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Abstract

We develop a joint model for the S&P500 and the VIX indices with the aim of extracting
forward looking information on the correlation between the two markets. We achieve this by
building the model on time changed Lévy processes, deriving closed analytical expressions for
relevant quantities directly from the joint characteristic function, and exploiting the market
quotes of options on both indices. We perform a piecewise joint calibration to the option
prices to ensure the highest level of precision within the limits of the availability of quotes in
the dataset and their liquidity. Using the calibrated parameters, we are able to quantify the
leverage effect along the term structure of the VIX options and corresponding VIX futures.
We illustrate the model using market data on S&P500 options and both futures and options
on the VIX.

Keywords: Lévy processes; time changes; implied correlation; option pricing 2020 Math-
ematics Subject Classification: 91G15, 91G20, 91G70, 60E10, 60G51

1 Introduction

Recent years have witnessed the fast development of the market for products related to the VIX
index, as they are widely used in risk management strategies and as building blocks for other
traded instruments (see Szado| (2009) for example). These products are also advocated for the
construction of optimally structured portfolios issued by institutional investors (see |Bertrand and
Prigent| (2019) and references therein). A common key ingredient across these applications is
the correlation between the S&P and the VIX markets, the quantification of which requires a
consistent and tractable model for both indices.

Thus, in this paper we develop a joint model for the S&P500 and the VIX indices with the
aim of extracting forward looking information on the term structure of the correlations between
the two markets by calibrating to the prices of liquidly traded derivatives such as S&P500 and
VIX options, as well as VIX futures. We achieve this by using time changed Lévy processes in the
spirit of |Carr et al.| (2003), |Carr and Wu, (2004}, Huang and Wu (2004) and Ballotta and Rayée

(2022)), which allows to derive closed analytical expressions for the relevant quantities directly
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from the joint characteristic function. The latter is available thanks to the affine property of the
construction. Indeed, the class of affine processes has been restated in terms of time changed Lévy
processes by Kallsen (2006]). Thus, we base derivatives pricing on Fourier transform techniques
(see for example [Eberlein et al.| (2010)), and data from the CBOE on S&P500 options and both
futures and options on the VIX.

The proposed model is built on purely discontinuous processes by means of a suitably designed
factor construction inspired by Ballotta and Bonfiglioli (2016), which enables the generation of
both stochastic volatility and leverage. The approach is quite flexible concerning the choice of
the driving processes, as the only relevant piece of information required is their characteristic
function. For the purpose of the empirical analysis, we consider a specification of the proposed
setting built on the CGMY process of (Carr et al| (2002)). Although the construction could be
extended to include diffusion components (see Ballotta and Eberlein| (2025)) for further details),
the empirical analysis presented for example by Ballotta and Rayée| (2022) highlights their limited

added value in terms of calibration performance.

Models based on affine processes have been used in the literature to price options on realized
variance and VIX by Sepp| (2008a,b), and options on quadratic variation by |[Kallsen et al.| (2011)).
Our approach differs as the model is based entirely on discontinuous processes, and dependence

is induced via a factor construction accommodating both leverage and volatility feedback.

The central contribution of this paper lies in the quantification of the correlation between the
(log-returns of the) S&P500 index and the (square of the) VIX index using the market consistent
information encapsulated by the VIX index itself and the existing S&P500 and VIX derivatives.
The objective is to extract a forward looking term structure for this correlation over the expiry
range of traded contracts. The recovery of implied correlation between assets using option prices
has been explored in the FX markets by Ballotta et al.| (2017)), Brigo et al.| (2021]) and |/Amici et al.
(2025) amongst others; however, to the best of our knowledge, this is the first study involving
two different markets, namely the S&P and the VIX markets. We envisage the potential for this
term structure of implied correlations to become a relevant market metric, if not even a reference

quantity for new derivative products.

Due to the affine construction of the model, we can also gain a forward looking insight into
the so-called leverage and volatility feedback effects, whereby leverage indicates the impact on the
volatility level of (in general adverse) changes in the log-returns, whilst volatility feedback refers
to the decline in equity returns originated by anticipated rises in volatility. In this respect, the
VIX market provides the ideal environment to price in such effects. This forward looking approach
distinguishes our paper from other contributions in the literature on leverage and volatility feed-
back which primarily focus on stock and portfolio returns (see for example (Carr and Wu/ (2017)

amongst others).

An additional contribution of this paper is a new interpretation of the bias between the VIX
index and the conditional mean of the integrated variance. The general specification of the model
in fact allows us to identify the origin of this bias in the higher order moments of the Lévy process
which is time changed in the dynamics of the S&P500 log-returns. This particular aspect also
provides a theoretical ground for the ‘fear gauge’ nickname the VIX index is usually referred to
in the industry: by incorporating information on the skewness and excess kurtosis, the VIX index

offers indeed a view on the probability of significant market movements in the ‘wrong’ direction



(see also the discussion in Ballotta (2024)).

This paper also contributes, albeit indirectly, to the growing literature that explores the joint
calibration problem, i.e. the development of models which can simultaneously reproduce the
market volatility surfaces of options on the S&P500 and the VIX indices in addition to the prices
of VIX futures. Recent works in this direction include |Abi Jaber et al.| (2023) and |Cuchiero et al.
(2025)) amongst others. Our work, however, differs from these studies in the way in which we
manage the variation in the level of the VIX implied volatilities from one maturity to the next
during the calibration. Motivated by the observation that a similar variation in scale characterizes
the interest rate market as well (although on a significantly different time scale), we adopt a
piecewise approach similar to Eberlein and Kluge| (2005)). In this way we can extract correlation
values consistent with the maturities available in the market for the relevant contracts.

The results from the empirical analysis show a significant negative implied correlation be-
tween the two markets, indicating a clear diversification potential of VIX instruments, which has
important implications for portfolio management decisions.

The paper is organized as follows. In section [2] we develop the model for the log-return
process driving the S&P500 index. In section [3| we obtain an useful expression for the VIX index
based on its representation via the log-contract, and pricing formulas based on Fourier transform
techniques. In section [4 we derive the analytical expression of the correlation. The term structure
of the correlation is studied in section [5 in which we perform the joint calibration, and section [6]

concludes.

2 The model

The formal definition of the VIX index from the Cboe White Paper |Cboe| (2023) is

2
V(0,Ar) =100 x Aiemf Z AKI;O(KZ') - Ai (FS(?(’OAT) - 1) ,
where r is the risk free interest rate to expiration, O(Kj;) is the mid price of out-of-the-money
(OTM) call and put options on the S&P500 with strike K; and time to maturity A, fixed at
30 days, Fg(0,A;) is the forward index level derived from index option prices, Ky is the largest
available strike below or equal to the forward index level, and AKj is the interval between strikes
computed as (K;y1 — K;—1)/2.

For the purpose of pricing derivatives on the VIX, a more convenient expression for the
index can be obtained from the price of the log-contract on the S&P500. To this aim, let
(Q, F,{Fi}t>0,P) be a filtered probability space, with P denoting a risk neutral probability mea-
sureﬂ and denote by S(t) the value of the S&P500 at time t. An application of the static
replication formula implies that the VIX can be approximated as V (0, A,) = 100 x V (0, A,), for

V(t,t+A,) = \/—zEt (mS(HAT))), (1)

Fs(t,t+ A,

1'We note that the proposed market model is incomplete and consequently the risk neutral martingale measure
is not unique. Hence, we follow standard practice for incomplete markets and determine the risk neutral measure
through the prices of derivative contracts traded in the market.



with E;(-) denoting the conditional expectation under the risk neutral measure. As this equation
clarifies the connection to the S&P500 index, in the following we introduce a model for its price

process.

2.1 The general specification

We model the equity index price process with spot value S(0) as
S(t) = S(0)e™ X,

for r the (constant) continuously compounded interest rate, and X (¢) a time changed Lévy process.

More in details, let L(t) denote the so-called base process, and T'(t) be a stochastic clock,
then X (t) = L(T'(t)) = (Lo T) (t). In other words, the process X (t) is obtained by observing the
process L(t) on a time scale controlled by T'(t). This construction recognizes that price changes
are caused by imbalances in demand and supply due to trades. Thus, uncertainty originates from
both the timing of the change, which is modelled by the clock T'(t) and can be interpreted as
business time, and its magnitude which is captured by the base process L(t).

We assume that the base process is defined as
L(t) =—pj (—iO‘l)t + O‘1J1(t),

for a constant 1. In the above equation, Ji(t) is a Lévy process with characteristic exponent

v, (u) and triplet (a1, 0,v1(dx)), which satisfies the following.

Assumption 1. There exists a constant M such that

e (dr) < o0 for all u € [-M, M],
{l=[>1}

i.e. the exponential moments of J1 are finite.

The above assumption is required to ensure that the price process has finite moments (see
for example |[Eberlein and Kallsen| (2019)) and is satisfied by all purely discontinuous processes
typically used in mathematical finance such as hyperbolic, Normal Inverse Gaussian, generalized
hyperbolic, Variance Gamma and CGMY processes, with the only exception of stable processes.

Assumption (1| implies in particular the finiteness of E (J1(t)), and consequently Ji(¢) can be

represented as

Ji(t) = oqt—l—/o /Ra: (,u‘h - 1/‘]1) (ds,dz),

where p’1(dt,dr) is the random measure of the jumps of J; with compensator v”/i(dt,dz) =
vi(dz)dt, and g = E (J1(1)). In other words, Assumption [1] allows us to use the identity function

for truncation. Consequently, the characteristic exponent is

o1, (u) = iuay +/ (€™ — 1 — iuz) v1(dz).
R

For later use, we decompose the process J; = Ji — + Ji 4 into the sum of the (compensated)

negative and positive jumps with triplets (o, —, 0,1 —(dx)) and (oq 4,0, 1 4+ (dx)) respectively.



Under the above assumptions, the process X (¢) driving the equity index is given by
X(t) = —pg,(—io1)T(t) + o1 (J1oT) (t). (2)

For the stochastic clock T'(t), we assume that it is absolutely continuous with activity rate
v(t), so that

() = /Ot o(s_)ds.

In particular, we assume that the activity rate as well is originated by a time changed Lévy process
of the form
v(t) =v(0) + kbt + (Y o T)(1),

for x and @ positive constants and
Y(t) = —Kt — 771.]1’7(0 + 772J2(t).

In other words,

o(t) = v(0) + / 5 (0 —v(s_))ds —m (Ji_ o T) (t) + 1 (Joo T) (1), (3)

in which v(0) > 0, n; and 72 are non-negative constants, and Ja(t) is a purely discontinuous Lévy
process independent of Jj(t), with jumps of positive size, and characteristic exponent ¢, (u). We

assume that Jo(t) satisfies Assumption [1| as well, and therefore has characteristic exponent

o5 (u) =iuag + / (eiux — 1 — iuz) va(dz).
Ry

As equation is an implicit equation, we show in section that it has a unique non-negative

solution.

We note the following points. Time changes are used to equip Lévy processes with stochastic
volatility features (see for example |Carr et al. (2003)), Ballotta and Rayée (2022)). Indeed, the
conditional variance of X (¢) is proportional to the stochastic clock T'(¢), and therefore is governed
by the dynamics of the activity rate v(t).

Furthermore, in this construction dependence between the log-returns and their variance is
induced by a factor construction, inspired by the work of Ballotta and Bonfiglioli (2016), in which
the process (Ji,— oT) can be interpreted as the source of systematic risk, whilst the process
(J1,4 o T') represents the idiosyncratic risk in the dynamics of the log-returns. In this context, the
process (J1,— o T') could be seen as the transmission channel of the so-called leverage effect meant
as increases in the volatility level due to negative return movements. The process (J; o T') on the
other hand could be interpreted as the main driver of the so-called volatility feedback effect.

Finally, we observe on the one hand that discontinuous dynamics of the log-returns increase
the model ability to generate a consistent skew slope especially over short maturities as shown for
example in Ballotta and Rayée| (2022). On the other hand, the factor construction in the design
of the volatility process is supported by the study of |Jacod and Todorov| (2010) amongst others.
Hybrid constructions in spirit similar to the one posited in this paper have been used for interest
rate modelling by Eberlein and Rudmann| (2018).



We also note the following relationships for use in the remaining sections.

E(Y(1)) = —k—moi-+naz=:b (4)
E(L(1)) = —¢n(—io1) + o101 =: by (5)
Var(Y(1)) = niVar(Ji,-(1)) + n5Var(Jo(1)) =: 67 (6)
Var(L(1)) = oiVar(Ji(1)) =: 63 (7)
and
Cov(L(1),Y (1)) = —morVar(Ji_(1)) = j. (8)

Finally, it follows from the given construction (see for example Eberlein and Kallsen| (2019),
Proposition 4.14) that the trivariate process (v, X, T) has differential characteristics (B, 0, K) of

the form

K0 b1
B = 0 =+ b2 v =: BO =+ Blv_ (9)
0 1

K(G) = < / Lo(—ma, ovz, 0 (dz) + / 160, 012, 0)1 4 (d2)

+f 11G<n2y,o,o>u2<dy>> (10)

for any Borel set G, 0 ¢ G, and therefore it is affine. Consequently, the following holds.

Theorem 1. The affine system (v, X,T) admits joint conditional characteristic function

E (eiwv(t)—f—iuX(t)-l—izT(t)) _ e\IIO(w7u,z;t—s)+\I/1(w7u,z;t—s)v(s)+iuX(s)+izT(s) s<t
s = )

with the exponents Vo, Wy solutions to the system of ordinary differential equations

Ui(w,u, 2t —8) = kY (w,u,z2;t—s),
Uo(w,u,2;0) = 0
\Ijll(waua Z;t—S) = IZ—{—QOL(’U,) _I{\Ijl(wauaz;t_s)_}—@h,f (inlqjl(wvuaz;t_s)_FUO-l)

—@g,—(o1u) + @, (=¥ (w,u, z;t — 5)),

Uy (w,u,2;0) = iw,

for op(u) = —iup, (—io1) + .5 (010).

Proof. As (v, X,T) is affine, we obtain

E (eiwv(t)+iuX(t)+izT(t)) _ e\Ilo(w,u,z;t—s)-i—\Ill(w,u,z;t—s)v(s)+\112(w,u,z;t—s)X(s)—‘r\Ilg(w,u,z;t—s)T(s)
s = .

6



The exponents Vg, ¥ = (¥, ¥y, U3) satisfy

Ui(w,u, z;t —s) = WBy
Uo(w,u,z;0) = 0,

Vi (w,u,2;t—s) = B +/ (e‘I'(_””U"’””’O)T —1—=P(—nx, Jlx,O)T) v1,—(dx)
R
_|_/ (te\Il(07cr1z,0)-r —1— (0,012, O)T) vi 4 (dz)
R

., / (0097 1 W(29,0,0)7 ) wa(dy),
R

Uy (w,u,2;0) = iw,
and
Uh(w,u, 25t —8) = 0, Wo(w,u,z;0)=iu,
Ui(w,u,z;t —s) = 0, P3(w,u,z0)=iz.

The last two sets of equations imply that Wo(w,u,z;t — s) = iu and V3(w,u,z;t — s) = iz.

Furthermore, by direct calculation

Ui(w,u,z;t—8) = k¥ (w,u,z;t—s),
Uo(w,u,z;0) = 0,
and
Ui(w,u,z5t—s) = iz—(k+mar,_)¥i(w,u,z;t —s) —iupy, (—ior) + iucrag + 2oV (w, u, 25t — )
+/ (e*(‘lll(w,u,z;tfs)nlfiuaﬂm — 14 (\Ill(w, u, 2t — 5)771 o iu0'1> I) Vl,_(dx)
R
+/ (€% — 1 —iuoy2) v1 4 (dz)
R
+/ (eq’l(w’“’Z;t*S)"Z’y -1 -0y (w,u,z;t — s)ngy) va(dy),
R
Uy (w,u,2;0) = iw.
The result follows from this. ]

2.2 Existence and non-negativity of the activity rate process v(t)

In order to prove that there is a unique non-negative solution to the implicit equation , we
represent v(t) as the solution to an affine martingale problem. For this purpose, define the linear
maps g1 : R_ — Ry, g1(x) = —mz and g2 : Ry — Ry, go(x) = mex, and the corresponding
measure transformations gi(v1,_)(B) = v1_(g;'(B)) and ga(12)(B) = 1a(gy ' (B)). Consider
Ji—(t) = —mJ1_(t) and Jo(t) = n2Ja(t), then it follows that

cpjlﬁ(u) = —iumag - —i—/ (eiuz —1- iuz) g1(v1,-)(dz)
Ry
pj,(u) = iunas +/ (e — 1 —iuz) ga(12)(dz).
R

7



The process J(t) = Ji_(t) + Ja(t) has Lévy measure v; = g1(v1,—) + ga(v2) and characteristic

exponent

wy(u) =iu(neag —mai,—) +/ (eiuz —1—iuz) vy(dz).
Ry

We extract from equations @D and that the first coordinate of the trivariate process
has Lévy-Khintchine triplets (k6,0,0) and (b1,0,v7), leading to the following affine martingale

problem

b(t) = kKO+bv(t)
K(t,dz) = wvj(dx)v(t-).

As k# > 0 and vy is a Lévy measure on the positive half-line which satisfies the required moment
condition, according to Proposition 6.5 in |[Eberlein and Kallsen| (2019) (non-negative case), this

martingale problem has a unique solution v(¢) which is non-negative.

3 The VIX dynamics and derivatives pricing

The analysis in section gives access to a useful expression for the square of V' (¢,t+A;) (equation
(1)) and its characteristic function. The latter provides the basis for the development of efficient
pricing routines using Fourier transform techniques, which are instrumental for an efficient cali-

bration of the model to market quotes.

3.1 The VIX squared and its characteristic function

Equation shows the link between the VIX index and the log-contract, which in a diffusion
setting leads to the identity between the VIX squared and the variance swap rate. However,
as discussed in [Carr and Wul (2006), when the driving process is a general semimartingale, the
identity with the variance swap rate no longer holds due to a correction term incorporating the
effects of the jumps. Indeed, we can show that this correction term represents the higher order
moments of the base process L(t).

In virtue of equation (|1)), we have

V(t,t+A,)% = —iEt <ln

- S(t+A;) > ‘

FS(tvt+AT)

By construction

E, <1 S+ Ar)

nFs(t,tJrAT)) =B (X(t+ A7) = X(1),

consequently, we obtain from equation

E, <1 S+ Ar)

nFs<t,t+A7)> = = s (—ion) B (T(t+ Ar) = T(1))

+ B ((J1oT)(t+A;)— (J1oT)(t)).
As the last conditional expectation in the above equation is equal to

a1y (T(t+ A7) = T(t))



(see Proposition 4.14 in Eberlein and Kallsen| (2019)), we finally obtain

Vit b+ AP =~ 22E, (T(+ Ar) ~ T(1).

T

We note that by means of the above and equation ([5|), we can write

E(T(Ar))

V (0, AT)2 _ (Var(L(l)) + éc3(L(1)) + %@(L(l)) +. ) A 7

with Cj(L(1)) denoting the unit time cumulant of order j of the base process. Therefore, the VIX
index V(0,A;) = 100 x V (0, A;) carries information concerning not just the variance of the base
process, but also the higher order moments such as the ones controlling the skewness and excess
kurtosis of the distribution of the base process. Thus, our model offers an insight into the VIX
role as the ‘fear gauge’: by indirectly capturing information about the probability mass in the
tails of the log-return distribution, the VIX index provides a view of the market on the probability

of significant movements in the ‘wrong’ direction.

The conditional expectation of the stochastic clock T'(¢) can be recovered by differentiation
of its (log-)characteristic function, which can be obtained from Theorem (1| by setting w = u = 0.

To this purpose, let

.0 .
cj(t—s) = —1%\I/j(0,0,z;t —5) L j=0,1,

then by standard rule of calculus, it follows that

Es (T(t)) = co(t — s) + c1(t — s)v(s) + T'(s)

with the affine coefficients cg, ¢ solutions to the system of ordinary differential equations

ot —8) = Kbyt —s),
c(0) = 0

At—s) = 1+bic(t—s),
a(0) = 0.

This system can be solved analytically and returns

eh(t=s) _ 1 _py(t — )

co(t—s) = kO 2 (11)
1
ebl(t—s) -1
ca(t—s) = 5 (12)
Consequently
2bsy

V(t,t+A,)% = —A (co(Ar) +er(Ar)o()); (13)

T

which implies that the characteristic function ¢y2(h;t) of V(t,t + A,)? follows from Theorem
by setting w = —2hbac1(A;)/A; and u = z = 0. Therefore

dy2(hit) = E (eihV(t,t-i—AT)?) — pAUAL)+ Ao (hit)+Ax (Rt)v(0) (14)

9



with
2by

A(h; Ar) = —ihA—Tco(AT),
and the exponents Ag, A; solutions to the system
Af(hst) = kOA;(h;t),
Ap(h;0) = 0
Aj(hit) = —rAi(hit) + o _ (imAL(Rit) + @, (—in2 A1 (i t)),
Ai(h;0) = —ihiﬁcﬂﬁr).

3.2 The characteristic function of the process X(t)

In order to price options on the S&P500 in this setting, we also require the characteristic function
of X (t). This follows from Theorem [l| by setting w = 0 and z = 0, i.e.

ox(u;t) =E (eiUX(t)> = Dol Dluitho®), (15)

with the exponents Dy, Dy solutions to the system of differential equations

Djy(u;t) = KOD;(ust),
Do(u;0) = 0
Di(u;t) = ¢rp(u) —kDy(u;t) + g, (inDy(ust) + oru)

— @5 (01u) + 01, (=2 D1 (u; 1)),
Dl(u;O) = 0.

Alternatively, the expression for the characteristic function can be obtained adopting the
leverage neutral measure approach of (Carr and Wu| (2004) (see also Ballotta and Rayée, (2022)).

To this purpose, let us define

this process is a martingale starting at 1. Consequently, the time-changed process
M(t) = M(t) = (0 T)(t) = X -e1T0
is a martingale too and defines the density process for a complex-valued ‘measure’ M such that

E (eiux(t)) — EM (eSOL(u)T(t)) . (16)

In other words, the change of measure allows us to operate as if the process of the log-returns

were independent of its volatility, i.e. as if there were no leverage (see Carr and Wu/ (2004)).

3.3 Pricing derivatives: a Fourier based approach

Among the available approaches for option pricing, we adopt the method of Eberlein et al.| (2010)).
Thus, the prices of call and put options on the S&P500, denoted as mgpx (K, 7), are computed

10



as

e—Rs 00 . Kl_R_iu
K - —ius D d
mspx (K, 1) =™ — /0 §R<6 ox(u 1R’T)(l—R—iu)(—R—iu)) u’

with R > 1 for the case of the call option and R < 0 for the case of the put option (see [Eberlein
et al| (2010) for full details on the method), and s = —1In Fg(0,7). The characteristic function
¢x(+;7) is given by equation ((15)).

For the computation of the price of the VIX call option with payoff
C(V(r, 74+ A;) =100 x (V(r,7+ A,) — K)T,

we proceed as follows. Given the availability of the characteristic function ¢y2(-;t), we first

re-express the payoff as

C(V(r,7+A,)) = 100 x (Jm— K)+ ,

and then we derive the Fourier transform f of f(z) = (y/z — K)". Thus, for z € C

fe) = [ e (a-K)de
K2
1 0o eizac
= —— d
iZ K2 2\/.% *

where the last equality holds for J(z) > 0. This integral can be solved by substitution: set

y = v/—izz, then

o 1 &0 2
6 = Jegmet™

_ 2(1\/5)3/2 (1= ext(KV=i2) (17)

with erf(-) denoting the error function of a complex argument. Then, the price of the VIX call
option struck at K and expiring at 7 is given by

e*T‘T

Cyrx(K,7) =100 x
s

/0 TR (6velu— iR:7) (R~ w)) du (18)

with r the risk free rate of interest and R the dampening factor. Convergence is ensured for
R > 0. The relevant characteristic function, ¢y2(+;t), is given by equation . VIX put options

can be recovered using the put-call parity, so that
CV[)((K,T) — PV[)((K,T) =K (6_” (V(T,T + AT) — K)) ,

and therefore
PV]X(K,T) :C\/Ix(K,T)—efTT (Fv(O,T)—K). (19)

Finally, VIX futures prices are obtained following a procedure similar to [Kallsen et al.| (2011])
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so that
Fy(0,7) = 100 x E(V (7,7 + A;))
B 1 — ¢y2(iu; 1)
= 100 Q\F/ 32 du

with ¢y2(-;t) given by equation ([14).
The numerical schemes are implemented in Matlab R2023b. All integrals are computed by

standard quadrature methods fully vectorized for speed, and the relevant differential equations
are solved numerically using the Runge-Kutta method. The computation of the error function of

a complex argument is carried out by means of the algorithm developed by |Godfrey| (2024]).

4 Second order moments of log-return and activity rate processes

Theorem [I] also gives access to the second order moments and co-moments of the relevant quan-
tities through repeated differentiation. In particular, we focus on the variances of the log-return
process X (t) and the activity rate process v(t), and the covariance between them.

In order to define the variance of the process X (t), we use the moments of the base processes
defined in equations 7, and set

by
do(t) = &3co(t) + 2pkb—

b2

B2 o2t
(ebltt +t—2¢ (t)> + 67k02 5| 2c1(t) — 2eM —t 4+ ——— ),
by 2b;
-1

2 bo bit 2b2 let bit
di(t) = ¢& + 2p— ' — t)) +o — — 2e71%t
1( ) 201( ) bl <€ Cl( )) 1b2 < b1 c > ’

with ¢o(t) and ¢;(t) derived in equations (L1)—(12). Then, by repeated differentiation of the joint

(log-)characteristic function in Theorem [l} we obtain

Var(X (1)) = do(t) + di(t)v(0). (20)

Theorem 6.15 in [Eberlein and Kallsen (2019) gives access to an alternative derivation of this

result. Similarly, set

w(t) = meﬁc%o
a(t) = o%eblfq(t),
then
Var(u(t)) = qolt) + a1 ()(0). (21)
Finally,
Cov(X (1), v(t)) = po(t) + p1()0(0), (22)
for

P ( bt oba (€01
po(t) = mﬂa (e ! t—cl(t)) —/49011)—2 <e 1 — T

. . colt
pl(t) = eblt (pt—kafbg (’;(0)> .
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Figure 1: Correlation between X (t) and v(¢): sensitivity analysis with respect to the ‘loading’ coefficients
01, 1 and 72. Correlation calculated using equations f for a specific choice of the remaining
parameters.

o = 0.43506 oy =-0.43506

e
=3

o
o

impl. corr
impl. corr

A sketch of the proof is offered in Appendix [A]for the case of the covariance. The other quantities

can be obtained along the same lines.

The expression for the correlation between the log-return process X (t) and the activity rate
process v(t) follows directly. In virtue of equation , this is the same as the correlation between
the S&P500 index log-returns and the VIX squared.

In order to demonstrate the flexibility of the approach, we show in Figure |1| (parameters
available upon request) how the correlation changes for different values of the parameters oy,
71 and 72, which control respectively the level of the correlation between the base processes of
the log-returns and the activity rate (see equation (), and the impact on the log-returns of the

idiosyncratic movements in the activity rate (see equations 7).

5 The term structure of implied correlations

In this section we first calibrate this model jointly to market data for options on the S&P500 and
the VIX together with VIX futures. We then use the calibrated parameters to extract the term

structure of implied correlations by applying the results obtained in section [

End of day market prices were collected from the CBOE on May 3rd 2023 for call and put
options on both the S&P500 and the VIX indices, together with VIX futures prices. We use mid
option prices obtained from the quoted bid and ask prices of out of the money (OTM) contracts.

We apply the commonly adopted exclusion filters to the set of option prices, so that only
contracts with positive open interest, bid price and bid-ask spread are selected. Furthermore, we
only consider maturity slices with more than 5 traded strikes. For the observation date under
consideration, this implies that we can use options on the VIX up to 77 days to expiry as the bulk
of liquidity is concentrated around short maturity contracts. The corresponding market implied
volatilities are shown in the top panels of Figure [2l The VIX futures prices for the corresponding
maturities are shown in the bottom panel of Figure 2] together with the VIX spot value. The term
structure of interest rates is extracted from the USD SOFR curve on May 3rd 2023.

13



Figure 2: A sample of market data. Top-panels: implied volatilities from the S&P500 market (left-hand side
panel), and the VIX market (right-hand side panel). Bottom panel: VIX futures prices for maturities corresponding
to the ones of VIX options. Source: CBOE. Observation date: May 3"¢ 2023.
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5.1 The joint objective function and the calibration problem

In order to obtain a reliable estimation of the implied correlation, we need to ensure that the model
is able to reproduce the market quotes of derivatives as closely as possible. However, from Figure
we note two important features of the implied volatilities in the VIX market which can represent
a challenge for the calibration procedure. In first place, there is a clear difference in the scale of
the implied volatilities between the two markets. Indeed, the level of the VIX implied volatilities
is significantly higher than the one of the implied volatilities in the S&P market. Secondly, the
level of the VIX implied volatilities varies substantially from one maturity to the next, especially
between the first two available maturities, i.e. 7 and 14 days to expiry.

Furthermore, we note that the correct calibration of VIX futures is necessary in order to
recover consistent VIX implied volatilities by inversion of the Black formula (see (1976)).
The inclusion of the futures prices though exacerbates the issue of scale noted above. Therefore,

it is crucial to define an appropriate objective function in which all the relevant quantities are
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suitably rescaled to ensure comparability.

To this purpose, let

mod( ;. _ eod(; 2
fz-<ju9>=<7”' U:0) ~ (.‘7)), i=12 j=1,..N
Vol (j)Vegai(j)

eod
i

an OTM call or an OTM put option struck at K; and with maturity 7;, written on the S&P500
for ¢ = 1 and the VIX for ¢ = 2 respectively. 7r1m0d (j; ) denotes the corresponding price originated

where 7§%¢(7) is the end of day mid market price given by the j-th data point representing either

by the model with parameter set ¥. In this context, Vega;(j) denotes the (Black) Vega computed
using the market implied volatilities Volde( j)- Nj is the number of option contracts in the data
set.

The ratio between the error of the model price with respect to the market price and the Vega
is used as a first order approximation of the implied volatility error; this approximation is chosen
to both speed up the calibration and avoid potential bias due to expensive contracts (see for
example |Christoffersen et al. (2009), [Ballotta and Rayée| (2022)), and references therein). The
normalization via the implied volatility guarantees comparability between the two markets, given
the observed different ranges of implied volatility values for S&P500 and VIX options.

Furthermore, let

F:9) = (wm"d(z; 0) - wwdm)?
) reod (]) )
with 77°%(1;49) denoting the price of the VIX futures with maturity 7; for { = 1,..., Nz under the
given model, and 7°°(1) denoting the corresponding end of day market prices. N is the number
of VIX futures contracts considered. We use relative errors for the prices of the VIX futures to
ensure consistency with the option error functions.

Then, the objective function of the joint calibration problem is given by

Ni NF

FO) =3 5 S 0)+ 5= > 109),

i=1"""j=1 =1

The rescaling based on the number of contracts accounts for the different sizes of the respective

markets, which could otherwise compromise the fit.

The calibration problem is stated as
in £'(9
min (9),

with ¥ within the parameter limits of the chosen model.

It remains to address the issue of the variation in the VIX implied volatility level across
maturities. Motivated by the similarity with the interest rate markets, we adopt a piecewise
calibration approach similar in spirit to |Eberlein and Kluge (2005). To this purpose, we calibrate

separately each maturity interval [T]VIX,T]VIX + A;], for TJVIX € {7,14,21,28,49,77}, i.e. the

maturities of VIX options considered here. For options on the S&P500, we refer to contracts with

SPX VIX

maturities 7; coincident with 7; up to two days, according to availability. Consequently,

N7 denotes the number of options on the S&P500 for all strikes available for maturities TJSP X and

SVIX

j + A, whilst Ny indicates the number of VIX option contracts for all strikes available for
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maturity T]VIX . The choice to focus on these ‘triangles’ is motivated by the fact that the VIX
by construction encodes information on the forward density of the S&P500 log-returns and their
variance (see, for example Yuan (2022), and references therein).

We note that equation for ¢ = 0 links directly the initial level of the volatility activity
rate v(0) to the square of the spot value of the VIX index. This allows us to ensure that the
model matches exactly the current value of the VIX index. Anchoring the calibration procedure
to the current state of the VIX market also contributes to speeding up the convergence of the
optimization routine.

In the empirical analysis, we assume that the process Ji(t) is the CGMY process of Carr et al.

(2003) with Lévy density
—G|z| —Mz
e e
C ’x‘l_i_y 133<O + fBl+Y 1£E>0 )

and parameters C,G, M > 0, Y < 2. The corresponding characteristic exponent is
0, (1) = CT (=) ((M i)Y - MY (G i)Y — GY) .
Finally, we assume that the process Jo(t) is a Gamma process with characteristic exponent
ws(u) =0 (In\ —In(\ —iu)),

for 8, A > 0.

5.2 Results

In this section we gauge the performance of the piecewise joint calibration and extract the term
structure of implied correlations between the S&P and VIX markets.

Consistently with the definition of the calibration objective function F(1}), we measure the
model performance using relative errors based on the implied volatility recovered from the cali-
brated parameters. Let VolZmOd(j; 1) denote this value for the j-th data point, and define

e =

) 2
o~ [ Vol (io) — Volrd()
Vol; ! (j) LT

j=1
Np

er = Y [f;9).
=1

We measure the pricing performance separately on each market with

1 .
€ = ﬁiei, i=1,2, (23)
= /5 (24
(S NF er,
and on aggregate with
1
€= \/N (e1 +e2+ep), (25)

for N = N1+ Ny + Np.
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Table 1: Joint calibration with piecewise approach. Performance measures as defined in egs. f.

Maturity interval  [7,37]  [14,44]  [21,51] [28,58] [49,79] [77, 107]

€1 5.90% 2.54% 3.65% 3.61%  4.07% 2.64%
€2 2.07% 1.09% 2.49% 1.43%  2.57% 2.95%
€F 6.65E-03 1.48E-04 1.71E-03 1.43E-03  0.35% 3.93E-03
€ 5.42% 2.30% 3.43% 3.39%  3.76% 2.66%

We compare the implied volatilities generated by the model to the market ones for the dataset
under consideration in Figure [3] whilst the corresponding performance measures are reported in
Table|l] (the calibrated parameters are available upon request). The accuracy of the calibration is
comparable across each maturity interval, but it deteriorates in correspondence of those expiries

characterised by relatively low liquidity.

The term structure of the implied correlations is obtained along the range of maturities of
the VIX futures and VIX options; we then interpolate/extrapolate for each day between the
given maturities using a piecewise cubic Hermite interpolating polynomial. The result is shown
in Figure 4| The correlation between the log-returns of the S&P500 and the (square) of the VIX
index is significantly negative across the considered time horizon, and it justifies the fact that
the VIX calls are the contracts more heavily traded as they are perceived as ‘disaster insurance’.
The hump shape of the curve could be linked to the low liquidity level of the contracts with 28
days to maturity. The result also indicates that the VIX index and its derivatives have a high
diversification potential, and it supports the recommendations from Bertrand and Prigent| (2019)

to include exposures to VIX instruments for the optimal management of structured portfolios.

Finally, as in virtue of equation , the implied correlation between the S&P500 log-returns
and the VIX squared coincides with the one between the index log-returns and the activity rate
v(t), i.e. the process of the ‘point-in-time’ variance, we can gain forward looking information on
the strength of the leverage/volatility feedback effect in the case in which the volatility is priced
in directly through the VIX market.

6 Conclusions

We have developed a joint model for the S&P500 and the VIX based on time changed Lévy
processes for the valuation of derivatives written on these indices, and ultimately the quantification
of the forward looking implied correlation between the two markets. Due to the affine construction
of the model, this implied correlation also quantifies the leverage and volatility feedback effects.
We stress that, as the parameters are extracted from a joint calibration of derivatives quotes, the

obtained result is forward looking in nature.

The investigation based on market quotes shows that the implied correlation is significantly
negative over the horizon of the traded maturities considered in this paper, indicating the level of
diversification that the VIX and its derivatives can have. This is particularly relevant for portfolio

management decisions.
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Figure 3: Joint calibration with piecewise approach. Left-hand-side panel: implied volatility of S&P500 options

expiring at 75 7% = 7)/'X (up to 2 days). Centre panel: VIX futures price (vertical line) and implied volatility of

VIX options expiring at TJVI X Right-hand-side panel: implied volatility of S&P500 options expiring at TjVI XLA,
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An earlier version of this work has been presented at the Quant Summit Europe 2023 in Lon-
don, the 2024 Bachelier Colloquium in Métabief, the ICCF24 in Amsterdam, the 7th Women
in Quantitative Finance Conference 2024 in London, the 12th World Congress of the Bachelier
Finance Society 2024 in Rio de Janeiro, and the annual Quant Insights Conference 2024. The
paper in its current version has been presented at the Peter Carr Conference on Mathematical
Finance at the University of Maryland, QuantMinds International 2024 in London, the FAMiLLY
Workshop at the University of York, the Mandelbrot Centennial Colloquium in Paris, and the
London-Oxford-Warwick Mathematical Finance Workshop at the University of Oxford. We are
grateful to the participants for their useful comments and suggestions. The views expressed in

this paper do not necessarily represent those of Belfius Bank. Usual caveat applies.
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Figure 3: (cont.) Joint calibration with piecewise approach. Left-hand-side panel: implied volatility of S&P500
options expiring at TjS PX = TJVI X (up to 2 days). Centre panel: VIX futures price (vertical line) and implied
volatility of VIX options expiring at TJ-VI X Right-hand-side panel: implied volatility of S&P500 options expiring

VIX
at T + AT .
7 =28 days =28 days 7 =58 days
05 - - : : : - - 3 - - - 05F— - - : -
O Market Vol
—+— Model Vol
045 = = = VX Futures model 045
25 e VIX Futures market
04 04
g 2 z
5 035 '(_—; 2 T
S [ S
Z 03 = 2 03
E £ £
o2 %15 Loz
o > 9]
02 02
1
015 — 015
0.1 - 041
075 08 085 09 085 1 105 20 2 2% 2 28 30 32 075 08 08 09 095 1 105 11
K/S(0) K K/S(0)
7 = 51 days 7 =49 days 7 =179 days
055 T T T r r : - - 3 T - 05F T - -
0 Market Vol
—+— Model Vol
045, = = = VIX Futures model 045
25+ e VIX Futures market
04 04
£ z z
508 Ry 505
S [ H
3 03 = 2 03
E g E
X oz X150 Lozs
o > 7]
02 02
1
015 = 0.15
01 04
07 075 08 08 09 0% 1 105 11 20 % 30 35 40 085 09 085 1 205 11 115
K/S(0) K K/S(0)
7 =179 days 7 =77 days 7 =107 days
055 T T T 3 T T T T T T T 05FT T T T
O Market Vol
—+— Model Vol
045 = = = VIX Futures model 045
250 v VIX Futures market
04 04
2 z 2
035 g 035
o] T8 2r £
g 4 g
2 03 = 2 03
£ £ £
Loz X15- o2
) > [
02 02
1
015 0.15
L
01 I I I I I I I I I I 04 L I I I I
085 09 095 1 105 11 115 25 30 35 40 45 50 55 60 08 08 09 0% 1 105 11 115 12
K/S(0) K K/S(0)

19



Figure 4: Term structure of implied correlations Corr(X(7),v(r)) = Corr(X (1), V(7,7 + A;)?) obtained from
equations — and the calibrated parameters.
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A Proof of Equation (22)

We note that
82
"~ Qudw

Cov(X(t),v(t)) = InE <eiwv(t)+iuX(t))

)
w=u=0

with the relevant joint characteristic function given by Theorem [I| for z = 0. In the following we

write for short W;(w,u;t) = V;(w,u,0;t) for j = 0, 1; further, we set for j =0, 1

- 0
U,(w,uyt) = %\Ilj(w,u;t)
A 0
Ui(w,uyt) = a—wllfj(w,u;t)
_ o2
Uji(w,ut) = m\lij(w,u; t).
We denote z = iV (w,u;t) + uop and y = —ineW(w,u;t), and we write the characteristic

exponents ¢y, _(u) and ¢z, (%) as functions of the argument .

By differentiation with respect to u of the system of ODEs in Theorem [I] we obtain that
Uo(w, u;t) and ¥y (w, u;t) satisfy the following system of ODEs

U(w,u;t) = KOV (w,u;t) (A.1)
To(w,u;0) = 0 (A.2)
- d Cd Cd -
1w wt) = —or(u) + (—ermdu%,— (@) =12 =07, (y)) Uy (w, u; )
d d
+01%90J1,— (.Z') — 01 %SOJL— (ual) (A?’)
Uy (w,u;0) = 0. (A.4)

These ODEs can be used to recover the expected value of X(¢) by setting v = w = 0 and
hj(t) = —i¥;(0,0;t), for j = 0,1 so that

ho(t) = rkOh(t)
ho(0) = 0

hi(t) = by +bihi(t)
hi(0) = 0.

The above can be solved explicitly leading to ho(t) = baco(t) and hi(t) = bacy(t) for co(t) and
c1(t) derived in equations ([11))-(12). Therefore E (X (¢)) = ho(t) + h1(t)v(0).

By differentiation of the system (A.1)—(A.4)) with respect to w, we obtain the system of ODEs
satisfied by Wo(w,u;t) and Wy (w,u;t)
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Uy (w,u;t) = w0V (w,u;t)
Uo(w,u;0) = 0

_ ) d? .
U (w,u;t) = 177101Wg0(]1‘7 () U1 (w,u;t)

d? d? - ~
2 2 . .
- (nl di2 PJi - (LE) + 72 di2 PJa (y)> \Ifl(w,u7t)\111(w,u,t)

. d . d -
+(im o @) = o) — k) Wi

Uy (w,u;0) = 0.

Setting u = w = 0, the system reduces to

U,(0,05t) = kOY1(0,0;t)

Ug(0,0;0) = 0

Ti(0,0;8) = 1pW1(0,05¢) + 671(0,05¢) W1 (0,0;8) + by ¥y(0,0;¢)
¥(0,0;0) = 0.

Let us define gy (t) = —i®1(0,0;t), po(t) = —¥o(0,0;t) and p;(t) = —¥1(0,0;¢). The above

system then can be rewritten as

po(t) = rbpi(t)

po(0) = 0

pit) = pgi(t) +6791(t)ha(t) + bipi(t)
pi(0) = 0.

The function g¢;(t) follows from the derivation of the expected values of v(t) using a similar

argument as for hy(t), which returns g (t) = e’*. The expression of the covariance follows as the

above system can be solved explicitly.
An alternative derivation of the result can be obtained by applying Theorem 6.15 in [Eberlein

and Kallsen| (2019).
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