the latter is
derived from either ‘respect’ or ‘approval’; the model
shows that different forms of image concerns may lead
to opposite choices when personal norms vary across
participants (see also [12]). Lastly, [13] introduces a
model where one’s preferences across time periods are
dynamically shaped by one’s chosen actions and previ-
ously adopted ‘worldviews’ (norms): per this model, the
agent’s optimal behavior corresponds to the Markov-
perfect equilibrium of an intertemporal game in which
each ‘present self’ chooses its ‘future self’.

To sum up, the focus of game-theoretic frameworks of
social norms is on belief-dependent preferences that,

under the relevant conditions, allow for a stable pattern
where individuals within a society anticipate and adhere
to some (endogenous) standards of behavior. Specif-
ically, these models account for variously defined pref-
erences for conformity to local codes of conduct, which
directly impact equilibrium states (under the usual as-
sumptions that individuals choose mutual best-
responses and hold correct beliefs). Looking ahead, as
highlighted by some of these models, the malleability of
people’s normative beliefs is an area that merits further
investigation ([14,15]). Another promising research
avenue involves formalizing the flow (and absorption) of
noisy information: so far, much of this work has focused
on peer effects arising from the acquisition of descriptive
information ([16—18]), but future studies should
consider explicitly integrating normative information
as well.

Evolutionary game theory: modeling the
dynamic processes that lead to norm
emergence

Evolutionary game theory (‘EGT’) frameworks provide
insights into how behaviors may evolve over time,
thereby complementing classical game theory. Indeed,
even though a Nash equilibrium can be interpreted as a
potential stable point resulting from a dynamic adaptive
process (e.g., the cu/mination of a trial-and-error learning
process), classical game theory does not generally model
such dynamics. EGT, by contrast, directly addresses this
gap by formalizing the dynamics of adaptation, that is,
the processes by which the distribution of strategies
within a large7populati0n may change in response to the
environment.” EGT is thus especially well-suited for
modeling the emergence of informal institutions — such
as social norms — where social order gradually arises
from repeated interactions among boundedly rational
individuals ([19]). The discussion below focuses on the
latest theoretical research; for surveys of earlier results,
readers are referred to Refs. [20—22].

A prominent stream of research examines preferences
influenced by similarity effects (i.e., utility increases
when one’s choice aligns with the population’s average
behavior), as well as other motivations independent of
similarity, whether material or psychological. Given this
broad class of preferences, [23] contrasts ‘discrete
norms’ with ‘continuous norms’, where the set of
possible actions is either discrete or continuous (think
of a dress code versus tipping etiquette). With discrete

2 EGT frameworks typically assume a large population of agents who are repeatedly
and randomly matched in pairs (or groups) to play a game. The composition of the
population evolves according to the replicator equation or other evolutionary dynamics,
which determine how the proportion of agents employing each strategy changes over
time based on their relative success. For instance, in the replicator dynamic, strategies
that yield payoffs higher than the population average become more prevalent, while
less successful strategies decline. These dynamics illustrate how advantageous be-
haviors can spread throughout the population, thereby modeling the evolution of
strategies over time.
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norms, the pressure for similarity leads to multiple
stable equilibria, indicating that locally common be-
haviors can successfully persist over time. With contin-
uous norms, instead, choices converge on a unique
equilibrium: in this case, similarity-independent factors
determine equilibrium outcomes, irrespective of the
model’s initial conditions. (For further results on simi-
larity, see Refs. [24,25].). Relatedly, see Ref. [26] for
insights into how cross-generational environmental sta-
bility tends to promote a belief in the value of tradition,
leading to ‘cultural persistence’; for more on cultural
transmission, see Ref. [27].

Turning to a different line of research, [28] defines
social norms as correlated equilibria: yet, unlike corre-
lated equilibria in classical game theory (where all the
players know the joint distribution of ‘recommenda-
tions’ that may be generated by a predefined coordina-
tion device), this model posits that social norms can
arise as correlated equilibria through evolutionary dy-
namics. A ‘subjective norm’ prescribes a strategy to a
player conditional on a privately observed event, and
provides a probability distribution of prescriptions that
the opponent may be following. When a subjective norm
is both individually rational and evolutionarily stable,
correlated beliefs can emerge, allowing players to coor-
dinate on a social norm.

[29] provides a model of ‘indirect reciprocity’, whereby
an individual considers their peers’ experiences in
deciding how to interact with someone ([30]). Specif-
ically, players adopt strategies that may depend on the
reputations of others, with reputations being deter-
mined by a ‘social norm’ that dictates how observed
behaviors are judged. Unlike earlier models, here the
population is partitioned into ‘gossip groups’: each group
adheres to a distinct social norm for judging reputations;
strategies and social norms that generate higher payoffs
are more likely to gain popularity via (biased) imitation.
Under certain conditions, the model predicts that the
population will converge on a social norm that penalizes
those who cooperate with individuals of poor social
standing. (For more on norms and punishment,

see Refs. [31—33].).

In other research, [34,35] develop a set of models that
integrate multiple components into an individual’s
utility function, often considered separately in prior
literature. Besides a material payoff, the models account
for various forms of social pressure (such as the urge to
conform to an external authority, follow peer behavior, or
meet peer expectations), along with a cognitive disso-
nance component. After choosing an action and
observing peer behavior, each individual revises their
personal norms and beliefs, with the revision following
DeGroot-like dynamics. These models show that equi-
librium outcomes are driven by the interplay between
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individuals’ desire to maximize material payoffs and the
actions endorsed by the external authority.

Summing up, evolutionary game theory (EGT) models
of social norms focus on the dynamic processes that
gradually lead to the adoption of certain behaviors;
hence, EGT is particularly apt for investigating how
norms emerge, spread, and stabilize over time via
repeated interactions, learning, and adaptation. Also,
due to its focus on large populations, EGT can intui-
tively explain frequency effects and path dependence in
norm adoption, illustrating how certain outcomes are
driven by the model’s initial conditions. Yet, it is worth
noting that — in some cases — the generalizability of the
results is limited in that small variations in the models’
parameters can cause substantially different outcomes,
yielding near unfalsifiable predictions.

Agent-based modeling: exploring complex
patterns emerging from heterogeneous
agents

Agent-based modeling (ABM’) approaches involve
‘computational objects’ (e.g., individuals, groups, or any
other purposeful entities) that interact in space and time
according to predefined inductive rules. While related to
(evolutionary) game-theoretic models, ABM differs in
allowing for much greater heterogeneity within both the
population and the environment: in particular, agents
may vary in their network locations and cognitive abili-
ties, and are designed to variously respond to available
information and incentives. In short, while classical and
evolutionary game-theoretic models of norms respec-
tively emphasize which equilibria are possible and via
what dynamic processes, ABM frameworks are not
restricted by considerations of analytic tractability or
provability. Thus, ABM allows researchers to explore
complex emergent patterns that may or may not lead to
equilibrium. (For extensive surveys of early results,
see Refs. [36—38].).

Among recent contributions, [39] proposes a model for
prisoner’s dilemma games in which agents interact on a
static network, motivated by material payoffs, personal
values, and normative expectations; the model also in-
corporates parameters for bounded rationality, learning,
memory decay, social pressure, and long-term adaptation
dynamics. Results suggest that cooperative systems
thrive at the cusp of instability, teetering between
equilibrium and chaos (i.e., near the critical point of a
phase transition): this appears to enable agents to
maintain high levels of group coordination while
remaining responsive to external perturbations. For
additional results on the cycles of cooperation and def-
ection, see Ref. [40].

[41] examines networked agents whose beliefs are
represented as probability distributions over various

www.sciencedirect.com
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levels of agreement with some issue. The interaction
between two agents is characterized by a positive or
negative link weight: a negative weight indicates a
tendency for two individuals to disagree on issues, so
when one individual updates a belief, the neighbor will
revise it in the opposite direction. Further, when a
particular belief does not align with one’s belief system
or social group, one may experience cognitive disso-
nance; this can be mitigated by modifying one’s beliefs
or by severing connections to agents that contradict
one’s firmly held views. This framework can be used to
assess belief dynamics in experiments.

In related work, [42] proposes a model to analyze soci-
eties with varying levels of susceptibility to social
pressure and varying tendencies to form new acquain-
tances (‘extraversion’), capturing how individuals influ-
ence and are influenced by others within their social
networks. Simulations suggest that the majority opinion
consolidates faster in societies exhibiting greater influ-
enceability; also, unpopular beliefs are more likely to
spread in societies featuring greater influenceability and
lower extraversion (i.e., sparser networks). In other
research, [43] investigates the effects of various forms of
polarization in a multiplayer coordination game with
Pareto-rankable equilibria: although this model does not
explicitly define norms, its results show that the segre-
gation of the network into clusters can hinder informa-
tion flow and thus efficient coordination, suggesting that
segregation may impede the spread of virtuous norms.

Opverall, agent-based modeling approaches enable the
exploration of complex systems that may otherwise be
intractable or may lie at the threshold between chaos
and equilibrium. While some such computational
frameworks produce messy outputs that lead to few
generalizable insights, many others uncover novel find-
ings, which can inform the derivation of analytic results
(e.g., via game-theoretic methods).

Multi-agent reinforcement learning:
optimizing via trial and error

Multi-agent reinforcement learning (MARL) is a
thriving field at the intersection of game theory and
computer science that studies the behavior of agents
interacting repeatedly in a shared environment. MARL
research involves some form of Markov decision pro-
cesses: at each time step, the environment is in a
particular state, and agents select an action available in
that state; the environment then stochastically transi-
tions to a new state (with the probability of the new
state depending on the chosen actions), agents receive
an individual reward, and so on. Through trial and error,
agents aim to find the optimal ‘policy’ that maximizes
individual rewards over time. Unlike classical game
theory, which focuses on identifying ideal policies to be
implemented by experienced agents, MARL approaches
to social norms analyze how agents gradually learn the

environment and discover optimal policies via a #r7al-
and-error IZ)rawss.3 Thus, MARL can be used to investi-
gate how prosocial norms progressively emerge in a
shared environment. (For expansive surveys of early

research, see Refs. [44—47].).

In recent work, [48] examines partially observable
general-sum Markov games: in each game state, agents
navigate a two-dimensional grid where their actions
include collecting berries and possibly punishing other
agents. As they partially observe the environment,
agents need to understand the relationship between
their actions, observations, and rewards; in particular,
they need to identify the one type of poisonous berries
(out of several types of harmless berries), which are
associated with delayed negative rewards. To that end,
cach agent is endowed with a ‘deep neural network’, a
machine learning algorithm that maps observations to
actions predicted to maximize rewards. The model
shows that when agents are rewarded for punishing
others who collect poisonous berries, long-term rewards
improve. Remarkably, when agents are rewarded for
punishing even the collection of one specific type of
harmless berries (besides the poisonous berries), long-
term rewards improve further. This suggests that ‘silly
rules’, which seemingly lack benefits, provide agents
valuable practice in enforcing beneficial norms (against
poisonous berries), ultimately yielding better long-
term rewards.

Turning to related issues, [49] analyzes how public
sanctioning helps people learn social norms through
decentralized multi-agent reinforcement, whereby each
agent forms a prediction about whether society might
approve or disapprove of the observed behavior. In a
somewhat similar vein, [50] studies reputation mecha-
nisms via reinforcement learning (see also [51]). Lastly,
[52] introduces a novel algorithm that adaptively learns
moral values via limited human evaluative feedback.

In short, multi-agent reinforcement learning offers an
extra toolbox for investigating social norms, as it enables
the analysis of agents that gradually learn how to interact
optimally within a shared environment. Looking ahead,
open questions remain on how to develop algorithms
capable of generalizing normative considerations effec-
tively across populations or situations, thereby expand-
ing the models’ predictive scope in diverse settings.
Incidentally, addressing these questions could lead to
breakthroughs in creating Al applications that integrate
better into human-centric environments.

3 Note that agents in EGTare typically not consciously optimizing; rather, strategies
that lead to higher payoffs (‘fitness’) become more common through a natural
selection-like process, determined by some evolutionary dynamics. By contrast, agents
in MARL explicitly optimize their policies based on rewards received from their
actions.
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Conclusion

This article has presented a systematic analysis of
alternative mathematical approaches to studying norms,
discussing some of the latest theoretical models and
emphasizing their assumptions, scope, benefits, and
possible limitations.

Even though game theory, evolutionary game theory,
agent-based modeling, and multi-agent reinforcement
learning often share common ground and intersect in
practice, I have classified the literature into these four
groups based on certain attributes for clarity of exposi-
tion. In particular, in the game theory section, I explored
models with rational agents aiming to maximize their
utility, and I showed how specific belief-dependent
preferences can explain the perpetuation of social
norms. In the evolutionary game theory (EGT) section,
I focused on models that define evolutionary dynamics
and generally derive equilibria analytically (in contrast
to agent-based models relying on simulations). The
agent-based modeling (ABM) section concentrated on
papers that explicitly incorporate spatial structures, and
allow for greater heterogeneity within both the popu-
lation and the environment; these papers utilize
computational simulations to explore how local in-
teractions affect the emergence of norms, without
necessarily relying on closed-form solutions. In the
multi-agent reinforcement learning (MARL) section, |
examined models that involve some form of Markov
decision processes and employ theoretical notions of
equilibrium, analyzing interactions between learning
agents in dynamic environments.

While each framework seeks to capture the essence of
social norms, they rely to some extent on distinct as-
sumptions in their formal models, each highlighting
different aspects of the complex landscape of norms. In
this regard, it is worth noting that different academic
disciplines often gravitate toward certain frameworks
over others, which can lead to an overemphasis on spe-
cific aspects and siloed knowledge. To conclude, future
research should aim for greater integration across disci-
plines to develop a more comprehensive understanding
of how norms emerge, spread, change, and stabilize
within societies.
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