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Abstract

We study N = 2 theories on four-dimensional manifolds that admit a Killing vector v
with isolated fixed points. It is possible to deform these theories by coupling position-
dependent background fields to the flavor current multiplet. The partition function of
the deformed theory only depends on the value of the background scalar fields at the
fixed points of v . For a single adjoint hypermultiplet, the partition function becomes
independent of the supergravity as well as the flavor background if the scalars attain
special values at the fixed points. For these special values, supersymmetry at the fixed
points enhances from the Donaldson-Witten twist to the Marcus twist or the Vafa-Witten
twist of N = 4 SYM. Our results explain the recently observed squashing independence
of N = 2∗ theory on the squashed sphere and provide a new squashing independent
point. Interpreted through the AGT-correspondence, this implies the b-independence of
torus one-point functions of certain local operators in Liouville/Toda CFT. The position-
dependent deformations imply relations between correlators of partially integrated op-
erators in any N = 2 SCFT with flavor symmetries.
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1 Introduction and summary

A fruitful way to study a QFT is to introduce position-dependent couplings for various opera-
tors in the theory. The theory has some enhanced symmetry when couplings vanish1. Non-zero
couplings break the symmetry. Position-dependent couplings can restore the enhanced sym-
metry if we assign to them judicious transformation rules under the symmetry transformations.
Observables of the theory obtained after path-integrating over the dynamical fields must then
be consistent with the enhanced symmetry. This idea has been used to obtain powerful results
in QFT, for example, the non-perturbative β-function [1], non-renormalization theorems [2]
in supersymmetric gauge theories and constraints on the RG flow in generic 4d quantum field
theories [3,4].

Since every QFT has a stress tensor, one can always deform by coupling the stress tensor to
a background metric. For generic QFTs the partition function is a scheme-dependent, non-local
functional of the background metric and can only be computed in very special circumstances.
The situation improves for supersymmetric theories. The supersymmetric Lagrangian with a
background metric can be obtained by taking the rigid limit of an appropriate supergravity
theory [5]. This corresponds to deforming the flat space theory by coupling operators in the
stress tensor multiplet to the background fields. Moreover, the restrictions on supersymmetric
counter terms make the finite part of the free energy meaningful [6,7]. This program, starting
from the seminal work of [8], has led to a great deal of insights into the dynamics of strongly
coupled theories (see [9] for a nice review of these developments).

In this paper we focus on 4d N = 2 theories. Supersymmetric background and partition
function for these theories were studied in [10–12]. It was shown that the partition function
depends on the supersymmetric background only through the Killing vector v which is a bi-
linear of Killing spinors. To be explicit, v has fixed points where either the anti-chiral or the
chiral spinor vanishes — referred to as plus and minus fixed points respectively. Near its fixed
points, v defines a T2-action with two parameters and the partition function only depends on

1Or are tuned to some special value.
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these so-called equivariant parameters.

Z = Z
�

{τi}, {εx ,ε′x}, {εy ,ε′y}
�

, (1.1)

where τi is the complexified coupling constant for each semi-simple factor in the gauge group,
�

εx ,ε′x
�

are the equivariant parameters around the plus fixed points x and
�

εy ,ε′y
�

are the
equivariant parameters around the minus fixed points y .

In the presence of matter, the theory has a flavor symmetry F . We study the flavor defor-
mations of N = 2 theories on the curved space by introducing position-dependent background
fields for F . This can be done in a supersymmetric way by coupling the flavor current multiplet
with a background vector multiplet. We show that the supersymmetry requires all the back-
ground fields to be constant along v. Moreover, the background gauge and auxiliary fields are
determined in terms of the background scalars ma and ma where a = 1, 2, · · · , rank(F). The
partition function of the deformed theory only depends on the value of the scalars at the fixed
points of v,

Z = Z
�

{τi}, {εx}, {εy}, {ma,x}, {ma,y}
�

. (1.2)

For constant ma = ma, this reduces to turning on the usual mass terms for matter multiplets.
Smooth deformations of ma and ma, which do not change their values at the fixed points, do
not change the partition function.

A remarkable situation arises if the background couplings for various operators are cor-
related in such a way that the generating functional is independent of some of them. It was
found in [7,13] that the free energy of certain mass-deformed theories on the squashed sphere
Sdb (d = 3, 4) becomes squashing-independent when the mass is tuned to ± i

2

�

b− b−1
�

. Here
we find a remarkable generalization of this result for the flavor deformed N = 4 theory on
any curved 4d background. We show that if mx = ±

i
2

�

εx − ε′x
�

and my = ±
i
2

�

εy + ε′y
�

then the perturbative and non-perturbative contributions simplify at each fixed point and the
partition function becomes independent of the equivariant parameters for the supergravity
background. We also show that a similar simplification happens for mx = ±

i
2

�

εx + ε′x
�

and

my = ±
i
2

�

εy − ε′y
�

.
We are then naturally led to search for the underlying mechanism for this remarkable

simplification. For squashed three-sphere, the relevant study was done in [14]. It was shown,
based on earlier results [15,16], that the supersymmetry enhancement at the special values of
the masses leads to the simplification of the free energy. Since the supersymmetric partition
function of 4d N = 2 theories only receives contributions from the fixed points of v it suffices
to focus on the structure of the theory near the fixed points. The general theory near a plus
(minus) fixed point corresponds to the Donaldson-Witten [17] or half twist of the N = 4 SYM
which has two supercharges of positive (negative) chirality. We show that for special values
of the masses the supersymmetry enhances. For the first set of masses, the theory around the
fixed point corresponds to the Marcus twist [18] of N = 4 SYM which has two additional
supercharges of negative (positive) chirality. For the second simplification, the theory around
the fixed point corresponds to the Vafa-Witten twist [19] of the N = 4 SYM which has two
additional supercharges of positive (negative) chirality.

After understanding the simplification at special masses we turn to several interesting ap-
plications of our results. First, these explain the recently observed squashing independence of
the free energy of N = 2∗ and also provide another squashing independent point when the
mass is tuned to ± i

2

�

b+ b−1
�

. Second, using the AGT correspondence [20], our results imply
that the torus one-point functions of certain local operators in the Liouville/Toda field theory
are independent of b. These operators do not correspond to normalizable states in the spec-
trum of the theory. Finally, independence of the free energy from the profile of the background
scalar can be leveraged to obtain an infinite number of relations between correlation functions

3

https://scipost.org
https://scipost.org/SciPostPhys.13.3.058


SciPost Phys. 13, 058 (2022)

of partially integrated operators in any N = 2 SCFT with flavor symmetries. This generalizes
earlier results [7,21–24] in the literature on relations between integrated correlators of N = 4
SYM.

The rest of the paper is organized as follows. In section 2 we review general aspects of
N = 2 theories on curved space and study their localized partition functions. In section 3 we
introduce the position dependent deformation for the flavor current multiplet and show that
the partition function only depends on the values of the background scalar at the fixed point
of v. Specializing to the N = 2∗ theory, we show that for special values of the background
scalar the free energy becomes independent of the equivariant parameters. We then show
in section 4 that the reason for this simplification is the symmetry enhancement that happens
near the fixed points of v for special masses. Finally we discuss various applications of our
results in section 5.

2 N = 2 supersymmetric theories on curved space

In this section we review the general aspects of N = 2 supersymmetric theories on curved
manifolds following [10,12].

2.1 Lagrangians and background fields

An N = 2 theory can be placed on a curved manifold by coupling it to the N = 2 conformal
supergravity and then taking the rigid limit à la [5]. The field content of the supergravity
can conveniently be organized in terms of the gauge fields for the generators of the N = 2
superconformal algebra. The gauge fields for translations, dilatations, U(1)R and SU(2)R R-
symmetries, and Q-supersymmetry are [25]

gµν , dµ , Gµ , V i
µ j , ψi

µ , (2.1)

where i, j = 1, 2 are SU(2)R R-symmetry indices. The gauge fields for the Lorentz transforma-
tions, special conformal transformations and S-supersymmetries are not independent fields.
The supergravity multiplet also has a set of auxiliary fields

Bµν , χ i , D , S(i j) , Fµν . (2.2)

The supersymmetric backgrounds are then obtained by requiring that the fermionic fields
ψi
µ,χ i and their supersymmetry variations vanish. These conditions are analyzed in detail

in [10, 12] and explicit expressions for various background fields are obtained2. The super-
symmetric backgrounds are obtained by requiring that

• The metric g admits a smooth real Killing vector field v with (at-most) isolated fixed
points.

• There exist two smooth functions s and es that are constant along v, gµνvµvν = ses, and
s + es approaches the same constant K at every fixed point of v. We set K = 1 in this
paper.

2The fields Bµν and D are related to Wµν and N of [10,12] by

Wµν = 8
p

2Bµν , N =
D
2

. (2.3)

4
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All the background fields can then be obtained in terms of g, v, s and es, albeit not uniquely.
The ambiguity is parameterized by two one-forms Gµ and bµ such that vµbµ = 0. We have
listed all the expressions for the Killing spinors and the background fields in appendix A.

The Lagrangian of the N = 2 vector multiplet on a supersymmetric background then takes
the form

Lvec =L cov
vec + Tr

�

16Bµν(F+µνX + F−µνX ))− 64B+µνB+µνX
2
+ 64B−µνB−µνX 2

−2(D−
R
3
)X X

�

, (2.4)

where L cov
vec is obtained from the flat space Lagrangian by covariantizing all derivatives with

respect to the metric and background gauge fields for the R-symmetry, and X is the complex
scalar field of the vector multiplet. Similarly for the hypermultiplet Lagrangian one needs to
add non-minimal couplings with the background two-form, curvature and the scalar field to
preserve supersymmetry,

Lhyp =L cov
hyp + i Bµν Tr

�

ψ1σ
µνψ2 −ψ1σ

µνψ2

�

−
1
4

�

D−
2
3

R
�

Tr
�

Z1Z1 + Z2Z2

�

, (2.5)

where ψi and Zi are fermions and scalars in the hypermultiplet.
The hypermultiplet action is Q-exact while the vector-multiplet action is Q-exact except at

the fixed-points of the Killing vector v. Modulo Q-exact terms the action can be written as the
sum of local operators at fixed points of v [7,26],

S = −4πiτ
∑

x:s(x)=0

Tr
�

X 2
�

(x)

εxε′x
− 4πiτ

∑

y:es(y)=0

Tr
�

X
2�
(y)

εyε′y
. (2.6)

2.2 Localization and partition functions

Using localization, the partition function of the theory can be computed in terms of a ma-
trix integral where the integrand is a product of classical, perturbative and non-perturbative
contributions.

Z =
∫

d rGσ

 

∏

ρ∈∆+

|ρ(σ)|2
!

ZclassicalZNekZvec
1−loopZhyp

1−loop . (2.7)

Zclassical is obtained by evaluating the action on the localization locus. The localization locus,
in the absence of fluxes, is parameterized by the vector-multiplet scalar which takes a constant
value σ in the Cartan of the gauge group. To simplify notation we do not include fluxes in our
explicit expressions here. The generalization to backgrounds which support non-trivial fluxes
is given in appendix B.

Using eq. (2.6) we can compute the classical contribution to the partition function

log Zclassical = −
16π2

g2
YM

Tr
�

σ2
�

s− , (2.8)

where

s− =
∑

x:s(x)=0

1
εxε′x

−
∑

y:es(y)=0

1
εyε′y

. (2.9)

ZNek is the Nekrasov partition function which captures the contribution of localized in-
stantons or anti-instantons at the fixed-points of v. Instantons contribute at the plus fixed
points where es = 0 and anti-instantons contribute at the minus fixed points where s = 0. Near

5
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the fixed-points the theory coincides with the Ω-deformed theory with equivariant parameters
identified with the parameters of the T2-action of v [27]. We can express the non-perturbative
contribution as

ZNek =
∏

x:s(x)=0

Zanti−inst
εx ,ε′x

(iσ, ~m, q)
∏

y:es(y)=0

Z inst
εy ,ε′y
(iσ, ~m, q) , (2.10)

where q = e2πiτ, ~m is the vector of mass parameters for N = 2 hypermultiplets, Z inst
εx ,ε′x

and

Zanti−inst
εy ,ε′y

are equivariant instanton and anti-instanton partition functions in the Ω-background

[28,29].
Zvec

1−loop and Zhyp
1−loop are the one-loop determinants associated with the vector-multiplet and

hypermultiplets. These are computed from an index, expanded in a series and then translated
into an infinite product. This procedure needs regularization. Expressions for hypermultiplet
one-loop determinants with various regularizations are given in [12] and the same can be
done for the vector-multiplet one-loop determinants. It is unclear if there exists a preferred
regularization scheme on an arbitrary manifold 3. To keep the expressions readable, we pick a
regularization which is compatible with the S4 [8,27]. We have checked that, with appropriate
modifications, our conclusions hold for any choice of regularization.

The one-loop determinant for the vector-multiplet can be written as a product over contri-
butions from each fixed point.

Zvec
1−loop =

∏

x:s(x)=0

Zvec
εx ,ε′x
(σ)

∏

y:es(y)=0

Zvec
εy ,ε′y
(σ) . (2.11)

The contribution from each fixed point depends on the Coulomb branch parameter σ and
equivariant parameters. The contributions are given by

Zvec
εx ,ε′x
(σ) =

∏

ρ∈adj

∏

n1,n2≥0

�

iρ(σ) + (n1 + 1)εx + (n2 + 1)ε′x
�

1
2

∏

m1,m2≥0
(m1,m2)6=(0,0)

�

iρ(σ) +m1εx +m2ε
′
x

�
1
2 ,

Zvec
εy ,ε′y
(σ) =

∏

ρ∈adj

∏

n1,n2≥0

�

iρ(σ)− (n1 + 1)εy + (n2 + 1)ε′y
�

1
2

∏

m1,m2≥0
(m1,m2)6=(0,0)

�

iρ(σ)−m1εy +m2ε
′
y

�
1
2 .

(2.12)

Similarly, the hypermultiplet contribution also factorizes into contributions from the fixed
points of v.

Zhyp
1−loop =

∏

x:s(x)=0

Zhyp
εx ,ε′x
(σ, m)

∏

y:es(y)=0

Zhyp
εy ,ε′y
(σ, m) , (2.13)

where m is the mass of the hypermultiplet. The one-loop determinant at each fixed point takes
the form

Zhyp
εx ,ε′x
(σ, m) =

∏

ρ∈R

∏

n1,n2≥0

�

iρ(σ) + im+ (n1 +
1
2
)εx + (n2 +

1
2
)ε′x

�− 1
2

×
�

−iρ(σ)− im+
�

n1 +
1
2

�

εx +
�

n2 +
1
2

�

ε′x

�− 1
2

,

Zhyp
εy ,ε′y
(σ, m) =

∏

ρ∈R

∏

n1,n2≥0

�

iρ(σ) + im−
�

n1 +
1
2

�

εy + (n2 +
1
2
)ε′y

�− 1
2

×
�

−iρ(σ)− im−
�

n1 +
1
2

�

εy +
�

n2 +
1
2

�

ε′y

�− 1
2

.

(2.14)

3We thank L. Ruggeri and R. Mauch for discussions on this point.
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We now simplify the vector multiplet one-loop determinant. The product over ρ contains
a σ-independent contribution coming from each zero weight ρ(σ) = 0. This contribution is
given in terms of

ZU(1)vec
εx ,ε′x

=
∏

n1,n2≥0

�

(n1 + 1)εx + n2ε
′
x

�
1
2
�

n1εx + (n2 + 1)ε′x
�

1
2 , (2.15)

where ZU(1)vec
εx ,ε′x

is the one-loop determinant for a free vector multiplet. The rest of the contri-
bution is given by a product of ρ over the positive roots of the Lie algebra.

Zvec
εx ,ε′x

=
�

ZU(1)vec
εx ,ε′x

�rG
∏

ρ∈∆+

1
|ρ(σ)|

∏

n1,n2≥0

�

ρ(σ)2 +
�

(n1 + 1)εx + (n2 + 1)ε′x
�2�

1
2

×
�

ρ(σ)2 +
�

n1εx + n2ε
′
x

�2�
1
2

,

Zvec
εy ,ε′y

=
�

ZU(1)vec
−εy ,ε′y

�rG ∏

ρ∈∆+

1
|ρ(σ)|

∏

n1,n2≥0

�

ρ(σ)2 +
�

−(n1 + 1)εy + (n2 + 1)ε′y
�2�

1
2

×
�

ρ(σ)2 +
�

−n1εy + n2ε
′
y

�2�
1
2

.

(2.16)

We can also rewrite the hypermultiplet determinants by splitting the product over ρ ∈ R.
For ρ in the zero-weight space of the representation R we get a σ-independent contribution
which can be written in terms of

ZU(1)hyp
εx ,ε′x

(m) =
∏′

n1,n2≥0

�

m2 +

�

n1εx + n2ε
′
x +

εx + ε′x
2

�2�−
1
2

, (2.17)

where
∏′ denotes that we have omitted the term an1,n2

from the product if an1,n2
= 0. Com-

bining with the rest of the contribution, we find

Zhyp
εx ,ε′x
(σ, m) =

�

ZU(1)hyp
εx ,ε′x

(m)
�|R0| ∏

ρ∈R\R0

∏

n1,n2≥0

�

(ρ(σ) +m)2 +

�

n1εx + n2ε
′
x +

εx + ε′x
2

�2�−
1
2

,

Zhyp
εy ,ε′y
(σ, m) =

�

ZU(1)hyp
−εy ,ε′y

(m)
�|R0| ∏

ρ∈R\R0

∏

n1,n2≥0

 

(ρ(σ) +m)2 +

�

−n1εy + n2ε
′
y +
−εy + ε′y

2

�2!−
1
2

,

(2.18)

where |R0| is the dimension of the zero weight space R0 of the representation R.

3 Position-dependent flavor deformations

Supersymmetric theories can be placed on a curved space by coupling the stress tensor multi-
plet to the appropriate background fields and taking the rigid limit. This can be refined further
by coupling conserved current multiplets, other than the stress tensor multiplet, to background
fields. Indeed, this is how the mass terms can be introduced systematically for matter mul-
tiplets on a curved space. Generically one turns on a constant scalar, which plays the role
of mass, in the background vector multiplet. To preserve the supersymmetry other fields in
the background multiplet are fixed in terms of the mass to obtain the deformed theory. In
this section, we generalize this and show that it is possible to turn on position-dependent fla-
vor deformations while respecting the symmetries of the theory. We then study the effect of
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these deformations on the supersymmetric partition functions and observe that for the mass-
deformed N = 4 SYM the partition functions simplify considerably if the deformations are
tuned appropriately.

3.1 Background fields for flavor deformations

We restrict ourselves to deformations in the Cartan of the flavor symmetry. To this end it suf-
fices to focus on a single conserved current multiplet with bosonic components

�

jµ,Σ,Σ, Bi j
�

and couple it to the background multiplet
�

Aµ, m, m, Di j ,λi ,λi

�

. The general deformation in
the Cartan of the flavor symmetry is then just given by a rank(F)-tuple of the U(1)-deformations.

To preserve the supersymmetry we require that all the fermions of the background multi-
plet λi ,λi and their supersymmetry variations vanish. It is most convenient to use the coho-
mological formulation of N = 2 theory which we review in appendix A.1. The components of
the vector multiplet fermion can be decomposed into a scalar part η, a one-form part Ψµ and
a two-form part χµν. In terms of the cohomological fields these constraints read

0=δη= Lvϕ , (3.1)

0=δΨ = ιv F + idφ , (3.2)

0=δχ = H , (3.3)

where ϕ = −i (m−m) and φ = esm + sm are two scalar combinations, F = dA is the field
strength of the background gauge field and H is a two-form given in eq. (A.24). The last of
these conditions fixes the auxiliary field Di j in terms of all the other background fields,

Di j = 4
s2 + s̃2

(s+ s̃)2
bΘ
ρλ
i j

�

Fρλ − i
m+m
s+ s̃

(∂ρvλ − ∂λvρ)

+
2i

s+ s̃
ε δ
ρλγ vγ

��

Dδ − 2iGδ − i
s̃

s+ s̃
bδ

�

m−
�

Dδ + 2iGδ − i
s

s+ s̃
bδ
�

m
��

, (3.4)

where bΘ
ρλ
i j is a bilinear defined in eq. (A.28). Next, we combine the explicit expressions

ϕ = i(m−m), φ = sm+esm with the first two constraints and use that s,es are constant along
the flow of v to see that m and m are also constant along v. Similarly taking the exterior
derivative of the second constraint one finds that F is also constant along v.

Let us now analyze the second constraint in detail. Locally F = dA so that we can rewrite
the constraint as4

idφ = −LvA+ d(ιvA) . (3.5)

Assuming A is constant along v, we can integrate the above equation to get

ιvA= i(φ − c) . (3.6)

for a constant c. If A stays finite at a fixed point x∗ of v then we necessarily have c = φ(x∗). A
solution for the background gauge field is then

A= +i
φ − c

ss̃
v . (3.7)

This is constant along v. This expression for A is valid in a patch which contains only the
fixed point x∗. In a patch containing some other fixed point the above expression might not
be well defined. Transitioning between patches we can however do a gauge transformation,

4We use that for every vector field X and every differential form ω the relation LXω= ιX dω+ dιXω holds.
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A → A+ dΛ. In (3.6) this adds a term ιvdΛ. As φ is gauge invariant this corresponds to a
change in c,

∆c = iιvdΛ . (3.8)

Away from the zeros of v this equation can be integrated so that arbitrary values of c are
possible in different patches. Specifically this means that for every φ we choose we can find
a finite gauge field configuration that satisfies our constraint equations. We conclude that it is
possible to introduce position-dependent flavor deformations where all background fields are
constant along v and the background gauge and auxiliary fields are determined in terms of
the background scalar field. Moreover, as we show in appendix C, there is enough freedom to
tune the background scalar at every fixed point of v to whatever value we desire.

3.2 Partition function with a position-dependent deformation

We now discuss the partition functions for theories with a position-dependent flavor deforma-
tion. When the hypermultiplet couples to a background vector multiplet the relevant combi-
nation that appears in the one-loop determinants is [12,30]

iιvA+φ (3.9)

evaluated at the fixed points. This adds a shift to the term ρ(σ) that appears in the one-loop
determinants in eqs. (2.14) and (2.18). Since A is finite, this combination evaluates to5 mx at
the plus fixed point x and to my at the minus fixed point y . The one-loop determinants for the
hypermultiplet at a fixed point are thus the ones in eqs. (2.14) and (2.18) with the constant
m now replaced by mx and my at the fixed points x and y respectively.

If the hypermultiplet transforms in the representation RF of the flavor symmetry group
then the complete one-loop determinant picks up a product over the weights ρF of RF with
mx and my replaced by ρF (mx) or ρF (my).

3.3 N = 2∗ with special masses at the fixed points

We now specialize to the flavor deformed theory with a single adjoint hypermultiplet. This is
the N = 2∗ theory with a position-dependent mass. Using our results from the previous section
we show that when the mass is tuned to special values at the fixed points of v, the perturbative
and the non-perturbative contributions to the partition function simplify considerably. In the
next section we investigate the underlying reason for this simplification.

For the adjoint hypermultiplet we can split the one-loop determinant in terms of a product
over the positive roots which takes the form

Zhyp
εx ,ε′x
(σ, mx) =

�

ZU(1)hyp
εx ,ε′x

(mx)
�rG

∏

ρ∈∆+

∏

n1,n2≥0

�

ρ(σ)2 +

�

n1εx + n2ε
′
x +

εx + ε′x
2

+ imx

�2�−
1
2

×

�

ρ(σ)2 +

�

n1εx + n2ε
′
x +

εx + ε′x
2

− imx

�2�−
1
2

,

Zhyp
εy ,ε′y
(σ, my) =

�

ZU(1)hyp
−εy ,ε′y

(my)
�rG ∏

ρ∈∆+

∏

n1,n2≥0

 

ρ(σ)2 +

�

−n1εy + n2ε
′
y +
−εy + ε′y

2
+ imy

�2!−
1
2

×

 

ρ(σ)2 +

�

−n1εy + n2ε
′
y +
−εy + ε′y

2
− imy

�2!−
1
2

.

(3.10)

5We use subscripts to denote value of m and m at the fixed points of v.
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We now explore the simplifications that happen when mx and my are tuned to special values.

3.3.1 The Marcus point

Let us now focus on the plus fixed point and tune the hypermultiplet mass to be

mx = ±m∗εx ,−ε′x
≡ ±i

εx − ε′x
2

. (3.11)

We refer to this as the Marcus point because, as we show in section 4, the theory near the
fixed point corresponds to the Marcus twist of the N = 4 SYM. For these values, the one-
loop determinants of vector multiplets cancel exactly against the one-loop determinants of the
hypermultiplet. Moreover the instanton contribution also becomes trivial [18] for any gauge
group hence we have that

ZNekZvec
1−loopZhyp

1−loop = 1 , (3.12)

and the partition function becomes

Z =
∫

d rGσ

 

∏

ρ∈∆+

|ρ (σ) |2
!

exp

�

−
16π2s−

g2
YM

Tr
�

σ2
�

�

. (3.13)

For any gauge group G this matrix model can be easily solved giving the partition function

Z = τ−
|G|
2

2 , (3.14)

up to a coupling-independent overall constant and |G| is the dimension of the gauge group.
This is precisely the partition function of the theory on the round S4. It is interesting to analyze
the behavior of the partition function under the duality transformations. While it is invariant
under the T-duality it is not invariant under the S-duality. In fact logZ is proportional to
the Kähler potential and is not a single-valued function on the conformal manifold. It can,
however, be made single-valued on the extended conformal manifold by introducing couplings
to counter-terms [31]. This is equivalent to restoring the modular invariance of the partition
function by adding a suitable counter-term.

3.3.2 The Vafa-Witten point

Another special value is when the mass at the plus fixed point is tuned to ±m∗εx ,ε′x
and at the

minus fixed point it is tuned to ±m∗εy ,−ε′y
. We call this the Vafa-Witten point because, as we

show in section 4, the theory near the fixed point corresponds to the Vafa-Witten twist of N = 4
SYM. A short calculation shows that the contribution of the vector multiplet and the adjoint
hypermultiplet cancels almost entirely at that fixed point giving

Zvec
εx ,ε′x
(σ) Zhyp

εx ,ε′x

�

σ,±m∗εx ,ε′x

�

=
∏

ρ∈∆+

1
|ρ(σ)|

. (3.15)

The k-instanton contribution also becomes very simple and is equal to the Euler character of
the moduli space of instantons on the Ω-deformed flat space [8, 19, 32]. The full instanton
contribution is then just the Vafa-Witten partition function on the Ω-background which we
denote by ZG

V.W for the gauge group G. For example, for the U(N) gauge group the complete
instanton partition function for this value of hypermultiplet mass becomes

ZU(N)
V.W (τ) =

∞
∏

n=1

1

(1− qn)N
=

�

1

q−
1
24η(τ)

�N

. (3.16)

10

https://scipost.org
https://scipost.org/SciPostPhys.13.3.058


SciPost Phys. 13, 058 (2022)

Analogous simplifications occur at the minus fixed point if the mass is tuned to±m∗−εy ,ε′y
giving

Zvec
εy ,ε′y

(σ) Zhyp
εy ,ε′y

�

σ,±m∗−εy ,ε′y

�

=
∏

ρ∈∆+

1
|ρ(σ)|

, (3.17)

and the non-perturbative contribution is simply Z
G
V.W (τ)≡ ZG

V.W (τ).
The full partition function for this special assignment of masses becomes

Z =
�

ZG
V.W

�n+
�

Z
G
V.W

�n−
∫

d rGσ exp

�

−
16π2s−

g2
YM

Tr
�

σ2
�

�

∏

ρ∈∆+

|ρ(σ)|2−n+−n− , (3.18)

where n+(n−) is the number of plus (minus) fixed points. It is interesting to see that the
non-pertubative part above factorizes and the perturbative contribution is σ-dependent. The
coupling dependence of the above matrix integral can be computed exactly and the partition
function becomes

Z =
�

ZG
V.W

�n+
�

Z
G
V.W

�n−
τ
− |G|2
2 τ

(n++n−)(|G|−rG)
4

2 , (3.19)

up to an overall coupling-independent constant.
Let us now analyze the behavior of the partition function under modular transformation.

We specialize to G = U(N).

Z =
�

q
1

24

η

�n+N �
q

1
24

η

�n−N

τ
− N2

2
2 τ

N(N−1)(n++n−)
4

2 . (3.20)

This is invariant under τ → τ + 1 but not under τ → − 1
τ . On the topological sphere,

n+ = n− = 1, one can use the Euler-density as a counter term [8] to obtain a modular in-
variant partition function

�

ηη
p
τ2

�−N
. This can be generalized to the generic case. The

relevant counter terms that can change the finite part of the partition function are (super-
symmetrizations of) the Euler density, the Weyl-squared term, the Pontryagin density [7] and
the mass-squared term6 [33, 34]. We do not consider the Weyl-squared term further as the
partition function only depends on the topological data while the Weyl-squared term is not
topological. Similarly, we do not consider the flavor background term further as the partition
function is independent of the flavor background. We now rewrite the partition function as

Z =
�

q
1
24 q

1
24

ηη
p
τ2

�

n++n−
2 N

(τ2)
N2
2 (

n++n−
2 −1) ×

�

q
1

24η

q
1

24η

�

n+−n−
2 N

, (3.21)

separating the norm |Z| and a pure phase by the multiplication sign. We can make both |Z|
and the phase modular invariant by using the Euler and Pontryagin-density counter terms
respectively. The modular invariant partition function is then

(ηη
p
τ2)

N(N−1)(n++n−)
2 −N2

. (3.22)

4 Symmetry enhancement for N = 2∗ near the fixed points

There are two key insights one obtains from the computation of the localized partition function
using the index theorem. First, they factorize into contributions from the different fixed points

6We thank Yifan Wang for pointing out the supersymmetric flavor background counter-terms and their impor-
tance for the AGT correspondence.
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of the Killing vector v, and second, these localized contributions only depend on the supersym-
metry at the corresponding fixed points. It can be shown [27] that to first order around the
fixed point the supersymmetry background approaches the Ω-background7 which is obtained
by twisting the R-symmetry of the theory with an SU(2) factor of the Lorentz group. For the
N = 2∗ theory with arbitrary mass parameter this twist corresponds to the Donaldson-Witten
twist [17], also known as the half-twist of N = 4. This twisted theory has two supercharges
of the same chirality. We show that the special values of the mass correspond to the two other
twists of the N = 4 SYM each with two additional supercharges [18, 19, 35]. This supersym-
metry enhancement helps explain the simplification of the free energy observed in previous
sections. See also [36–38] for a discussion of mass-parameter and twists of N = 4 SYM.

4.1 Ω-deformation from dimensional reduction

In order to understand the symmetry enhancement we take the classical view of the Ω-defor-
mation [28]. We start with a 5d theory which upon dimensional reduction with twisted bound-
ary conditions gives the four-dimensional theory on the Ω-background. We systematically
analyze this construction to obtain the metric on the four-dimensional space as well as the
generalized Killing spinor equations which are satisfied by the 4d spinors corresponding to
conserved supercharges.

The five dimensional geometry which upon dimensional reduction yields theΩ-background
with equivariant parameters ε1,ε2 is specified by

ds2 = δµνdxµdxν + dϑ2 , (4.1)

with the identification
(xµ,ϑ)∼ (Rµν (β) xν,ϑ+ β) , (4.2)

β is the circumference of the compact direction but is otherwise an arbitrary constant. Rµν(θ )
is the matrix which rotates the

�

x1, x2
�

-plane by an angle ε1θ and the
�

x3, x4
�

-plane by an
angle ε2θ .

Rµν (θ ) =







cosε1θ sinε1θ 0 0
− sinε1θ cosε1θ 0 0

0 0 cosε2θ sinε2θ

0 0 − sinε2θ cosε2θ






. (4.3)

We now do a coordinate change so that the four-dimensional space is independent of the
periodicity conditions imposed on ϑ. The periodicity conditions for the new set of coordinates
�

x ′µ,ϑ
�

= (Rµν (−ϑ) xν,ϑ) are

�

x ′µ,ϑ
�

∼
�

x ′µ,ϑ+ β
�

. (4.4)

The metric in the new coordinates becomes, after dropping the primes

ds2 = (dxµ + vµdϑ)2 + (dϑ)2 , (4.5)

where vµ = Ωµνxν and
Ω= ε1dx1 ∧ dx2 + ε2dx3 ∧ dx4 . (4.6)

The non-zero components of the torsionless spin-connection in the obvious frame

Ea = dxa + vadϑ , E5 = dϑ , (4.7)

7 [27] analyzed the case of a topological sphere which has two fixed points of v but the generalization to a
manifold with many fixed points is straightforward
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are

ωϑ
ab =

1
2

EaµE bν
�

∂νvµ − ∂µvν
�

. (4.8)

The indices a, b = 1, 2, · · · , 4 are the local frame indices. It is possible to turn on a background
field for the SU(2)R R-symmetry along the compact direction. The preserved Killing spinors
then satisfy the 5d generalized Killing spinor equations

∇µξi = 0 , ∇ϑξi + iAi
jξ

j = 0 , (4.9)

where Ai
j is the component of the SU(2)R background field along the circle. The first con-

dition is trivial to satisfy. Only the Killing spinors independent of ϑ are compatible with the
dimensional reduction. Then, the second condition relates a Lorentz rotation of the spinors to
an R-symmetry rotation

1
4
∂µvνΓ

µνξi + iAi
jξ

j = 0 . (4.10)

In our conventions for the gamma matrices (given in appendix A.1), the matrix 1
4∂µvνΓ

µν is
a diagonal matrix with entries i

2 (ε2 − ε1,ε1 − ε2,−ε1 − ε2,ε1 + ε2). If now we turn on the
Wilson line

Ai
j =

1
2
(ε1 + ε2) (τ3)

i
j (4.11)

then the following spinors of positive chirality are preserved.

ξ1
0 = (0,0, 1,0)T , ξ2

0 = (0, 0,0, 1)T . (4.12)

This amounts to twisting the SU(2)r ⊂ Spin(4) with the R-symmetry group so that the new
Lorentz group is SU(2)l ×[SU(2)r × SU(2)R]diag. This is the Donaldson-Witten twist of N = 2
theories [17].

If the theory has a flavor symmetry F then masses for the matter multiplets can be intro-
duced by turning on the component AF of the flavor background field along the circle which
takes values in the Cartan of F

AF = i
F
∑

i=1

miHi , (4.13)

where Hi are the generators of the Cartan of F. This construction also holds for the partition
function of the 4d theory. The partition function is obtained from the β → 0 limit of the index
of the five dimensional theory with appropriate fugacities turned on [28].

Let us now specialize to N = 4 SYM and show the existence of additional Killing spinors
at special values of mass parameters. We decompose the representation 4 of SU(4)R into
U(1)× SO(4)R = U(1)× SU(2)R × SU(2)F as

4= (2,1) 1
2
+ (1,2)− 1

2
. (4.14)

�

ξ1,ξ2
�

then transform as the 2 of SU(2)R ⊂ SO(4)R which we identify with the N = 2 R-
symmetry and

�

ξ3,ξ4
�

transform as the 2 of SU(2)F ⊂ SO(4)R which we identify with the
flavor symmetry of the theory. The Wilson line for the flavor symmetry is

AF = imτ3 . (4.15)

In addition to ξ1,2 the spinors, ξ3,4 will be preserved if they are independent of the four-
dimensional coordinates and satisfy

1
4
∂µvνΓ

µνξ3,4 ∓mξ3,4 = 0. (4.16)
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Table 1: The mass parameters and additional Killing spinors that solve the con-
straint eq. (4.16).

m ξ3
0 ξ4

0
+ i

2 (ε1 − ε2) (0, 1,0,0)T (1,0, 0,0)T

− i
2 (ε1 − ε2) (1, 0,0,0)T (0,1, 0,0)T

+ i
2 (ε1 + ε2) (0, 0,0,1)T (0,0, 1,0)T

− i
2 (ε1 + ε2) (0, 0,1,0)T (0,0, 0,1)T

The list of non-trivial solutions to this constraint is given in table 1.
For m = ±i ε1−ε2

2 two additional spinors of opposite chirality as compared to ξ1,2 are pre-
served. This corresponds to twisting the SU(2)l ⊂ Spin(4) with the flavor symmetry so the
full Lorentz group now is

[SU(2)l × SU(2)F ]diag × [SU(2)r × SU(2)R]diag . (4.17)

This is the Marcus twist of N = 4 SYM [18].
For m = ±i ε1+ε2

2 two additional spinors of the same chirality as ξ1,2 are preserved. After
the choice of this special mass, we have essentially identified SU(2)r ⊂ Spin(4) with the
SU(2)R × SU(2)F so that the new Lorentz group is

SU(2)l × [SU(2)r × SU(2)R × SU(2)F ]diag . (4.18)

This is the Vafa-Witten twist of N = 4 SYM [19].

4.2 The four dimensional perspective and embedding in the N = 4 supergravity

The analysis of the previous section nicely explains the symmetry enhancement for special
masses but it does not give an inherently four-dimensional perspective. This is because the
frame we used mixes the compact direction and the four-dimensions. We now rewrite the
metric as

ds2 =
�

δµν −
1

1+ v2
vµvν

�

dxµdxν +
�

1+ v2
�

�

dϑ+
vµdxµ

1+ v2

�2

. (4.19)

After dimensional reduction, the four-dimensional space has the metric

δµν −
vµvν

1+ v2
. (4.20)

The frame best suited to this split is

eEa = dxa −
1
v2

�

1−
1

p
1+ v2

�

vavµdxµ , eE5 =
p

1+ v2

�

dϑ+
vadxa

1+ v2

�

. (4.21)

This is related to our earlier frame by a local rotation implemented by the matrix with com-
ponents

M a
b = δ

a
b −

1
v2

�

1−
1

p
1+ v2

�

vavb , −M a
5 = M5

a =
vap

1+ v2
, M5

5 =
1

p
1+ v2

. (4.22)

The spinor transformation matrix can be computed from this and it can be shown to take
the form

M=

�

1− v2

1+ v2
1−

2
1+ v2

vµΓ
µΓ5

�
1
4

. (4.23)
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Note that the Killing spinor equations do not change under this local frame rotation. The trans-
formed spinors ξi =Mξi

0 continue to satisfy eq. (4.9) but the spin-connection has changed.
To facilitate the dimensional reduction we use the coordinate eϑ such that deϑ =

p
1+ v2dϑ.

The spin-connection is

Ωµ,5b = eνb∂[ν

� vµ]
p

1+ v2

�

,

Ω
eϑ,ab = −eµ[bΩµ,5a] ,

Ωµ,ab =ωµ,ab −
vµ

p
1+ v2

eν[bΩν5a] .

(4.24)

The Killing spinors satisfy a constraint which follows from the eϑ-component of the Killing
spinor equation

Ωa,5bΓ
abξi =

2i
p

1+ v2
(ε1 + ε2) (τ3)

i
jξ

j . (4.25)

Using this in the µ-component of eq. (4.9) we obtain the following four-dimensional equation
satisfied by the Killing spinors

∇µξi −
i (ε1 + ε2)
2 (1+ v2)

vµ (τ3)
i

jξ
j +

1
8
Ωa5bΓ

abΓµΓ
5ξi =

i (ε1 + ε2)

4
p

1+ v2
Γµ (τ3)

i
jΓ

5ξi . (4.26)

Comparing the above with the generalized Killing spinor equation that arises from setting the
variation of the gravitino to zero in the N = 2 conformal supergravity, eqs. (A.4) and (A.5),
we can read off the N = 2 supergravity background fields. These are given by

Vµ =
i
2
ε1 + ε2

1+ v2
vµτ3 , Bµν = −iΩµ,5ν , ηi =

ε1 + ε2

2
p

1+ v2
(τ3)

i
jΓ

5ξi +
1
8
Ωµ,5νΓ

µνΓ 5ξi . (4.27)

Let us now embed these as constraints on a supersymmetric background of N = 4 con-
formal supergravity. The bosonic fields in the N = 4 Weyl multiplet are the vierbein ea

µ, a
two-form T I J

ab , an SU(4)R gauge field V I
µ J , a one form bµ, and scalars EI J , DI J

K L , C . The in-
dices I , J , .. run from 1 to 4. Following [39, 40] this provides a supersymmetric background
if we require the fermions of the multiplet and their SUSY transformations to vanish. The
relevant equations for us are

0= δΛI = EI Jε
J −

1
2
εI JK Lγ · T K LεJ , (4.28)

0= δψI
µ = 2∇µεI − 2V I

µ Jε
J −

i
2
γ · T I JγµεJ + iγµη

I . (4.29)

Note that we are using the chiral SU(4) conventions [39], i.e. εI ,ηI are chiral and εI ,η
I are

anti-chiral. Also there is a second set of charge conjugate equations. It is now straightforward
to interpret eq. (4.25) and eq. (4.26) as arising from the above supersymmetric variations. For
example when only N = 2 supersymmetry is preserved, i.e., ε3 = ε4 = 0, various parameters
are related as follows.

ε1 ± ε2 =
1+ Γ 5

2
ξ1,2 , ε1 ± ε2 =

1− Γ 5

2
ξ2,1 , η1 ±η2 =

ε1 + ε2

2
p

1+ v2

1+ Γ 5

2
ξ1,2

T12 = T34 = −
1
2

B , E11 = −E22 = −
ε1 + ε2p

1+ v2
, Vµ = i

ε1 + ε2

8 (1+ v2)
vµ

�

τ1 0
0 0

�

.
(4.30)

Similarly the enhanced supersymmetric background can be embedded in the N = 4 super-
gravity when ε3 and ε4 are linear combinations of the Killing spinors ξ3,4.
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4.3 Linearized Ω-background

Let us conclude this section by relating the Ω-background we obtained to the one discussed
in [27,41]. The origin is a fixed point of v around which it generates a T2 action. To leading
order in the distance from the origin

Vµ = 0 , Bµν =
i
2

�

∂µvν − ∂νvµ
�

. (4.31)

The linearized Killing spinor equation is

∂µξ
i −

1
8
∂ρvν

�

Γρν, Γµ
�

Γ 5ξi
0 = 0 , (4.32)

which is satisfied by

ξi =
�

1−
1
2

vµΓµΓ
5
�

ξi
0 . (4.33)

These are precisely the equations that are referred to as the Ω-background by [27, 41]. Here
we see that these arise as a linear approximation to the Ω-background which is obtained by
dimensional reduction with a twist.

5 Applications

We now discuss various applications of our results. Some simplifications, observed in the
literature, of the free energy of four-dimensional supersymmetric theories can be explained by
our results. Using the AGT correspondence our results shed light on the torus vacuum and the
one-point function of certain local operators in Liouville/Toda CFTs. Finally, our results imply
an infinite number of constraints between correlators of operators at fixed radial distance from
the origin but integrated over the other directions. This generalizes relations obtained earlier
between integrated correlators of N = 4 SYM.

5.1 Squashing independence of the free energy

It was pointed out in [7] that the free energy of the mass deformed N = 4 SYM on the ellipsoid

with U(1)× U(1)-isometry is independent of the squashing parameter b =
r

`
e`

if the mass of
the adjoint hypermultiplet is

m∗ = ±
i

p

`e`

b− b−1

2
= ±

i
2

�

`−1 −e`−1
�

. (5.1)

We now show that this value of the mass precisely corresponds to the special values which
lead to symmetry enhancement at the two poles of the squashed sphere.

The north pole of the squashed sphere is a plus fixed point characterized by equivariant
parameters 1

` and 1
e`
, so the Marcus point corresponds to mass± i

2

�

`−1 −e`−1
�

= m∗ at the north

pole. The south pole of the sphere is a minus fixed point with equivariant parameters [12] 1
`

and −1
e`

so the corresponding Marcus point occurs at ± i
2

�

`−1 +
�

−e`
�−1�

= m∗. We see that
Marcus point at both fixed points happens to agree with the constant choice of mass at which
the simplification of the partition function was observed.

Similarly, the constant mass ± i
2

�

`−1 +e`−1
�

corresponds to the Vafa-Witten point at both
fixed points. This has not been emphasized earlier in the literature. For this special value of
the mass the partition function is the same as in the case of the round sphere with mass ±i [8].
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This local symmetry enhancement near the fixed points of v is enough to explain the sim-
plifications at hand. One might still wonder about a global enhancement on the squashed
sphere. However this makes matters much more complicated. First the position dependence of
the two-form field implies through (4.28) that a constant mass will no longer do the trick. This
position dependence of the mass requires additional non-trivial components of the background
vector field as we have shown in section 3.1. A similar requirement comes from integrating
the full covariant version of the gravitino equation (4.29).

5.2 AGT correspondence

In class S theories [42, 43], the complex curve associated to the N = 2∗ theory is the once-
punctured torus. The AGT-correspondence [20] relates the observables of N = 2∗ theory on
the squashed sphere to those of Liouville/Toda theory on torus T2 with complex structure
identified with the gauge coupling τ. For a review on class S and the AGT correspondence we
refer to [44].

For the gauge group SU(2), the AGT correspondence states that

ZN=2∗(τ,µ, b) = 〈bVQ
2+iµ〉T2

τ
, (5.2)

where Q = b+ b−1. The left-hand side is the partition function of N = 2∗ theory with dimen-

sionless mass parameter µ =
p

`˜̀m on the squashed sphere, while the right hand side is the
one-point function of the vertex operator of dimension h = h = Q2

4 + µ
2 in Liouville theory

on the torus of modular parameter τ. To derive this it is sufficient to compare the partition
function with the structure constants from the DOZZ formula

C(α1,Q−α1,α) =
�

πµγ(b2)b2−2b2
�−α/b Υ (b)Υ (2α1)Υ (2(Q−α1))Υ (2α)

Υ (α)Υ (Q− 2α1 +α)Υ (2α1 −Q+α)Υ (Q−α)
,

(5.3)
with Υ (x) =

∏

m,n≥0((mb+ n
b ) + x)((m+ 1)b+ n+1

b − x). Matching 2α1−Q with the Coulomb

branch parameter −i
Ç

`˜̀
r2σ and α with Q

2 + iµ we see that the vertex operator takes the form

bVα =
Υ (α)
Υ (2α)

�

πµγ(b2)b2−2b2
�α/b

e2αφ .
We are interested in the case where µ is purely imaginary, which corresponds to local op-

erators but non-normalizable states [45]. For µ = ±i b−b−1

2 we get that h = h = 1, i.e. the
one-point functions of the exactly marginal operators bVb, bVb−1 are independent of the param-
eter b. On the other hand, for µ = ±i b+b−1

2 we have h = h = 0. The vertex operators bV0, bVQ
are proportional to the identity operator in the CFT and we conclude that the torus partition
function of the Liouville theory does not depend on b either.

The generalization to generic gauge groups involves Toda theory [46]. Following this idea,
we should compare the squashed sphere partition function with the Toda structure constant
[47],

C(α1, 2Q−α1, kωN−1) (5.4)

=
�

πµγ(b2)b2−2b2
�− k(N−1)

2b
(Υ (b))N−1 Υ (k)

∏

e∈∆+ Υ (〈Q−α1, e〉)Υ (〈α1 −Q, e〉)
∏N

i, j=1 Υ
� k

N + 〈α1 −Q, hi〉+ 〈(Q−α1, h j〉
�

(5.5)

=
�

πµγ(b2)b2−2b2
�− k(N−1)

2b (Υ (b))N−1 Υ (k)

Υ
� k

N

�N

∏

e∈∆+

Υ (〈Q−α1, e〉)Υ (〈α1 −Q, e〉)
Υ
� k

N + 〈α1 −Q, e〉
�

Υ
� k

N − 〈α1 −Q, e〉
� .

(5.6)

Here 〈•,•〉 is the inner product on the root space, hi are the weights of fundamental repre-
sentation of SU(N), k is a constant, Q = (b + b−1)ρ for ρ the Weyl vector, α parametrizes
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a vertex operator bVα = e〈α,φ〉, and ωN−1 is last element in the basis dual to the simple roots.

Identifying α1 −Q = i
Ç

`˜̀
r2 a and k

N =
b+b−1

2 + iµ, the correspondence states

ZN=2∗(τ, m, b) = 〈bVkωN−1
〉T2
τ

, (5.7)

for the vertex operator bVkωN−1
= Υ (k/N)

Υ (k)

�

πµγ(b2)b2−2b2
�k(N−1)/(2b)

e〈kωN−1,φ〉. The dimension
of this vertex operator is

∆(kωN−1) =
N − 1

2
k
�

�

b+ b−1
�

−
k
N

�

. (5.8)

With this at hand we can once again translate the squashing independence of the partition
function into CFT. For the imaginary masses µ, k is real and thus the operators bVkωN−1

do not
correspond to normalizable states in the spectrum of Toda theory [48,49]. Based on what we
know from Liouville theory we still expect them to be sensible local operators. The N = 2∗ at
the Marcus point implies that the one-point functions of the dimension 1

2 N (N − 1) operators
bVbNωN−1

and bVb−1NωN−1
are independent of b. The Vafa-Witten point corresponds to the oper-

ators bV0, bVQNωN−1
. These two have dimension zero and are thus proportional to the identity

operator in the Toda theory. We find that their one-point function, and thus the Toda torus
partition function, does not depend on b.

5.3 Constraints on correlators

An application of the position-dependent flavor deformation we introduced in section 3 is
to obtain relations between integrated correlators in N = 2 SCFTs with flavor symmetries
and marginal couplings. This implies improvement on the results of [7, 21–24, 50–53] for
integrated correlators of N = 4 SYM8. These correlators are obtained by taking derivatives
of the localized mass-deformed theory with respect to couplings and masses. The appearance
of a position-dependent mass allows one to take functional derivatives with respect to it and
refine the earlier results. A detailed study of the additional information that can in this way
be extracted is left for future work. Here we present the basic framework and an example of
how our results can be used to refine earlier constraints on integrated correlators.

The position-dependent flavor deformation is introduced by coupling the flavor-current
multiplet with bosonic components

�

ja,µ,Σa,Σa,Bi j
a

�

to the background vector multiplet
�

Aµa, ma, ma, Da,i j

�

where a = 1, 2, · · · , rF . The precise coupling works out to be

Ldef =
rF
∑

a=1

1
2

Aµa ja,µ +
1
2

Da,i jBi j
a +

1
2

maΣa +
1
2

maΣa +
�

1
2

A2
a − 2mama

�

La . (5.9)

The last, non-minimal term is the usual mass-term for hypermultiplet scalars.
In general, the masses can depend on the three directions transverse to the Killing vector v.

To simplify the following discussion we will however restrict to the round sphere S4 with the
metric

ds2 = r2
�

dρ2 + sin2ρdθ2 + sin2ρ sin2 θdφ2 + sin2ρ cos2 θdχ2
�

(5.10)

and masses that only depend on the latitudinal coordinate ρ. Moreover let us assume
esma + sma = Ma is constant such that the background gauge field vanishes. Using s = sin2 ρ

2 ,
es = cos2 ρ

2 we then get

ma = Ma + isϕa(ρ) , (5.11)

ma = Ma − iesϕa(ρ) . (5.12)

8We thank J. A. Minahan and R. Panerai for suggesting the application of position-dependent masses to obtain
constraints on correlators.
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The partition function, which only depends on the values of ma and ma at north and the south
poles, is independent of ϕa(ρ).

Before progressing to the partition function, we first discuss the functional derivatives of
the deformation action. The first such derivative has the form

δSdef

δϕa(ρ)
=

∫

p
gd4 x

�

is
2
δ(ρ(x)−ρ)Σa(x) +

ies
2
δ(ρ(x)−ρ)Σa(x) +

rF
∑

b=1

1
2

δDb,i j(x)

δϕa(ρ)
Bi j

b (x)

−2(isma(x)− iesma(x))δ(ρ(x)−ρ)La(x)] . (5.13)

Due to the derivatives on the mass in (3.4) the functional derivative of D is non-trivial. We do
not evaluate it explicitly here, but we note that by integration by parts we get

rF
∑

b=1

∫

p
gd4 x

δDb,i j(x)

δϕa(ρ)
Bi j

b (x) =

∫

p
gd4 x

�

eDi j(x)Bi j
a (x)δ(ρ(x)−ρ) + eD

µ
i j(x)∂µB

i j
a (x)δ(ρ(x)−ρ)

�

,

(5.14)
for some eDa, eDµa . This introduces the first descendant of B. The second functional derivative
of the action is

δ2Sdef

δϕa(ρ)δϕb(ρ′)
= −2δ(ρ −ρ′)δabs(ρ)es(ρ)

∫

p
gd3 x Lb(x ,ρ). (5.15)

With all of this at hand we are ready to look at the correlators we can get from the partition
function. The simplest relation that we obtain involves four derivatives of the partition function
with respect to ϕ(ρ) and marginal parameters9

∂τi
∂τ j

δ2Z
δϕa(ρ)δϕb(ρ′)

�

�

�

ϕ=0
= 0 . (5.16)

We emphasize that this relation holds for any N = 2 SCFT with marginal parameters and
flavor symmetry. As an example we demonstrate how this works for N = 4 SYM. The theory
has only one marginal parameters and rF = 1. Using eqs. (2.6) and (5.13) to (5.15) we can
express the left hand side of eq. (5.16) in terms of various correlators of N = 4 SYM operators.
Using the selection rule that the correlators with odd number of Σ or Σ vanish the resulting
constraint can be written as

0=− 32π2r4δ(ρ −ρ′)ses(ρ)
∫

p
gdx3〈Tr(X 2)(0)Tr(X

2
)(π)L(x ,ρ)〉

−π2r4s(ρ)es(ρ′)

∫∫

p
g
p

g ′dx3dx ′3
¬

Tr(X 2)(0)Tr(X
2
)(π)Σ(x ,ρ)Σ(x ′,ρ′)

¶

+ρ↔ ρ′

+ 4π2r4

∫∫

p
g
p

g ′dx3dx ′3
�

eDi j(x ,ρ) + eDµi j(x ,ρ)
∂

∂ xµ

��

eDi j(x
′,ρ′) + eDµi j(x

′,ρ′)
∂

∂ x ′µ

�

×
¬

Tr(X 2)(0)Tr(X
2
)(π)Bi j(x ,ρ)Bi j(x ′,ρ′)

¶

.

(5.17)

The superconformal Ward identities for the N = 4 stress tensor multiplet allow one to write
all of the above 4-point functions in terms of differential operators acting on a single function
T (U , V ) [21,54,55], of the two conformal cross ratios U , V . The latter cross ratio only depends
on the coordinates ρ,ρ′. As a consequence it is not integrated over in contrast to the case of
constant mass. Thus, the above relation yields a differential equation for T . We emphasize
that (5.17) is a general consequence of N = 2 supersymmetry and repackages the complicated
constraints from Ward Identities as linear relations between integrated correlation functions.

9The relations with less than three derivatives have counter-term ambiguities and the relation with three deriva-
tives are trivially satisfied.
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A N = 2 on four manifolds

In this Appendix we give all the important expressions for the N = 2 backgrounds introduced
in [10].

At the basis of the construction is a covering of the manifold with open patches such that
each patch contains at most one fixed point of v. In patches where s 6= 0 we can define spinors

ζi
α =
p

s
2
δi
α , χ i =

1
s

vµσµζi . (A.1)

Transitioning into other patches with s 6= 0, we should undo the required SU(2)l transfor-
mation on ζ by an SU(2)R transformation so that ζ keeps the same expression. χ will then
also transform correctly. To transform into a patch with a zero of s one should do besides the
SU(2)l transformation the SU(2)R transformation given by

U j
i = i

vµ

‖v‖
σ

j
µi , (A.2)

such that in this patch we have

ζi = −
1
s̃

vµσµχ i , χ α̇ = −i

p
s̃

2
δi
α , (A.3)

This gives a globally well defined set of spinors on the four-manifold.
The Killing spinor equations read

(Dµ − iGµ)ζi −
i
2

W+
µρσ

ρχ i −
i
2
σµηi = 0 , (A.4)

(Dµ + iGµ)χ
i +

i
2

W−
µρσ

ρζi −
i
2
σµη

i = 0 , (A.5)

and the auxiliary equations are

(N −
1
6

R)χ i = 4i∂µGνσ
µνχ i + i(∇µ + 2iGµ)W−

µνσ
νζi + iσµ(Dµ + iGµ)η

i , (A.6)

(N −
1
6

R)ζi = −4i∂µGνσ
µνζi − i(∇µ − 2iGµ)W+

µνσ
νχ i + iσµ(Dµ − iGµ)η

i . (A.7)

The auxiliary Killing spinors take the form

ηi = (F+ −W+)ζi − Gµσ
µχ i − Si jζ

j , (A.8)

ηi = −(F− −W−)χ i + 2Gµσ
µζi − S i jχ j , (A.9)

where we use the notation W+ = 1
2Wµνσ

µν and W− = 1
2Wµνσ

µν and similar for F .
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With the notations

v(i j)
µ = ζiσµχ

j + ζ jσµχ
i , (A.10)

Θ(i j)
µν = ζ

jσµνζ
i , (A.11)

Θ̃(i j)
µν = χ

iσµνχ
j , (A.12)

the background fields take the form

Wµν =
i

s+ s̃
(∂µvν − ∂νvµ)−

2i
(s+ s̃)2

ε λ
µνρ vρ∂λ(s− s̃)−

4
s+ s̃

ε λ
µνρ vρGλ (A.13)

+
s− s̃
(s+ s̃)2

ε λ
µνρ vρbλ +

1
s+ s̃

(vµbν − vνbµ) , (A.14)

(Vµ)i j =
4

s+ s̃
(ζ(i∇µζ j) +χ(i∇µχ j)) +

4
s+ s̃

�

2iGν −
∂ν(s− s̃)
(s+ s̃)

�

(Θi j − Θ̃i j)
ν
µ (A.15)

+
4i

(s+ s̃)2
bν(s̃Θi j + sΘ̃i j)

ν
µ , (A.16)

Fµν =i∂µ

�

s+ s̃− K
ss̃

vν

�

− i∂ν

�

s+ s̃− K
ss̃

vµ

�

, (A.17)

Si j =
8i

(s+ s̃)2
(Θi j + Θ̃i j)

µν∂µvν − 2i
s+ s̃− K
(ss̃)2

(s̃Θi j + sΘ̃i j)
µν∂µvν

+
2

s+ s̃

�

4Gµ −
s− s̃
s+ s̃

bµ −
i
2

s− s̃
ss̃
∂µ(s+ s̃)

�

vµi j .
(A.18)

For the scalar R/6−N we refer to the original paper as it is not necessary for our computations.
A couple of necessary conventions are

σ
µ
αα̇ = (~τ,−i) ,

σ
µ
αα̇ = (−~τ,−i) ,

σµν =
1
4
(σµσν −σνσµ) ,

σµν =
1
4
(σµσν −σνσµ) ,

with the Pauli-matrices ~τ = (τ1,τ2,τ3). Note also that ε1234 = ε12 = −ε12 = 1, where the
former is used to define duality of tensor while the latter two are used to raise and lower SU(2)
indices.

A.1 Cohomological formulation

The cohomological fields are defined as:

η= ζiλ
i +χ iλi , (A.19)

ϕ = −i(X − X ) , (A.20)

Ψµ = ζiσµλ
i
+χ iσµλi , (A.21)

φ = s̃X + sX , (A.22)

χµν = 2
s+ s̃

s2 + s̃2

�

χ iσµνλi − ζiσµνλ
i +

1
s+ s̃

(vµΨν − vνΨµ)
�

, (A.23)

Hµν =
�

P+ωc

�ρλ

µν

�

bΘ
i j
ρλ

Di j − Fρλ + i
X + X
s+ s̃

(∂ρvλ − ∂λvρ)

−
2i

s+ s̃
ε δ
ρλγ vγ

��

Dδ − 2iGδ − i
s̃

s+ s̃
bδ

�

X −
�

Dδ + 2iGδ − i
s

s+ s̃
bδ
�

X
��

.

(A.24)
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This last definition uses the notations

cos(ωc) =
s− s̃
s+ s̃

, (A.25)

κ= g(v,•) , (A.26)

P+ωc
=

1
1+ cos2ωc

�

1+ cosωc ?− sin2ωc
κ∧ ιv
ιvκ

�

, (A.27)

bΘi j
µν =

4
1+ cos2ωc

�

cos2(ωc/2)
s

Θi j
µν +

sin2(ωc/2)
s̃

eΘi j
µν

�

. (A.28)

After this field redefinition the SUSY transformations of the vector multiplet take the form:

δA= iΨ , (A.29)

δΨ = ιvΨ + idAφ , (A.30)

δφ = ιvΨ , (A.31)

δϕ = iη , (A.32)

δη= LA
vϕ − [φ,ϕ] , (A.33)

δχ = H , (A.34)

δH = iLA
vχ − i[φ,χ] . (A.35)

B Including fluxes

The localization results we are using and by extension our results also hold on manifolds
that support non-trivial fluxes such as RP4 [56]. In this appendix we give the corresponding
expressions for the one-loop determinants and the partition functions. We refer to [11] for a
detailed discussion.

Inclusion of non-trivial fluxes in the localized partition function shifts the Coulomb branch
parameter in the classical, Nekrasov and one-loop contributions to the partition function. For
the classical action this precisely gives the corresponding contribution N({ki}) to the instanton
number

log Zclassical = −
16π2

g2
YM

Tr
�

σ2
�

s− − 2πiτN({ki}) , (B.1)

where the index i runs over the number of fixed points of v. For the one-loop and Nekrasov
partition functions the shift is σ→ σ+ ki(εi ,ε

′
i) with the function ki valued in the Cartan of

g encoding the flux contribution at the i-th fixed point. For the vector multiplet this leads to a
modification of the general expressions for the two types of fixed points, which now become

Zvec
εx ,ε′x
(σ) =

∏

ρ∈adj

∏

n1,n2≥0

�

iρ(σ) + iρ(kx(εx ,ε′x)) + (n1 + 1)εx + (n2 + 1)ε′x
�

1
2

×
∏

m1,m2≥0
(m1,m2)6=(0,0)

�

iρ(σ) + iρ(kx(εx ,ε′x)) +m1εx +m2ε
′
x

�
1
2 ,

Zvec
εy ,ε′y
(σ) =

∏

ρ∈adj

∏

n1,n2≥0

�

iρ(σ) + iρ(ky(εy ,ε′y))− (n1 + 1)εy + (n2 + 1)ε′y
�

1
2

×
∏

m1,m2≥0
(m1,m2)6=(0,0)

�

iρ(σ) + iρ(ky(εy ,ε′y))−m1εy +m2ε
′
y

�
1
2 .

(B.2)
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Similarly the hypermultiplet expressions become

Zhyp
εx ,ε′x
(σ, mx) =

∏

ρ∈R

∏

n1,n2≥0

�

iρ(σ) + iρ(kx(εx ,ε′x)) + imx + (n1 +
1
2
)εx + (n2 +

1
2
)ε′x

�− 1
2

×
�

−iρ(σ)− iρ(kx(εx ,ε′x))− imx +
�

n1 +
1
2

�

εx +
�

n2 +
1
2

�

ε′x

�− 1
2

,

Zhyp
εy ,ε′y
(σ, my) =

∏

ρ∈R

∏

n1,n2≥0

�

iρ(σ) + iρ(ky(εy ,ε′y)) + imy −
�

n1 +
1
2

�

εy + (n2 +
1
2
)ε′y

�− 1
2

×
�

−iρ(σ)− iρ(ky(εy ,ε′y))− imy −
�

n1 +
1
2

�

εy +
�

n2 +
1
2

�

ε′y

�− 1
2

.

(B.3)

The U(1) parts of these one-loop determinants are the same as in the case with no flux.
For the vector multiplet, the one-loop determinants can then be written as a product over the
positive roots of the gauge algebra.

Zvec
εx ,ε′x

=
�

ZU(1)vec
εx ,ε′x

�rG
∏

ρ∈∆+

1
|ρ(σ) +ρ(kx(εx ,ε′x))|

×
∏

n1,n2≥0

�

(ρ(σ) +ρ(kx(εx ,ε′x)))
2 +

�

(n1 + 1)εx + (n2 + 1)ε′x
�2�

1
2

×
�

(ρ(σ) +ρ(kx(εx ,ε′x)))
2 +

�

n1εx + n2ε
′
x

�2�
1
2

,

Zvec
εy ,ε′y

=
�

ZU(1)vec
−εy ,ε′y

�rG ∏

ρ∈∆+

1
|ρ(σ) +ρ(ky(εy ,ε′y))|

×
∏

n1,n2≥0

�

(ρ(σ) +ρ(ky(εy ,ε′y)))
2 +

�

−(n1 + 1)εy + (n2 + 1)ε′y
�2�

1
2

×
�

(ρ(σ) +ρ(ky(εy ,ε′y)))
2 +

�

−n1εy + n2ε
′
y

�2�
1
2

.

(B.4)

Similarly we can rewrite the hypermuliplet determinant with a product over the non-trivial
weights R \R0 of the representation

Zhyp
εx ,ε′x
(σ, mx) =

�

ZU(1)hyp
εx ,ε′x

(mx)
�|R0|

×
∏

ρ∈R\R0

∏

n1,n2≥0

�

�

ρ(σ) +ρ(kx(εx ,ε′x)) +mx

�2
+

�

n1εx + n2ε
′
x +

εx + ε′x
2

�2�−
1
2

,

Zhyp
εy ,ε′y
(σ, m) =

�

ZU(1)hyp
−εy ,ε′y

(my)
�|R0|

×
∏

ρ∈R\R0

∏

n1,n2≥0

�

�

ρ(σ) +ρ(ky(εy ,ε′y)) +my

�2
+

�

−n1εx + n2ε
′
x +
−εx + ε′x

2

�2�−
1
2

.

(B.5)
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For an adjoint hypermultiplet, the one-loop determinants become

Zhyp
εx ,ε′x
(σ, mx) =

�

ZU(1)hyp
εx ,ε′x

(mx)
�rG

∏

ρ∈∆+

×
∏

n1,n2≥0

�

(ρ(σ) +ρ(kx(εx ,ε′x)))
2 +

�

n1εx + n2ε
′
x +

εx + ε′x
2

+ imx

�2�−
1
2

×

�

(ρ(σ) +ρ(kx(εx ,ε′x)))
2 +

�

n1εx + n2ε
′
x +

εx + ε′x
2

− imx

�2�−
1
2

,

Zhyp
εx ,ε′x
(σ, mx) =

�

ZU(1)hyp
−εx ,ε′x

(mx)
�rG

×
∏

ρ∈∆+

∏

n1,n2≥0

�

(ρ(σ) +ρ(kx(εx ,ε′x)))
2 +

�

−n1εx + n2ε
′
x +
−εx + ε′x

2
+ imx

�2�−
1
2

×

�

(ρ(σ) +ρ(kx(εx ,ε′x)))
2 +

�

−n1εx + n2ε
′
x +
−εx + ε′x

2
− imx

�2�−
1
2

.

(B.6)

From these expressions it is clear that we find the simplifications at the same mass values as
in the case without fluxes. Specifically tuning the mass at all fixed points to the the Marcus
point we find that the partition function takes the from

ZMarcus =
∑

{ki}

e−2πiτN({ki})
∫

d rGσ

 

∏

ρ∈∆+

|ρ (σ) |2
!

exp

�

−
16π2s−

g2
YM

Tr
�

σ2
�

�

, (B.7)

where the sum is over all possible non-trivial values of the flux. Similarly at the Vafa-Witten
point we find

Z =
∑

{ki}

e−2πiτN({ki})
�

ZG
V.W

�n+
�

Z
G
V.W

�n−

×
∫

d rGσ exp

�

−
16π2s−

g2
YM

Tr
�

σ2
�

�

∏

ρ∈∆+

|ρ(σ)|2
∏

i∈{ f .p.}

|ρ(σ) + ki(εi ,ε
′
i)|
−1 ,

(B.8)

with the last product being over all the fixed points.

C Tuning masses on four-manifolds

Here we give a formal proof that at every fixed point of the Killing vector we can tune the mass
to whatever value we want.

Pick a fixed point x∗ of v and a small neighborhood U of x∗ such that the exponential map
exp : exp−1(U) ⊂ Tx∗M → U is bijective. Assuming x∗ is isolated, there exists ε > 0 such that
Bε(0) ⊂ exp−1(U) and for all Y ∈ S3 ⊂ Tx∗M the map

fY :[0,ε)→ M

r 7→ ‖v(exp(rY ))‖2 ,

is strictly monotonically increasing. (This means that if we start going away from x∗ the norm
of v has to increase.) As a consequence, there exists an ε′ > 0 such that

u :[0,ε′)× S3→ M

(r, Y ) 7→ exp
�

f −1
Y (r)Y

�

,
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parametrizes its image. It holds that ‖v(u(r, Y ))‖2 = r. Combining this with the fact that v is
a Killing vector, we see then that v(u(r, y)) ∈ Tu(r,Y )u(r, S3).

Let’s assume that we have already put some masses m, m on M , that they satisfy the con-
straint of being constant along the flow of v but that they do not necessarily have the desired
values m∗, m∗ at the fixed point x∗. Pick 0 < ε′′ < ε′ and a function h : [0,ε′′]→ [0,1] such
that h(0) = 0, h(ε′′) = 1 and that allows a smooth extension to constant 1 above ε′′ and con-
stant 0 below 0 (i.e. h is a smooth step function). Define π : R×S3→ R : (r, Y ) 7→ r. With all
these inputs we can then define for p ∈ M

m′(p) =

¨

h(π(u−1(p)))m(p) + (1− h(π(u−1(p)))m∗, if p ∈ u([0,ε′′]× S3) ,
m(p), else ,

m′(p) =

¨

h(π(u−1(p)))m(p) + (1− h(π(u−1(p)))m∗, if p ∈ u([0,ε′′]× S3) ,
m(p), else .

Note that h◦π◦u−1 varies only in a direction transverse to v by construction of u and therefore
m′, m′ are constant along the flow of v. Also they are smooth due to the constraints on h.
Finally we have that m′(x∗) = m∗, m′(x∗) = m∗ as desired.

After we have engineered m, m the other background fields, Gµ and Di j and those that
depend on them, have to be adjusted.
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