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ABSTRACT

The reasons for creating a nonlinear field theory of
fundamental particles are advanced.The foundations of
electrodynamics are discussed with especial regard to the
difficulties which arise with elementary charges. The mnonlinear
field theory of Born and Infeld is reviewed.

The methods of solving soliton equations are
presented. The multisoliton solutions of many nonlinear partial
differential equations are summarised.

The attempts to treat solitons as particles in
interaction are reviewed including the Bov/tell-Stuart analysis
of soliton interaction in terms of the singularities of the
complex multisoliton solution.

The concepts of nonlinear and linear superposition of
solitons are presented.

The author derives ..by an original technique the
multisoliton solution of the sG (solitons.,antisolitons and
breathers) using the theorem of permutability. The multisoliton
solution is shown explicitly to decompose into a collection of
solitons,antisolitons and breathers in the asymptotic limits of
time.

The author proposes a new linear superposition principle
for the multisoliton solutions of many equations.With this new
principle the solitons are identified throughout the
multisoliton interaction and the soliton interaction is
analysed.The soliton positions (taken to be the projections on
the real axis of the singularities of the complex multisoliton
solution) are found to be related to the roots of a polynomial
of degree N.In addition to providing a means of understanding
soliton interaction.the new linear superposition principle of
the author leads to remarkable connections between the
multisoliton solutions of many equations.lt also allows the
author to find close global approximations to the multisoliton
solutions.
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Part 1. Synopsis
Chapter 1.
This 1is the introduction to the thesis. The need for a

nonlinear field theory of elementary particles is discussed.

Chapter 2.

We review the foundations of electrodynamics and examine
the fundamental difficulties therein.We review various attempts
to place electrodynamics on a new footing and hence remove the
previously unsolved difficulties.We have made the chapter as
comprehensive as possible even to the extent of examining
attempts at creating a field free electrodynamicsCie.the

Wheeler-Feynman action-at-a-distance theory).

Chapter 3.

We review the methods developed to solve soliton
equations’Backlund transformations, and list the N parameter
solutions of many of the soliton equationsCwith which directly

or indirectly our original contribution is concerned).

Chapter 4.

In this chapter we attempt to cover as many aspects of
research done in the field of solitons in which solitons may be
regarded as particles. This includes research done on how sG
solitons interact,the Bowtell-Stuart technique,singularities of
nonlinear partial differential equations in general, including
rational solutions and connections with solvable many-body
problems.We also review work done on another linear-
superposition principle for the KdV equation.We examine some

research done on the particle like nature of sG solitons in
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bounded regions of space.In addition we review the
controversial subject, of solitons under perturbation, including
the so called '"non-Newtonian behaviour”.This section of the
chapter includes a great many references so as to give a
picture of the depth of the controversy and of perturbed
soliton equations in general.Finally we review a number of

attempts at regarding ''solitons" as elementary particles.



CHAPTER INTRODUCTION
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Our present model of the wuniverse is one in which the
world can described in terms of '"particles" and 'fields';this
division even exists in The General Theory of Relativity, where
the fields are replaced by the concept of curved space-time.The
field concept has of couse undergone change, due to the
development of quantum mechanics,in that the energy of a
configuration of field can only change by discrete amounts, and
in so doing a "particle of field" is emittedCi.e a
photon). However,ultimately.,the concept of a universe divided
into two essentially different constituents is an
invention.

Generally speaking the field concept 1is more properly
defined in Physics in that in the absence of "matter" the field
is a mathematical function obeying certain partial differential
equations.Such an abstract field can have physical significance
when we are able to define such entities as energy.linear
momentum and angular momentum.On the other hand the definition
of '"particles" seems to be on much shakier ground.Ultimately we
seem forced to assume that they are mathematical
pointsCprovided we are not taking quantum mechanics into
account-here we are left with the concept of the particle as a
"process").

There is no doubt that the particle concept has in the
macroscopic domain been extremely useful.However, when one
attempts to understand the meaning of the phrase a truly
elementary particle” one is faced with great difficulty.Truly
elementary particles cannot be described in terms of physical
principles as they are the entities from which  physical
priciples are constructed.Thus we can only define truly

elementary particles mathematically.Unfortunately no such
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definition currently exists in theoretical physics. This means
that at best all of the established structure of contemporary
physics is phenomenological.

The concept of a truly elementary particle as a point
runs into severe difficulties classically.In chapter 2 we
explore the difficulties of the point charge concept(i.e
principally the infinite field energy problem),but we emphasize
here that the same difficulties arise 1in gravitational theory
also.Quantum mechanics has added to the difficulties by
supplying us with a host of new indefinables,such as wvirtual
particles. These virtual particles are supposed to be the
arbiters of the interaction between other particles!

Einstein [l was one of the main champions of the
"particle free" physics and believed that a pure field physics
could only be achieved with the introduction of nonlinear field
equations.Unfortunately Einstein died before solitons were
discovered.lt 1is our contention that given the strides forward
that have been made in the solution of nonlinear partial
differential equations in recent years we should once again
consider the problem of creating a particle free physics.

One of the extraordinary conceptual consequences of a
pure field physics is the notion that the world may be an
indivisible whole.This notion arises from a property only
enjoyed by nonlinear differential equations-that if one finds
two solutions of a nonlinear equation then the sum 1s not a
solution,thus there do not exist independent wunits from which
we can build the general solution.

The mechanistic idea of the wuniverse as a piece of
clockwork in which there were definable "separate" parts

"interacting'" with each other has had its day.We contend that
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the T"apparatus determined" behaviour of, say, an electron
interference experiment, clearly indicates the new wholeness
aspect of the universe. The idea that Einstein's nonlinear field
approach may enable us to not only achieve a more satisfactory
theory of classical physics,but also a deeper understanding of
Quantum theory has already started to be explored [21.

We argue that the currently known soliton equations can
be used as test cases for the pure field view of physics.We
will see in the course of this thesis that the multisoliton
solutions although being exact solutions of the field equations
themselves,do appear to mimic the appearance of a collection of
"separate" particles interacting via certain force laws.We
might choose to say that these '"separate" solitons 'generate"
fields which act on other solitons. This idea introduces some
important questions.Are the observable interaction fields of
physicsteg electromagnetic field) just inferences from the
behaviour of accelerating particlesYCould there be another more
fundamental underlying field with soliton-like solutions which
so choreographs the motion of the solitons that we are led to
believe that the solitons themselves generate interaction
fieldsTIn chapter 7 of this thesis we will see that the
sine-Gordon equation certainly appears to choreograph the
motion of solitons so that we might believe that they generate
interaction fields of their own<we are referring to the

retarded action of solitons).

The ultimate objective of the present author is to make
advances on the road to a particle free physics and in
particular to explore the possibility of creating a nonlinear

theory of eclectrodynamics in which electrons are soliton-like
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excitations of the nonlinear field.lt is particularly important
in this respect to employ dimensionless quantities(such as the
charge to mass ratio of the electron).This is an ambitious aim
and many giants of theoretical physics have attempted in
various ways to make progress on this subject(chapter 2 and
references therein).

Of course one of the most troubling aspects of the pure
field nonlinear approach is the existence of the many particles
and wvarious fields of force which exist in our universe.Even 1if
one achieved a successful nonlinear theory of”
electrodynamics.,how could one extend the equations to include
apparently unrelated forces?One would have to admit that the
proposed mnonlinear field equations of electrodynamics were but
an approximation to a more general set of equations which

encompassed other force fields of matter.

The more specific objective of the thesis is to further
explore to what extent various multisoliton solutions of
soliton equations could be looked at as a collection of
interacting solitons and to discover whether there were any
unifying principles involved.

The study of the multisoliton solutions of soliton
equations as a collection of interacting solitons has been
unjustly neglected.Essentially the only researchers to explore
this subject in any depth are Bowtell and Stuart(1977,83) 1341
who investigated the motion of singularities of the
complexified two soliton solutions of the sG and KdVv
equations.This is suprising as Kruskal had suggested the above
as a worthy topic of investigation as long ago as 1974 151.

If one was going to be able to look upon the raultisoliton



18

solutions of soliton equations as particles in interaction it
seemed expedient to the author to discover whether the
multisoliton solution could be written as a linear
superposition of functions which could be clearly identified as
solitons for all time.In this respect the discovery of a paper
by Matsuda 161 on how the two parameter solutions of the sG in
the centre of velocity frame could be written as an exact
linear superposition of accelerating solitons and at the same
time the discovery of the Bowtell-Stuart papers was most
propitious.Beginning the PhD with these two discoveries
immediately determined to some extent the direction in which
the thesis had to go.

Clearly one had to determine how one could extend the
results of Matsuda to any number of solitons and in any frame
of reference.Matsuda’s approach did not lend itself to any
generalization and seemed totally specific to the centre of
velocity frame.At the same time the technique of Bowtell and
Stuart for determining the motion of sG solitons via the
singularities of the complex Hamiltonian density met with great
difficulties in non centre of velocity frames of reference
primarily because the Hamiltonian density developed a
multiplicity of singularities thus making it more dificult to
identify those which we should associate with solitons.

Fortunately the present author discovered that there
existed a simple algebraic way of obtaining the Matsuda
results (Matsuda’s technique involved much integration of a
fairly complicated nature).This simple algebraic technique was
immediately generalizable to any frame of reference and any
number of solitons.lt was found that the N parameter solution

of the sGCby N parameter we mean a '"soliton" solution which is
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a mixture of any number of solitons.,antisolitons and breathers)

$N could be written,

N
$ = F 4tan 1If
N L
i=1
where £ were the roots of a certain N degree polynomial in

f.In non centre of velocity frames and for three soliton
solutions of the sG and Thigher, the linear superposition
functions f were not separable in x<the position variable) and
tCthe time variable). This meant the e¢elucidation of how the
solitons and their associated complex singularities moved was
going to be more difficult.One of the achievements of the
thesis was the discovery of how the motion of the multisoliton
complex singularities was related to the real functions

involved in the linear superposition.

Bowtell and Stuart also observed [31 that the two and
three soliton solutions of the sG could be Dbuilt up 1in a
similar way to the formula for the tangent of two or three
angles added together and they surmised that the N soliton
solution might be similarly constructed. The author took up this
conjecture and rigorously proved 1t to be true and moreover
showed how 1t could also be made to encompass antisolitons and
breathers. Lamb [71 and Barnard L8] had developed an iterative
technique for building higher parameter solutions of the sG.but
they had not used it to determine the N parameter solution.The
author developed an original technique for doing this and also
demonstrated that it was indeed a multisoliton solution.

Another achievement of the thesis was the extension of
the linear superposition principle originally proposed for the

to many other soliton equations(KdV,MKdV ,Boussinesq,
Nonlinear Schrodinger,KP and the KdV hierarchy).In so doing it

was discovered that the form of the polynomial determining the
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functions fi involved in the wvarious Hnear superpositions for
the different, equations had the same form.Thus a new connection
between all these equations had been found.In addition this
fact heightened the importance of the linear superposition for
soliton equations.In actual fact another Ilinear superposition
principle exists for the KdV [93 which is totally different to
that proposed by the author.In the course of the thesis we
advance a number of reasons why the author’s linear
superposition is more general and significant.

With the connection between the motion of the
singularities of the multisoliton complex solution and the real
linear superposition principle we have been able to determine
how the sG solitons move for up to five parameters and in so
doing have discovered many interesting features of multisoliton
interaction.

As a consequence of attemptiiag to find good approximate
formulae for how solitons move as a function of time for non
centre of velocity cases of the sG, we have discovered close
global approximations to multisoliton solutions of wvarious
soliton equations.In a very real sense these approximate
multisoliton formulae are multisolitons in their own rightIf
we could find partial differential equations for which these
new multisoliton solutions were exact solutions we would have
made an important discovery.At present there are no soliton
equations known whose multisoliton solutions are always close

to the multisoliton solutions of other soliton equations.

The thesis is divided into two parts.In part onetchapters
2-4> we review the background into which our own original

contributionCpart 2> should be sect.



CHAPTER 2 : ELECTRODYNAMICS
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2.2
§ 0. Introduction

Classical electrodynamics 1is a very Iinteresting example
of a physical theory.lt accords with experience exceptionally
well in certain areas ,yet it contains difficulties which have
never satisfactorily been resolved.In this chapter we  will
explore some of these difficulties. To some extent the problems
of' electrodynamics represent an inadequacy in the whole of
theoretical physics.

There is at present no satisfactory definition of a truly
celementary particle.The theory of special relativity asserts
that no signal can exceed the speed of light.Thus an extended
body must necessarily deform.In physics the process of
deformation of bodies 1is analysed in terms of an interaction
between more primitive parts.Some authors 1ll claim that an
elementary extended body could not be deformable precisely
because of the previous remark.The contentious conclusion is
then reached that "within the framework of classical theory
elementary particles must be treated as points'TU.This
conclusion 1is disputable because,as we shall see later in this
thesis,solitons are extended bodies which can deformm and are
elementary.,yet they exist within classicai field theory.

W.Pauli 121 expressed deep seated convictions about the

Problems facing eclectrodynamics,to quote:
‘e—-there 1s no explanation for the fact that only multiples of
a certain charge occur.The existence of an elementary charge
has wuntil now in no way been made plausible.lt is still an open
Problem in theoretical physics.The electron itself is a
stranger in the Maxwell-Lorentz theory as well as in the
Present-day quantum theory.

The field particle description presents a conceptual

Problem:although a field can be described mathematically



without the need for any test charges.it cannot be measured
without them.On the other hand,the test charge itself gives
rise to a field.However it is impossible to measure an external
field with a test charge and.,at the same time.,to determine the
field due to this charge.A certain duality exists.”

In part Born and Infeld’s 181 motivation for their theory
was precisely to replace the and
particles with a Unrnitarian view,in which there 1is only one
physical entity.the electromagnetic field.The particles of
matter are considered as singularities of the field.

To some extent an opposite view to Born and InfeldCBI)

appears in the action-at-a-distance theory of Wheeler and
Feynman [91.In this theory there are on/y charged particles.
Bl were unaware of the rich mathematics which would come with
the discovery of solitons. There is renewed hope that one day a
new Unitarian field theoryCwithout singularities) of
electrodynamics wall develop,involving soliton-like objects in
an essential way.

In §1 we will review the Maxwell-LorentzCML) theory of
electrodynamics.In §2 we discuss some of the fundamental
difficulties prevalent in ML theory,with particular regard to
Problems arising from ascribing a point-like mnature to the
electron.In §3 we will present Dirac’'s important modification
to ml theory 161,in which the  infinities associated with
Radiative retardation were subtracted off in a relativistically
invariant manner.Unfortunately the Dirac modified theoryCDML)
still has problems such as runaway solutions and
P~eocceZer ertion V/e discuss these also in  §3.

In §4 we review alternative theories to DML and we also
discuss Wheeler-FeynmanfWF) theory.In the WF theory a physical

Int.erpretation is given to the Dirac procedure,though it
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involves the properties of the entire universe 171.This 1is the
so called absorber theory.

In §5 we concentrate on attempts to solve the
relativistic two-body problem.A problemm such as this is easily
solved 1in Newtonian theory yet 1is beset with difficulties in
the relativistic case.This problem is important, to this thesis
as later we shall see that to some extent we are faced with the
inverse problem with regard to soliton interaction.

§6 is a discussion of attempts to solve the problems of
electrodynamics within the context of a nonlinear theory in
which Maxwell's equations are no longer true.We will discuss in
the main the Bl theory, although another theory by Dirac 1411
has some interesting properties also.The chapter ends with a

short summary.
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§ 1. Foundations of classical electrodynamics
Maxwell’s: equations for the electric field intensity E and the
magnetic field B.where p is the charge density,j the current

density wvector,c the speed of light in vacuo are,
V.E = J V iz E = - B <2.1>

VB = 0 , VzB= | E +4 j <2.2>
C C

The force on a charge e moving with velocity v in an
electromagnetic field is given by the Lorentz force equation,

F = eE + v z-. B <2.3>

c
We may interpret this as a cZe/inztion of the electric and
magnetic fields.All of the above equations can be derived from

action principle in four dimensional form in accordance with
t*he fact that Maxwell’s equations are Lorentz invariant.The

action function S for the whole system of charges

electromagnetic field is given by 1l11-

S S. +S + S . C2.4)
f m mf
where, o
- 1bds <2.5>
S
_ <2.6>
Srnf _El J\d*k
. . —1l_ fF FlkdQ , dQ—=cdtdxdydz <2.7>
f 16nc W ik
Sm is the action associated with free material
P rticles<summation is over the partides). The integral J' is

along the world line of the particle between two particular
6Vents.ds,the infinitesimal interval is defined by,

ds = cdt<l-v2/c2)1/Z <2.8>
Along with the requirements of Lorentz invariance S takes the

par*ticular form <2.5) so as to become the Newtonian action

S-lrt 2 . -
2Jamv dL  in the appropriate limit.The Lagrangian associated

With C2.5) is given by,

L <2.9>

m



26

The guantity Smf iz the part of the action which depends on the
interaction between the charged particles and the fi=ld.The
four wvector A._L iz ecalled the four-potentialln the integral AL
iz evaluated at points on the world line of the p-e::r“t.:h::le-.»'«f:l i=
the electrostatic potential and the space components of AL_L

€i=1,2,3> form the vector potential AWe write A'=(¢,Ad.We frind

€2.6) can be written,

il

t
2 e -
5 = v}:_[li L df , L =ed="= AW €2.103

SI‘ i= the action associated with the electromagnetic field

itself and is the total action when no charges are present.The

Lk
electromagnetic field tensor F'“ iz defined hy,'r
= A —A
FLH ki ik Lt
in terms of electric and magnetic fields,
0 E E E
¥ W =
-E 0 -B B
F_k = 3 z W {211a>
s -E B O -B
¥ = »
-E =B E 0
z W M

vhere EN,BN are the Cartesian x components of E and B etc.

In deriving Maxwell’s equation=z from such an action 5 we
L iI‘E'L]Y assume the fields to be given and consider wvariations
°f the tra jectory which minimize the actionSecondly we assume
the motion of the charges to be given and wvary only the
fields(via the potentials A > to find the minimum action.
St-rictly speaking both of these procedures are invalid,since
Varying the trajectory of a charge alters the field itself,and
E'isc‘:\'arying the potential alters the motion of t.he
Charges.gene rally in deriving Maxwell’'s equations from an

act,i - - g ; z e
Ction Principle such as (242 we imagine the given fields to
‘--'-‘—|

-lr.

e ——————

ardx’ 'Y= grax = &t
L

s L E

I

III
[+
i



be very large compared with the field of an individual
particle. This assumption 1is justified provided we are not
speaking of distances of the order of the classical electron
radius<e Zmc ).Similarly Internal contradictions begin to
develop 1if we allow the fields to be of the order of the field

the electron at the electron radius<m2c4/e3).In practice in

most cases these are not serious restrictions.as the classical
electron radius 1is very smallest 101 m> and the classical
clectron field is very large.

Now consider <2.4-7).When we vary the trajectory with a
given ﬁeld,Sf remains fixed in the wvariation and can Dbe
ignored. There is a wvariation of as well as dx as in  as

is evaluated on the varied trajectory.The Euler-Lagrange

equations become in this case,

<2.12)
The time component of the above equation is
dF
ke = eE.v <2.13)
dt

V/hich expresses the fact that the time rate of change of the
kinetic energy of the particle is the work done on the particle

bY the field per wunit time.The gpace components of <2.12) give

L°rentz’s law<2.3) with

E=-14A _70 <2.14)
C t
B= V A <2.15)
Equations  <2.14-5) give the two Maxwell’s equations not.

involving p or j.
Now 1if we vary the potentials A keeping the particle

tp~jectory fixedCand therefore also the four current

find 11] the equations necessary to minimize the action S

¥ <2.16)
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The time component(i=0) of the above gives the first ol
Maxwell’s equations(2.1).The space components give the
remaining equation (second of (2.2)).

LH rgy~momentum tensor

Consider the action inf.egr.al for some system having the form,
S = J=(q.q ,)dVvdt = | J>df2 2.17)

where dQ 1s an element, of four dimensional volume and the
Lagrangian is taken to be a function of only the field
variables q and q -The Euler-Lagrange equations which

sLationarize '"the integral are

~ (2.18)
N q
IS

It can be shown that a tensor Tt <energy-momentum tensor>

T k 6k <5

Kooq, ) (2.19)

satisfies,

QT 0 (2.20)
A vanishing four divergence (above) leads tO fTLkdSk  Ggver a
hyperplane containing all of three-dimensional space,to be

. . tko . .
censerved. The four momentum associated with T is given by,

Py - fTAdsS
c J k
If we carry out the integration over the hyperplane
PV 1 fTi0dV (2.21)
Cc o
The chergy density is given by T ' and the momentum density is
the yector with components kiTlo,TZO ,IPSO’).
For the pure electromagnetic field,
On k1
The

energy-momentum tensor associated with this Lagrangian
ls<at ter symmetrization-seeHl1),

i ntrn.

tk T = 420 QF Fi + 5 e Ftnf (2-23)
S (]

1s the metric tensor with signature (1,-1,-1,-1).
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Gauge transformations and field inwvariants
We see from <2.14-5) that for a given <</>A)E and B are

unique.However we can change the A, in such a way that E and B

k

are unchanged.Such changes to A N are known as

transformations.lf  we change Ak to A]'(

AL = A - dl or A=A+ T7f =()~(-:ft <2.24)
where f is ani arbitrary scalar function of coordinates and
time,the action g f <2.6) contains a new term which is the
integral of a perfect differential. Thus it does mnot vary when
the trajectory is Vvaried,consequently the field equations are
onchanged.The gauge invariance <2.24) means that we may choose
a set of potentials <0,A) obeying

‘C‘Ot + 7A =0, ddA =0 <2.25)
This is known as the ZLorenzz Gaute.Actually we can even make
changes to < and A in <2.25) which leave the equation
unchanged.We can add Vf to A and subtract ;ft from <P provided
i satis! ies v 1 -0'21 tt=O.The Lorentz gauge is invariant to
Lorentz transformation.Other gauges can be chosen such as the
Coulomb gauge ,defined by V.A O,which 1s mnot Lorentz
ldvariant(see also 139] for another interesting gauge).
From the components of the electromagnetic field tensor F we
Gan form two invariants(under Lorentz transformation). These are
the quantities,

F FLk , £2LmF F <2.26)
Ik tk Im
~M-klm
is known as the completely antisymmetric wunit tensor of

fourth rank,and is (efined by

7 1 iklm even permutation of 0,1.2.3
iklm R
£ = a-1 iklm odd permutation of O0,1.2.3
[ O othervise
Fvk i
From and s¥™ we can form a new tensor F*m known as the
p— " - - - -
eJUal  of FLkFlm = £/kI"F .The jnvariant quantities <2.26) may

2 vk

expressed in terms of Fm and the electric and magnetic
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fields in the following way.

pill B2  E2 ‘v F E.B

Im

-

2 Im

for convenience we note<see 2.11a)

' 0 -E -E -E ? "0 -B. -B -B 1
X v z X y z
Moo E 0 -B B X B 0 E -E
K1 X =y , F.. = X z y <2.28)
E B 0 -B B -E -E
v z X v z X
E -B B 0 B E -E 0
I Z v X I 2 v X

Retarded potentials.fields of moving charges and radiation

If we choose Lorentz gauge <2.25),Maxwell’ls equations can be

written,
2 % .
dc A 4 i
r(‘:’ , <2.29)
or, <?xk
o A 4"0 J > —4np <2.30)
O d2/dx2+"2/dy2+d2/dz2-¢c 2N/ ™2
The above equations have golutions,
o I L dV <t retav | TETRIC gy
. L ret) o R t<<f ) o <2.31)
Jt+RaC
A t-R/c ’
ret ~R dv +<Aret)0 ACldv R v +<Aadv)0

where R is the distance from the point where the field is
evainated (5 \where the charge or current was<ret) ,or will
brCadv), jocated at time t-R/c(ret) or t+R/c<adv).The times
f-+R,/c are known as (he advanced or retarded times.Equation
72.31) states that in order to calculate the potentials at the
Present time we must use the charge densities and currents at
the retarded

or advanced time.Normally the advanced solutions

ruled out because of caus'ahty.Charges are supposed to
cous*e disturbances in the fields which propagate away in the

forward time direction.

It can be shown that the potentials for a charge moving

along an arbitrary path r=r <t) are given by,
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c (SAYS

R - v.R/0) SR - v.R/C) (2.32)

these are known as the Lif£fnard~-Wiechert potentials.R is the
position of the field point relative to the charge point,
R=r-r" (t) at the retarded time t' .,given by t'= t-R(t")/c.All
quantities in (2.32) are evaluated at this time.v is the
velocity of the charge.

If a charge is accelerated.but observed in a reference
frame in which its wvelocity is small compared with light, then
if can be shown that the total instantaneous power
radiated,W.,is given by,

W = 2eZv2Z3c3 (2.33)

§ 2. Problems in Electrodynamics

The energy of a static point charge is given by,

U = (87T)~1/E2dV (2.34)

where E is the Coulomb field having magnitude
E = e/R2 (2.35)
Vhen (2.34) 1is integrated with (2.35),over all space up to a

r<*dius a,we find the total energy U is given by

U = eZ/2a = m&c2 (m&: eZ/2acZ) (2.36)

is the electromagnetic mass of the charged particle.Clearly
when a->0 U->co ,so the self energy of a point charge is infinite.

Vhen the momentum P of the electromagnetic field of a charge

Moving with small wvelocity v 1is calculated it 1is found to be

Siven by 131,

P - (4v/3).meZ(1-v2/c2)’/2 (2.37)

In this formula the coefficient of v is wrong 1f all the mass

of the particle is taken to be electromagnetic(m =], according

to special relativity). The discrepancy can only be removed by

Ihtroducing non-electromagenetic forces which hold (he charge
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together.This is consistent with the infinite self energy
Problem,as without some non-electromagnetic force holding a
charge together,a point charge would explode.

When a charge 1is accelerated it emits radiation,this
gives rise to a braking force known as radiation reaction.The
lirst attempts to incorporate radiation reaction force in the
equations of motion of charged particles in electromagnetic
fields was made by Abraham and Lorentz [4]1.They attempted to
construct a theory in which the mechanical momentum of a
charged particle in an electromagnetic field was of purely
clectromagnetic origin.They assumed that a charged particle
could be represented by a sharply localized charge density pCx)
In the particle's rest frame.Assuming there was no flow of
Momentum out of,or into a volume surrounding the charge,they

wrote the conservation of momentum

JCpE + c 1jzxB>dV = 0 <2.38)

In the form of Newton's second law

(é]:: ) Fext <239)
where,
F = ftpE + ¢ JzvB )dV <2.40)
ext J ext ext
8 ' + c ljzsB )dV <2.41)
S

The total fields E and B are the sum of the external fields
E and B and the self fields E and B of the charged
ext ext s S

Particle.To evaluate <2.41) they assumed:

Al. The particle is instantaneously at rest

A2. The charge distribution is rigid and spherically

symmetric.
The  first assumption meant j 1x O.They expanded the retarded
s<=4i fields in powers of the retardation time At ~ 5/¢c where a

1s the dimension of the particle,and found that [2,41
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00

oD (2.42)
with |,

K am v/3 (2.43)

k'l = 2e2 v/3c3 2.44)

n 2 K™ a7 (2.45)

where m is defined in (2.36).
If we let a>0 so that we can neglect higher terms in the

expansion we get,

dp _
& 4m v/3 (2.46)

There were severe difficulties with the Abraham-Lorentz
model of a charged particle:
1. The model is nonrelativistic(A2).
2. The electromagnetic mass m enters (2.46) with the
wrong coefficient.
3.To ignore K< n>2 we had to say a->C),but this makes m
infinite.
4.For a localized charge density not to explode there
would have to be powerful non-electromagnetic forces
holding it together.
Foincar~by accomodating 4 above into the theory in a
Relativistic manner was able to eliminate 2 and cure 1 He
Proposed that the total stress-energy momentum tensor should be
£iven by
S =T + P (2.47)
M 17 d
vchere T was given by (2.23) and P was a mnon-electromagnetic
s™Ress-energy tensor. The four momentum 1is a true Lorentz
lhvariant and is given by
(2.48)

In accordance with (2.21).

The Poincare model showed that 1t was erroneous to
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imagine that within the Maxwell-Lorentz theory the self energy
could be purely electromagnetic in origin.Only the total self
energy or mass m given by,
m = ¢ JICTOC + p%%av (2.49)
has any physical meaning.Of course the origin of the so called

Poincare stresses was completely unknown.

§ 3. Dirac’s modification
The Lagrangian for a single pax'ticle in a free external
field characterized by field tensor Fpq(x),which starts the
in

motion,and Fpq the self field of the partide,can be written

t5K2.5-10>.
(2.50)
+ Fpg+F F +Ft + - d -z)CAp+A]
“ free 16 FPATFpE | F ) s Jds z p(x-2)CAp+Ap )
where £f m,given in (2.9) and AP,AP correspond to Fpq
ree 1n

and FP% respectively.pCx-z) is an invariant charge density.z is
I

the four vector position of the particle on its world line.The

dot over =z refers to differentiation with respect to the

P

Interval(proper time).If AP and AE are varied
I.

independently,the equation of motion for the particle is

mcz Fret+ ptn ] 2.51)
p Pra Pqa

and the “equation of motion” for the self field is

Fpa ~ Jdsp(x-z)zp (2.52)

ret.q

The term FLn in <25]) represents the external force on the

pa

Particle. The first term,involving the retarded field Fret
pa

~“presents the self force and is infinite for a point

Particle.In the previous section we saw that according to the

Abraham-Lorentz model the self force contained an infinite part

bating to the infinite self energy of a point particle and a
Pinite part ;ejating to radiative reaction.

Dirac 161 discovered a way of separating in a unique and
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Lorentz invariant. way the finite part of the self force
connected with the radiation field.from the infinite part
connected with the infinite self energy.This was accomplished
by writing,
ret i_rad 1 . ret adwv

F = —r + —F"" + F'Y) (2.53)
ra 2 pq 2 ra ra

where the radiation field is defined by

d ..ret - Fad
Iljlra _ rrc aav (2-54)
ra ra ra
and is calculated from,
_ad
Ar<xd _ Aret _ Aa v (255)
P P P

We then have(see 151 chap 4 §4)

A”ad = c¢ 1|<Dret- Dctdv)J™N(x")dx' = c JD-x")IN(x"Hdx' (2.56)

where,

DCx-x' > = (2n) +6I(x-x' )ZIsignum(x°- x°%* )
6 is the Dirac 6 function.

It can be shown I5] that the self-force corresponding to

ériml in (2.53) 1is finite and gives the following formula for
q

the reaction force

Krad = -(2eZ/3c3)(z + z z2) 2.57)
p self P P

where the term dependent on =z corresponds to the reaction
P

force discovered by Abraham and Lorentz(2.46).The term

~“pendent on =z z2 corresponds to the reaction force due to
P

Radiated energy.,in accordance with Larmor’s formula (2.33).

The infinite part of the self force is due to —(Fret+ p<xdvj |n
2 ra ra

~2.53).If we now evaluate the contribution this makes to the

T®t
ppq term 1in (2.51),we find that the infinite part of the
Scii-force K°° is given by
p self
K00 = fds zq 6(x-z)(Fret + Fadv) (2.58)
p self 2c 3 Pra Pra
hirac 161 was able to show that K°° ,, had the form
pself
Ke° = -6m c z (2.59)
p self P

T;l other words (2.58) reduced to a force equation for a single
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particle with inertial mass 6m<infinite).Equations <2.57) and
<2.59) taken together and substituted into <2.51) gave the
force equation for a particle acted on by an external force
characterized by the field tensor F};J%
(m+6m)cz ¢ Ftn<z)zq + 2 e2<z + z z2) <2.60)
P ¢ pq 3

p P
We then put

m+é6m = m (2.61)
exp
where m is the experimentally measured mass of the
exp
elementary charge.This clever procedure enabled useful

equations(i.e 2.60).,involving no infinities to be obtained.In
effect since 6m is infinite we are taking the bare mas's- m to be
negatively infinite.This essentially phenomenological procedure
is known as mass renormalization.Such mass renormalizations are
prevalent in Quantum Field Theory.lt can be seen that such a
procedure does not offer insight into the structure of a truly
elementary charged body.

Solutions of Lorentz-Dirac equation <2.60) in absence of
external fields.

In the absence of an external field <2.60) becomes

>i " <<n

Z = T<zZ + Z Z) <2.62)
P P P
T 2eZ/3mc2
Clearly the "physical solution" z =0 satisfies <2.62).
P
Unfortunately the equation has other "unphysical solutions'".If

choose a frame of reference such that at s=0,z<0)=Cl,0,0,0),
z<0)=(0,C,0,0),G being an arbitrary constantCacceleration in
bhe rest frame at s=0,along x axis),we find the solution of
c2.62) is 15,p196-71.
zo= cosh[T<eS/T-1>] , z, =sinhlT<e -1, z,.7, = 0 <2.64)
This solution is unphysical since the velocity <V:ZiC/ZO)

eventually equals light speed.This is an example of a runaway

sdution.Even in the Ilow velocity 1limit, when the Larmor term
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<zp%z> can be ignored <2.62> has runaway solutions [1,p207J.

Eliezer [10i examined many situations in vzhich the
Lorentz-Dirac equation gave unphysical solutions and even
claimed that in some situations there were on/y unphysical
solutions.Plass Ell] however refuted this and showed that a
physical solution could be found’though it is
unsatisfactory that we should have to choose a solution.Even in
these so called physical solutions a phenomenon known as
preacceleration occurred. This had first been observed by Dirac
[6] in the case of a charged particle vzhich is disturbed by a
momentary pulse of radiation.Here we give the treatment of this
Problem based on that of Plass [11].

We assume that the particle's velocity is small compared
with light>and is moving along a single axis of the coordinate
system.In this case <2.62> becomes with an external force f<t)

Z = TZ + f<t> C2.65)
This has the exact solution
L 00 —t /t-

z T Foe fCt+t'Jdt' <2.66>
(0]

If we let f<<t) be a pulse

f<t) = kd<t~t0> <2.67>
find from (2.66)
<k/r=exp[-<t -t>=Zr] , t<t
"o © <2.685
0 sttt

o

Clearly the particle has started to accelerate before the
Pulse arrives.After the pulse arrival the acceleration is
2ero,but the particle has increased 1its velocity.Plass rules
out as unphysical other solutions to <2.65> in which once again
fhe speed of the particle approaches that of light as t>ao

t6>10].
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§ 4. Other' theories of electrodynamics.Wheeler-Feynman theory.

Stabler 1121 sought to remove the infinities associated
with electron self energies and the microacausality inherent in
the Lorentz-Dirac equation,by proposing a theory in which the
action of a charge on itself is removed.This was accomplished
by considering each discrete charged particle p to be a source
of a retarded clectromagnetic field F<p>.An energy-momentum

stress tensor is then constructed having the form

CT D)em = C4n> *£ ' CF<P>. £ p<p> S
tj) o Fil pIrIr)l pgg) t_ja (2.69)
b, q

where Z' indicates that p=q is excluded from the summation.The
P-q
retarded electromagnetic field tensor FVIJ?> satisfies Maxwell’s

equations C2.16) and also Ftk,l HF + Flt’k 0,Cwhich can
also be deduced from (2.11).

In Stabler’s theory the source of radiated energy is not
bhe electromagnetic self energies of the particlesCaction of
electron on itself),but is due to the mnet changes in the
Potential and kinetic energies of the particles in
interaction.Particles only radiate in the field of another
Particle. According to Stabler’s theory,single isolated,and
accelerated  particles would not radiate. The term isolated
though not defined in detail appears to mean  isolated
olectrically.Thus according to Stabler,a  charged particle
falling in a gravitational field would nor radiate.

Cornish 1131 presents a  more general theory than
Stabler’'s.He assumes that Maxwell’s equations hold for point
charges,but the equations of motion of the charges are regarded
as being dependent on the particular energy-momentum tensor
chosen.This method leads to a certain class of theories of
which that of Lorentz and Dirac 1is just one.Stabler’s theory
afso becomes one of the possible theories,which Cornish refers

as the interaction theory.Cornish shows that only when the
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number of charges is small do the Lorentz-Dirac and interaction
theories differ* significantly.

It is interesting to observe that the various arguments
used to derive Larmor’s theorem([4J,chapter 14) merely assume
we have an accelerating charge.lkw it 1is caused to undergo
acceleration is not stipulated. Thus certainly as a consequence
of conventional electrodynamics a charge should radiate as a
consequence of acceleration in a gravitational field.

Wheeler and Feynman 171 in their paper entitled
“Interaction with the Absorber as the Mechanism for Radiation”
adopt the following postulates.

I.LAn accelerated charge in otherwise charge-free space

does not radiate energy.

2.The fields which act on a given particle arise only

from other particles.

3. These fields are represented by one-half the retarded

plus one half the advanced Lienard-Wiechert solutions of

Maxwell’s equations.

The electrodynamics 17,91
was based on a mathematical formulation of electrodynamics in
which no direct wuse is made of the mnotion of field.This
~ction-at-a-distance concept owed its origin to the papers of
Schwartzchild 1141, Tetrode 1151 and Fokker 1161.

In WF theory the action of a system of charged particles in

interaction 1is given by,

C2.70)
< -Du cfds<a>+- T e 61Cx<a>_x “"5ox™  x™ Fldx *dx"
. a c m m (ct>  (b> n <b
<i Ct<b
where the differential interval for the particle a.,ds is
~so written,
ds® Vv dx' a'dxl C2.71)

< a)

ar*d 6(x> 1s the Dirac 6 function C6(x)=0,x?0.J'0 6<x)dx=I>.
-00
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Let the world line of a typical particle a be altered from

Xina><S(aIS to XT ><s(a>)+6XTC]>(S<a>)~We de/ine(vector potential
a

of particle b at point x),

A(BL- A ( bK <b) <b>
A=) e fol=x  x_ y<x xrfb>)1dxn <s ) <2.72>

n 1

Then the wvariation in S as we vary the world line of a typical

particle is,

a)

- dx
, e 1b iCi ! <b) . (a. :
0S—Pm c d<6x' > +y o AT Tedmbx” peal P ®ax|
a —a) «i> n <a> n <a>
cl us b/a C

«h

Set dxia>/ds<a> and 1integrate by parts all terms under

i
the integral sign except the lastl,p60LNow noting that the

integrated terms vanish at the limits of the wvariation of the

world line,since 6xv 1S zero,we obtain.
<a>

(a>
6S du ) Ve <JA‘b>Z<?xn I< J6X ds
n <a>
b?"ct &
In view of the arbitrariness of 6xl<> it follows that the
a-

integrand must be zero.Thus,

<a.>
m ¢© iEI e /c V %’<P>§x<a>'>un <2.73>
a S a b/a Fit < Cl>
with,
Fb><)  dazdx"  daVzdx’ <2.74>
it 1 n
Equations are identical to Lorentz’s
equations<2.12> except that self actions are explicitly

excluded.It can be shown from <2.72> and <2.74> that Maxwell’s
Equations are obtained [91.The vector potential defined in

<2.72) can be written,

A<b> = KA<b>) + <A<b)> 1/2 <2.75)

Ft Fi ret n adv

where CA<b"™> is the retarded or advanced Lienard-Wiechert
fi <

Potential of particle b.,depending on the subscript.From these
Equations can Dbe derived all the familiar properties of
electromagnetism in areas where we do mnot consider the self
Action of charges.

WF account for radiative retardation by invoking a
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supposed property of the entire universe'’.perfect
crbsorbtion.This property means that when a charge is

excited,all electromagnetic disturbances arising from it should

tend to great distances from

it. They express this using,F<k> and Pl ,which are the
rot adv

retarded and advanced fields due to the partide.They

assume that an absorber surrounds the charge such that out.s-icfe

the absorber,

E<F<k> + F<k>) = 0
E ret adv

WF then go on to show that as a consequence of this,

E<F<k> F<k>> 0

q , everywhere
ret adv

k

. . . h . .
From this the entire field acting on the a' charge 1is given,
according to the theory outlined

Previously,by
k>

r <f + f <2.78>
ret adv
k"~a
which can be written,
E F,<1<> b <F ¥ F<a>)/2 E <F<k> - F<k>>/2 =2 79>
~ ret ret adv ret adv
k*a all k

account of <2.77> the third term vanishes. The second term
Was suggested by Dirac<2.54) and provides the radiative damping
Force.In the Abraham-Lorentz theory the radiative reaction
force arose as a consequence of a charge acting on itself.

In the WF theory the radiation reaction force becomes a
Property of the entire universe. There are still problems in the
WF theory connected with its time symmetry.In our
exPerience,radiation 1is an irreversible phenomenon.This aspect
1s discussed further in 171. Naturally the WF theory is
sensitive to the structure of the whole universe,further
»~plications of this are explored in 1171.

In concluding this section on linear electrodynamics,we

Point. out that due to the difficulties of runaway solutions and
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preacceleration in the Lorentz-Dirac theorytwith which the WF
theory agrees).,other modifications in electrodynamics have been
proposed.,aimed at removing the difficulties 118,193.A survey of
different ways of deriving the Lorentz-Dirac equation which
also discusses 1ts limited 1203.In
this paper the author shows that the Lorentz-Dirac only applies
when the acceleration which the charge undergoes is very
small.This is due to the limited applicability of the
Lienard-Wiechert formulae.

Another paper 1211 compares the Lorentz-Dirac and WF
theories with the little known formulation of electrodynamics
due to Synge [221.The author shows that in most experimental
situations the Synge theorytwhich considers only retarded
interactions between particles and no self interactions) agrees
closely with the other two.The agreement occurs because in the
Synge theory two or more particles moving with similar
velocities and accelerations do radiate when subjected to an
Accelerating field.lt turns out that the Synge theory predicts
t-he same radiation as the Lorentz-Dirac theory.At present

Experimental tests of the Lorentz-Dirac theory are inconclusive

C233.

§ 5. Relativistic two-body problem

There is a very important problem which has mnever been
solved either in electrodynamics or in relativistic
field-particle interaction in general.This is the two-body
Problem,which is how to determine the trajectories of two
Particles interacting via relativistic fields (non-instant-
aneous).

The artificial case of two charges approaching ecach other

~ong a line,such that one charge responds to the rerarded L-W
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field and the other to the advanced L-W field.has been solved
1241.

Further recent work on the relativistic two body problem
has been carried out in E251.These authors consider the case of
two particles of equal mass and charge, interacting in the
centre of velocity frame,via half advanced-half retarded
fieldsCas in WF theory). The results indicate a non-zero minimum
distance of closest approachteven for initial speeds
approaching that of light).)A graph of acceleration versus
time<centre-of-velocity) is double-peaked with a local minimum
at t=O,when the particles are closest.For mnon-relativistic
speeds the graph has a single maximum at t=0O<as expected).The
double peak is interpreted in the following way.As the
particles approach,sometime before the point of  minimum
separation.their mutual advanced fields are a maximum(as if
they were at the point of minimum separation).Thus the
acceleration peaks early. Time symmetry gives a similar picture
for the retarded interaction,where the acceleration peaks
iate.

As we shall see later in the thesis such behaviour is not
Reproduced with interacting sine-Gordon solitons.In this frame
they appear to be interacting simultancously.For an interesting
discussion of instantaneous actiori-at-a-distance in
Relativistic mechanics see 128,291.

Calculations on a similar problem with particles
interacting via retarded L-W  potentials and no radiation
Reaction have also been carried out 126,271.The results
indicate:

l.Charges do mnot have a minimum distance of closest

approach as a function of initial velocity.

2. The maximum acceleration occurs «affer the charges have
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collided,and are on their way back.
Related to this latter point. /271 s the fact. that in this
case,the speeds of the particles long after the collision were
substantially izicre™sed on the speeds of the particles long
before the collision. Thus, energy was not conserved.
Further references on the two-body problem may be found in

1301.

§ 6 Nonlinear electrodynamics.Born-Infeld and others.

A theory of eclectrodynamics in which the primary physical
entity 1is field and in which we have the possibility of
particle-like configurations of this field,was proposed by Born
and Infeld(BI).Some other early theories of electrodynamics are
discussed in Pauli's book on relativity 1311.

The basic idea of the Bl theory was to change Maxwell's
field equations in such a way that the total energy of a
singularity in the field becomes finite.lt is interesting that
BI appeared to think that arbitrarily introduced charges would
need to exist in their theory.Their primary motivation being to
remove the infinite self energy of the point charge.However a
much more interesting interpretation of the BI theory is that
there is no need to introduce charges as the nonlinear field
Equations in "free space" support charge-like solutions.

In the BI theory the field tensor F is still defined as

mn

in Maxwell's theory

F = A - A (2.80)
mn n,rn m,n
However the Lagrangian for the Maxwell field (2.22 with
different units),
£ = —— F Fmn (2.81)
M 4 rmrt

replaced by,
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£ 1+ <2p2>7'2 pmr <abVitf Fom>]  } <2.82)

BI rnn mm
Note that g Preserves the relativistic invariance,by

being built out of field invariant.s<2.27).Of course such a

Lagrangian is not. unique and Born originally proposed,

bz{l LI+<2b2) *F Fmn I1/21

nn J

<n

b 1s some absolute unit of field strengthCe.g the field at the
surface of a classical electron).Clearly if anZb « 1 £ _ >

BI

The Bl field equations are.firstly
7 Is E —C_H% <2.83>

7 B 0 <2.84>
which follow from <2.80) with the definition of the field

tensor(2.11a). The other pair of field equations are found from
the Euler-Lagrange equations derived from stationarizing

BIdQ, where the variation 1is carried out on the four

potentials.These are |,

. f dk ) o <2.85)

which for , give deml = 0 <2.16,with j 0).For the BI
Larangian _ we have.l'
<9 Gml ¢ <2.86a)
where. o
Fml <2b2> 1 <F
Gml <2.86b5
. 1/2
fl + <2bZ>"r I <4b”>"Z <F /“>l)
i

will find it useful to define scalar fields X and v/,

— [1 + <2bZ> *F £ ] <4b2) 2<% ,Fm)2J

Ly

flo+s - &

b2 b4
y/<E,B> <2bZ>"1F Fij 2<E.B)
b2
T . N
dF  Fkl ¥ooE N
k1 ol -
da dA
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(2.86) then becomes in three dimensional form.

7 X<E y/B) = 0 (2.87)

7 o X<B + -/\E) b d Y'B) (2.88)

c at *<E
These equations should be

derived from £ 1in free space.
M

BI discovered a time independent solution to the BI

equations (2.83-4) and (2.87-8),in the case Of radial

symmetry.They assumed B = O,from which it follows,
7 a E =0 (2.89a)
E / EQ®) (2.89b)
7 wZE = 0 (2.89¢)
(2.89b) follows from 2.88) as y/(E,O)= 0 and xE = f(E).from the

the definition of *.(2.89¢) follows from (2.87).For radial E
(2.89a) 1is also satisfied(see B.Hague-Introduction to  Vector

Analysis).<2.89¢) can be written

24 ok
Car o EYBDIRT @20
which reduces to,
fili + 2—1;: < EzZb2) (2.91)
This has solution
E  +b [1—F(r/r0)4 3712 (2.92)

where r, is a constant of integration.Since we require E to
become Coulomb-like when r is large we find it necessary for r.
bo be given by,

r (e/b)l/Z (2.93)
~hd hence we may write,

E e 1’(;2 ‘haztr%roﬁ‘“ I (2.94)

Solution 1s such that the electric field 1is finite for all r.
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There appears to have arisen some controversy about
solution <2.94) recently.S.Deser L1L32] erroneously claims that
the on/y solution of the BI field equations(2.83-4,2.87-8) in
the static case is the zero solution B=E=0.This is manifestly
untrue for we have by straightforward argument a non-zero
solution in the static case.Murphy 1331 taking up from Deser in
a paper romantically entitled "Requiem for the Born-Infeld
clectron'", thought he had found the exact source of Born and
Infeld’s error.In the original BI paper Bl indulged in the
curious procedure of involving vector fields D and H,which
normally enter Maxwell's equations in material media. A key step
in Bl's argument was V.D-0 which Bl wrote for radial symmetry
as d<r2D)/dr =0,hence they concluded D = e/r .This seemed to be
necessary for Bl to obtain the static solution (2.94).Murphy
pointed out correctly that BI should have written
rfderzD)/erO.He then  points out that D=er/r’ is notr a
solution of V.D-0, but inst.ead is a solution of V.D-4rre6<r),
where e6(r) is an external charge density.This mistake on Bl's
part led Murphy to believe (2.94) was incorrect.We have seen
here however.,that (2.94) is correct without involving D.

We now show that the energy associated with the static
solution (2.94) is finite.We saw in equation C2.19) how to find
the energy-momentum stress tensor associated with a given
Lagrangian.In this case the "coordinates" are the vector

Potentials. Thus,

Tk 4 Bl o £ (2.95)

Where ;‘LBI is defined in (2.82).Hence

T A GK (2.96)

m 1,rn

Gkl is defined in (2.86b).Multipying by gim and rearranging on
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indices,we obtain,

Ttk _ d_Ald)<1 _ gth‘-

t BI <2.97)

The above expression 1s not symmetric as an energy-momentum
. Ll
stress tensor should be.To symmetrize [LLp8l11 we add to T C,
dAl k

A£G | N<AIGKS
dx

1

Ttk = ¢ dAL _ ,
dxL dx “Bi
 Fa(kl - g £, <2.98)

The above expression is the symmetric expression we Wwere
seeking. The  energy is given by T°°.Noting the
definitions of x and and employing <2.86b) we find
0
o X<FOFL yF F D .
BI

bringing out g’° in the bracketed expression gives,

Te°o foolf > <2.99>

ol

Thus for the static solution.
Tee  e2<i E2zbvizz DAl <1-E2zb2>1/21 <2.100)
This is the expression obtained by BLWhen T°° is integrated

over all space we find,

»00  0.098e2/r m ool
o e

where m is the mass of the electron.Thus the ''radius” of the
c

electron r becomes ,
o

r 1.81x10 I<Smetres
Also the field constant b has an enormous magnitude thus
justifying the use of Maxwell's equations except when distances
°F the order r =~ are encountered.
Curiously BI also showed that the motion of just such an
elementary charge in an external field satisfied an equation

which was a generalization of the Lorentz force

equation<2.3>.Dirac also much later 1341 gave a reformulation
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of the Bl electrodynamics in which the action for a Bl charge
was described in a very similar way to conventional
electrodynamics,but using the BI Lagrangian.

In retrospect,and in the light of recent soliton
research,it is apparent that both Born and Infeld and Dirac did
not fully appreciate the full revolutionary conceptual nature
of the theory. The BI equations are nonlinear and therfore offer
the hope of multicharge solutions.A two-charge solution would
be one for which the total field as time azoo,looked like a
linear superposition of two single charge fields<2.94).In the
nonrelativistic limit,at large separations we would expect the
accelerations of the BI charges to be consistent with the
mutual BI,Lorentz-like force fieldfi.e the acceleration of the
charge would be proportional to the field at that point).

The BI equations should be looked on as describing a
continuous underlying field.If we examine the energy density of
the field,we should find certain where the energy
density is very great.These regions of high energy density
would be the '"charges'".The particle-like mnature of the BI
charges would be a derived concept.Instead we would have a
nonlinear Bl field evolving in time from the initial state in
such a way as to mimic the effect of two or more
interacting with one another.Such concepts as 'force fields"
would be illusory.

With the recent developments in the theory of solitons
“nd solitary waves the interpretation of the Bl theory given
above is gaining ground 133,361.The main dificulty is in
solving the BI field equations,except in very special
cases. There now appear to be connections between the so called
Ex] scalar field" and a nonlinear Lionville equation 1371.

Unfortunately these authors believe that the classical
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Liouville equationCutt has solutions
[381.However this has recently been shown to be incorrect
[391)

Other choices of Lagrangian than that of Born and Infeld
may still lead to the Maxwell- Lorentz theory as an
approximation [401.It may be that some other Lagrangian will
lead t.o more tractable equations.

A different nonlinear theory of eclectrodynamics has been
proposed by Dirac [411.He criticizes the adoption of the
Lorentz gauge<2.25) in the Maxwell-Lorentz theory,as it leads
to difficulties in the transition from a Lagrangian form of
electrodynamics to a Hamiltonian form.The latter being
essential in Dirac’s view for making the transition to a
quantized form of the theory.Dirac’s attitude to the existence
of gauge transformations is explained in his own words:

"they indicate that there are more variables present in the
mathematics than are physically necessary."

Dirac’s idea was to use the “superflous” wvariables in the
theory without charges to describe the charges themselves.Gauge
transformations in the new theory become foz-bidden.He considers
destroying the gauge transformations by imposing the condition,

A A -k
m

where k is a universal constant.The new Lagrangian which takes

this into account is then,
£ = - —F Fmr + -X<A Am-k2)
4. mn 2 m
[>irac then obtained a theory in which the structure of
clementary charges was mnot important,,as in his view,“such
totalled description is not needed when quantum phenomena are
r¥fot being considered...".

More recently other workers [421 have discovered

Solutions of the Dirac equations which are static and
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spherically symmetric and may be regarded as charged
particles. They also found that these solut,ionsCone for each
sign of charge) were connected with different wvacua,and that a
conserved topological current could be defined whose associated
conserved charge was proportional to the charged particle

number.

§ 7. Summary

We have presented in this chapter an outline of the
Maxwell-Lorentz theory of electrodynamics.Ultimately we  have
seen that the theory becomes beset by difficulties in
association with the description of an elementary charge.

We have reviewed wvarious attempts to rid electrodynamics
of these difficulties,including the interesting.but
extaordinary theory of Wheeler and Feynman.In this theory the
fields of 1interaction are removed and replaced by an
action-at-a-distance theory which is sensitive to the
properties of the entire universe.lt is interesting to note
that all these theories(§3.4> do mnot shed any light on the
structure or meaning of an elementary charge.

Two theories which were at least capable of defining an
clementary charge were those of Born and Infeld,and Dirac.Both
these theories involved nonlinear partial differential
equations. A fact which we should find,not entirely
unexpected.sinee an multicharge solution can not be regarded as:

true linear superposition of many single charge
Solutions.This is simply because charges interact with each
other.Nonlinear equations have the potential for explaining
this basicCbut hitherto unexplained) property of the world.

In a mnonlinear theory '"particles®*  would become mere

Cental constructs. The essential reality being the underlying
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nonlinear field.- The world would become a wunity,incapable of
division 1into seperate partsCexcept as an approximation,when
"particles" were far apart).

of course such a radical shift in the conceptual

foundations of theoretical physics would also extend into the
quantum domain,and perhaps supplant it with a new set of more
fundamental,less phenomenological concepts.lt 1is interesting to
not that Dirac felt the search for a complete classical
celectrodynamics to be very important,since he says:
"...the troubles of present quantum electrodynamics should be
ascribed in my opinion.,not to a fault in the general principles
of quantization,but to our working from a wrong classical
theory."141,the first paper!.

The author’s view 1in this thesis 1s that,in a nonlinear
theory, terms such as '"particle'."field of interaction" are
only of secondary importance.However,they are central to both
conventional classical theory and quantum theory.A  nonlinear-
theory of '"particles" may indeed cause a radical shift in the

whole of theoretical physics,both classical and quantum.



CHAPTER 3 : SOLITON EQUATIONS
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§ 0. Introduction
In the last chapter we saw that a nonlinear partial
differential equation Cnlpde> offered wus the prospect of a
continuous underlying field obeying the nlpde.,forming a more
fundamental description of particles in interaction. That
prospect started to become much more of a reality when Zabusky
and Kruskal 111 observed numerically the interaction of
pulse-like entities having a sech’ form.They had been
investigating the properties of the Korteweg-de VriesCKdV)
equation,
u - 6qu + U " 0 C3.1)
Zabusky and Kruskal had found that an initial cosine
profile decomposed into a series of pulseSCsech2> travelling to
the right,which appeared.then disappeared,and finally

reappeared as the motion continued.The pulses were such that

the larger ones moved with greater speed.The pulses were given

the name '"solitons" to indicate their solitary wave/particle
properties.
When the interaction of solitons was investigated

further.the following picture emerged.Let us suppose that long
before the interaction,the larger soliton was to the left of
the smaller.lt was found thatJong after the collision,the
faster soliton would be found to the righr of the smaller.Thus
it appeared that the larger soliton had passed through the
smaller soliton.In addition to this 1t was found that.,the exact
initial speeds possessed by the solitons were recovered.The
only trace that there had been an interaction at all,was in the
phase shifts of the solitons. That is to say they occupied
different positions from those they would have occupied had

they travelled at constant speed throughout the collision.
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Looking at the interaction in more delail Zabusky and
Kruskal round that when the left-most,(initially) soliton was
much larger(and faster) than the other soliton,it appeared to
swallow up the smaller one.,re—emitting it later.However,when
the solitons were of comparable size and speed.,the interaction
took a different form.As they approached one another the larger
soliton started to decrease in amplitude and speed,while at the
same time the smaller soliton increased both its amplitude and
speed.In this case the solitons appeared to have exchanged
their identities.

Lax 121 provided a more rigorous analysis of the
evolution of the two soliton profile and discovered a third
mode of interaction.In this intermediate case.the larger
soliton emitted a separate pulse which was absorbed by the
smaller soliton.As a consequence of this,the amplitude of the
larger soliton diminished and the amplitude of the smaller
soliton grew larger.A criticism of these modes of interaction
was provided by Bowtell and Stuart 131.Further support for
their analysis of KdV soliton interaction will be found in part
two of this thesis.

We shall adopt the following definition of a soliton
141.A soliton is a solitary wave which preserves its shape and
speed in collisions with another wave,or at worst
shape and speed with that of another soliton.

The first known observation of a soliton was by John
Scott Russell 1ISJ.The KdV got its name from two early Dutch
investigators of shallow water waves,Korteweg and de Vries 161,
Further references to Scott Russell and the early history of
the KdV can be found in an appendix in reference 141.

It is mnot the primary concern of this thesis to examine
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physical systems which support the soliton equations.There is
ample literature on the subject E4] and especially 171.
We now list a number of nlpde's which are at some stage
considered or referred to in this thesis.
Korteweg-de VriesCKdV)
u ~ 6uu + u =0 C3.1>
t X XXX
Replacing u with —u removes the sign from C3.1),we shall also
refer to this as the KdV.C3.1> can be derived from the
equation,
2
W - 3w’ 4 W 0
t X XXX
By differentiating the above with respect to x and setting
u=w_we obtain <3.1>We will refer to the equation in w as the

derivative KdV.

Modified Korteweg-de VriesCMKdV>

u + 6uu + u =0 C3.2>
t X XXX

This can also be derived from the equation,

w o+ 2w3 + w =0
t X XXX

by differentiating the above with respect to x and setting u=w
we obtain (3.2). The equation in w,we refer to as the derivative
MKdV.

Kadomtsev-PetviashiviliCKP)

This 1is also called the two-dimensional KdV.

<u - 6uu + u > + u =0 C3.3>
t X XXX X vy
Boussinesq
<u_ - 6uu_ + U ) - u =20 <3.4>
X X XXX X tt
sine-Gordon
u u = sin u C3.5>
XX tt

The sinh-GordonCnot a soliton equation) is the same as the
above with sin replaced by sinh,and can be simply obtained from

<3.5> on replacing u with iu.
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Nonlinear or cubic Schrodinger(NLS)

u + iu + alulZu = 0 <3.6)
XX t

Liouville
u - u = eu (3.7)
XX tt

There are also equations refered ho as modified KF and
modified Boussinesq,which are obtained by changing the power of
u in (3.3-4) to 2,and changing 1its sign.The Liouville 1is the
only equation in the list above which at present is not yet
known to possess N-soliton solutions

We now give a short summary of the contents of this
chapter.In §1 we will review the inverse scattering method as
developed for the KdVv by Gardner,Greene,Kruskal and
Miura(GGKM).We will also discuss the linear superposition
principle(Isp) developed for the KdV by GGKM.

In § 2 we will briefly review Lax’s operator-theoretic
generalization of the GGKM method for  solving the Kdv
equation.

In § 3 we will discuss the very general technique for
solving nlpde's developed by Ablowitz ,Kaup,Newell and
Segur(AKNS) which was inspired by Zakharov and Shabat’s inverse
scattering method for the NLS.

Backlund transformations and nonlinear superposition
principles(nlsp) form the topic of § 4.Later in the thesis we
shall see how the nlsp for the sGCalso known by the grandiose
title of '"the theorem of permutability'),will enable wus to

derive the multisoliton solutions of the sG.

Andreev claims to have found N soliton solutions 181.but this
is found to be false 191.Andreev’s N soliton solution turns out

to be a | soliton solution®
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In §5 we 1list the N soliton solutions of the equations
which concern wus in this thesis.Originally this thesis was to
be exclusively connected with the sG equation,however
discoveries made by the author were found to be applicable to a
large number of soliton equations,so as a result,the horizons

of the thesis have widened.
The chapter ends<§6) with a discussion of certain topics
which have arisen in the chapter and how they relate to the

main topic of the next chapter.

§ 1. The Inverse Scattering Method

The essential ideas of the inverse scattering methodCISM)
for solving the KdV equation were given by GGKM 1101.It is
their treatment of the problem which we outline here Illi.
Consider the time independent Schrodinger- equation,

P + X-u=p = 0 C3.8)
where p would be known in quantum mechanics,as the wave
function,and here,we shall refer to it as the ecigenfunction.The
potential u(x.t> is taken to be a solution of the KdV equation
<3.1> and time t is just a parameter-having nothing to do with
the time which enters the time dependent Schrodinger equation.
X=XCt> is the eigenvalue.lf u in C3.8> is substituted into the
KdV we find,

C3.9a>
where,
Q = <pt + <pXXX— 3Cu+X>pX C3.9b)
If we integrate C3.9a) with respect to x over the interval
<~co,too>we find that,provided tends to Zero sufficiently
Rapidly as |[x|-* oo,

X 0 C3.10>
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Substituting C3.10) into C3.9a) we obtain,

Quy -22L q = o
Noting C3.8),we see that Q is a solution of C3.8).Thus Q must
be a sum of linearly independent solutions of (C3.8),with
coefficients possibly dependent on t.Thus,

0 =" + 9 - 3Cu+X)™ = FCt)"> + DCt)<p 2dx C3.11)
Since p vanishes as |[x|> o ,we must have DCt)-0O,to prevent Q
from becoming unbounded.

Equation C3.11) determines the time evolution of <plIf the
potential uCx,t) 1is given at some fixed,initial time t,C3.8)
may have a finite number of bound states with discrete
eigenvalues X krzl,n=1,2,..,N and,a continuum state X=kZ>0.The
eigenfunction <P associated with the bound state
eigenvalue,Xn=—ki may be written,

,as x-> -00 C3.12)
where we have chosen to normalize cpn,so that,
Jf‘i‘(’)0£>%dx =1 C3.13)

The wave function associated with the unbound state is
related to the situation of a steady plane wave being partly
transmitted and reflected by the potential uCx,t) for some
fixed time a solution of C38) is a linear
combination of plane waves expC+ikx).The boundary conditions of
a potential which may partly reflect and transmit,are written,

<P e‘th + RCk,t)evkx ,x-> o0 C3.14a)

and

TCKk,t)e Lkx ,x->~00 C3.14b)

%
In accordance with the quantum mechanical interpretation of g9

as a probability density,we have,

I C3.14c)

Essentially the problem to be solved,amounts to finding
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u(x,t) for a given u(x,0) satisfying (3.8). This can be broken
up into three steps.

1. The direct problem.

Solve (pXX + IX-u(x,0)142 = 0 for given u(x,0) to find any

distinct eigenvalues X and determine the .scattering data

R(k,0),T(k,0) as |x|> co.

2.Evolution of the scattering data in time.

From (3.11) together with (3.14) determine R((k.t), T(k,t)

The inverse problem.

Find u(x.,t) from R(k.,t),T(k,t) for arbitrary t.

In our case,since u(x.,t) is a solution of the KdV subject to
the initial condition at t=0 ,u(x,0)=uo (x),the above procedure
enables the KdV to be solved.

Now imagine we have completed step 1.Ve are in possession
of a set of cigenfunctions <pn (x,0),associated with the
eigenvalues X=-k2.We also have determined R(k,0),T(k,O),by
solving the Schrodinger equation (3.8) at t=0,with the
asymptotic forms of ¢ (for many examples of this see §25 1121).
For the discrete eigenfunctions <pn,the time dependence is
determined from (3.11) with D=0.Hence,

d<pn)l + C<pn)xxx— 3(u+Xn>C<pn)X = Fn(t)«?n (3.15)
Multiplying by ip ,and then integrating by parts over

C~o00,700>,and also using (3.8),we find,

00 co

f ~2dx = F (Of £2dx
dt J 2 n n J n

-00 -00

However,the wave functions are normalized (3.13).,thus Fn(O:O.
Clearly

@5+ ) = 3utX K2 > =0 (3.16a>

(3.16b)

Now assuming u->0 as x->-00 and noting (3.12),we find
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de

=]

4K3c
dt— n n

which has solution

3
4kt

c (V) C €03e 1
n n
Similarly the time dependence of the reflection and

2
transmission coefficients follow from X=k ,putting (3.14) with

u->0 when |x|->00 into (3.11) with F and D equal to zero.We find,

T(k,t) = TCk,0),R(k,t) R(k,0)e8tk 1

Summarizing:
k () k (0) (3.17a)
Fl n 3
G () e coe ()
Tk.H= T(k,0) €S))
RCk,t)= Rk, 0)ealc | Cd)

Thus we have completed step 2.Equations (3.17) specify
the time evolution of the scattering dat.a.We now turn to step
3. Fortunately this is a problem already solved in 1955 by
GeFfand and Levitan 1131 and also by Marchenko (see
1141,bibliography for a list of the Marchenko papers).

The potential u(x.,t) is given by

J

u(x,t) = -2 X K(x,x,t) (3.18)

d

where K(x,x,t) is a solution of the GeFfand-Levitan-Marchenko

integral equation,

00
KCx,y,t) + B(xty.t) + J Byty . OK(x,y' .)dy* = 0 ,y>x (3.19a)
with,
Y2 —k ke>x 1 00 L
Bx,t) E&¢IDe v o+ Lz ¥ R(be  dk (3.19b)
Fl
-C

Fil=1

Thus we have seen how to solve a nlpde (KdV) in terms of
solving two linear pde’s.Namely”~the time independent
Schrodinger equation,with a given potential u(x,0),and the

linear integral equation defined in (3.19).In general for



arbitrary B(x,t) it, is not very easy to solve (3.19a).
The following additional facts emerge from the previous
analysis.

. The number of solitons moving to tho right which emerge
from u(x,0) as time evolves are in one to one relationship with
the number of bound states associated with (3.8) with potential
u(x,0).Furthermore,as t>00 the solitons are arranged in order of
speed(amplitude),with the fastest,on the extreme right.

2.Non-soliton or oscillatory disturbances emerging . from
u(x,0) move to the Ze/t,and are present when R(k,0)"O.

3.When  u(x,0)>0 there is no bound state(potential
hill),and no solitons emerge.In this case we only have
oscillatory disturbances as in 2.

4. 1If u(x,0) admits bound states and R(k,0)=0 (zero
reflection) then u(x.,t) can be determined explicitly.In this
case the asymptotic(11|->00) case consists of a collection of
solitons,well separated and each,moving at constant speed.

The N-soliton case 1is obtained by solving (3.19) with

d .
K(x,x,t) = dx (3.20a)
A = det(I+C) (3.20b)
where 1 is the NxN wunit matrix,and G is the NxN matrix defined

below,

c (ODc (O
C I k + k .expl-(k +k >xl (3.20¢)
m n §

*. m n

and the N-soliton solution of the KdV is,

u(x,t) -2— K(x,x,t) (3.21a)
dx
thus,
2
u(x,t) = -2—5;2 In det(I+QG) (3.21b)

The above solution was first obtained using the inverse
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scattering technique by Wadati and Toda U®6I.Hirota had
previously obtained the same solution using his own direct
method 1171.

In the 1-soliton case,

2
det(I+C) = 1 + (2k ) £e2(De Zk/ |2k Fle (0= 2Ki =Xk
1 1 1 1

Substituting this into (3.21b) gives,

u(x,t) 2k2sech2f . (3.22a)
1
-2k <x-4k2t-6> (b)
1 1
- 1InCc2/2k >
6 2k ) 2 ; ©

(3.22) 1is the well known single soliton solution of the KdV.
When (3.19) are solved with R(k,0)=0O,the 1initial step 1is to
assume that,

N

Ky.D = -£c¢ (O™ (x0exp(-k_y) (3.23)
m=1

so that the problem becomes to determine the unknown functions
ip .In fact p turn out to be the normalized ecigenfunctions of
m m

the associated time independent Schrodinger equation(3.8)I1111,

yo = A lp - tu(x, ) +k2Iv - 0 (3.24)
mim dx m m :

When (3.23) 1is substituted into (3.19),the ip aci'G found by
m

solving (3.25) below,

I+G)» = E (3.25)
where 1,G are the matrices defined before(3.20c¢) and
ip- (Yi'zp zp . ,1p j E= (c e~ czekf sCy on X)T (3.26)
Since det(I+G)~O till,LI+G is non-singular and has an
inverse,we may write,

ip = (I+G) IE = A +QE (3.27)

where Q 1s the classical adjoint matrix of I+G.Since I+G is
symmetric Q is identical to the matrix of cofactors of I+G.

GGKM I1li were able to deduce a Isp for u.They showed that if
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V <x,t) are the N eigenfunctions in C3.24) and C3.27) then,
m

u<x,t> = —4§k y/2<x,t> <3.28>
tr'i  H1
-

In this Isp GGKM decided to define the quantity
—4kmwrzn<x,t) to be a soliton. Thls was very natural,especially
since as 111 ->o00,each such term  does tend to a single
soliton<3.22).We shall see in part two of this thesis that
there 1s an alternative equally natural lsp which we can define
for the multisoliton solution of the KdV.Like the GGKM
soliton,our own soliton definition is also a soliton of form
<3.22) in the |1 |>00 limitThere are also a number of other

attractive features possessed by our own soliton

definition,which are not possessed by the GGKM soliton.

§ 2. Lax’s method
Lax 121 showed that the KdV was one of an infinite number
of pde’s that govern the wvariation of the potential in
Schrodinger’s equation <3.8) in such a way as to leave the
eigenvalues fixed with' respect to variations of the time
parameterCin the potential).
Let us represent <3.8> in operator form,
Lep = \fp , L = D°-u , D = d/dx <3.29)
Now suppose,
= Bep <3.30)
where B is a linear differential operator.lt is then found that
the derivatives of X with respect to the time parameter,X are
controlled by the equation,

<3.31a)

where,

EL,Bl = LB-BL <3.31b)



65

Thus,provided we choose B so that,

—u, + EL.Bl = 0 €3.32)
then Xt = O.The simplest operator which can lead to constant
eigenvalues is,

B, = aD (3.33a)

we then find,
ELB V = zlanV + a Bip + au g
1 X XX X
Choosing a to be constant gives,
EL,BII = au (3.33b)
Substituting this into (3.31a) we find,
- <p = 3.33
(u - au ) = “Xip (3.33¢)
Thus,provided u" —au ,Xt:O.This result is not particularly
exciting as it says that any potential of form u(x+at) will
leave X fixed in time.When we pick an operator quadratic in
D it so turns out that we once again obtain (3.33c¢).Lax

discovered that only operators B, r odd, produced evolution

equations for u different to (3.33c¢).Thus consider B" below,

B = aD3 + fD + g
3

where a is again constant,while f and g are functions of u and

its spatial derivatives.We find,

ELB Ikp = (2f +3au )dV + (f +2g +3au )D«p + (g +au +fu &>
3 =< XX X XX XX XXX X

Requiring the coefficients of D2 and D to vanish leads
eventually(choosing a=-4) to,
-ELB 1 =-(u_ ~6uu ) * cu

3 XXX X 11X

The pde satisfied by u which keeps XI=O is thenCfrom 3.32),
~u- u_+6uu + cu =0

t XXX X X
The last term may be elimated by <change of wvariables
(dx-=dx+c™N(t)dt),so that eventually we find,

u - 6uu + u =0

t X XXX

iy This is the KdV equation.Using this technique an infinite
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number of higher order equations characterized by B , n e DV
can be constructed  which leave the eigenvalues of the

Schrodinger equation invariant in timeCsee §5).

§ 3. The AKNS method

Zakharov and Shabat 1181 extended the Lax method and
developed an inverse scattering technique which enabled the NLS
C3.6) to be solved. The Zakharov-Shabat method was further
generalized by Ablowitz, Kaup,Newell,and SegurCAKNS) C191.They
found that many nlpde’s could be solved by the following
methodCsometimes referred to as the rwo component method).
Consider the equations,

v + ifv, = qx,0v, C3.34)

1x

v - 1fv = r(x,t)v
2x 2 (’)1

Choosing the time dependence of the eigenfunctions Vv, te be
given by,

Vi o A(X,t,()v1 + B(X,t,()v2 (3.35)

v_ = CCxt,C>v - Ax,t)HV
2t 1 2

We can obtain the conditions for the eigenvalues < to be time

invariant by cross differentiation of systems (3.34-5).We find

s\ = 0 if,
AX = qC -rB (3.36)
B + 2i£B = g~ - 2Aq
CX - 2i<C = r, + 2Ar

Finite expansions of A,B,C in terms of the ecigenvalue parameter
2if and the potentials q and r.determine equations solvable

under the scheme.
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CLASS 1
A = -4i<3 - 2lqi< rax qrix (3.37)
B 4q<2 + 2iq < 2q r
C 4r<?2 - 2ir-xC + 29r2 r
XX

Substituting (3.37) into (3.36),we obtain,
ql = 6rqq +q 0 (3.38)
r - 6brqr +t r 0
t X XXX

Setting r=1 gives the KdV equation (3.1) and r=+q gives the

MKdV (3.2).

CLASS 2
A icosOCl B | K -1 i " 1
4 ' 2 qt < C - (3.39)

C3.39) substituted into (3.36) give,

qcos$ ro. o~ rcosO (cosd>)X = 2(qr)X (3.40)

Setting r=-q=0 /2 then gives the sG equation in the form
o sin</>

There are still more classes of equations solvable by

this method 1191.The solutions of all these pde’s for q and r

are given by the following .If the initial
potentials,q(x,0),r(x,0) are sufficiently smooth and vanish
rapidly as |x|» oo,then q(x,t) and r(x.t) are given by(for all
time),
q(x.t) = -2K(x,%X) 3.41)
r(x,t) = -2K_(X,%)
where K and K are the solutions of the

Gel'fand-Levitan-Marchenko equations,

K(x,y) (3.42)

n T e——
KCx,y) + ( i Fxt+y) + jJK<x,s)F(s+y)ds = 0
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where
™
e o T4 TN 4 2 ]
Fixd = =5 i T (=] _df 15 cke.l}..p(ika} €3.43>
-
m--
ot e [ R el TgE o i ¢ expC-1if x>
2n — - k ke
J adf> k
-
and,
Kt(x,y) - Eif_x,y}
K(x,v> = I{ztx,y) » Kx,wd = Ezix,}r:& (3.44>
The {kcc"k) are the eigenvalues of (3.34) which lie in the
upper{lower> half plane;a,b,ck,a,ﬁ,ak Jare the =cattering data

and have time dependences,
acf> = a > , acly = Egcc) €3.45>

bCE , LD

b_CZdexpl-2A (£>t]

bCF,tDd = Eﬁ(f)axp[+2ﬁﬂ(f)t]
c, = _expl-2A_ < Ot]
c g + r
C, ckﬁaxp[ zaaqk)t]
A CC> = 1im ACx,0;[D

| X1 a0

The eigenvalues and constants above.,are all determined by
=olving ¢3.34> at the initial timedusing qix,02,r{x,032.The N
=oliton =olutions arise as in t.he GGEKM =cheme.when t.he
reflection coefficient=s bﬂﬂf} and Eﬂ(?’,"} are =zZeroFor a complete
analysis in the case of +tLhe =0,we refer to [201.The discrete
eigenvalues ! are either purely imaginary,or occur in complex
con jugat.e pairs .- *.The * purely imaginary eigenvalues
[ =in,correspond to travelling wave =solutions,while the paired
complex eigenvalues correspoand to =zoliton states which

aos=scillate in time(breathers>.
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§ 4. Backlund Transformations(Brs)

A Backlund transformation for a second order pde for

dependent, variables ,77. is defined as a pair of equations,
= P ALENLTT) (3.46)
The consistency condition <p[. <p' ~ provides a new equation

for ip’' .Sometimes the equation satisfied by #»f is the same as
that satisfied by £>In this case we refer to the transformation
as an auto-Backlund transformationfaBTXTo clarify the meaning

of (3.46),consider the sG equation in the form,

= sin”> (3.47a)
where,
% - , T = (x+1)/2 (3.47b)
The equations,
~7 <pt + 2a sinl(<p'+ p)/2] (3.48a)
+ 2a IsinE("=>'+ 7)/2] (3.48b)

are of the form (3.46),together they comprise an aBT for the sG
equation.This is clear by <cross differentiating (3.48) with
respect to 7 and £ ,and then applying the consistency
requirement.

Backlund transformations have a long historyC» 100
yvears),and a detailed list of references to early work on the
subject 1s given in 1211.BT*s generally relate the solutions of
one equation with the solutions of another.A well known example
of this is the BT which connects the Liouville equation u =eu

xy

with the wave equation u =0 121,221.Since the latter has a
xy

general solution,one can also be found for the Liouville

equation.The Liouville also possesses aBT’s 127).The general

method for determining BT’s (when they exist) between pde’s is

known as Clairin's method 121,221.



70
Lamb pioneered the wuse of BT*s,as a method of finding
solutions to the sG equation 1231.A first solution in the case
of the sG can be obtained
obvious solution of the sG).The resulting equations are,

2a sin!<' /21 (3.49a)

2a Isint<</21 (3.49b)

These equations can be iIintegrated to give a l-parameter
solutionCsoliton or antisoliton) solution of the sG.Noting

(3.47b) we have,

p' 4tan lexplar; + £/al = 4tan S"™"xpEt"Cx-ut)] (3.50a)

where,

,  <lu>)™V? . a = EQ-WZJ+wIlZ Ljul| < | (3.50b)

The positive sign in (3.50a) corresponds to the soliton(kink)
and the negative sign to the antisoliton(antikink).We could in
principle now use the solution (3.50) as p in (3.48) and
determine a two parameter solution <p'.Such a method involves
complicated integrals.and anyway there exists a much simpler
way of determining higher parameter solutions,known as the
theorem of p&rmutability Cfor the sO.This method involves only
algebraic calculations.lt was this method that Lamb 1231 wused
to obtain the few known solutions of (3.47),incuding those
found by Perring and Skyrme 1251,prior to the discovery of the
inverse scattering method ©L120,24I.In discussing this method,it

is useful to use a diagrammatic representation.

From a solution (p of the sG we apply the BT(3.48) with
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parameter a”™,to generate ~.We do the same with parameter a” to
generate p~.Then we apply (3.48) again to < with parameter®
az,similarly we apply (3.48) to ipZ with parameter al_.Both these
final transformations may produce the same solution having
parameters a” and a”.Considering (3.48a),we then have the

following equations.

c«\ - (po)£ = 2a1 si1’11($21 +<p0 )Z21 (3.51a)
046 - bh=f = 2a2sinl(p3+pi)/21 (b)
O — .

)0 - o - 2a, 51nle2 P, /21 (©)
%% - p,)_ = 2alsin[(£>3+v2)/21 (d)

The sum of the first pair of equations and the sum of the last

pair have the same left hand side.Equating the right hand sides

gives wus an algebraic relation between s 1o ,which we
u
write,
tan[(@3 o )41 = klztant C<pl -<£>2 )/41 (3.52a)
+ -
k12 (alaz)(alg) Cb>

This is the theorem of permutability.Starting with the vacuum
solution <p.,higher parameter solutions can be built up
iteratively.We may also begin at an N-2 parameter starting
point,and find the N parameter solution as pointed out by
Barnard 1261.1n addition Barnard stated implicitly the
following. To build a strictly N sol/itonn solution using (3.52),
we must use | parameter soliton and antisoliton solutions,
alternately. So that for instance,to build from (3.52) the three
soliton solution,we would choose to be a soliton,¢* an
antisoliton and < a soliton.We will see exactly why this is so
in chapter 5-Choosing a and a, in complex conjugate pairs
enables the breather solutions to be obtained 1231.

Further work on BT's for the generalized sGCp"FGp),including

the sinh-Gordon and Liouville equations),in which exact



72
conditions necessary for aBT’s to exist are found,is given in
[271.
It was long not after Lamb’s pioneering work on aBT’s for
the sG.that Wahlquist and Estabrook discovered that the KdV

also possessed aBT’s [281.Writing the KdV in conservation form,

u+(-3u2tu ) =0 (3.53)
t XX X

they introduced the function w such that u:WX.(3.53) becomes,
(derivative KdV-see introduction)

w = 3uZ-u = 3wZ-w (3.54)
t XX X XXX

If w and u are solutions of (3.53-4),then different solutions

w' ,u' are defined by the BT

w' = -w -kZ/2 +Cw* ~w)Z/2 (3.55a)
W' = -w ~K 20l Fu(w—w)’ +2u, (W-w) (3.55b)
- e X :

The single soliton solutions of (3.53-4) are,

w = ktanh”™ (3.56a)
u=w = -(k2/2)seah2f (3.56b)
X
e = -kCx-kZt-x >/2 (3.560)
o .

Also (3.53-4) have singular solutions,
w = kcoth£ (3.57a)
u = —~(kZ/2)cosech’Z£ (3.57b)
By succesively applying the BT’s (3.55),in a similar way
to the sG,Wahlquist and Estabrook were able to produce a nlsp

for the derivative KdV,analogous to the sG(3.52).

K K2
- 2 1
Vs T Yo 20w -w ) (3-58)

where W is the starting solution of (3.54) and w, and w,. are
solutions generated by the BT’s with parameters k2 and kl.The
N soliton solution of (3.54) could be generated by starting
with the wvacuum solution WO:0 and using | parameter solutions w
or sz.Wahlquist and Estabrook noted that only a certain choice

of Wf’\;t will produce the N soliton solution by iteration.This
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was as follows.In the sequence of N 1-parameter solutions
leading: to the N soliton solution,the regular solutions(3.56a)
and the singular solutions(3.57a) must be used alternately .For
instance to build the 3 soliton solution from (3.58),wO must be
a regular solution,vv1 a singular solution,and w, a regular
solution.

Wahlquist and Estabrook note that "it is hard to resist
the particle-antiparticle analogy suggested by this
structure".We shall see when we discuss the N soliton solutions
of wvarious equations in §5how the sequence of 1-parameter
solutions needed to build the N soliton solution of the KdV.is
exactly analogous to the sequence required to build up the N
soliton solution of the sG.

It is now known that many soliton equations possess BT’s
and associated nlsp’s.Wadati 1291 discovered the aBT for the
MKdV (in derivative form),

W, + 2WX + Wox =0 (3.59)
which when u=w_ becomes the usual form of the MKdAV(3.2).The
BT’s are,

w' —w + 2ksin(w'-w) (3.60)

X X

w' _w -8k2u-4ku
t

t X

From these(one only needs the first of the equations
above) we obtain the nlsp,

k + k
1 2

tanKw _-w_)/21 = (kl_ K ]taanl—w2>/21 (3.61)

This has identical form(apart from factor 2) to the sG
equivalent(3.52).The reason the nlsp’s for the MKdV and sG are
so similar becomes evident when the connection between the BT’s

and the inverse scattering method(AKNS) are explored 1301.
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§ 5. N-soliton solutions

The KdV belongs to a hierarchy of equations as we saw in

§2.This hierarchy is defined by [311,

u -22n+1CB ,n=10.1,... <3.62a)
t n+1 X
Zn*1
B LB <3.62b)
n-+1 n
X
1 2 2 1
L & /dx u - r U dx <3.62c¢)
4 2 jJoo x
B -1 <3.62d)
(0]

and all higher derivatives vanis

>

where 1in the above u,u U
X

has N soliton solutions,

u<x,t ) = 2<In t) <3.63a)
2n+1 XX
where,
N
T eXp[ ca.2. + r A .a.a. <3.63b)
) T T V<J<N tJ b J J
<xJ =0,1 =1 £<
£ <x,t ) = £ + =-DnkZntlt <3.63¢)
j 2n-+i j J 2n-+1
kx + <3.63d)
J
A, In <3.63e)
tj
2
U. <3.63f)

L] t

where kf,%«: [R and k;/<l§.,1<J.For example.

n=1 u <u__-3u?) JKdV <3.64a)
t 3 XX X
n-2 u = <u -5uZ-10uu +10u3) <3.64b)
t XXXX X XX X

If N=3 in <3.63b)

Also note that <3.635 may be written in the form [14KI<i,j<N>

r=detM (3.66a)
M =4 + 2<k +k )* 2<k +k ) lexpi<™ +?7 ) <3.66b)
] LJ t ) LoJ 2 L)
Solutions.Single soliton.
<3.67)
<3.68)

Observe what happens if we allow the exponential in the
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single soliton solution,to be negatiue.,and take the modulus of

T.

uCx,t> = -211n|l - e™~qi = -2kZcosech2? C3.69>
XX 1 1

This 1is the singular solution C3.57b).We can look at the
inclusion of negative exponential terms in r as analogous to
the way 1in which antisolitons enter the multisoliton solution
of the sG.In this way we see how 1t is not so unexpected.,that
we should have to use singular solutions in building up the N
soliton solution of the KdV.Instead we see that the manner of
building up multisoliton solutions of the KdV and sG are
closely related.In fact we can even introduce complex conjugate
amplitudes k. in <3.63) and produce singular breathers 1321

The KdV also has the property.that as 11 |-»00,[331

C3.70a>
where,
+ n-1 N
SN InBT ., P~ = =mi2 > b’ = (3.70b>
n n n j:l in n
with u. given in (3.63f>We also have.
4]
N
E 0. 6 - 6 -6 C3.70c>
B Fl n n n

n=1

The superscripts on < refer to the limits t->%co.
MKdV equation
The N parameter solutions of the derivative MKdVCu=w satisfies

equation (3.2»,

W+ 2W3 4+ 0 C3.59)

t X XXX

are given by 122.33,341.

-if Im detCI-iM) j
W [ Re detCI-iM> C3.71a>

where 1 is the NxN unit matrix and M is the NxN matrix with

components,

m = 2k Ck+k
J

> "xpLCk+k, >x-8k3t+n | <3.71b>
j1 1 1 J

1 I o E

where,

T)J,kJe R for solitons and antisolitons.<i%,=1 for solitons and
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hreathers,shz—i for antisolitonsyn,ke © for breathers _.Each
o P |

breather requiring a pair of ('r_:j ,kj} _..{njﬂ ,kjﬂ} such t.hat.

Solutions.

single =soliton. N=1, 51=1,

m = &Eg
i1
¥ = 2k (x-4K tO+p €3.72a)
i i i i
U=sing (3.71a> we find,
W = Zt-an_lexpl_‘l , u = 2k sechf €3.72b>
Similarly.for the an‘t.iscliton(gi:—i},
W = -zt,em'‘ﬁc-.:[::.f:1 , u = -2k sechZ €3.73)
Two =olitons. N=2 ..i:l:szs“[.
det.dI-1M> = 1~ufzefi‘f= -icets + &2 (3.74a)
£ £
R e T [ e o, I €3.74b)>
1 -ujzefgzi

ufz is defined as for the KdV(3.631).

Soliton—antiso Ii‘t,c:-n..s:i-:i oE z:*‘l We find,

Eo omae ¥
Caniwray = ot Cus €3.74¢)
1 +u‘:2ezﬁl

Breat-her-.sizszzt, kizreﬁ"‘, k;k:. fi= rcosyp , o= raing.

u_ = ¢k -k >k +k > ' =itany €4.75)
12 i zZ i z
det(I-iM> i= determined by (3.74a) with,
w
g, = MHom , ¢, = M-l C3.76a)
2 2 2
I = 2Alx-4¢F -3aOt]1 , O = 2alx-4¢33 -a >t] €3.76b)

To obtain the standard breather =olution we carry out the phase

change below,
=2 :r]1+ InC3 o 377

we then find,

tant{w-2> = (37a) sin sechl” €3.782

This is the breather =olution.
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The asymptotic solution of C3.71) in the no breather case

was 1investigated by Hirota [333 and Wadati 1341.They found that

N +
u = 2F & k sech<£ +<§ > C3.79)
n n n n

n=1

with 6n defined as with the KdV.
sG equation

The N parameter solutions of the sG 1221 are seen
below.The solution for combinations of solitons and
antisolitons was first obtained by Hirota wusing: his direct.

met,hod 135],
o = —4tan <3.80a>

where 1 is the NxN unit matrix and M 1s the NxXN matrix with

components,

P R * ak—+al ak+at
nkr2aifl<ak-+al mexp] X( ) 2 Y'I'??t Cb)
where for solitons and antisolitonsCu is the

soliton/antisoliton asymptotic speed)

(€D
for solitons and breathers L=l ,for antisolitons <"=-1.
Associated with each breather is a pair of complex parameters,
al’al+l and a pair of complex Phases

ai.rai=ae ’a=C1+vl> <«<-vt> .actR | vJ<1 Cd)

are the breather speeds. Also we note that for breathers,

_ — A
Cal aLH)ZCai-!-a,Pd) itan”z Ce)
Solutions.
Soliton.N=1,<£; . =]l.We find
m = eli C3.81)
11
Thus,
$ - 4atan "evl C3.82a)

Similarly for the antisoliton case(slz—l).
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0 = 4tan l-exi C3.82b)

Two solitons.N--2 .££:£2=1.

(0) = 4dtan | C3.83a>
SS 11

u, - Ca 1—§>ZCal+a2> = Cl—u£u: >ZCu1—u2> Cb>

DY
4tan | C3.84)

set

11 + J
Breather N=2 . :£2 =].From C3.80d> a, =aA=aCcos/j-isin/j>.We
X1:r+iQ , X2=r—iQ C3.85a)
F=r coS7J.Cx-vt)+7?2R , Q" " sin"-Ct-vx>+77" Cb>

where in the above 7717 +177 .Now,
detCI-iM) = 1-Citan/j)2e2r-ierCem4-e L°>
We change phase as with the MKdV,7j 7)-Intanp.The above

becomes,

detCI-IM) l+ezr-2er CsinCDiZtan/u
Thus,from C3.80) we obtain the standard breather solution,
tanC</>bZ4> sinQ.sechfZtan/u C3.86)
Note that if we go into the rest frame of the breather.by
Lorentz transformation,
x YV Cx+vt') , t YV Ct'+vx") C3.87)
C3.86) becomes,after setting tan/u=u.
tanC</>bZ4> = sincrut' .sechox' Zu C3.88a)
a - Cl4-u25_1/z Cb>
Since the "phase velocity" of a sG breather is equal to
the translational velocity,we see that the sG breather is
simpler than the MKdV breatherC3.78). The asymptotic nature of
the sG is similar in stucture to the KdVCalthough because the

sG 1is bidirectional the asymptotic argument is simplerXThe sG

phase shifts have an identical form 1351.

find,
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KP equation
The N soliton solution of the KP equation was first
obtained by Satsuma [36]1 and also by Manakov.et al.1371.
The KP equation,
Cu ~6uu + u__>+ u =0 C3.3)

t X XXX X vy

has solutions identical in structure to the KdV.

uCx,t= > (3.89a>
XX
where,
N
<< + F A I Cb>
T U™y g
i=1
?2 (x,y,t= Cp -9 >x + Cp2-qZ)y + <p3-q3>t + 6 Co>
] J J J J J ] J
Cd>
uz- Ce>
<4
where p .We mnote that the KdV is recovered from the above by

setting p =q, [381.t may also be written r=detM,where M is the

NxN matrix with components,

<p -q >Cp.-q.>
tot ) ) expl~Q e > C3.89d>
=pP--q ><p -9q-> Lo ’
J J L

In special circumstances the KP has resonant soliton
solutions [37,391,in which a two space dimensional solution
encloses a _fimnite volume.These special solutions are called ZM
solitons,after their discovers,Zakharov and Manakov.The KP
equation considered here is the firstClike the KdV) in a whole
hierarchy of equations,which by certain transformations (e.g
p =-q > may include the Boussinesq and others [38,401.

Boussinesq equation

The Boussinesq equation has solutions of the same
functional form as the KdV,but with the great advantage of
having bidirectional solutions and equal amplitude
solitons.This means that two soliton collisions of equal

amplitude are likely to be easily analysedCas we shall see in
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part two of the thesis). The sG 1is the only other soliton
equation possessing these attributes that we consider in this
thesis.
The N soliton solution of the Boussinesq equation,
Cu 6uu_ + u__ > u =20 C3.4)

X X XXX X tt

has the ubiquitous Hirota form 1411,

u<x,t> T) <3.90a>
r N
T V exp Eap- + E A a.a. <b>
<« =0,1 L JEEE 1=t <j=N 9 1 J J
i
£ = k<X“£ v.t) + T <c>
J J Il ]
v <1+k?>1/2 <d>
J
_ 2
A =Inu <e>
ij 4

<i v -s v >z+3<k -k.)2
2 =t j ] i ]

U <f>
1] «<f. v —e v >Z+3<k +k >2
L i j ] i J
4 = +£1 Ce>
L
The N soliton solution has the usual asymptotic properties.
Solutions.
Single soliton.
u<x,t> 2k2sechle <3.91)
i i

Two soliton.
A particularly interesting two soliton solution is one in which
solitons having equal amplitudes,collide with equal and
opposite speeds.This case 1is characterized by choosing k"=k=k2?

e1:1,£?2=—1.Then we have from <3.90),

£ = k<x-vt)+n = kCx+vt)+Y) ,u2 = vZ/<<vZ+3kZ> <3.92>
1 11 2 12
After adjusting phases 7. -In u .we find,
u 2Iln<1 + 2u1§coshvtekx + eka)IXX <3.93>

In part two of this thesis we shall see how we can express the

above as a linear superposition of accelerating solitons.
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Nonlinear Schrbdinger equation
The N  soliton solution is given in 118,421.Backhand
transformations and a nlsp <can be found in 143,441.The N
envelope soliton solution
U <3.6)

is given by,

sk

i 77
<2«)' "“tin det<I + GG > <3.94)

where I is the NxN unit matrix and G is the NxN matrix with

components,
* 1/2
<c c 1 *
m n .
c X exp 1<k k )x >k constant <3.95a)
mn k —k m n m
m n
c <t) exp<4ikZt + r > y constant <b)
m m m m

Hirota 1421 gives the explicit N soliton solution to the
NLS,
0 <3.96)
We only quote the single soliton solution,which 1is like a real
and imaginary breather added together.

The one-soliton solution is,
%

y/ = <P*+P*)exp 71 /<l+expt>j +77 J) <3.97)
where,
77i:P1x - Qit - t/iO> = <3.98)
PX = p1+iq1 le = —i/?P12 = o* +ip
= <g*-ph/J
SO,
771 = <p1x—<71t+£?> + iqux—plt—i—b)
Defining,
r = <771+>'Z*>/2 , Q= <771—77i*>/2 <3.99)
<3.97) becomes,
y/ = p~tcosfisechr + isinQsechD <3.100)

or as it is usually written,
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<3.101)
This 1is the familiar envelope soliton.In <3.100) we see the
similarity with the breather solutions of the sG or MKdV

equations.

§ 6. Summary

In this chapter we have discussed the main soliton
equations and have looked at the primary methods of
solution.During the course of our exposition of the GGKM
inverse scattering method for the KdV,we discussed how the N
soliton solution could be expanded as a sum of N terms.Each
termm involved a squared eigenfunction of the associated
Schrodinger equation.lt seemed mnatural for GGKM to interpret
each of these terms as representing a soliton for all
time.

Others 145,461 have taken up this suggestion,and
attempted to analyse,in detail,how solitons of the Kdv
interact. We will discuss these papers in more detail in the
next chapter,which 1is specifically concerned with particle-like
approaches in soliton theory.

We examined the Backlund method for finding solutions to
soliton equations and looked at a the remarkable nlsp connected
with them.We mnoted the peculiar use of alternating solutions
(regular/singular or soliton/antisoliton) to build up N soliton
solutions.We saw in an original argument that the alternating
pattern for the KdV was a disguised form of the alternating
pattern for the sG equation.

Examining N soliton solutions in §5,we saw how a large
class of them are very similar.This is fortunate,since when we
examine how a Isp may be wused to study how the solitons

interact for all time,our ideas will automatically apply to



83
many equations.

Soliton equations are especially interesting because of
the collisional properties of solitons.This was evident in
Zabusky and Kiruskal’'s 1965 paper I1ll.Yet,despite the amazing
strides forward in our understanding of soliton equations,our
understanding of how solitons interact is sketchy.In this
thesis we aim to rectify the situation.and build on what
progress has been made(chapter 4) to fully understand the

detailed interaction of solitons.



CHAPTER 4 : SOLITONS AS PARTICLES AND THEIR INTERACTION.



§ 0. Introduction

This chapter is perhaps the most varied of the
thesis. There are a great many aspects of soliton research which
hint of the possibility of regarding solitons as 'elementary
particles”. The work of Perring and Skyrme reviewed in §1 was a
direct attempt to construct a theory of elementary particles
based on solitons (of the sG).We concentrate on their method of
determining the intersoliton potentials.

Ovex* a period of time there have been a number of diverse
attempts to understand how sG solitonsCin particular)
interact.We review these attempts in §l.The most successful
approach to soliton interactionCtwo parameters) was devised by
Bowtell and StuartCBS).Their method consisted of allowing the
space variable to become complex, thus allowing the complex
Hamiltonian density to develop poles.Remarkably the dynamics of
the singularities of the two soliton solutions could easily be

review the BS
findings in §2.

The singularities of the complexified sG can be simply
mapped into the real singularities of the shG equation.
Pogrebkov explored the motion of these real singularities and

rediscovered some of the BS work.He also numerically analysed

the motion of the real singularities of the 'soliton-breather"
solutions,and noted an interesting feature of their
interaction.Namely.the incoming "free soliton" replaces the

trapped breather soliton. The equivalent sG case and many others
have been analysed by the author and the findings are presented
in part two of the thesis.

In §3 we review how  multisoliton solutions may Dbe

constructed by nonlinear superposition of asymptotic
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solitonsCBSXWe discover,how,via certain invariants we may
switch the sG soliton interaction on or off.We also review
Matsuda’s remarkable,but generally unknown,discovery of an
explicit linear superposition of accelerating solitons for the
sG two parameter solutions.

Linear superposition as a means of understanding soliton
interaction was suggested by GGKM for the KdV equation.Yoneyama
and independently Gaenepeel and Malfliet took up this
suggestion by GGKM,and attempted to analyse two soliton KdV
interaction in detail. The concept of linear superposition of
solitons also arises with respect to the cnoidal solutions of
soliton equations.FinallyJinear superposition of accelerating
solitary waves appears with regard to the two-solitary wave

* equation CMoshirXWe review all these

solutions of the O
aspects in §3-

In 84 we review work done on the motion of
singularitiesCreal or complex) of solutions of nlpde’s.Kruskal
first suggested that allowing the spatial wvariable to become
complex might be a profitable way of understanding soliton
interactionCKdV).

In addition to soliton solutions many soliton equations
have rational solutions possessing singularities for complex
spatial variable.The motion of these singularities has been
shownCKdV) to be related to a solvable many body problem,of
particles interacting via a r potential. This exposes the
amazing richness of soliton equations.The motion of real
singularities of the apparently non-soliton Liouville equation
also has interesting dynamics.

Galogero and Degasperis discovered that certain coupled

systems of nlpde’s were solvable by the inverse scattering
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method.These new equations had interesting soliton
dynamics. They found single solitons,moving as if wunder the
influence of an external pot.enfial. The N soliton solutions of
their equationsC'boomeron') developed poles in the complex
plane. Analysing the two soliton solution of their equation
which was Galilean invariant).they were able to obtain the
dynamics of the solitons explicitly and discovered that they
moved as if under the influence of a mutual cosech’r potential
<r= relative separation of solitons).

The solution of nlpde’s in bounded regions of space is a
relatively new topic.We review some work done on the solutions
of the sG in bounded regions in §5.We find solutions which can
be regarded as particles bouncing off barriers or inside
potential wells. This subject 1is particularly interesting as we
might look for possible quantum-like behaviour of classical
solitons.

In §5 we also review some of the research carried out on
perturbed soliton equations.There has been considerable
controversy connected with the subject of sG soliton dynamics
under the influence of perturbations.We have included a very
large number of references on soliton perturbation mainly for
completeness but also to illustrate the difficulties of
understanding soliton dynamics under perturbation.The behaviour

the sG soliton when exposed to weak applied fields can be
quite suprising.Over short time scales the soliton moves in a
manner- such that its position is not proportional to tZ.This is
the so-called '"non-Newtonian" behaviour.This latter term should
r™ally read '"non-Newtonian point-like" behaviour,as over short

time scales the bulk movement of highly deformable bodies is*

non-Newtonian" in general.
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Finally in §5 we note that Gorshkov and Ostrovsky were
able to deduce via an asymptotic analysisCwhich they pioneered)
that the solitons of the KdV and MKdV repel each other.This has
also been confirmed by a very recent numerical analysis.This
repulsion is in agreement with BS and also our own work on the
subject>and disagrees with the workers using the GGKM I1sp to
analyse soliton interaction.

In §6 we give a short review of some interesting papers
on higher dimensional solitary waves.We .also review briefly
some interesting work on the quantum-like  properties of

classical solitons.We end the chapter with some conclusions.
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§ 1. Attempts at deducing the force laws obeyed by sG solitons

in interaction.

The possibility of regarding sG solitons as
interaction in the context of a field theory of
first put forward in 1958 by Skyrme 11-41.Perring

151 re-discovered the two parameter solutions of the

XX @ - SIn®
2-soliton solution
tanCp/4) = usinhj-x/cosh”ut ,A=Cl—u2>_1/2
Soliton-antisoliton
tan(p/4) = sinh™ut/ucosh”™x
Breather
. 2. —1/2
tan(™/4) = sinc/ut/ucoshox ,<?=Cl+u >

The appearance of these solutions is seen below.

two solitons

soliton-antiso!l iton

breather

particles in

matter was

and Skyrme

C4.1)

C4.2>

C4.3>

<4.4>

Actually.,these were discovered earlier by A.Seeger.H.Donth and

A-Kochenddrfer.Z. PHYS.134 (1953)pp 173-193.
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Perring and Skyrme defined the position of the soliton to
be given by,
cos™ = -1 = 2n+I>H, ne Z7) C4.5)
Equation C4.1) can be deduced from the Hamiltonian density,
2C = Z~ [<jt>% + <2 + 2Cl~cos<p>] <4.6)
The sG admits static periodic solutions [6i.For a 'periodic
array of solitons" separated by distance R,we have,
x = kF([p-nl/2,k) , 0 < x < R/2 C4.7a)
R = 2kK(k) C4.7b)

where FCc*k) is the incomplete elliptic integral of the first

kind,defined by,

F<ot,k) - JfO Cl-k2sin2<9> £x2d3 = u ,a = am(u)

and K 1is the complete elliptic integral of the first kind
KCk)=FCrc/2,k),0<k"l.<p satifying (4.7) 1is a monotonic increasing
function of x with "period" R,such that for xe£nR,Cn+l)RJ,n<= (N

<p<x> = p(x-nR) + n">CR)
The above follows from the fact that for R/2<x<R ,
pCx) = C4xzzR-1><£€<R/2)*“P(x-R/2)

A sketch of ¢ 1is seen below(note similarity to soliton

ladder).

The

soliton per interval) is from (4.6)

3 C4.8)
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where E<k) is the complete elliptic integral of the second kind

defined by,
rr/2
ECk) = ECk,rr/2) = Jr <1-k2sin29>1x2de
o

Now from C4.7b) R»1 corresponds to k—>1 and R«1

corresponds to k—>0.Thus we find,

R»1 3 =8 + 32e R <4.9a)
o

R«l1 3, ° 8 + (2rr2/R - 8) C4.9b)
Since the soliton rest mass i1is 8,if (4.9) represents two body
forces.the intersoliton potential for large R should be of the
order 16e .These results are essentially those of Perring and
Skyrme,but we have used a treatment of them given by Hsu 161.

In a similar way we can obtain a static solution for a periodic

array of solitons and antisolitons with separation R 161.In

this case <p(x) is defined by,

x = KCk) - FCMNk) ,0<x<R/2 ,R>t <4.10a)
R = 2KCk) (4.10b)
% = sin \k lcosC<p/2)) (4.100)
A sketch of is seen below.Note similarity to soliton

antisoliton ladder.

I'he energy per unit separation is

3 = 81 ECk) - <I-kZ)KCk)/2 |
o

and we find,

R » T 3 = 8 - 32e"R <4.11a)
o

ro:o- 30— 8 - <82R) C4.11b)

“hen R the graph of < versus x tends to the constant
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solution ¢ = n,and when R < my9 = n is the only solution.
Rajaraman 171 obtained <4.9> and Cc4.11) using a classical
approximation to the quantized sG.

Rubinstein 181 attempted to obtain the intersoliton
forces directly.by examining: the two soliton and
soliton-antisoliton solutions of the sG when the solitons were
very far apart.He imagined a solution of the sG which was a
small departure from Ca> a sum of two fixed solitons and Cb> a
sum of a fixed soliton and a fixed antisoliton.He found that in
case (a) after, a short time interval,the solitons had moved
apart indicating repulsion.While in case Cb) after the short

interval the components had come closer together,indicating

attraction.He  calculated the "force" between two kinks as

proportional to, N _Nze 2q,where NtZIC— 1> for a soliton
z

Cantisoliton),and 2q is the relative separation of the

kinks,which he assumes is large compared with their widths.

BS 191 criticized Rubinstein’s approach.Firstly,
Rubinstein’s "force" was actually an impulse.Secondly two
soliton solutions are strictly time dependent,henee we cannot
imagine we have two fixed kinks which we can '"let go".Despite
fhese doubts about the wvalidity of the Rubinstein method,we
find that Rubinstein’s results agree, at least, qualitatively
with the results of previous authors discussed.

In Hsu’s paper 161 a number of methods were developed for

extracting information about multisoliton potentials. These
niethods were based on —earlier work by Troost 1101 and
Vinciarelli 1111. Vinciarelli had obtained an effective

— . . . 2 .

s®llton-antisoliton potential,V =-2msech <mR/2),where m 1is the
SO.

free soliton mass(8) and R the soliton-antisoliton separation.

Hsu found a formula for V which was more sharply decreasing
SO.



93
than  Vinciarelli's.Hsu used a technique which related the
potential to the time delay/advance incurred by the interaction
Cwith respect to no interactionXThe technique is fairly
complicated and does not give an explicit formula for the
intersoliton potential.

Before we discuss the BS technique for analysing
intersoliton interaction,we mention a paper by Ringwood
Cl21(published 3 vyears after the BS paperXIt is important
because Ringwood obtained an exact formula for the intersoliton
potential,as a function of time,by a completely different
technique to any others’

From the Lagrangian density for the sG,
£ = + 2<cos™> - 1)1/2 C4.12)

we may obtain the energy-momentum tensor
TV = £ C4.13)

(where as wusual < LT ~NAdAJA. The momentum in the spatial
51

interval la,blLPIb is given by,
<3

b
Plb = f <3xTol C4.14)
la Ja

and the force in the spatial interval is,

d t dxTOl = -T11lb C4.15)
OJ a. 'a

For the soliton-soliton solution C4.2),Ringwood obtained the

force(-T11l°® > in the centre-of-velocity frame F ,given by,
1 -00 ss

F = -8uZ™2sech2/ut C4.16)
aS

and for the soliton-antisoliton solution he obtained,

F = -8u2x2[sinh2™ut-u2cosh2™ut]/[sIlnhZxut+u2J)2 C4.17)

SO.

As we shall see C4.16) agrees with the BS results,however
~.17) does not.The BS technique gives an infinite force at

~=0,while Ringwood's formula above is finite.lt seems likely
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that Ringwood's technique may break down because of this

singularity.

§ 2. The Bowtell-Stuart technique

The curious fact about the BS method 191 for analysing sG
soliton interaction 1is that it has apparently gone unnoticed
for so long.Hsu<1980> makes no reference to BS.Ringwood cites a
number of researchersincluding the Rajaraman paper which is in
the s'czme volume of Physical Review as that of BS’.In fact the
only paper the author has found anywhere in the literature
which cites the BS paper 1is one by Matsuda 1131,which we will
come to in the next section.Strangely, Matsuda's paper appears
to have gone unnoticed also.

BS in an attempt to analyse the motion of solitons
throughout the interaction introduced the idea of allowing the
spatial wvariable to become complex.Kruskal 1141 had earlier
suggested that this might be a useful way at getting at KdV
soliton interaction,though he did not pursue the subject.

The N soliton solution of the sG may be written<Hirota[l5J>,

ip = 4tan 1Cg/f> C4.18)
where,
< o>
t £  exp#t. s=8° exptt C4.19)
ft —o,1 ~0 £ I
v t
N N
— N —+
0., = EAyaAp + EAQE, + a) C4.20a)
t<) 1=1
e X-uwt s o= <iud C4.20b)

Superscripts Ce) and Co) on the summation signs denote

summation over all possible combinations p =0,1 under the

N N
condition 1Zl/uL even, Zlﬁi odd .respectively.BS showed that,
= t=

A? = In u? C4.21)
tj
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where u . is the common speed of the i and J solitons in

the c-of-v frame,and is given by,

u = 1l-u u -Cl-uZ>1zZCl1-u2>lz ZJ/Cu -u > <4.22>
tj t ] t ] L I

Subst.ibut.ing C4.18) into the sG Hamilt.oni.an density (4.6)
gives,
X- = 8CfZ+gZ> 7ZECfg -gftx>2+Cfgt-gft>2+g212] 4.23)
For real spatial wvariables x, 3¢ is always finite,however if
x—>x+iy,3(? may develop poles when,
f = +ig “.24)
Consider the single soliton solution(z=x+iy),
“4.25)
has poles at the branch points of <pS when
z = ut + 1jz2n+Drr/2 ,ne (4.26)
Thus,for a single soliton we have a sequence of regularly
spaced poles parallel to the imaginary axis with a single
projection on the x axis,which moves at speed ut.
In the two soliton case the poles are determined by
(4.2),
sinhz = =+icoshjzut/u “4.27)
solving for real and imaginary parts gives,
2.1/2

2
?-"ut+ 2-ut-
X = + T rcosh?-"ut+ (cosh Gt-u” )

7

(4.48a)

y = C2ntl>7TZ2ik , ns 2 (4.28b)
Thus, associated with the two soliton solution are two
lines of ©poles lying parallel to the imaginary axis and
Positioned symmetrically about it,also there are only two real
Projections given by (4.28a).As time evolves the lines of poles,
initially moving at speed u toward each other,slow down,stop,
and then accelerate away from one another.

If we choose a pair of poles with fixed imaginary part,we
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find they move along a line parallel to the x axis.In this way
we have a particle representation of interacting solitons.We
identify the centre of mass of the real soliton with the
position of the associated pole of the Hamiltonian density(or
field branch point).

From the positions of the poles we can calculate exactly
the velocity,acceleration and forces experienced by the pole
particles. The force between the representative pole particles

is found to be,

F = S”~sechVx (4.29)

In time dependent form(using (4.27)) the above can be
written F=8/'Zsech22ut. . This is the result found by
Ringwood(4.16) 3 years later.Associated with (4.29) is the
potential,

V(X)) = 8/(1-|tanh? X |> “4.30)
When the solitons are far apart (4.29) gives,
“4.31)
Thus the results of §1 agree with the BS findings,in the
appropriate limit.
The soliton-antisoliton solution(4.3) which BS took 1in

the equivalent form(p—>-"+27T),is,

Kp = 4tan l(ucosh”™z/sinh™ut) (4.32)

SO.

Poles of SK occur when.

coshj'Z = =#isinh™ut/u (4.33a)
Solving we find,
Inh”ut+ (sinh®ut2+u" )1 2
«- 4+ P (4.33b)
- u
y = 2n+D)7r/2” |, ne Z (4.330)

As with the two soliton case,we find pairs of pole
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particles moving along straight, lines parallel to the x axis.We
can calculate easily the velocity,acceleration and forces which
the pole particles are subjected to.The force is found to be,
F = 8p2cosechVx <4.34>
and this corresponds to a potential,
VCX) <4.35>
At t=0,X=0, so F 1is infinite.At this point the pole particles
pass through each other in opposite directions.at the speed of
light. BS also employed the same technique with the breather

solution<4.4>,

- 4tan \sino*ut/ucosho"z> | c¢z-crHu J JU<s K <4.36>
b

The pole positions turn out to be given by,

in(c/ut>+Csin2c/ut+u2 >1/2
X1*%] -f ¢ 4 ] <4.37a>
y = <2n+1>7r/20' , ne Z <4.37b)

The attractive force between breather poles has the same
form as the soliton-antisoliton case,
2 2

F = 8cz cosech &X C4.38)

VCX) = 8c<l-|cothoX|) C4.39)

The motion of the bound breather poles is periodic.They

oscillate about x=0 with period t and amplitude A given by,

r = Zn/cni <4.40)
1, f 1+<1+U2>
A C4.41)
<7 u
Pogrebkov 1161 examined motion of the real

singularities of the shG,which 1is obtained from the sG by
Hipping <—»i<p.This changes the inverse tangent into an inverse
t-anh.Otherwise all solutions are identical in form to those of

the sG.The singular soliton solution of the shG is <X=x<x-ut)>,

= 4tanh XeX = = InLtanh2<X/2)l
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In the above <¢ develops real singularities when e¢" =
lathis 1s of course,identical to the condition that the pole
projections of sG must satisfy.Actually the idea of mapping the
sG to the shG can be quite useful,as in the laboratory frame.it
is easily shown that the two parameter shG possesses only rwo
real singularities. However analysis of the two parameter
complex sG shows it can have an infinite number of poles(see §5
chapter 6).This confirms the author’'s contention that the extra
poles are of no significance as only two have real projections.

We note that the two parameter solutions’ associated

poles(sQG) can be described by a relativistic two body

Hamiltonian,

9C = 8CIl-xZ> 1ZZ + 8<1=x2>"1/Z + V 4.42)
£ 2

where 8 is the rest mass of the solitonsCor antisolitons) and

).(;\—)'(% are the squared velocities obtained by differentiating

<4.28a,4.33b,4.37a).For the two soliton solution
V(X) 16”(1- | tanh”~"X | >,while for the soliton-antisoliton
solution VCX) | cothj”"X | ) and for the breather
VCX) for two soliton cases or

soliton/antisoliton cases,as 1t—>10027—>16",while in the breather
case when ‘[=T,x1 —x2=0,and se 16¢cx < rest energies of
constituents. This indicates the bound state nature of the
breather.

A generalisation of equation (4.42) 1is wuseful in higher
parameter cases as it enables wus to calculate numerically a
global potential as a function of timefchap 7). Another point
of interest here is the ''gravitational" nature of the force
between '"neutral"(equal numbers of solitons and antisolitons)
Collections of solitons.Since the attractive force between

°Pposites is greater than the repulsive force between



99
like (4.29,4.34),we may profitably imagine that there are rwo
potentials acting between solitons;gravitation—like,and
clectrostatic like.The "electric potential" generated by a

soliton<+) or antisoliton(-) would be,

v = +8"f [cothrxI~I[tanhrX| ]

<4.43a>
and the '"gravitational" would be given by,
y = Bzfl | tanh™'X | 9 | cothj”~X \] <4.43b)
9
When X 1s large,
V0 T 167expO2yX) V9 167expC-8"X) C4.44)

For a large collection of N solitons and antisolitons in
equal numbers,the total potential acting on a lone soliton or
antisoliton would be 2dN expC-S™ X) due to the 'gravitational"
potential alone,where here X would represent the distance from
the lone soliton to the "centre of mass" of the Jlarge

collection. The "electric potential” would rapidly tend to =zero.

§ 3. Linear and nonlinear superposition

Nonlinear superposition principles(nlsp) have been
established for a number of important soliton equations.These
Were reviewed in the last chapter.We saw that in particular the

and MKdV shared the same nlspCapart from a factor of 2).

BS [91 gave an interesting presentation of the two and
three soliton solutions of the sG.They found that by
introducing the pairwise c-of-v speeds u. J<4.22),the actual
solutions of the sG.for two or three solitons,could be obtained
frorn a linear superposition of single solitons.As we have
seen,the single soliton solutions of the sG may be expressed,

1=1,2,3 tanGp/4>—expX.,X  (x-u.t),/.=Cl-uz) 12 (4.45)
1 i L t

I t 4

A linear superposition of these solutions is given by
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~123 (4.46)
=1
Thus,
tan<<<?123Z4> “4.47)
Il - F tan()./4)tan(«> Z4>
1%#3

To obtain the three soliton solution,BS observed that we merely

tan(<p __Z4> C4.48)
123 1 E u2 tan(<p Z4)t.an(a? Z4)

grj LY v ]

We mnote,in addition to this,that the switching operation
can be done in pairwise fashion in the following way.To switch
off the interactions between solitons | and 2 with soliton 3.,we

let u13:1,u23:1,(4.48) can then be written,
tanQ_ Z4) + tan(™ Z4)
1

tan(p,, 24> 1 - tariCp*2Z4>tan<£*3Z74) C4.49a>

tan(<p*/4) + tan(™"Z4)
tan(p . 74> C4.49b)
1 - u’% ManCE£>1/4>tan<<p2/4)

12 is just the known two soliton solution of the sG.Thus from

<4.49a>,

DY C4.49¢>
123 12 3

This demonstrates very clearly how the presence of uthI
generates the interaction.

Matsuda £13l,as an intended approximation to the two
soliton solutions of the sGinvestigated whether the two
s®liton solution could be expressed as a linear superposition
°f accelerating kinks,

(r = 4tan lexp>Lx+< ()]l + 4dtan *exp/£x-£ ()l (4.50)

Ss

Using a rather obscure variational approach,involving the

Valuation of some complicated integrals,Matsuda discovered

that if,



101

~coshyut+Ccosh2ut-u2 >1z2j
<) = -In (4.51)

7

p is the exact two soliton solution,given by(after <p—><p+2rr),
SS
tan(p Z4) = - cosh™ut/usinh”™x 4.52)
SS

He was also able to obtain exact results for the soliton

antisoliton solution < . and the breather solution <pb‘
SO

p_ = 4tan 'exp? Ix+oCt)] + 4tan @ exp-2-[x-72(t)] (4.53a>
~sinh™ut+ (sinly ut2 +u2 H)1'" 2

7)t) = ~ In ] (4.53b)

tan(Psa/4) = -cosh/'-x/usinh”™ut (4.530)

b, = 4tan  expofx+A(1)] + 4tan  exp-otx-" ()1 (4.54a)
1 . fsin(cyut)+(sin2c7ut+u2 )lz 2

<(t> = = In - (eyu+( ) ) C4.54b>

o u
(4.54¢)

Comparing the above expressions with the moving pole
formulae of BS we see that Matsuda’s accelerating kinks move in
an identical manner.Thus a connection 1is established between
Lhe BS poles and linear superposition of accelerating
kinks.Unfortunately Matsuda’s technique fails for general
Lorentz frames and for higher parameter solutions(>2).The
important feature of the Isp above is that each accelerating
kink carries a branch point with a single projection on the
r™al axis.

Linear superposition appears in a number of places in the
literature. We have already seen it formulated for the KdV by
GGKM 1171 in the last chapter.Yoneyama 1181 and Caenepeel and
M~ Ifliet  [191  analysed in detail,soliton interaction via the
QGKM Isp.We shall review their findings shortly.

Many soliton equations have solutions which have not been
Warded as "soliton-like" in their nature.We refer to the

cn®idal solutions.These were first found for the KdV by Kortweg
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and de Vries 1201.Cnoidal solutions are periodic functions
involving Jacobian elliptic functions.We have already met with
static cnoidal waves for the sG in §l.We referred to these
solutions as a '"periodic array of solitons".In fact,cnoidal
wave solutions of soliton equations can generally be thought of
as a linear superposition of an infinite number of solitons.
This was shown generally,by Zaitsev [2/] and for the KdV by
Kor-pel and Banerjee 1221.Cnoidal waves have regularly repeating
poles in the complex plane.The interaction of cnoidal waves
with solitonsCa subject as yet unexplored) might be profitably
explored by the BS technique.
The ” equation,

p.-P -pr-pP (4.55)

has a kink solution,

-1/2 (4.56)

p - p_ = i tanhl"(x-v0/-/21 , /=(1-—v>)
Equation (4.55) is known mnot to support multisoliton solutions
(as energy 1is lost in a multisolitary wave collision).However
from our point of view 1t is interesting to note that the two
~ink  solution p can be written as a linear superposition of
decelerating kinks plus some radiation,

P, = P IFOC-a(OT + p IOGHa(DI-I+ G, (4.57)

12

The radiation component is the oscillatory term
m£(x,t). The above result was discovered in a numerical analysis
bV Moshir I231.Matsuda 1131 had tried an ansatz like C4.57) for

hhe p4 equation,but without the success he achieved with the

SG.

Yoneyama and Caenepeel and Malfliet(CM) analysed the two

s®liton interaction of the KdV wvia the GGKM IspCchapter 3),

u(x,t) = - 2T41<Z/(x,t) (4.58)

ni= 1
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Defining each soliton for all timeCafter GGKM) by,
U —4k2 ipz <4.59>
L t L

they foundCwe follow CM’s treatment),

u = ~-4k2cZC0>e 2kA[1l ; u c2C0)e Zk2"2ZC2k )]2/D2 C4.60a>
i 11 12 2 2 ’
u = —4k§c§(0)e72]§/»C1 + A/<2ki>]2/D2 <4.60b>
where,
u Ck.-k >/Ck +k, > k> k C4.60c¢)
12 1 2 12 1 2
<4.60d)
c2 CO> czCO> c2C0)c2C0>
D=1 1 2k A+ 2 2k ? 2 1 2 2<k 24k,
2k, © 2k e == Us ook 2k M
i 2 1 2
-. x-4kZ7Zt C4.60e>

L

GM study the particular example of the two soliton solution of
the KdV which has the form at t=0,

u<x,0> = —6sech2x C4.61a>
The eigenvalues and eigenfunctions of the associated scattering

Problem CGGKM 1171) are ,
k =2 ciC0>=273 <4.61b>

k =1 <P2:(V3/2)sechx.tanhx 02C0>:76 C4.61c>

obtain for u. Cx,t>,the following,

~24coshZz? .

u Cx,t> C4.62a>
! C2cosh2?icosh?-s1nh2? sinh? >2

-6s5s1nh22?
i

u Cx,t> C4.62b>

C2cosh2? ~cosiy 2—sinh2£sinh? >2

time evolution and shapes of these functions,is shown in

figures Ca>-Ce> taken from the CM paper.
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The positions Gf the solitons are taken to be at the

Geritre-of-mass'" defined below,

(1> 0 00
X = Jxu. dx Ju dx <4.63)
a - 00 - 4L

GNI show that at _ the speeds of the solitons are given by,

-<1>_

.= 192 2.4 C4.64)
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They note the suprising backward wvelocity of the smaller
soliton.In actual fact the '"soliton” u, has two maxima for all
finite time.Also u” has a zero(B on the figures) between the
double peak.,for all finite time.This =zero point moves at a
constant speed equal to the asymptotic speed of the faster
incoming soliton.Yoneyama shows that u" is always a double peak
(though one of the peaks becomes very small,tending to =zero,for
large time magnitudes).He also shows graphically that u"* can
also have a double peak for certain speed ratios.As t—>100
however u fn(él’ do Dbecome identical to constant speed
solitons with the classic sech2 shape.These authors using the
definition of soliton position above,find the force between KdV
solitons to be attractive,with the faster soliton passing
through the slower.

A major criticismm one can make of the above method of
soliton representation is connected with what happens when we
allow the spatial wvariable to be complex.It easily seen that
t*he KdV two soliton solution develops poles when D=0 L241.This
implies that each u, carries «al/l the poles.This 1s most
Unsatisfactory.

A more recent analysis obtaining the results above can be
found in a paper by Moloney and Hodnett L251.1t is clear from
t*heir approachCwhich is independent of inverse scattering
theory) that Boussinesq solitonstthe two soliton solution of
i-he Boussinesq is identical in structure to the KdV two soliton
s®iution) must interact in a very similar way to KdV solitonsC
*e attractively).We shall see latei* in our own contribution to
f-his thesis however .,that the Boussinesq equation has a two
s®libon solution which can be exactly decomposed into
Accelerating solitons of exact sech? form.Moreover these

s®litons are found to repel one anotherCeach of these solitons
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carries a s-ingle pole).

Detailed analysis of the motion of the poles of the KdV
two soliton solution can be found in a paper by BS 1241.They
found that the faxtlifi«/ poles interacted repulsively.Gorshkov
ct al 1701 also came to the conclusion that the KdV(&MKdV)
solitons interacted repulsively.Indeed a very recent numerical
analysis by LeVeque 1801 confirms Gorshkov and Ostrovsky’s
work.Both these papers were considering the interaction of KdV
solitons,in the two soliton solution,provided the speed ratios
were small.Actually Gorshkov and Ostrovsky’s work is of great
generality,we shall comment on it again in §5.The authors own
original work on the subject also comes to the conclusion that
KdV solitons interact repulsively and in the same manner as BS

faithful poles.

§ 4. Singularities associated with nonlinear partial
differential equations.

Kruskal 1141 pioneered the polar representation of
solitary  waves.He noted that if one allowed the space
v-s»riable(x) to become complex(z=x+iy).then the single soliton
solutions of the KdV equation,

u, + uu + u =0 (4.65a)

t X XXX

u = 3csech2l17c(x-ct)/21 <4.65b)

Possessed double poles at the positions,
z - ct = 2n+DniZ7¢c .,ne Z (4.66)
noted that it would be easier to deal with the derivative

KdV,

2
Vi + Vet Vix T 0 4.67)

vhich has ggliton solutions,

v(x,t) = 37ctanh[7c(x-ct)/21 (4.68)

Th ..
>¢ principal part of tanh may be written as a Laurent
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expansion around each pole given by,

tanhz = ]2 Cz-sni/2> | C4.69)
so, s , odd
vCz,t) = 6 £ Cz-ct-sni/Yc) | C4.70)
s , odd

Kruskal proposed that a soliton be thought of as a
"parade of poles’*He suggested that the two soliton solution of

C4.67) be looked at,in the form,

6 6
vCz,t
- E z - 2?2 Ct) E £ % Ct)
, odd 1 s, odd 2
where when t =00
r ct) C t+S7Ti/~-/c £2ct) c2t+rTri/Vc C4.71b>
1 i 2

Kruskal noted that the trajectories of the poles in the
complex plane coincided with the =zeros of the Hirota function
t ,as the solutions of the KdV Cu) can be written,

u = 12CIn t )XX C4.72)

Thickstun [26/ studied the pole motion in this way,but
only for rational speed ratiosCof  solitons). A much more
comprehensive analysis of the poles of u was given by BS
C241.1t turns out that there are a large collection of
Poles,with different modes of behaviour,associated with the two
soliton solution.Their number and behaviour is intimately
connected with the soliton speed ratio p.However 1t 1is possible
C241 to 1identify two distinct solution functions z"Cp,t) and
z2"P,t> for all p «Cloo) and for which the imaginary parts of
2fp.t) are independent of time.These are the so called
~sithful poles'*.

One of the many extraordinary features of soliton
G<iuations, is that the motion of poles of the rational
s®lutionsCKdV> can be related to the motion of n

>one-dimensional particles interacting via certain potentials

127-9]
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The rational solutions of O.,have the
form 1301,

N
u<x,t> 2 ¥ Lx-x <t>3~2 C4.73a>

3=1 s
Substituting this into the KdV requires the followingG= d/dt),

x C4.73b>
0O ,1<J <N

C4.73a> may be written in Hirota form,

uCx,t) 2tln P N(x,t)IXX C4.74a>

N
P Cxt> = I tX-Xtct>| (4.74b>

i=1
If N=2 there are no x, satisfying C4.73c).When N=3,the roots
J
are proportional to the cube roots of unity,and we have 1311,
P =x3 +t <4.75a)

3
u<x,t> 6xCx3-2t>/Cx3+t>2 C4.75b>

Equations (4.73b) are related to the integrableT many body

Problem of N particles on a line occupying positions X?,..,x")

and speeds (y*,..,yw> and defined by the Hamiltonian 1333,

x =2 Ex— E=YV'2
t=1 j <k

The  polynomials PN(X,t) in (4.74),satistying the KdV,may be
obtained by a Ilimiting process 1341 from the Hirota N soliton
solutions.

note that u 1in (4.73a) has been written as a linear
SuPerpOsitiOn.This suggests that a connection may e€Xist between

author's 1Isp for the KdVCchapter 6) with this Jlimiting
Process, and the rational solutions(and in particular the
<(t)>.

Integrable means 3 N independent constants of the motion 1 (qg.p)

whose Poisson brackets II ,1I 1=0 V 1 .,k.Since one of the constants
t k

s the Hamiltonian itself_ail the I are constant in timel327J

. . ] .
¢Gp)= generalized position, momentum coordinates.
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The Inverse  Scattering Method has Dbeen considerably
extended by Wadati 1301 to matrix nlpde's,and even further
still by Galogero and Degasperis 130J.They discovered certain
coupled nlpde’s which had solutions in which,single solitons
could move as if in an external porential/ Ci.e single solitons
moving with changing speed). The external potential commonly had
the effect of causing incoming solitons to bounce backhand
return to their original location.The term  "boomeron" was
coined to describe these solitons.,the equations being known as
boomeron equations. These equations also have N soliton
solutions. The interaction of the solitons in the two soliton
case was analysed by Calogero and Degasperis 1351.

We will not consider their analysis in detail as it
involves large sets of quite complicated equations.The
important point as far as we are concerned,is that by
considering the =zeros in the complex plane of a function DCXx,t)
which was involved in the two soliton solution,the two soliton
solution developed poles.There were two poles per periodic
strip in the complex plane and the poles moved parallel to the
r'eal axis Ccf BS poles). The boomeron equations are Galilean
invariant,so that the two soliton solution could be analysed in
t-he c-of-v frame.

It was found that the solitons moved as if repelling each
°ther wvia a g2cosech2(pr) potential, where g and p are constants
“nd r 1is the relative separation of the solitons.The boomeron
Equations have other solutions with solitons interacting via
ether potentials,indicating the rich structure present.

We have already seen how the singular solutions of the
shG are in 1-1 correspondence with the soliton solutions of the

s™ The Liouville equation,

<y - a = expCo) C4.77a)

XX tt
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belongs to the same family of generalized sG equations and
possesses aBT's E361.Unfortunately it does not possess the zero
solution and so a simple nlsp leading to a two parameter
solution 1is mnot obtainable.The general solution of (4.77a) is

E37-81(there is a BT from C4.77a) to the linear wave equation),

» , fsA' (x+t)B' (x-t) 1 Z ( >m X

JAX+)+B(x-t)1

where A,B are thrice continuously differentiable functions of
their arguments,and A'\B'>0 (C'= differentiation with respect to

argument).If we choose 1371,

A = Sexp “A-WI/20A+V) 12(x + € -x)/87 (4.782)
B = _Sexp E-(-VI20+v) 12(x - t -x0)/sj (4.782)
we find,
expo™ (32) Isech2t"<x-vt-x )/81 ,r=(1-v2) 1/2 “4.79)
o

(4.79) 1is the so called solitary wave solution of C4.77a).c/1
possesses a real singularity when X:Vt+XO ,and more generally it
'will possess singularities whenever A(x+t)+B(x-t)=0.

It is shown in 1381 that if the initial profile of & is
such as to possess N singularities.then this number is
invariant in time.The singularities are found to move like
classical particles. A Hamiltonian action-at-a-distance
formulation is given for the motion of the singularities in
t391.investigations of nonlinear relativistic pde's which
describe singularities interacting via lightlike fields are
described in 139,401.

Clearly the investigation of the motion of singularities

nlpde's 1is a fascinating topic.However it is much more
Satisfact,ory to investigate the motion of singularities in the
complex plane of nlpde’s having multisoliton solutions.The
s°Htons in the real plane have all the virtues of being

don-singular,while the complex singularities give us the means
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of describing the interaction of solitons in terms of point
particles.We should view the fact that many solitons have
associated singularities in the complex plane, as neither

trivial nor coincidental.

§ 5. Solitons in bounded regions of space and under
perturbation.

We concentrate in this section on the sG equation.though
we will give a very wide list of references on perturbed
soliton equations. There has been much controversy regarding the
behaviour of sG solitons perturbed by external fields.In fact,
mas the references show.,the controversy is not merely restricted
to the sG equation.First we look at the fascinating topic of
solitons in bounded regions of space.Fascinating.,because
quanta! objects reveal their true nature most markedly in
bounded regions of space(quantized energy levels etc). The
behaviour of solitons of the sGCbeing neither particle nor
wave might reveal some surprising behaviour in bounded regions.

The solution of the sG in bounded regions of space has
been investigated by Del eonardis, Trullinger and Wallis (DTW)
1411.

We first examine the solutions of the sG in the form,

9 - c + wosin«? = 0 (4.80)
tt O XX O

When dimensionless variables x — w xX/c .t —  w t are
o o o

introduced (4.80) becomes the standard sG (4.1).
firstly DTW solve this equation in the region x<0O,subject to

the “free" boundary condition,

p,(0.) =0 (4.81)

To achieve this the parameters c”M,w” in (4.80) are regarded as

"MOp functions and (4.80) is re-expressed,

P - AcZ-cZ0X)«> |+ [WZ-WZ&X)Isin£> = 0 4.82)
Lt ' 0O O xXJjx OuUJ
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where O(x) is the step function, defined by O0X)=0 x<O,l, x>0.
(4.82) can be rewritten as,
+ C2 4.83
Ptt XX (0] ( )

where <5(x) is the Dirac 6 function.

Nov/ assume

<P ®» 4 p (4.84)
sa
where p . is the familiar soliton-antisoliton solution of the
sS€
sG (4.3)
4tan 1(sinh™ut/ucoshyx) (4.85)

set

Substituting (4.84) into (4.83) we find ipp satisfies
p -C2p 4c2<5x)L(p > +ip |[4wW2[sin(p “+p)-sinp | = 0 (4.86)
tt O xx O set <X (o] sa sa
But from (4.85) (psa)X:0 at t=0,.\ (4.86) has solution
p=20 “4.87)
Now we know that (4.85) represents an antisoliton
travelling from the right and passing through a soliton
travelling from the left(at t=0).Thus a sG soliton impinging on
a free boundary bounces off as an antisoliton.This kind of
pulse inversion on reflection is familiar to us in the
deflection of a pulse(on a rope say) at a fixed boundary.DTW
examine also the solution of (4.82) with the '"fixed" boundary
condition
p(O,t) = 0 (4.88)
The soliton-soliton solution of the sG
pSS = 4tan_l(usinhy'x/coshyut)
has just this property. Thus a soliton reflecting from a fixed
b°undary,reflects as a soliton.Allowing the space variable to
complex(BS) gives us the following picture. A soliton
ImPinging on a free boundary specified by (4.81) is attracted

towards the boundary.A soliton impinging on a fixed boundary.is

re*Peded from the boundary.lt slows down and stops before it

hits the boundary and then accelerates back to where it came
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from.Using the Matsuda decomposition of the two parameter
solutions,we can see that the boundary has an effect on the
incoming soliton for all finite time.Far from being free the
soliton is accelerating or decelerating.,depending on the
boundary condition.

Zakharov and Shabat 1421 had observed a similar effect

with the nonlinear Schrodinger equation
iy/ + yy
t XX

(this 1is not the wusual NLS which has a positive coefficient of

= _

DTW go on to examine the solutions of the sG under two

box type boundary conditions,

yvi(O,t) = 0 , y>(L.,t) = 0 (4.89a)
~NO,) = 0, y2(L,t) = 2i (4.89b)
For boundary condition (4.89a) there is one independent
solution,
y>(x,t) = 4tan 1<Acnlf?(x—x01);kfI.cn[£2t;k9 1) (4.90)
where,

cn(u.k) = cosy/ , sn(u.k) = siny/ .sc(u.k) tany/,
dn(u.k) = (1-k2sin2y/)1/2

<4.91>
y/ = am

Pl = 21K<k)) ,1=1,2.3.. ., X = L/21 J
f ol

*2kf) is the quarter period of the cn function.cn is zero when
xts argument is an integer multiple of the quarter period.If A

taken to be independent Ae IR+ then it is found that,

-

k2 A2 1 2 A2 1
ko= I - (4.92a)
1+A2 /22(1+A2) 9 1+A2 Q2(1+A2)
Q2 = 3"+ (1-AZ)/(1+A2) (4.92b)

and (4.92a) can be used to determine /3 as a function of

A Tf the box size,LL— o then it can be shown that (4.90) is the
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breather solution. The behaviour of the branch points for the
sequence of solutions above,would be interesting.
Corresponding to boundary conditions <4.89b) is the
solution,
£><X,t) dtan 1[A.sc</3x;kf)dn<Qt;k9 )J <4.93)
where A must satistfy the condition Ath<A<1 with Ath specified

by L=«-A")K<k.,where k.=<1-A4 )lzZ.For A"A
f f th th

k2= 1 - A2 + AZ/[/3Z<1-AZ)].kZ= 1 - 1ZA2 + 12W2<1-AZ)1 <4.94a)
9

[BL = K<kf) , Q A? C4.94b)

<4.93) is possibly the more interesting solution,as it

represents to some extent a moving single soliton.If the box
size L— ¢ <493) can be shown to approach the two soliton
solution <pSS.Graphs of the spatial wvariation of < satisfying
C4.93) for a fixed length of box and different amplitudes A, for
different timesC<p 1is always a single kink).,clearly suggest the
picture of a particle bouncing around in a box.p satisfying
<4.93) 1is monotonic and DTWCas with Perring and Skyrme §1)
define the position of the soliton to be x Ct),given by,
£>CxCCt),t) = n <4.95)
Again,the behaviour of the singularities of < would be
interesting. The motion of the soliton in the boxCwith position
defined in C4.95)) has interesting dynamics and DTW were able
construct a model of a relativistic particle in a potential
'veil whose motion closely agreed with the motion of the
soliton.The force on the analogous particle was sharply
P~pulsive near the edges of the box.The particle stopped and
burned back before reaching the wall,achieving maximum Kkinetic
Energy jn f.he centre.

~Utons under perturbation

In many physical situations soliton equations describe

P**nomena in rather idealized conditions. Thus it 1is natural to
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investigate the behaviour of solitons satistfying equations
which differ from the pure soliton equation ,only by the
presence of small perturbing terms.There has been much resecarch
on this topic 143-~681.Many of the papers are connected with a
controversy which arose concerning the behaviour of sG solitons
satisfying the equation,

u - ou + sin u = ¥y - Put (4.96)
where "="™t)«l and r is a constant.}- is described as an applied
fiecld,and Pu® as a damping term 143,50,511.

Fogel, Trullinger, Bishop.,and Krumhansl(FTBK) 1431 and
Reinisch and Fernandez(RF) 150,511 used a method of linearized
perturbations.

V7e present the treatment given by RF.Assume F=0 for the
moment. The soliton or antisoliton solutions of (4.96) with x-0
are,

u(0> 4tan lexp=+}'(x~vt> “4.97)

Consider the soliton in 1its rest frame.so that the

argument of 4tan zexp(.) 1is =Ex.First consider a solution to

~4.96) with ~,r=0,

<0>
u=u? +y (4.98a)

ip = f(xX)exp(-iwt) (4.98b)
After substituting (4.98) into (4.96) and linearizing we find

t-hat f satisfies,

- <1 ZSechzx)f I (4.99)

This equation allows the "pbound state" solution,
o fb(x) = (1/V2)sechx (4.100a>

the continuum,

012 1+k2 f-i((X) (1/72n)eka(k+itanhx)/a>k (4.100b)
C4-100a) g regarded as being connected with the translational

. R R <0>
Motion  of the sohton,51nce,6fb(x) + u <5«l,corresponds to a

translation ¢ (he soliton u<> by an amount proportional to 6.
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Since fb and fk form a complete set. of functions which span the

space of functions y<x,t?,we may express any function y/

00

YIxA? = p (026 (x? + f dky/(k,t2f (x? (4.101?
¥
-CO

We now turn to the perturbed sG with ?2;=x(t?,r=0.(4.101?
may be subsfit.ut.ed into (4.96? and equations for y/b(t‘? and
v<k,t? determined,

v/ ?, = nri2/v2 (4.102a?

(y/(k,t2?
t

t

Cco
+ 0?2V<k,t? = x(t?r dz't*(z'? (4.102b?
Kk J Kk

-CO

where * refers to complex conjugation.Solving the above

equations with u(x,0?=u<0? gives,

00 *
y/ (?2=(/72?F(t? , y-k<t?=F} (t?J d=z'fk<z'? <4.103a?
-00
t t'
F(t?=J* dAt'J dt"x<t"> >
o o
(4.103b>
“nd g(t? is a solution of
« T+ o<s« = X<t> <4.103c>

RF define the position of the soliton to be the coefficient of
fb(x? in (4.101? and the velocity v(t? is given by,

v(t?==1/2V2 ‘?y<b ? (4.1042
where the +(-? sign corresponds to a soliton(antisoliton?.Using

C4.103? RF obtain the solution of (4.96?

(4.105?

they then show that,

n b

-CO

th& first order in s=wt«l(short time scales?.However since

00 . . .
Tt ?=n:/i",the coefficient of fb(x? vanishes*.Thus when

continous(phonon? spectrum is ignored (4.102a? leads to a

Newtonian law of motion ip (t?=(n/V2?F(?.This was the
b

result

°ktained by FTBK.However over short time scales this motion is
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cancell&d by the continous spectrum.

Thus according bo RF,for small time scales there 1is no
classical particle-like behaviour for sO solitons.RF also
carried out numerical analysis which supported their
conclusion.A number of papers have been written attempting to
clear up the controversy 153,62,651,and have been answered by
RF 154,63,661.Many other different approaches to the perturbed
sG equation have been devised and they generally agree with the
conclusions of FTBK,however they are over longer time scales.

A perturbation theory based on an inverse scattering
theory method was devised by Kivshar and Kosevich 157,611;their
findings agree with those of RF.

Finding a correct definition of the soliton position is
central to the argument.Bergman et al 1561 produce a much more
physically based perturbation theory for the sG,in which the
position of the soliton is more clearly defined.Noting that

is a peaked function,

u(°l - £2? sech™<x-ut> <4.107)
X

they define the position of the soliton to be Q,
00

1
Q r xu dx <4.108)
2t Jog X
and wvelocity Q ,
1 2*00
<4.109
Q 2n !Ooxuxtdx )

The momentum can be obtained from the Lagrangian density

~4.12) for the sG,and is given by,
00

P = Jf utuXdX <4.110)
-co
Assuming 4 0 as X -> % oo
t 00
p =y uttuxdx <4.111)
-00

ct al,then find that with =0 for the perturbed

SQ<4.96),

00
P = I* ~<pu dx <4.112)
-00
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thus using <4.107),

P = 2nx<t) (4.113)

which is the Newtonian law.However according to Bergman et al,
if x(™* Is switched on at. time t=0 there is a transient time
inversely proportional to r in which the soliton form is
distorted.This is their explanation of the so called
"non™ Newtonian" behaviour discovered by RF.

Rice 1601 developed a view in which the soliton could be
regarded as a deformable particle whose translational motion is
coupled to internal degrees of freedom.Thus 1t was possible
that an external field applied to a soliton could,by exciting
internal kinetic energy lead to a translational velocity which
was mnot simply that ofa Newtonian particle.We give the final
remarks on this subject to Kaupl621.He makes the following
points:

1. The soliton or kink is nor rigid and is mnotr a point

particle.

2.An extended particle will respond with a time delay to

an externally applied force.In Kaup’s words,"What

they(RF) observed were the combined transient effects of

a soliton reshaping itself and experiencing a time

delay."

3.RF?’s analysis was limited to short time scales.

4. The concept of the '"soliton" arises by considering long

time scales.,as in multisoliton interaction.

5.The RF definition of soliton positionCpoint where

uX(x,t) is a minimum) differs from that used in other

perturbation theories.
note thatcontroversy also surrounds KdV solitons under

Perturbation 147,621.

The general concensus emerging on the subject of
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perturbed solitons 1is the foliowing.Over short time intervals
the soliton may move in an unexpected manner,while undergoing
shape deformation.After longer time intervals the soliton is in
general found to be acceleratingCwith some shape deformation)
in accordance with Newtonian behaviour of particles.With any
extended object there can be difficulties in defining the
position.lt certainly would be instructive to examine the
motion of the poles associated with a perturbed Hamiltonian
density as,we have seen how they provide a useful and
unambiguous representation of the soliton position.

In closing this section on perturbation theory we mention
the papers of Gorshkov and Ostrovsky 169,70l.They investigate a
small parameter asymptotic scheme for a system of solitary
waves with close wvelocities.They found that a Lagrangian may be
introduced analogous to that for classical particles in
interaction via a pairwise potential. As we have already
mentioned they found the interaction between KdV and MKdV
solitons to be repulsive.The Gorshkov and Ostrovsky method is
very general in character.LeVeque 1801 investigated numerically
exactly the same situationCin the two soliton case) as that
envisaged by Gorshkov and Ostrovsky and also found repulsive
interaction.He also produced an approximation to the two

s®liton KdV solution u(x,t> in the following form,

uCx,t>= A Ct>sechZla (tXx-p Ct»]+A Ct)sech2la (tXx-p <<t»]
1 - @ m @ —— 2 2

finding exact formualae for AL and < .He showed that if the
difference in the soliton speeds was 0O<<£?),then the above

. . 2 . . .
“Presentation was valid to O<£’).LeVeque‘'s approximation is
i~stricted to solitons travelling with nearly equal speeds.We

shall see in part two of the thesis another approximation

induced by the author which appears to provide a good
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approximation(of form above) for markedly different soliton

speeds.

§ 6. ''Solitons" as elementary particles

Perring and Skyrme were the first to specifically use the
sG solitons as model particles in interaction 151.Enz 1711
expressed in an independent examination,the attractive reasons
which lie behind the idea of regarding eclementary particles as
solitons(or solitary waves). These were:

1.Finite energy and field.

2.Stability.

o.Discrete mass and charge.
The author has already expressed a number of other attractive

elementary

particles.

One of the reasons why soliton equations in spatial
dimensions higher than fare Ilikely to be complicated was
provided by Derrick 1723.He considered relativistic fields §

having a Lagrangian £ of the form,

, us) 4.114)
Derrick showed that static field solutions (x) having finite
Energy
E ) = + UE>)Idx <4.115)

C

were only possible in one spatial dimension.
Despite this restriction,higher dimensional "solitons" of
r"latively simple form have been found 173-41.

Enz 175-61 has discovered four dimensional "solitons"

based 45 an  action principle built from two coupled scalar

fields O(x.y.z,t) and </>(x,y,zt).For a single field O,the Ileast
~Gtion L, inciple is introduced for W,

6W = 0 (4.116a)

W = J< ksin2# + AKVfl-c 2#2)] Jdxdydzdt (4.116b)
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This is essentially the sG LagrangiariCchoosing 1 spatial
dimension),and leads to the Euler-Lagrange equation,
0 0 = Ck/2A)sin2<9 4.117)
This is the higher dimensional sG and does not support
finite energy solitons in 2 space dimensions or
higher.However,by analogy to this Enz produced a new action

priciple for two scalar fields & and

6W = 0 , W = J<ksin20 + AD" + EDZ)d4x <4.118a)
o

D = KVe)2- c¢ Z&Z] + sin2e.[<V0)2- c 202! <4.118b)

o t t

where K,A,E are constants.Enz showed that the Euler-Lagrange
equations associated with <4.118) have a relatively simple

solution with cylindrical symmetry. The field configuration is

infinitely
solitons are of "string-like” type.Interesting toroidal
"solitons" of equations derived from a generalization of the

Enz Lagrangian density above,

Cd ®)2 + sinZ@.<d $)2 + K2sinZ® <4.119)
have been found by Williams [77KEnz uses K=0).Williams finds
reasons to think that N soliton solutions may be possible.

In the conclusion to one of his papers,Enz 1751,notes the
interesting fact that many of the parameters associated with
hhe field structures.,are discrete.This includes parameters
~“presenting mass and charge. However the theory is entirely
cMas,sicaf in pqgrure.

Quantum-like features even enter into the sG.Klein E781
drives an equation from the sG which is shown to possess
Envelope solitons.These envelope solitons have the property
~at the energy of the soliton is a constant times the carrier
~oquency.This 1S reminiscent of de Broglie waves.

In [791,a classical field model 1s proposed involving a

Schlar  field interacting with  the electromagnetic field which
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is shown t.o possess discrete particle-like solutions.All the
particles have the same charge.

At present,the only drawback to current higher
dimensional soliton research is that as yet,multisoliton
solutions have not been found.This means that we cannot explore
the possibly very interesting soliton-soliton interactions.In
the author’s view it is precisely these intersoliton

interactions which are physically most interesting.

§ 7. Conclusions

In this chapter we have explored various aspects of the
particle-like mnature of solitons. The soliton is an extended
body,which in the case of the sG equation,is also
Pelativistic. This means that it occupies a unique position in
mathematical physics.

Classical physics describes a world consisting of points
possessing mass and charge,and "giving rise to" fields of force
such as gravity or electric force.In order to compare the
soliton with the familiar world of classical physics we must

way of describing solitons.Bowtell and Stuart
Achieved this for the sG by associating singularities in the
complex plane with solitons.and they were able to obtain
explicitly the orbits frame .Hence
~hey could determine the dynamics of the solitons.

Many other attempts have been made to get at how sG
solitons interact.These were only partly successful.but they
generally agreed with BS results in the appropriate
mit.Matsuda  made a remarkable discovery.that the two
PMameter solutions of the sG in the c~of-v frame,could be

Written as a linear superposition of accelerating kinks.The

~hks moved exactly like the BS poles. This fact established the



123
mut.ual importance of the results.

Many soliton equations have rational solutions and these
turn out to be related to solvable many body problems.Since the
rational solutions can be approached by a limiting process from
soliton solutions.there may  be a connection with soliton
interaction and these solvable many body problems.

To some extent the KdV has provided an embarassment of
riches as the N soliton solution can be represented using two
different I1sp’s.When various researchers investigated the two
soliton solution of the KdV using the GGKM Isp.they discovered
that the solitons took on a quite different shape from their
asymptotic counterparts. They also found the interaction to be
attractive.In an analysis of the pole structure of the two
soliton solution of the KdV,BS discovered that the poles
repelled each other.

Our own original work on this subject in part two of the

thesis,also supports the mutual repulsion of Kdv
solitons.Incidentally we also find the shapes of the
decelerating solitons to be quite different from their

asymptotic counterpartsCexcept in the asymptotic limit).
Two independent pieces of researchCGorshkov et al,and LeVeque)
dlso support repulsive KdV soliton interaction.

The topics covered in this chapter form a good case for
thinking of solitons in some way to be like particles. The link
between soliton interaction and the nipde supporting the
~H-dtisolitons however,is far from understood.We have seen signs
bhat solitons may behave in some respects like quantum
°bjects. This is not so surprising.,since solitons cannot be
~scribed purely g point particles,neither can they be thought

of ds linear waves. They certainly hold out the prospect of a

~6eper understanding of the world.



PART TWO
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I'art 2. Synopsis
Chapter 5.

In this chapter we prove the three parameter* solution of
the sG directly by employing the theorem of permutability for
the sG The direct method becomes hopelessly complicated for
more than three parameters,however we discover that the N
parameter solution has a simple structure 1if certain constants
k are allowed to be +1.Using this result we prove rigorously
that the N parameter solution can only have a certain form when
k *=+1.

We transform the N parameter formula to another, by phase
shift and then show that the new formula 1is a multisoliton

solution of the sG.

Chapter 6

In this chapter we prove that the multisoliton solutions
of the sGMKdV,KdV and relatives can be written as a linear-
superposition of soliton like forms.We also demonstrate that a
similar kind of linear superposition applies to the Nonlinear
Schrodinger equation. All the linear superpositions found
involve the roots f of an NU degree polynomial having a
common form.

We explore connections with the roots f of the linear
superposition polynomial(lsp) and the technique used to find
the N soliton solutions in Inverse Scattering Theory.

We investigate the properties of the f and derive the
eXact formulae for ft up to the 4 degree lsp.

We discover the relationship between the singularities of

the complexified N soliton sG solution and the roots f of the

~al lsp.
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Under- certain circumstances the lIsp for the sG takes on a
simpler structure and vze examine this.

Because of the symmetry enjoyed by the sG the solitons
and antisolitonsCand breathers) can be written in different
ways.We show that one representation is to be preferred over
others in that it produces Isp’s with real roots.We also show
that although the Isp derived in this chapter is mnatural it is

not in fact unique.

Chapter 7

In this chapter we have analysed in detail the behaviour
of the roots of the two parameter Isp.In a numerical analysis,
we have produced graphs showing the appearance of the roots fi
of the l1Isp’s for the sG,MKdV,and KdV .Although as we have seen
the 1sp's have the same form, we find that, in mixture cases
and breathers.the f can develop points of inflexion.In the
case of the two parameter sG solution,we find that points of
inflexion do not arise.

We also examine both analytically and numerically the
anomalous behaviour of the KdV two soliton solution as a sum of
interacting separate parts.

We develop a mathematical technique for approximating f
and discover that the approximations fi are very good in
certain circumstances.We also propose a way of improving the
Approximation still further.As a result of these investigations

discover new soliton solutions which are good global
approximations to known rnultisoliton solutions.

We present extensive numerical analysis concerning the
Motion of solitons and antisolitons for a number of

~dltisoliton solutions of the sG<up to five parameters).We also
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demonstrate the retarded interaction of sG

investigate soliton dynamics.

We end the thesis with some concluding remarks

topics for further research.

solitons and

,which

include



CHAPTER . NONLINEAR SUPERPOSITION OF SOLITONS



129

§ 0. Imtroduction

In this chapter we will derive from first principles the
N parameter solution £ of the sG equation,where N ns+na+2nb
and ns 1s the number of solitons,na the number of antisolitons
and nb the number of breathers. The method we are using is
original.The sG has a theorem of permutability (chapter 3,§4)
which relates the N parameter solution to two N-1 parameter
solutions and a N-2 parameter solution.This tempts one to try
to prove * by induction.Unfortunately the algebra becomes
impossibly complex for N>4. We demonstrate this for N=3 in §l.
£N 5N<X,t;ktj> ,where ktj (at+aj)/Cat—aJ> and av,aj are the
constants entering into the Backhand transformations.

If we set ktj signumCj-i) then tan(5 NZ4) has a very
simple form,namely that of the tan of a sum of N angles.each
angle being taken with alternating + sign is
taken). The functional dependence of Sbi on x and t 1is thus
determined.We establish this result in §i-

The constants kt_j enter the formula for tan(5 N/4> only as
multiplying coefficients,by virtue of theorem of
permutability. The symmetry of $N ,induced by the theorem of
permutability means that to establish how the constants kt_ are

i
included in the formula for . we need only consider a
K This is carried out in §3.

From 3?NCX,t;kbj> we prove an alternative formula for

$NCx,t;u%J),where qu = k Z This ® has the form suspected by
k i
Bowtell and Stuart I111.

In §4 we prove that $N becomes asymptotically Ct -» £ 00)

just a collection of solitons,antisolitons and breathers with

the well known phase shift property.

In our concluding remarks we note that essentially
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identical arguments to those in preceeding sections can be used
to prove the N parameter solution of the MKdAV.This is because,
as we saw in chapter 3, the sG and MKdV share the same theorem
of permutabiltyCapart from a factor of 2).It seems likely that
the KdV might also be amenable to a similar treatment provided
we work with the more fundamental Hirota t+ function for which u
= (In r)XX where u satisfies the KdV equation [21.

NOTATION

t(1,.,IN) tan(5 N Z4>

t(1,.,NZ1) tan($N lZ4) ,where $N is a N-1 parameter
solution not involving parameter i.
t(1,...NZi,r) tan($ /4> ,where < is a N~2
N-2 N-2
parameter solution not involving parameters i and r.
t(1) tan(£i )Zz4) ,-where 5 i (> is a 1 parameter

solution.

We express the theorem of permutability in the following

form,
) ( tCl....NZr) t(1, >nzd |
tCl...NZir) + [ | + ¢tClL .. .NZow(l, _Nzi> J
t(1,.,N)
| g t=i. N/t ~ 1
r t1 + t(1,.. ,NZot(, .. ,NzZi) J
(5.1)

This 1is a rearrangement of the theorem of permutability as
expressed by Barnard [31.
We also note the equation below which follows from the
definition of k _
kk +kk + k k =1 (5.2)

12 13 21 23 31 32

~erameters 1,2,3 represent any triple of parameters.
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§ 1. The Three Parameter Solution of the sG
Consider (5.1) with N-3 and i=2 and r-3,

r tC12) “ tCl1,3)

| J
t<l> + k23 I1 + tCl,2=>t<1,3) J

tCl1,2,3)
t=1.,2)
1 k23tc ))[ 1 + tc
C5.3)
where,
tCl,2> = N /D and t<1,3> = N /D
127 12 13 13
and,
N k EtCl>-tC2)1 N k EtC)-tC3>J
12 12 13 13
D 2 1+t(DHtC2) D s 1+tCl1=>t<<3)

Denoting the numerator and denominator of C5.3) by N123

and D*23 respectively,we obtain,

N <l+k k -k
12 23 1

k_MCl> k_k tC2) + k_k t<3)
123 23 23 12 23 13

3

+ tz<DHtC2Xl-k k -k k > + tz<DHt<3Xl-k k +k k >
12 13 23 13 12 13 23 12

+ tCl>t<2>tC3Xk k -k k +k k > + k k €3CI>
12 13 23 12 23 13 12 13

+ E3<HtC2>tC3>

Employing C5.2) we find,

N [1+t2CI>Hk k tCD+k k tC2)+k k tC3)+tCHtC2>tC3)]
123 21 31 12 32 23 13

Similarly we find,

D = EI+tZCHJEl+k k td)tC2>+k k t<I>t<3>+k k t<2>tC3>]
123 13 23 12 32 21 31

Thus the 3 parameter solution of the sG is

Ek k tCD+k k tC2)+k k tC3>+t<I>tC2>tC3>]
1213 2123 3132

tC1,2,3> —
El+k k tCDtC2)+k k tCDtC3)+k k tC2)t<3>]
1323 1232 2131

C5.4)

Now let kt' = signumCj-i),C5.4> becomes,
a]
EtCl) - t<2> + t<3> + tCl=>tC2>tC3>]
t=<l1,2,3> _ C5.5>
El + tCDHtC2> - tCDHtC3> +tC2)tC3>]

Clearly 5 =% - 38 +3
123 1 ==

~cause of the symmetry £ > -£ ,enjoyed by the sG.We may choose
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an alternating signature for 31 or t(i>,
tCi) > C-I>t+1tCi>

If tCi) are chosen to have altermating signature then in
effect we are Dbuilding a three soliton solution from two
solitons and an antisoliton <ie. t(2> 1is the antisolitonXThe
alternating structure of t(I,..,N> imposed by the theorem of
permutability is of central importance as vzill be seen in the

first lemma of the next section.

§ 2. The N-Parameter Solution when . = signum(j-i)
LEMMA 5.1

If in a N-parameter solution of the sG ,t.(1,...N) we let,

k.. > signum((-i) V 1i,j (5.6)
1
then,
N
t(1,...N) = tan f 7 C-I>mt+1® Z4 (5.7)
rn=l
Proof: By induction on N
N =1 t(D - tan($,Z4) by definition
N =2 t(1,2> = k12 1“T“i tCl>t<2>J °’I10110V' directly

from (5.1).Applying (5.6) and noting definitions of t(i) we see

immediately that C5.7) is true.

now assume the lemma to be true for N-2 and N-1 parameters.

tCl,..,N/i,r> (5.8
1-1 r -1 N
Lan ¢ 2 (-Dmt1$ 2% + ¥ cj=m5 z4 + v <-n"--IS /41
m 1> m m J
m=1 m=1i+1 rri- r+ 1
tcl»..,NZr) (5.9)
1 r-1 N
e - +(-Dv+ 74 Z4 +y (-Dmf Z41

L Kr Jy tn J

m= i m=1i-+1 m—r-+1
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t<l1,..,N/i) <5.10)
i-1 —1
tanf 7 <-Dm+1S /4 + y C-
1 L m Li m J
m=1 m=i-+1

where the changes in the exponents of -1 are a result of the
mising parameters altering the sequence of signs.

C5.1) gives with <5.6) Ci < r) >
ftCl, . . ,N/r) tci, ..N/i) |
t=1....N/Lr) + I + tCl...,NZr>tCl. . _.NZi> ]
t<1,.,N)
! =1, .. N/i.o ftCl, .. _N/r) t<<1,.., N/i)
1 + tci, ... N/rt<<l_,..,N/1) j

Cs.11)
Because of the definition of tC.) .the quantity in large

brackets can be written as tanCA) where noting <5.9-10)

>

t -1 —1 N

=T CDm=$ Z4 +e-Dt+1£ 724 + z C-DTIHS Z4 +Z C-Dms z4]
1 m

m m
-1 m=1i-+1 m=r+1

L-1 r—1 N
/. nt r

m=1 m-t+1 m= r-+1
r-1 -1
A <-DL+ /4 1>'ntls Z4 c-DnS Z4
I m m
m=i+1 m=1-+1
r—1
A c-Dt+1$ Z4 + <-Dr+1$ Z4 + 2 V C-Dmt+1§ Z4 <5.12)
L r Ly nt
m=1i-+1

note that for s'equentic/i i and r ,

A A C-1>L+1C$ - $ ) z4 <5.13)
t r

S

considerable simplification.

~5-8) together with C5.12) when substituted into <5.11) gives,
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t(1,..,N)
N

tan ¢ 7 <-Pmt></4 4+, < I>m5 Z4 + 5 <-I>m-1$ Z4 + , )
rn | 2 m

m=1 m=1 +1 rm—r+1
with A given by (5.12).

Inspection shows that the above simply reduces bo .,
N

t(1,..,N) tan y <->mti$ z4
m

m=T

This is the assertion of the lemma B

We will need the formula for the tangent of N angles.This

is given below.

N
tan S' cxCl) = <5.14)
1=7
N N 3 N 2r+1 N r.
JaCl ) - J 'TpXCl ) +.  =-1>r ¥y T 1y +. j -1 n+ 1 1 “i—rOI 1
t—i I =i j—i j o j t ) § ; _.]_(j)
. 1 = j=1 1 .=1 J=1
J J j
N 2 N 2r N m
! - J JJacCl ) +..C-Dmt+l I TTad >

1 -1 J-4 L.=1 J=1 [ =1 =i J
j J J

where n is the nearest odd integer < N and m is the nearest
Even integer < N.Thus we see all combinations of odd tuples
Appear on the numerator of (3.13) ,while all combinations of
even tuples appear on the denominator.
We will also need the following definitions.

even(odd) permutation of the N tuple 1,2,..N which we
denote by £ 1is one for which there are an even(odd) number of
ordered  pairs 1.)) taken from £ such that i>j.This is
Equivalent to saying that an even(odd) permutation requires an
Even(odd) number of pairwise rearrangements to recover the

E~dered N tuple £.The sign of a permutation c¢ is defined by
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sgn o is 1 if o i1s even and -1 if a is odd.
A transposition is a permutation ¢ defined by the following.
T<i) jJj ., IT<sz>=1, T<k) - k , k 1.j
If i<J then t = 1,2,..<i-1),j,<i+1>,..,(~1),1,<<j+1>,..N.
There are 2<j-i+I> + 1 pairs <k,) k>l |

Ccj4> , ., x> , <x,i) ,where x = i+l,...,j-1 .Thus t is odd.

LEMMA 5.2
The coefficient of the m tuple in the tan of N parts
taken with alternate signs is identical to the signCsgn) of the

associated N tuple,where the associated N tuple of the m tuple
j’1>_>jm is jl""jm>kI>I]KLf where kt < kJ i< jJ.
Proof:

The coefficient of the m tuple in the tan of N parts
taken with alternate signs 1is , see <5.13) De =
~~1>",where ¢ jis the number of evens in the m tuple arid p is
the number of extra evens in the m tuple in excess of the
number the m tuple would have if it was the identity m tuple
1>2>3....m, i.e e=[m/21+p.C[J] means nearest integer to).

To increase the number of evens in the m tuple by p would
Require p transpositions of the associated N tupleCi.e swapping
P odds in the m tuple with evens in the remaining tuple).Thus
the sign of just such a transposed associated N tuple is

"-17.This jg precisely the coefficient of the m tuple in the

tan of N parts taken with alternate sign =

We give an exampleConsider the three tuples taken over 7

parrameters. The coefficient of tCDt<2)t<3) is Lbut 123 is an

Ic'eritity 3 tuple of the associated 7 tuple 1234567.Now consider
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tCI=>tC2)tC4> ; this has a coefficient in t(l,..,7> of -l.Now

124 13567 has a sgn of ‘1 as it is an odd permutation.

COROLLARY 5.1

If an alternating signature [Por the alternating N
parameter solution of the sG be chosen then the tan of the new
N~parameter solution so formed is just the tan of a sum of N

partsCl-parameter) taken with positive sign.

Proof

The alternating signature is $ > C-I>mtl$ From lemma
m m

5.1 the tan of the alternating N parameter solution is given by
N

<X.N) - tan T £ CBm\/=

m=]

Clearly under the signature change above >

t<l,..,N) tan ]

§ 3. The N-Parameter Solution of the sG

In the following lemma we will set all kLJ to 1 or -1

with one exception denoted kir'We will choose 1 and r to be
sequential and avail ourselves of the considerable
simplification this Dbrings.By permuting the original input

P ~rametersta > we can of course obtain any desired k in place
i tj

k.t .Examining the form of the N parameter solution so
r

°t*tained will enable us to decide on what multipliers k the
\4

Coefficient of the m tuple depend (lemma 5.3).
In theorem 5.1 we shall deduce that there is only one

Possible function of the k which 1is the multiplier of the m

t-Upie >_...tCi > in the N parameter solution of the sG.
1 m
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In theorem 5.2 we will determine an alternative form of
the N parameter solution Ci.e that proposed by BS for

solitons).

LEMMA 5.3
The coefficient of the m tuple th1>t<)§>...th) in the
m

N parameter solution of the sG equation depends on the set of

k
J.r.
tt
{k l<i<m,j=3j , j.rr e <l,N> r * }
J.r. 1 L t
Lb
eg (5.14)
N =7 m - 4 3 =2 _]2:4 _]3=6_]4=7

The coefficient of the 4 tuple tC2)t(4)tC6>t(7> depends on

Kk k .k
tk ko, k ok >k k. k_ >k k. >k
i 21 23 25 41 43 45 <51 <53 <55 71 73

We note the coefficient of the N tuple is |

Proof:
Let kmn = signum (m-n) except when m=i n=r=i+l.
Then the theorem of permutability gives(5.1>

t,. N/ - =L N

tClL, . . N/ir= + ko ¢, - S N/r=tCl1. . . N/i> ]

tCl...,.N/r) - tCl, >NZi) |

b=k el 'N/"r>( | + tCl.. N/ODtCl _ N/i>= J

1 r
Using lemma 5.1 for sequential parameters 1i,r C5.13) the above

becomes,

aj>e¢ missing.Noting that k. = _krt and also denoting |,
ir

ban C-1)L+1$ /4 by tCi) and similarly for the expression with
L
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r as the parameters write the above equation.

p
tan J ®tZ4 4+ tci> tCr>
1=1 Y1+ tCitCr=
f tCi1 > tCr>
1 k 1 r tan y ¥t/4
Ir 1 + tCi=>tCr> 5 1=1

t<l,..,N>

This may be written |,

tan X i Z4 [1 + tCi>tCr>"j k tCi> + k_tCp)
rt

r

tClL,..,N>
I tan V 1 Z4

th |

Now we substitute the formula for the tan of N parts

1 + tCi>tCr> 'k tCi> + kK tCr>
| tr rt

C5.14) into the above equation .We have supressed the signs as
they would arise in tan Z as we are only interested in how

the k. attach themselves to pai*ticular multiplicative tuples
g

of tCi).We obtain .,

tci =
14 D + D + ... + DCn/Z]

where

N1 = z tCl) + kt tCi> + kttCr)
r r

~N =

2
N 3 s 2 5 *
0 tCl )+ k tCi>Z n tCl>+ k_tCr)Z n tCl, >-tCi)tCr)Z tCl)
j=1 i j=i J Ft I=1 i

N
3

3

)5 ,
z.,n tCl >+ k tCi>Z n tCl >+ k tCr)Z n tCl >-tCi)tCr>Z n tCl >
]=1 J IF J=1 J rt J=1 J j=1i J

<-1>I+1IN
r
» 2 r—1i , 21r=-2 s, 2r-2 ,2r-3
s -n tci >+ | tCi)Z n tCl >+ k tCr>Z F tCl >-tCi)tCr)Z n tCl )
j=1i j tr j=1 j rt j=1 J J=1 J
HD —
1
.2

£n tci) + k tCi) Z td > + k tCr) Z tCl > - (CiyCr>
J-1 j tr rt
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, 3
z.n,ta> k t(1)E n t<<I>+
j= * IF J=1 J

C-1>rD
F

, 271 s, 2r—1 ,2r-1 ,2r—-2
s n.ta> k tti)E n ta > k.taoz.n taj >-ta>tcr>s n,ta >
J=1 LF J=1 ] Ft T=1 I=1 I

Examine N”and in particular the term kLFtCiXLet us so permute
the basic input parameters (a> that the consecutive
parameters i and r achieve all possible kLF.As we examine

kLFt(i) for wvarying r we will see that the coefficient of tCi)

can be any k1 chosen from the set
f

B r € <1,.N>
2

Next examine the term k“ tCi) s ] n. taj> in N2 we write
. 2
this in the more explicit form k t<i>tcj>ta> with j,1 i or

r Now varying r,we seec that the coefficient of t<i>tCj>ta> can

be any k chosen from the set
LF

r* iJ1 |

But of course we may permute the parameters 1i,j,1 so that- we
obtain the other possible terms kjtCi)HtCj>t<I> or
t<i)tCj)tCl>.Clearly the coefficient of t()HtCj)rta) can be
chosen from the set
kK s kU r * 1i,j,1 r «
It is clear that this kind of reasoning can be applied

T°r any tuple.Thus we find the coefficient of the m tuple

in the N parameter solution of the sG must
TH

I l > k seeees K r. e <L.. N>\<.> |
1r1 erz erth

This is the ggsertion of the lemma =

depend on ,
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We comment on a point, which arises in r*elation to t.he
above in the exact analysis of the three parameter case seen in
§2. There we saw for example that the coefficients of t(I1> t<2>

and t(3> were the following

tCI> : 1 + k k_ - k _k

12 23 13 23
(2> : k k
12 32
t(3> : k k
13 23

It would seem that the coefficient of tCIl> could depend

on a combination of kt' not considered in the above Ilemma.This
)

is untrue.because had we allowed the "missing parameters" i and

r in(5.2> to be other than 2 and 3 respectivelyCbut seclected

from <1,2,3> > we would have explicitly got the coefficient of

tCL) to be k21 k31 .Since we are free to choose i1 and r
arbitrarily we can conclude that quantities like

1+k] , k23 —k]3 k23 must be equal to k, k., without proving' it
directly from the definition of k .This illustrates the power

g

of the approach used in the previous lemma.

We will need the following lemma in the theorem that follows.

LEMMA 5.4

The p+1 polynomials Cx+D" r<x-Dr T = are

linearly independent.

fi'oof
Let
y = ftICx+IZ + ..+ fter+l)A"er—1)r+ .+ ft<u+1 =0
Set x = 1 all terms vanish except the first.Thus ft = 0.
Similarly x = -1 gives ftP+i =0.

differentiating y with respect to x we find
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y' =5 | </j-r+1>Cx+I>'w 1Cx-I>r 1 + Cr-IXx+1>"~r+1Cx-1>1-Z ]
r=1
If r = 2 the second term in the square brackets is Cx+1>""
If r = /j the first term in the square brackets is Cx-1)
All other terms Iinvolve at least one double product
(x+1D(x-1). Thus setting x = ~1 In y gives ft = 0 and x = 1
gives ft = 0 C given that Ftl and f‘[A+i are both =zero ).It is

clear that at each successive differentiation two terms not
involving the double product Cx+I1Xx-1) as a factor will be
released. Thus setting x = 1 and x = -1 causes a pair of
coefficients /7. to vanish.Thus we find that the polynomials

<x+1>"u rCx-1>I r=0.,l,..,/u are linearly independent =

COROLLARY 5.2

The solution of the following is the trivial solution.

o =0 (5.15)
where,
a = ¢f 1Ol,-1,..,—1,1,1,..,1;‘]'—1 negatives)
tj t-
/.. =0 =1V
“5 J J

and o'k (x 1,é,..,xm> are the eclementary symmetric functions of

Proof:

Since,

<x+I>" rCx-1>r = o X
i= LJ

Mth o defined above we may write
1)

ft Cx+1)» + . + ft Cx+)» Cx-1) + . + ft  Cx~1}* = 0
] r (U+

Equating coefficients of x to zero we obtain o ft = 0 with o and
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(3 defined above.,but, in lemma 54 we saw that @3 = 0 V i.This 1is
t
precisely the trivial solution.Hence the corollary is proved a

We now turn to the main result of this section.

THEOREM 5.1
The coefficient of the m tuple thl) ..... tCj ) ,denoted
m
CCj*..) » in the N parameter solution of the sG equation is
m

given fey |

m  N-m
C<V'V - T]' T]' \r C5.17)
=1 121 Y|
where it is to be understood that if r, X j, V1i Cie m = N >
then (X > is one.
e.g. N =5
GCl1,2,3) = k k k k k_ k GCl) = k _k k k
14 15 24 25 34 35 12 13 14 15
Proof :
In lemma 5.2 we saw that Gle,..,'j > under mapping C5.6)

was the sign of the associated N tuple.In lemma 53 we

discovered the k that GCj*,...,j > depended on.Since we can

permute the j L in the m tuple without affecting GCji rn),it

must be a symmetric function of the kt' on which it
3]

depends.This means we can take CCjA,...,j ) to be given by,
o+ ! .
. (:)(202 a O (5 18)

where o, are the elementary symmetric functions on the set
1

<5.14) given by

« W2TT- <5.19)
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r

where Z n denotes the sum of all combinations of r tuple
products taken from the set <5.14).

eg. N=3 m=3 3 =1 j_ =2 3 =3

<7 = k k k k k k
<S 14 15 24 25 34 35

Powers of <7.t have been excluded in <5.16) since we saw in lemma
5.3 that when k. . = signum<j-i) with one exception k. ,only the
first power in k i ocurred.If there are N parameters then the

number of kt. in the set <5.14) is = m<N~m).When kt' is given
) g

by mapping <5.6) each pair <i,j) in the associated N tuple for
which i<j 1is associated with k = -1 and changes the sign of
the associated N tuple once.Hence when the mapping <5.6) is
introduced into <5.18) we obtain the following ,ut+l equations in

the unknowns a, ,where the right hand sides are a consequence

of lemma 5.2

<5.20)
+ "< + ..+ "< .. =
a1<71 ot202 1,1,..,1) . 04h0V 1,1,..,1) 1
- + - “+. .+ - = -
a1<71< 1,1,...,1) a2<72< 1,1,. . ,1)+. . aﬁt <-1,1, .., 1) 1
. 1<—1, o~1> + 0420f2<~1 1= +..+ a 1 <-1,..,-1)
We write <5.20) in the following way,
da = t <5.21)
where <T is a "1 x /utl matrix defined by ,
= < <-1,-1,..,-1,1,1,..,1;1-1 negatives) J/~I"
r <5.22)
A — — i
<7 )tl <o7 1Vi
ex is the column vector <0,04 ,% ,...,04 ) and is the
T P

column wvector <O0,l,-1L1,....<-1= ).
“he solution space of the associated homogeneous equations of

~5-19) namely,
a'm =0 <5.23)
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is trivialCcx = 0) because of corollary 5.2.As a consequence of
that corollary detCoO r- 0 and consequently detCo' > 0.
The general solution of <521> is the sum of the solution of
the associated homogeneous system C5.23) and a particular
solution of C5.21>.The particular solution is easily provided:

a -01</)f ,a =1 <5.24)
This then is the general solution to <5.21> also.
Substituting C5.24) into <5.18> we see the theorem is proved a

We give the four parameter solution of the sG as an example,

A+ B
t<1,2,3,4> =
1 + C + D
where,
A=k k k ti> +k k k t<2> +k k k tC3) +k k k t<4>
12 13 14 21 23 24 31 32 34 41 42 43
B = k k k t<Dt<2)t<3> + k k_k t<DtC2)t<4)
14 24 34 13 23 43
+ k _k_k tCDt<3)t<4) + k_ k k t<2>t<3)tC4>
12 32 42 21 31 41
G = k k k k t<lI>t<2) + k _k k k tCl>t<3)
13 14 23 24 12 14 32 34
+ k k k k tClI=>t<4) + k _k_ k k t<2>t<3>
12 13 42 43 21 24 31 34
+ k k _k k t<2)t<4) + k_k_ k k t<3>t<4>
21 23 41 43 31 32 41 42
D = t<I>tC2>tC3>t<4>

We now determine the N parameter solution of the sG in another

form.



145
THEOREM 5.2

The N parameter solution of the sG is given by,

t(N-DHZZ | Z1+1 Z1+1
J/—
tan I, 74 = p-1 azp*l C5.25)
[ N/2 | 2 m 2rn
I+ 2 TTt<p> TT<
m=1 P-1 q=p+£

where the unscripted summation sign indicates taking all
combinations of r=21+1 or 2m integers from 1,.,N in place of
1,...r.If there are ns solitons, na antisolitons and nb

breathers (N=ns+na+2nb) then

C5.26)
1 < p < ns tCp) = exp X Ca)
P
ns+1 < p < ns+na tCp) = -exp X Cb)
p
ns+tna+1 < p < N-1 tCp) = 1 exp(r iQ ) Cco)
p pHi P P+i
<p = ns+na+1_ns+tna+3,.. ,N-1)
tCpt+1) = -1 exp(r + iQ ) Cd)
p P+i p pta
and where |,
X =rCx-ut) + a Ce)
p P p P
r Y cos u Cx - v t) + a Cft>
p pti p P P
Yy sin u Ct - v x) + (3 Cg>
p p+i P P P
and ,
1 — p ns-+na YP = <1 - U2 S Ch)
P
hs+na < p y = <l - z )-IZZ CD
4 p
. -1, 2 2 . +1ZZ ;
sin j = 2%/t COS 1d =t Ct~ - 4n > Cj)
lal,|v] <1 and t > 4n <« and (3 are real phases.

T 1is the breather rest frame period. v 1is the breather
Asymptotic speed<t=~co> u is the soliton or antisoliton

Asymptotic speed.

The quantities u2 are defined below. <5.27)
Pa
~ P < ns+tna a =% 1<1 - u > 1| <a>
P P P

1
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ns+na+l < p < N-1 exp ~i/i .,a = a <b>
p+i P
* = complex conjugation.
u2=<a~a) (a + a) CcO
Pq p q p q
Note u2 = k 2
pPa pq
e.g N =4
tan S Z4 = A
N 0 e
1 - c + D
where,
A = tCi) + tC2) + t(3) +t(4)
B = u2 ul ul tChHt(>)tC3) + vl v? o tCHt<2)tC4)
12 13 23 12 14 24
+ u2 U2 U2 tCDIC3)CA) + v’ uv? v’ tC2)t<3)tC4)
13 14 34 23 24 34

c u2 t<DtC2) + u2 tCDHtC3) + u2 tChHt<4)
12 13 14
+ w2 tC2)C3) + u2 tC2)tC4) + u2 tC3)tC4)
23 24 34
D vl Ul Ul w2 w2 w2 t(Ht<2)tC3)t<4)

u u
12 13 14 23 24 34

Proof:

When the u2 are replaced by | for all p,q then corollary
Pq

5-1 applies.Thus to prove the theorem in general we have only
to deduce (5.25) from the application of theorem S.1.This can

be done via a phase shift as will be seen below.

Io theorem 5.1 we saw in particular that the coefficients of

the quantities tCj) were Cie 1 tuples),

CCj) = TT k re <. ,N>X<G>
T
J

map CCj)tCj) to tCj) by phase shift so that,

tcj) = TT k. tcj) (5.28)
r7Zj

After this transformation the m tuple DCj .j ,..,j "becomes
1 2 rn



b<J ,..J > <5.29>

eg. N - 4 2 tuple

k_ k_ k. t<2)t<3>
21 24 31 34

k k_k

k, Kk, k, k, t=2)t<3>
kK k k
21 23 24 31 32 34

21 24 3

-k 2 t<2)t<3> -U2 t<2)t<3)
23 23
Without 1loss of generality we choose J <L,..m>.Thus

write <5.29) ,

k TT k <<= . . . t<
TT X 1r TT 21 » I ntr 1’1’1)
D<l,...m> nt
-[;I- k 1r TT k2 r T-ll- rar
rAl r-A2 r Am
where r e Now for | e >
t

1T \r] kLm+1 k1m+2 PAN

TT kLr knzk Lk

ctn  tTTi+l LN

Thus the coefficient of t<D)...t<m) ,G<l,.;m> is given by

b

m m m _1
k ... TT k 1
G<l,..,m> ( _u 2r |1 ntr |
Ai 1A2 r Ant
Setting out these quantities in a table ,
m
IT k. k k k k .k
it 12 13 14 15 Im
r Ai
m
TT k2r kz 1k23k2 4k25"'k2m
rA2
m
TT kmr- km]ka krn3 k1114.1:1ktnt—1
T Ant
Clearly ,
rn<m—I>zz2 I>1tr.72 )
G<l.,m>  <"l) TT x"2 el ey

vi
I>v > i J

This proves the theorem =

we
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So far* we have been referring to '""the N parameter
solution of the sG".In the next theorem we establish that it is

"

indeed a "N soliton solution.We show that in the asymptotic
time limits (5.25) does become a sum of ns solitons,na
antisolitons and nb breathers. The only trace remaining in the

future of a previous interaction being the so called phase

shift. We also find that the sum of the phase shifts is =zero.

§ 4. The N-Parameter Multisoliton Solution

THEOREM 5.3
The N parameter solution of the sG defined in <5.25) is a

ns soliton,na antisoliton and nb breather solution.

Proof:

Let us suppose that all the speeds u
Csolitons/antisolitons) and v (breathers) have been arranged
so that if ut < u, or u, < VJ then i > j.

j i
Let us move in a frame of reference moving at speed w

along the positive x axis Cie w = u or v depending on p).Thus

L -1z
X y <x + Wrt) , € r>

oid > > Ct + WrX> ,where y = Cl-w

old

Substituting the above into C5.26e,f> we obtain ,

X Frr [XCl - uw) + Cw - u)Ht] C5.30a)
P p p T r p
r 2> yy sin u IXCi - VW> + <W “ V >t] C5.30b)
ppt+1 p P r T P
As a consequence(5.26a-d), C5.31)
"0 r < p ' 00 r < p
Hm tCp) = < o0 r > p Iim tCp) = < 0 r > Pp
I -» -co finite r = P t > +C0  finite r - p

Where if p is an antisoliton parameter the limit is -oo instead
00 above.
Let L represent the number of parameters for which p < r
aud let M represent the number of parameters for which p > r.
Now consider (5.25) as t > -00 ,where r is a soliton or

~r*tisoliton parameter Ci.e. rest frame of soliton or
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antisoliton).There will be certain tuples which consist, of
all the terms t(p) which tend to an infinite limit plus a term
t(p = r) having a finite limit.Clearly we can factor such terms
out on the numeratorCodd tuples) and denominatorCeven tuples)
of the N parameter solution C525).When the numerator and
denominator are factored in this way all that is left in the
factorized part is unity plus many terms that tend to zero in
the asymptotic limit. This is precisely because we have factored
out the tuples containing a// the t(j) which tend to infinity.
There will be two possible cases in the t oo limit

according to whether L is an odd or even integer.Thus |,

L odd CASE 1 (5.32)
r-1 r-1
L-£ 2
O T e TT Y, .
11rn tan 4' .74 > P=1 a=p+t uZ t(r)
N pl-
-00 r r
L+ £
1> 2 TT tcp> TT %<
aq-p +£
eg N =8 Tr 4 12345678

t(DHu2 u2 t(2H)u2 t(3)
£2 £3 23

lim tan S' Z4

I > «co t(Du’ u’ u’ t(2Hu2 u2 (3d>u2 ()
£2 £3 £4 23 24 34
ILeven CASE 2 (5.33)
r r
Lz 2
c—i=> TT t=P> TT U2 _—
ra
Um_ tan 4 _Z4 > p-1 q—P+£ IT u2 t(r)
N I pr
00 r—-%£ r-1 P=i
Lz 2
——i= it t<p= JT U2
pP=£ q=p+ £
egN =8 r 5 12345678
lim tan 4NZ4 -
-00

t(Hhu2 ¢? ¢ @ 2w v v?2 {(3)Hu? v t@u ()
£2 £3 14 £5 23 242S 34 35 45

t(Hu2 uZ u2 t(2H)u?2 u2 t(3)uZ t(4)
£2 £3 £4 2324
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When t > 20 we have the following

M odd CASE 3 <5.34>

N N

<-i>~ 'p* TT Z
lim tan S'NZ4 > p_r+l ~prl
t > (0 N N

TT «<P= TT Z

p=r q=p+1
egN =8 1 =35 12345678
M even CASE 4 <5.35)
N N
—_——O TT t=<p> TT ul. N
lim tan S' 74 > p=r a=p+1 TT U2 t<r>
N 11 rq
t > co M 2 N N q—r+1
Cc—Oo IT ¢t=p> TT ull
p=r+1 q=p-+1
egN =8 1 =4 12345678

lim tan S'NZ4 >

t > Cco

t<4>u2 > U2 U2 tZ5%u? Ul u f<6)x U2 t<7jul t<8>
45 aa 47 afn 56 57 50
t<<5)u2 u2 u2 t<6)uZ ul t<7)uZ t<<8>
53 57 5S <57 <50
Cases: | and 3 both can be brought to the same form as
cases | and 2 by mapping S' _ » S' + 2n ,this cause tan S Z4 to
™~ T~ N

become its negative reciprocal.Clearly depending on whether the
totel number of parameters is even or odd we can have four
asymptotic cases Cl & 3) <1 & 4) ,<2 & 3) ,and <2 & 4).For all
t*hese cases we find only the rest frame one parameter term left
*h the asymptotic Ilimits.Hence the theorem is proved for
solitons and antisolitons.

define the phases

r-1 N

N = In  TT u2 t<r> , = In TT ul t<r> <5.36>

[ pr r T rq
p=1 q=r+I
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We now consider breather rest frames.The analysis is
slightly more involved as dominating tuples come in a number of
varieties.We may have tuples containing no breather rest frame
terms,tuples containing one breather rest frame term and
finally tuples containing both breather rest frame terms.As
before, we take these dominating terms out as factors in the

numerator and denominator of the N parameter solution (5.25).

L odd
Iim tan 'P_Z4 >
{>op N
r-1 r-1 r+1 r+1
L+ 1
=2z - t-cp> TT
L P=1 q=p+1 q=P+1
Lt 1 r r+1Xr —+—1I\x'
: 2 + TT t<P> TT —— |
oz T T v | L
p=1 q=p+1 p-1 q=p+a g
r -1 r—1
Removing factors of TT «p> TT from  numerator and

p=1 q=p+i

denominator in the above we find,

lim tanf Z4
t o N
r-1 r—1
2
1 'Il';r u%r 'Il';]r pr+1urr+1tcr>tcr+l>
p=

p=1

r-1 r-1

TT u2 tCr) + TT " tCr+1>
Pr pr+1
< p=1 P=i
lirmn tan'P /4
)
(. u? expt X + X ~tCOtCrl= ]
rr+1 r r+1 C537)

exp(\ Ht(») +exp(KF oy Yt(r+1=>

= 8 T 4 12345678
m tan'f,.Z4
t > 0 N
"tCl=u2 ’ tC2>u2 t=3)f | vl oul u ol 't('4)u2 u’ u? t<5) J
12 13 23 45 14 24 34 15 25 35

1213 23 14 24 34 15 25 35 J
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L even

lim t.an 4'NZ4

t —00
r + IN\xr r + N\x
L/2
C-I> TT t<P> yy u2 + TT «p> TT <
a= p+l q=p+1P
-1 r—-1 r+1 r+1
/2
C-l > tt t<p> rr - t t<<P5 TT wup.,
=1 q=p+1P p= i a= p+ i
lim tan’PN_Z4
- 00
expCX Ht<r) + expCX. >t<<r+1>
r r+1
<5.38>
r 2 +
i 1 v expC \ X >tCr)tCr+1>
M odd t > 100
lim tan Z4
> 10 N
N N N N
L-1
c—i=<z> th) U2 11 tcp> i U2
p=r+2 q=p+lpq p=r q=p+1
N\r+1 N N
L+1
c1= 2 T “z
q=p+1P9
Extracting the factor tCp) u2 from the numerator
p=r+2 q=p+1 pq
and denominator we find ,
lim tan \P Z4 a
> T N
(m ul exp( X+ + X+ >tCr>tCr+1> )
rr+1 r+
<5.39>
exp(X+=>t<r> +exp<X . >t<r+1>
r r +

In the case M even we find by similar arguments that I%m tan P Z4
00
Equals an expression which is the negative reciprocal of

~5.39). Thus we have shown the theorem to be true also for

leathers.!

We note that it is a consequence of the above theorem
I-hat in the interaction of solitons ,antisolitons znd breathers

that like exchange  ijth like, as if xe begin in a



153
soliton/antisoliton/breather rest, frame in the remote past, we
once again find ourselves in a soliton/antisoliton/breather
rest frame in the remote future.This also leads to the
conservation of the numbers of solitons.antisolitons and
breathers.
We comment, on some properties of the phase shifts Xr
Suppose T represents a soliton or antisoliton
parameter*.Consider

r-1 r-1 r-1

expCX ) = u;tCr) uirt(r> 1% t(Ou (5.40)

1+1r
P-i

where the first product on the right hand side has k ranging
over the set of soliton or antisoliton parameters less than
r,while the second product sign has | ranging over only the
soliton in breather parameters (first parameter of the pair)

less than r.

Now from the definition of u% (5.27¢) ,
r

>~ U2
I1+1F

This means soliton and antisoliton phases are 7real as both
sides of the above equation are multiplying each other in a

soliton or antisoliton phase (5.40).

Now suppose r represents a soliton in a breather.Then it

follows,

r-1 r-1 r-1

fexpX )] (ITu>x.>) [ TT“k/A'TT J

mp=1
r-1 r-1 r-1

TT u2 t(r> u t(r) TT u2 t(r=>
'lukr+1 (r IT @ " 1r+1(

2
I-t-Ir+1
This; last step is a consequence of the fact that k ranges over

solit,on oy antisoliton parameters so that a is real ,while |1
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soliton
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complex.We have also employed C5.27b~c).

We can write this last result,

—1

I Hu2 t(r1

—

11

v p=1

-1

= | | u2

"1 opr+1
p=1

tCr)

Thus if r is a breather parameter (soliton) ,

Similar results obtain for X

COROLLARY 5.3

The sum of the phase shifts

sG 1s zero.

Proof

in

= X
r+1

The phase shifts are defined by

r-1

X In TT u2 tCr)
r I 1 pr
p= 1

Thus,

The quantities in the

be set out into two groups ,

Numerator

u U ..U
12 13 IN

u U ..U
23 24 2N

U

B

U U
34 35 3N

N-in

numerator

w  TT utCr>

q=r+1

N

I u2 tCr)
11

rq
q=r+1

r—-1

and denominator

Denominator
|

u
12

u U

13 23

[8) U U
14 24 34

U U ... U
IN 2N N-1N

in breather parameters(1™r) so a,

"y

of C5.41)

is

the N parameter solution of the

C5.41)

can
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These tables are clearly rearrangements of one another.The
argument of the In in (5.41) is therefore 1.So the result is

proved Q

§ 5. Concluding remarks

We have seen in this chapter how the "N soliton" solution
of the sG can be built via a nonlinear superposition of
asymptotic components (solitons ’antisolitons,breathers). Such 3
nonlinear superposition though formally important and
interesting, does not. however reveal in any obvious manner how
solitons.antisolitons and breathers interact with one
another.Neither does it tell us how the identity of solitons
ctc changes during the interaction.

In the next chapter we will see how the »N soliton”
solution of the sG(MKdV,KdV and others) can be written as a
linear superposition of accelerating solitons. This enables us
not only to follow the motion of the solitons throughout the
interaction but also to identify individually the solitons for
all time and thus determine how they change their shape during
the interaction.

Linear superposition plays an implicit role even in the
arguments connected with nonlinear superposition used in this
chapter.Firstly we saw in §2 how when the parameters k
signum(j-i) the N parameter solution became a linear
superposition of single parameter terms.Further to this we also
studied $N when one of the kvj (k_> was allowed not to be

il.In this case we sawCproof of lemma 5.3) ,

tan $ Z4
N

Where the prime on the summation sign meant that i and r were
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excluded.Now let. ,

tan $ Z4 = k tan |<-1>t+1C" >74
!

vr tr t r
$. is the two parameter solution of the sG.With this the
ir

equation above becomes simply ,

tan $ Z4 = tan LV 574 + 3 Z4 1
N Al

Yy
N PR tr

=1

That 1is to say the being considered here 1is just a
linear superposition of N-2 non interacting solitons and one
interacting pair 3!
Although we have addressed all the arguments in this chapter
specifically to the sG,essentially identical arguments can be
used for the MKdV.Though the MKdV being a wunidirectional
Galilean invariant equation ,means that we cannot by Galilean
transformation enter the rest frames of all the solitons.So
that the MKdV equivalent of theorem 5.3 would be different.

A  theorem of permutability for the Hirota t function
associated with the KdV which satisfies [21 ,

TT - T.T + TT - 4t T + 3t2 =9
xt X t XXXX X XXX XX

is implicit in an article by Wahlquist [3J.It 1is very likely
that with it we could formulate similar arguments to derive the
N-soliton solution as those advanced in this chapter.

We note the | and 2 soliton formulae for t satisfying the

above equation Cu satisfying the KdV is given by u =-2Clnr>* >,

t =1+ exp 3 ,t =1 +exp 3 +exp 3 + u2 exp<0 +3 >
1 1 12 1 2 12 1 2

Tl is the one soliton solution,r12 the two soliton solution.

3 = kx - k3t +6 ,u2 = <k -k >27Z<k +k >2 )k > k
- = i - m = = = - =
saw in the chapter 3 how an alternating structure is present

ih the theorem of permutability satisfied by u.

Clearly further work on this topic would be wvaluable.



CHAPTER 6 : LINEAR SUPERPOSITION OF SOLITONS



158
§ 0. Introduction

In this chapter we introduce the linear superposition
polynomialsClsp's) for the N parameter solutions of a large
number of soliton equations.By N parameter we mean in general a
mixture of solitonsCsG,MKdV ,NLS,KdV and relatives),
antisolitons and breathers(sG,MKdV).The Isp’s enable us to
identify the solitons for all time and hence calculate how they
interact with one another and also how they change their
shape.

To the theoretical physicist interested in the
particle-like nature of solitons.the detailed processes of
their interaction are of great interest.Given the stability of
solitons in collisions, and their characteristic asymptotic
shapes.,it is mnatural to suppose that the solitons are not lost
in the multisoliton profile, and that perhaps their shapes are
not altered very much.This 1is indeed the case as 1is explained
in this chapter.The remarkable finding of §1 is that the basic
form of the Isp 1is the same for all the soliton equations
considered.

In §2 we find that the roots of the Isp turn out to be
the eigenvalues of certain matrices which arise in inverse
scattering theory.

In §3 we explore general properties of the roots of the
Isp without solving the polynomial itself.As exact formulae for
the roots of polynomials of degree higher than 4 do mnot in
general exist, the exploration of the properties of the roots
from general considerations is very important.Ve give the exact
formulae for the roots of polynomials of degree less than or
equal 4 in §4,though only the roots of the quadratic are
Revealing.

In §5 we explore the Ilinks between the motion of
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singularities of the N parameter complexified sG solution and
the Isp,coming to the important conclusion that points where
the roots of the real Isp are equal to one(for solitons in
breathers®* or otherwiseJ and minus oneCfor antisolitons in
breathers or otherwise) coincide with the positions of the
projections of the branch points on the real axis.

In §6 we discuss how, with a special choice of
phase(perfect phase), the soliton interaction is centred on the
origin of the x,t plane, and we are able thus to determine the
location of some of the solitons at time t=0 without solving
the Isp.We also discuss how if we select the asymptotic speeds
in a certain way,the behaviour of the roots of the Isp, and
hence the solitons is completely time symmetric.

In §7 we discuss the reasons for choosing a particular
antisoliton representation(sG,MKdV),thus discovering that
whether the roots of the Isp are real, is sensitive to allowed
transformations of the N parameter solution.We also discuss the
non-uniqueness of the lIsp(sG,MKdV).

The chapter ends with some concluding remarks.
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§ 1. Multi-soliton solutions of the sG ,MKdV _NLS *RdVCS:

relatives) as linear superpositions of accelerating solitons.

In this section, we prove that the sGMKdV,NLS,KdV and
other equations having multisoliton solutions of Kdv
form(KP,Boussinesq,higher KdV etc), have multisoliton solutions
which can be written as a linear superposition of
characteristic functions.Formally the linear superposition(LS)
is similar to a LS of non-interacting solitons,but where the
argument which is a linear function of x and t(and y possibly)
is replaced by a mnonlinear function, g<x,t> = In {fCx.,t). The
functions fle,t) are the roots of the polynomial which we will
define below.lt is remarkable that the form of the polynomial

is identical for al// the equations under consideration.

We establish these facts in the theorems that follow.

THEOREM 6.1(sG)

The N-parameter solution of the sG equation is given by ,

N
$ =4 tan 1 f
N Zi. tfi <6.1)
m=
where £ are the roots of >
TH
HCf) = 0 <6.2>
and ,
N 1 1
lKﬂ = fN 1 TT«p>= FL1—:-_ <6.3>
p=i
where the unscripted summation sign indicates taking all
combinations of | integers taken from 1,...N.If there are ns

Solitons ,na antisolitons and nb breathers (N=nstnat+2nb) then
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Il < p < ns tCp) = exp X
p

tCp) = -exp X
p

nst+1 < p < ns+na

ns+tna+l < p < N-1 tCp) = -J exp(P__,. iQ
pp+1
Cp = ns+tna+1,ns+na+3,.. N-1>
tCp+l> = +1 exp(r -
pp+i
and where ,
X = / Cx “ u t) + cx
P p p P
r Yy cos ffj Cx - v t= +
p pHi P P P P
Q sim U Ct - V x> + /?
p P+1 P P p p
and >
2 -1/2
1 < p < ms+na r = Cl - u
P P
2 . —1/2
ns+na < p Y = Cl - v
p P
—1.2 2
sinmn uw = cos n = r Cr - 4
P P P P P
la L, |v] < 1 and t > a and (3 are real phases.
P
t is the breather rest frame period, v
P
asymptotic u is the soliton or

asymptotic speed.

The quantities v’ are defined below.

Pq
1 < p < nstna a r lci u > |
p P P N
ns+na+1l < p < N-1 a b exp +iyj =a a
p p p+1 p
b Cl+v )’1/2
p p
- complex conjugation
u? Ca a>2 Ca + a>2
Pq P q p q

e.g. n = 3 f.L

- EtCl> + tC2> + tC3>1 12
+ 12 tCI>tC2> + u2 tCDHtC3> + u%3tC2>t<3>3 £
12 13
2 2 2
U U U tCl=t<2>tC3> =0
12 13 23

pp+i

C6.4>
Ca>
Cb>

) Cc>

) Cd>
pp+i

Ce>

Cf>

Ch>

Cl>

. +1/2
1

is the breather

antisoliton

C6.5>

Ca>

Cb>

Cc>

are the roots of the following polynomial ,
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Proof:
VZe saw in corollary 5.1 and theorem 5.2 that tan$NZ4 has
the form of a tan of N parts in t(p) with the addition of

invariants u _.Now the theorem asserts that
vj

N

tan $ Z4 tan \
N Zj m
m=1

so that noting; the formula for the tan of N parts given in §3

of the 1last chapter vze see the above is the N parameter

solution provided (6.6)
(f) f + £ + + f (D + t(2) + ... + t(N)
1 m 1 2 N
I I '
& (f) r 7
I m 2 p q=p+1
N N
< (f
N( tn) p:i P

where the <7, are the elementary symmetric functions on the N

variables f .
m

However the f are the N roots of (6.2-3) thus ,
m

N N
H(D = TT (£~=F ) = N + .. + (-DII (F >fN-1 +
1=

11 m
m=1

Clearly substituting (6.6) into the above we obtain (6.3) =

THEOREM 6.1(MKdV)

The N-parameter solution of the MKdV equation

W + 2 W + w =0 (6.7a)
is given by ,
N
wy =2 ) tan £ (6.7b)

ni='1

where f are the roots of (6.2) with H({) defined in

m

~6-3),and where ,



163

C6.8)
I < p < ns t<p> = exp X Ca>
P
nst1l < p < ns+tna tCp) = -exp X Cb)
P
ns+tna+l < p < N-1 tCp) = -i exp(T o+ iQ ) Ce>
pp+i pp+i
Cp = ns+na+1l,ns+na+3, .. N-1)
tCp+1) = +i exp(T .- 1Q ) Cd)
ppHi pp+i
and where ,
X=u1/2Cx—ut)+0t Ce)
P P P P
Tr .= 20 Ex - v t] + a Cf)
p PHi P P p
. =277 Ex - w tlL + /? Cg)
P pPH+i P P P
and ,
2
1 < p < ns+na u =4 1,,p Ch)
P
ns+na+l < p < N-1 v =4 (02 - 3 72 > Ci)
P P P
Cp = ns+mna+1l,ns+na+3_,_._.,N-1)
' w =4 C3 &2 2 ) cp
P P P

where k >k 1>j and w >3v a,© real phases, and period t -—77/77 .
1 J P P P P

u are asymptotic soliton or antisoliton speeds,k are soliton
P P
or antisoliton amplitudes.vn and w" are breather velocity and

breather phase velocity respectively.@P and 77P are the real and

imaginary parts of the breather amplitude respectively.

The quantities v’  are defined below. C6.9)
Pq

Il < p < ns+na a =k Ca)
P P

ns+na+1 < p < N—I a =0 =+ i77 R a = a Cb)

p P P p+i p

Cp = ns+na+1_,ns+na+3, .., N-1)
w =Ca - a ')2 Ca + =a ')_2 Co)
Pq P q P q

Proof:

As for the sG.The proof that this N parameter solution is a
rnultisoliton solution has not been demonstrated in this
thesis.However the solution C6.7) coincides with the

‘ttultisoliton solutionCno breathers) of Hirota 111
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The LS fox' the more common form of the MKdV

2
u + 6uu + u =0
t X XXX
where u w is given below, by differentiating with
to x equation C6.7b).
Nooocf )

tri” x
|+
tr1

or in terms of the argument g defined by ,

= In
tn

N

- Z) Cg > sech g
tn—ui m X

THEOREM 6.2 CKdV,& RELATIVES)

The N-soliton solutions of the KdV equation ,

the KP equation ,

Cu - 6uu * u ) T u 0
t X XXX X vy

the Boussinesq equation ,

Cu - 6uu * u )y Tt u 0
x x XXX X tt

are given by ,

u 27 Chnll +f1
N tn ~ xx
tn°°1

C6.10)

respect

C6.11)

<6.12)

C6.13)

<6.14)

C6.15)

C6.16)

C6.17)

f are the roots of C€6.2) with HCf) defined by C€63) If

m

i i i ,C6.17
we once again express fm in terms o gm Cfm exp gm) )
becomes

N
U J. I A sech2Cg Z2) > <6.18)
bl 2 tn ™m
with ,
A 2 v+ > ¢ C6.19)
™m tnx tn tnxx

Where the quantities tCp) and v’ are given by the following

Pq

equations.



165

(6.20)
tCp) = exp X (a)
For the KdV ,
X = u'® x - u {5 + a Cb)
p p p P
u =4 kz Ca)
p P
u2 = Ck - k )H2Ck + k )2 Cd)
Pq p q p q
For the KP ,
X =Cr - s)Xx +CrZ - s2 )y + <713 - 83 )t + a Ce)
— 1 11— 1 p p p
u2 = Cr -1 )2Cr - s )2 Cs - s )2Cs - 1) CD
Pq p q p q p q p q
For the Boussinesq ,
X =k Cx - dut)y + ot Cg>
P p PP P &
u =cl +KEHY"? . =1 Ch)
P p P
2 _ - -
u2:1i> +3Ck—|k)21’E2+3Ck +k)le Ci)
Pq pPq p q Pq p q
where
v = £ u - £ uU <J>
o8| P D q q
<xP are real phases and for the KdV k k .For the KP r * SP,
p q p
Proof:

As we saw in chapter 3 of this thesis all the above
equations have multisoliton solutions which may be expressed in

the following way ,

u = - 2CIn t) C6.21)
N XX
where ,
Z InCu2 ) ] C6.22)
i<j<N LJ

with X defined above.Now ¢ above can be written ,
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T=1+ .l'I_l 2 T:T1 <<P>:TI1 C6.23>

where,as before the unscripted summation sign indicates summing

over all combinations of | jntegers taken from N,and t<p> is
defined in C6.20a).Setting u2 = | in <6.23) gives ,
pPq
N
t =1 + vy & ct<N» C6.24>
i=1

where o"CtCN» are the elementary symmetric functions gn the N
variables tCNXOf course C6.24) can be written in a yet more

familiar form ,
N

- =TT €1 + tCl»

1=1

It is clear* that if when u2 x | we let ,
Pa
N

T = I « = =*=

I=1
then the following equations must hold ,

0'1Cfm> fi + f2 fN tCl) + t<2> + + t<N>

L TT /P 2 it t<P> tt

p=1 p=1 a=p+1
|
N N N
£ IT TT «pq
p-1 q=p+1

These are familiar to us already from theorem 6.1CsG).Hence as

then fp must be the roots of C(C6.2) with HC> defined in

C6.3>.»
eg N =3

1 +
T fi§'£3+ fl‘f‘i+ f1f3+ f2f3+ f1f2f3

. X 2 +X . 2 X +X 2 X, +X 2
SAte i +e™z reXa 4u’ e NNy +u e | +u” el 73 +u U2 u2 exi+X2+X3
12 13 23 12 13 23
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Naturally the linear' superposition principle above also
applies bo the whole hierarchy of KdV equations which we saw

defined in chapter 3.

CONJECTURE 6.0CNLS)

The N envelope soliton solutions of the Nonlinear Schrodinger

equation ,

u  +iu + Jtjul2u = 0 C6.25)
XX t
are given by ,
N
|uN 2 = Y2« X Cln El + £ f* 1) C6.26)

m m XX
m= 1

where fm are the roots of <6.2-3) and tCp) and uZ are defined

Pq
by, C6.27)
tCp) = ;17 exp XP Ca>
X = -2t) Cx - t) + a Cb)
p p P p

2 * *
u =W W w = Ck -k )/Ck -k > <c>

Pq Pd  Pq Pq P q P a

where the amplitude k 1is given by
P

k =7 +ii9 Cd)

P p p

Proof:

We do mnot provide a proof of this.However, it 1is likely
that a proof would be similar to that of the previous theorem

but using the Hirota expression for the argument of the log in

C6.26) [21.
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§ 2. Roots of linear superposition polynomialsGsp’s) as
eigenvalues of matrices and links with inverse scattering

theory.
We saw in chapter 3 how multisoliton solutions of the KdV

type equations could be represented in the form ,

LN 2(In det II + C I)XX (6.28)

where I is the N x N unit matrix and G is the N x N matrix

whose components c may be written (KdV)

c 2klz2 kl/z (xk + k ) *exp +X ) (6.29)
rnn m n m n 2 m n
This may be expressed in terms of uIZnn defined in (6.20) ,
l 2 x1/Z va .j_l)'( > 6 30
Cmn ( umn) exp 2N( m n) ( ) )
In the above u2 can be any of the expressions defined in

mn

(6.20). The N envelope soliton solution of the NLS can also be
written(chapter 3) in a form analogous to (6.28) ,

72« (In det CI + GG* 1) (6.31)
XX

where this time G is the matrix having components ,
(6.32)

. <k k*>1/2 (k -k™VZ & k) exp Lw v v)
n m n m

mn m m n n

where

Y X+ 2itE x + 2(2Z-7)2)tl + (6.33)
rn m m

rn m

where X is given by (6.27b)./3 is a complex phase.
m

This can also be expressed in a similar form to
(6.30),with Uiq defined by(6.27¢).It is clear from the form of
(6.25) and the proof of the theorem(6.2 KdV) that if G is a
diagonalizable matrix 1its eigenvalues are fm where fm are the
roots of (6.2).A rigorous proof of this has been given by Bryan
and Stuart(paper [ in the appendix to this thesis.Also the

eigenvalues fm are shown to be distinct. This means that the
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eigenvectors Orn associated with eigenvalues fm and satisfying ,

Co =1 9 (6.34)
are linearly independent.Thus the matrix T whose columns are
the N eigenvectors diagonalizes C by a similarity
transformation .i.e

D=TICT (6.35)
where D is the diagonal matrix with elements fm.

We give an example of some of the above remarks in the

case of the two envelope soliton solution of the NLS.

The eigenvalues of C (6.32) are given by ,

1 exp 2—(Y1+Yi) - f 1 i 2 2 exp ?(Y 1+S£)
r ik -k*)
1 2
det =0
* 1z2 * 172
_ _ * 1 *
(k2 kz) (kl kl) exp 1—(Y +Y ) v exp (Y_+Y_ ) -
202 1 { 2% 2 T2 ]
1(1{2 —kl )
(6.36)

which gives after some algebra the following equation for f ,

. _ 1 * *
- Tfexp i(Y;ﬁj{:> + exp Z(Y;‘g*}‘f U2 exp SO+, Y +Y ) = 0

with u defined in (6.27¢c).Noting (6.33) this becomes an

example of (6.2-3) with (6.27).According to (6.26) ,

'y ' _ 11+ £ £*1)
(U, = V2« (In 11 +flfT1)XX + V2« (In ) e

with f1 ?f2 the two roots of the above quadratic(both pure
imaginary).

We note that if we let £ = h/i in (6.36) and define a
matrix B = iC then the ecigenvalues of B are h® and since B is
Hermitian hrn are real.Note they are also positive and distinct.

We saw in chapter 3 that the wavefunctions of the associated

scattering problem for the KdV were given as the solutions of

the equation below ,
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(I+O) = E (6.37)
where in this case y (w1 ' N>T and
E = (7 2k p;p{ yeues 2kNeXp XN)T
with C defined in (6.29).
Let us define a new set of "wave functions”
TV (6.38)
where T is the matrix defined previously(after equation 6.34).
This allows us to write (6.37) in the form ,
<+D>x T *E (6.39)
It is important to note that * Is not a superposition of

with constant coefficients™.38> as the elements of T are

functions of x and t

§ 3. General properties of the roots of the LSP.

In this section we attempt to discover as much
information as we can about the functions fm which are the
roots of the isp (6.2-3) without solving <6.2-3).As <6.3) is a
polynomial we can only solve it exactly for N < 4 _For
simplicity we do mnot address the following theorems and

corollaries to the KP.

COROLLARY 6.1

The N roots of (6.2-3),f are never zero for -oo < X,t < 00
Hi

Proof:
We saw in (6.6) that ,

N

TTf -
P=1

N

Ltcp’ TT up,

q=p+1

~— Z

It is clear that the above product never vanishes in a
bounded region of the x.t plane as for all the equations nt(p)
has the form of an exponential in x and t.Thus no individual f

m

can vanish =
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COROLLARY 6.2
If the N roots f are real then V m f 1is either always

positive or always negative.

Proof:
Since fm are continuous functions of x and t which never

acheive the wvalue zero they must retain their sign =

COROLLARY 6.3
For fixed time and x > £ o0 C6.2-3) has N roots f whose
m

moduli tend to zero in one limit and infinity in the other

(modulus 1s used in the complex sense ).

Proof:
It is clear from the various definitions of tCp) given for the
NLPDE’s in the ecarlier theorems that as x > -oo Ct+oo) |[tCp>

tends to zero V p .This means that in the appropriate limit

oCf) > 0 V LThus HCf) «#« fN in this limit so that clearly
I p

HCf) = 0 has N zero roots in this limit.

Now consider the limit for which [tCp>| -» oo V p. Let 3 a f

P

such that |f | is finite.Clearly ,
P T~ T~

|HCf >| = | £N - [tci>+..tCN>]fN~1+...4-c-i>NTT tcp> TT u2 |
v P P L ' pa
p=i q=p+l1

N N

= | TT«p> TT< i-i A |

noi Cl—£)d" 1

where A just represents dividing HCf) termm by term by the

N N

factor ~TtCp) j| u2 . Clearly the moduli of all the terms in
p-i q~p p

A except for one which has wunit modulus,tend to =zero in the
limit. Thus [HCf )| becomes infinite.But HCf) = O.-+¢ .Thus | £ |
p p

can not be finite.B
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THEOREM 6.3
If the number of parameters N for the sG and MKdV equals
the number of soliton parameters Cantisoliton).then all the
roots of (6.2-3) are real,positiveCnegative) and distinct.We
include the KdV,Boussinesq in this.If we are talking about the

NLS then the roots of C6.2-3) are purely imaginary.

Prooft:

In paper 1 in the appendix it 1is proved by Bryan and
Stuart that the roots fm of (6.2-3) are 1identical to the
ecigenvalues of the matrix defined in (6.30).For the NLS similar
arguments to those in I can also be applied to the matrix ;

B = iC with C defined in (6.32).B can be written as the product

of matrices(square brackets)) ,

l'6 Y 1 [ h 7 Eex S YE |
p X
Brnn [exp 2 mn rn mn V4 mn m (6'40)
where s . is the Kronecker delta function and hrnn is defined
B * 1/2 * 1/Z * -1
by. h = Ck - k> 2k - k) )((km - 10 (6.41)

In paper I it was shown by Bryan and Stuart that matrices
of the same form as (6.30) have real,positive(negative for
antisolitons) and distinct eigenvalues.Clearly this independent
of the definitions of Xrn for the wvarious equations.Similarly
since B is Hermitian 1t has real eigenvalues and similar

arguments as those in 1 give that the eigenvalues are

distinct. Thus the eigenvalues of C are purely imaginary .m

We note that for mixtures of solitons.antisolitons and
breathers(sG,MKdV) the matrix C is complex and symmetric (non
Hermitian),so that the eigenvalues are not necessarily
real,although for two parameter cases it is easy to demonstrate
their reality.As yet,a proof of the reality of the eigenvalues

in mixtures has not yet been devised
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We now move on to prove the equivalent, of theorem 5.3 for

the Isp C6.2-3),that is to say we show that, 4tan Af where f are
m m
the roots of (6.2) tend asymptotically to constant speed

solitons ‘>antisolitons or parts of breathers. To prove this we

shall need the following lemma.

LEMMA 6.1

If the polynomial Cz e C»t <

N
HC7) YV a (D 2N C6.42)
m=0 "
is such that ,
m T, r+l
lim a (t)/a Ct) m = 1 (6.43)
t>+00 r m = r+1 k finite and non zero
then (6.42) possesses in the limit t -> o0 a single finite non

ZzEero root ,
k C6.44)
and N-r-1 zero roots and r roots of infinite modulus.

Also if ,

x r ,xr+1 ,r+2
r

= r+1 ,ki finite non zero C6.45)

lim a <t>/ar<t> <
t->400

8 BB B
I

= r+2
then C6.42) possesses in the limit t > £ o two finite non zero

roots satisfying ,

<6.46)

and N-r-2 zero roots and r roots of infinite modulus.

Proof:
We will consider only t > -00 as the proof is readily
adapted for t > co .Consider first the case of C6.42) together

with C6.43).
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Define |,
<t>
arl+£(t)/ar t> |
and
f1CZ)
a ZN _az T H.=<-1/ *a 2T 4—..C—I)Na
(0] £ +2 N
We have that .
<<
a
r—-4%
N-r-1
Consider a circle G£ of radius R1
then on this circle .
<
a a a a
(o] r-4£ + r+2 N
[ a a a a
r r r Tr

Noting (6.43) we see that as t > -oo the quantity on the

rhs of the inequality becomes arbitrarily small. Thus on G£
g® are analytic functions we may

apply Rouché6?’s theorem from complex analysis. Thus the number of
zeros of HCz) f£(z)+gi(z> inside G* equals the number of
zeros of g*Cz> inside G .Clearly g"Cz) has N-r zeros inside
Gi.In addition since R£ can be arbitrarily large HCz) must
possess r roots of infinite modulus.

Now consider a circle G2 of radius R2 such
then wusing the same argument as before can be made
arbitrarily small in the limit as t - -co .Thus the =zeros of
H(z> inside G2 are equal in number to the zeros of g" inside

Z—There are N-r-1 zeros of inside G2.Thus HCz) also has

N-r-1 =zeros inside C2.It is clear that since a zero has been
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lost between C* and G», HCz) possesses a zero k.
Since R” above can be arbitrarily small we see that H(z> has
N-r-1 roots of zero modulus.
We now consider the case of (6.42) together vzith

<6.45).Define

r+2 -2

a <t)zN_r
r+2
=<A¥"a E2ZNT2 122 (a /ad)z t+ a /al
r r+1 r r+2 r

with zmthe roots of the

Also define ,

fZ(Z)
_ _ —r+1 3 .
a zh caz ' e Ma 2V vee)™a 2N 1 Ea
o 1 r-1 r+3 N
then it follows that ,
z
R3 9
then clearly the above may be written ,
<
a a 1 a +3 aN
o - r
+ R I3 + % 4+

[ a o a l| 31 a IM a

r r r r

Now, noting (6.45) we see that as t > -o0o the rhs of the

inequality above becomes arbitrarily small. Thus on G 3

[S2(=)| > | f2<z> | .Again,by Rouch6?s theorem.the Zeros of

H(z)=g2(2)+f2(z) inside G, are equal in number to the =zeros of

3

2Cz) inside G3.Thus the number of zeros of HCz) inside C3 is

N-rHCz) has r zeros outside G3.

Now consider a circle G4 of radius R4 such that |[z| ¢ |zJ >

t-hen using a similar argument to the above we find
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can be made arbitrarily small in the limit as t -
-00 .Thus the =zZeros of H(z) inside C* are equal in number to the
zeros of gz(z) inside C4.There are N-r-2 zeros of gz(z) inside

CN ,H(z) has r+2 =zeros outside C*.Clearly H(z) has two =zeros in

Carrying out a similar argument as before in a circular

region C5 < |z?| we find
once again the =zeros of H(z) inside are equal in number to
the =zeros of s2<z> N-r zeros
inside C3 .thus HCz) has a root when |z|=|z |.Similarly there

zeros of gz(z) inside C4,thus a rTroot was lost
between G4 and C ,so HCz) has a
since R3 in the argument above 1is arbitrarily large”H(z) has r
roots of infinite modulus and since R* is arbitrarily small
HCz) has N-r-2 roots of zero modulus inside C*.This proves the

theorem.!

THEOREM 6.4(sQG)

In the limit as ¢t + o0 and x fixed.,the only non =zero
finite roots of (6.2-3) in a frame of reference moving at speed
w K u ,-where u is a soliton or antisoliton asymptotic
speed(see 6.4),are given by

f = expt Xr )t (r) 6.47)
or in a frame of reference moving at speed v/r-vr,where v is a

breather asymptotic speed(6.4),the only non =zero finite roots

of (6.2-3) are given by , (6.48)
12 lexpCX >t(r)+texp(X *)t(r+DIf + CXpCXit+X::+1 Yt()t(r+1)=0

where the =+ superscripts refer to the limits t takes and where
t(r) are defined below. (6.49)

1Sr<ns t(r) = exp X (a)



177

ns+l<r<ns-+na tCr) <b>
-+ +1 <r<N- = 1 1 i
ns+na+1 <r<N-1 t(r) i exp1rrr+]+ner+ll (©)
<r=ns +na+ 1 ,ns+tna+3,. . ,N-1>
P
" t(r+1> t(r) C6.49d)
where ,
o ..
I'th1 (cosp? r)x le (51n/_]r Ot (e>

u defined in (6.4])).
r

w2 defined in (6.5).
Pa

Prooft:
We assume that all the speeds u and v have been arranged
so that if u, < u or u < v then i>.To enter the asymptotic
J t J

rest frames of the solitons.,antisolitons or breathers we carry

out the following Lorentz transformation.

Z.-1/2
Xotd * Y <x + wt) , t ay <t + wx),Y (1-w)
old r T
Substituting the above info (6.4) gives
X a Yy Cx( uw) + (w u)Htl + a
P P p r r p p
Tpp+ 1= YY coslj IxCl vw)tT W v O)tl + a
P P P r r P p
.a YY sinu [t VW)Y + (w v )xl +
Qpp+ 1 ps - B rec P r ( r P) ﬂp
and when p=r we find .
X = x, T (costz )x , Q Csin/j )t
P pp+ 1 r PP+ 1 T
However noting (6.4) we find in general
“0 r<p co r<p
< 00 T>p 0 r>p (6.50)
<00 k, r—=p v k2 r=p
i :

k1 ,k2 finite non =zero.

Consider soliton or antisoliton rest frames.lt is clear
that as t-> ‘0 (+ao) particular products of t(p) entering the
Polynomial H() (6.3) will dominate.These dominating products

will involve p< r or p<r Cp> or p>r).Any other product when
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divided by a dominating product will involve tCp) p>r Cp<r) on
the numerator and the uncancelled tCp) per Cp>r) on the
denominator.Clearly from C6.50) such ratios will tend to
zero.Numerous examples of this were given in the proof of
theorem 5.3 in the last chapter.Denoting the general

coefficient of C6.3) by a"Cx.,t),

L L
a"Cx,t> = C-DI 2 77 t<P> 77 u?2

I:]=l q= p+l pq
we find ,
a Cx, t) r 0 1*r-1Lr
lim a -—c—:—i’g[—)‘\— - 11 1:.r—1
t> -CO -1 < k1=
where
r-1 -1
k = II «p> TT s TT«p>TT< = exp X
p=1 q-pt+1 q-p+i

Similar results apply for the t> + co limit, where we find that ,

k = 77 t<P> 77 u* 77 «p> 77 u2q = exp x*

In the case of breather rest frames,noting C6.50) we find
that as t-> -co Ct->t+oo),dominating products of tCp) entering HCY)
will be those for which p < r Cp > r) or p < r and p < r+l p~r

Cp > r p?rtl and p > r+I> and finally p < r+1 Cp > r+2). Thus we

find ,
' 0 - —+
a Cx.t) m ) r-1.r r+1
1 m = r-1
1lm - C ¢ k m = r
t> D Zr-1 % 1
I k m = r+1
where 2
r r r r+1 r+1 r-1 r-1
tCp) TT w2 + i 77 t<p> [/ u2
: TT e Thwe 1T TTH, p= 1l
P=i q—p+l p=1 q pti / p= q=p-+i
r q
= expCX >tCr> + expCX ~tCr+1)
and
r +1 r+1 r-1 -1
k TT <<p> TT %6 X TT «p> TT %
q=p+1 =1 q=p +1

v’ expCX + X - >tCr)tCr+1>
r r

rr+1
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Similarly for t> +o0 .Now applying- Ilemma 6.1 and noting
corollary 6.2 that the roots of HCf) keep their sign,we see

that the theorem is proved.!

COROLLARY 6.4 <sQG)
In the limit as t-> <00 there are as many
positiveCnegative) real roots of <6.2) as there are

solitons<<antisolitons) in breathers or otherwise.

Proof:
It is clear that if r of the previous theorem belongs to
a soliton<antisoliton) then g is positive<negative).To

conclude the proof, we must examine the roots of the quadratic

<6.48).We write X = a + i/3.We have already seen that u’ = -
r rr+1
w> where W is real.Thus <6.48) becomes
rr+1 rr+1
12 - 2exp<r +a)sin<Q +/?7) £ - wWI exp2<r +ot) = O
rr+1 rr+1 rr+1 rr+1

this has real roots of opposite sign and we may define the
positive(negative) root to be the solitonCantisoliton)
component.This completes the proof of the corollary.®

We now obtain immediately.

COROLLARY 6.5<sQG)

If the N roots of <6.2> are real for all time then there
are as many positive roots of C6.2) as there are solitonsCin
breathers or otherwise) and there are as many negative roots as

there are antisolitonsCin breathers or otherwise).

Proof:
Corollary 6.4 gives us that the assertion is true when
t->-00.Corollary 6.2 thus gives us that the assertion remains

true for all time.®
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Corollary 6.5 together with theorem 6.4 assures us that
there is no transmutation of solitonCantisoliton) to
antisolitonCsoliton) and means that it is sensible to d&fine a
soliton to be represented by 4tan_if where f> 0 is a root of
<6.2) and an antisoliton to be represented by 4tan *f where
f< 0.Although it 1is not entirely satisfactory we must end this
section on the properties of the roots of (6.2) with two

conjectures.

CONJECTURE 6.1CsG,MKdV>
The N roots of (6.2) are real for all timeCi.e.including

mixtures of solitons,antisolitons and breathers).

CONJECTURE 6.2
The positiveCnegative) roots of C6.2) are monotonic

increasing (decreasing).

Were we able to prove the second conjecture we would be assured
that if a root of C6.2) f was positive Cnegative) then {=I1C-1>
would define the position of a single point as a function of
time.In §5 we shall see that such points are of importance as
they coincide with the projections on the real axis of the
positions of the branch points of the complexified multisoliton
solution.Certainly conjectures 1&2 are easily verified for two
parameter cases as we shall see in the next section and

especially §1 chapter 7.



181

§ 4. Exact, solutions of the lIsp.

For the case of two parameters (6.2-3) becomes simply.

£ T+ + w2 t(He2> = 0 <6.51>
12
If we choose t(I> and t(2> to be solitons(i.e t(m> exp X ),we
m
obtain on solving the quadratic.,the roots f ,given by,
m
(6.52)
— AN
=exp™ x  + C<x (a)
F=exp® X' X ) +1In ) ®)
) < ujz ¥
= +X -
X+ (X1 X2>/2 X (Xl Xz)/2 >
<(r) = Inlcosh r + (cosh2r u? V2 ()
12
where X are any of the X defined in §l1.
rnm
Choosing the soliton-antisoliton solution (sG,MJ<dV)
(.e. t(D) exp Xl t(2) exp X*> we obtain on solving
(6.51) the roots , (6.53)
fi—ex XN+ (X DT
pl X ) a
2=-expl x 77X ) +In u212} <b)
(> = Inlsinh r + (sinh'r + ul ) (c>
Finally choosing the breather solution(sG,MKdV) (using
6.4,6.8)
we obtain the roots where W)
(6.54)
= r + <@ )l
ft = exp{ | ( 12)j (a)
fz = -exp| >+ In w2 I
T 12 12! Cb)
<(r) = InEsin r + (sin2r + w2 >1/Z] Ce>
s 12

We establish the fact that all the roots are monotonic

functions of x in the next chapter.We also discover that the

roots may in some cases develop points of inflexion.
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In the case of the sG and Boussinesqtsolitons only) in
the centre of velocity frame<6.52-4) take on a particularly
simple forms.We express these having chosen the phases & = -In
m
W12'We refer to (6.4) and (6.20).
Two solitons
f = exp y Ix + y 1™(2ut)l (6.55a)
f = exp » Cx - N1CCHMt) + r 1ln u™*J (6.55b)
where u is the common centre of velocity speed(for the sG u <l)
—1/2

and for' the sG x = (1—u2) while for the Boussinesq x 1s a

positive constant of arbitrary magnitude.

soliton and antisoliton(sQG)

£, = exp x Ix + _i7)(j ut)J (6.562a)
> = - exp y tx - _1>)(/\ut) +f_'lln u%ZA (6.56b)
breather(sG)
f = exp o Ix + & Cnt/r)l (6.57a)
f2 = exp & Ix - o 1I™"Cnt/T> + & 1lln W%zl (6.57b)
& - cos_lpi (6.57¢)
where /j and t are defined in (6.4)).

Thus we see that for these special cases the two
parameter solutions of the sG and Boussinesq equations can be
written as a linear superposition of fixed shape solitons. The
accelerating solitons have shape 4tan *exp g (g=Inft) for the

m
sG and for the Boussinesq are given by -CyZZ2)sech2(g /2).Note
that here the amplitude factored.19) is a constant.We shall see
in the next chapter how in general all the solitons of the
various equations considered in this chapter change their shape
during interaction.

It is clear from the polynomial nature of (6.3) that
exact formulae for the roots are going to be limited to N < 4

>due to the unsolvability of the quintic or higher.In actual
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fact the explicit formulae for the roots of C6.3) for N=3 or 4

are not very useful.We include them below just. for

completeness.
Three parameter exact solutions

The cubic (6.3) when N=3 has exact solutions,

f. = F t(m)Z3 2(PZ3)1/Zcosa (6.58a)
f2 g tm)Z3 + (PZ3)l' Z(cosa + V 3 sincO (b)
f3 - E t(m)Z3 + (PZ3)1l' 2(cosa —73 sincx) ©)
where ,
p <E t(p)2Z3 - r U12)4t(p)t(q) (6.592a)
Q = -2(£ t(P)3Z227 + <r (p)T u%qt(p)t(q)Z3 - TT ulZ)qt(p) (b)
a = 3"lcos"1[-C27Q2/4P3)1/Z] ©)
where and [| are sums and product over the parameters p.q

such that q > p.

Four parameter exact solutions

(6.2) and (6.3) when N=4 become

>

£1 Af3 + B2 Gf+ D = 0 (6.602a)
where |,
A = t.(D+(2)+t(3)+t(4) (b)
B UZ t(Dt(2) + 12 t(D(3) + u2 t(Ht(4) ©)
12 13 14
+uz t(2)(3) + U2 t(2Ht(4) + u2 t(3)Ht(4d)
23 24 34
G U2 Uz U2 t(DDOHU3) *+ ¢? 2 uz t(LHL(2Ht(ad) Cd)
12 13 23 12 14 24
U2 U U2 t(OH3OH4) U2 12 12 t(H(3)He(4)
13 14 34 23 24 34
D = u > v” v’ U2 uZ t(D2H(3)t(4) Ce)
12 13 14 23 24 34
(6.60a) has roots ,
f B Wm)Z4 + 7q 7r + 7r Tp + Tp Vq (6.61a)
£, E tm)Z4 + 7q 7r  7r 7p 7p 7q (b)
£, E tm)z4 1qQ 7¢r = 7r 7p + 7p 7q (©)
f,  E tmz4 7q 7r + 7r 7P 7p 79 (@
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where ,
M = CI2H2 - DZ6G C6.62a)
p =M - 2CP/3)1/2coscx Cb)
q =M + CP/3)1' 2Ccosa + /3 sincO Co)
r =M + CP/3)1' 2Ccosa - V3 sina) Cd)
P = 3MZ _ 34 Ce)
Q = MZ - 3HM - G/2 CD
ot = | cos-11-C27Q2/4P3)1 Cg)
B
H 16 6 Ch)
1 =D - AC + B Ci)
4 12
« =2 _ AB * A3
8 32

When all the roots are real 12H2 - 1 >0 H >0 ,G > 0

§ 5. Singularities of the complexified N parameter solution.

In this section we are going to examine in detail how we
can determine the motion of the singularities of the
complexified N parameter solution of the sG.It is clear from

the argument used that it could be adapted to prove similar

results with the other equations considered in this
chapter.When the spatial variable X is allowed to be
N parameter solutions of all the

equations considered in this chapter develop singularitiesCsee
also chapter 4).

We have seen that the N parameter solutions of the sG and
MKdV can be written as a sum of inverse tangents of fm ,where
* are the roots of (6.2-3).Inverse tangents have branch points

when their arguments are equal to =i.Hence the N parameter
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solutions: of the sG and MKdV develop branch points when |,
+i C6.63a)
Examining the linear* superposition principle for the KdV
class of equations(6.17> we see that the N soliton solution
develops poles when ,
f = -1 C6.63b>
Also we find for the NLS, N soliton solution develops

poles when |,

*
f £ = -1 C6.63¢c>
tn m

In order to define the complex Isp consistently we must

consider the consequence of not allowing the time wvariable to

be complex.The sG is Lorentz invariant.Under a Lorentz
transformation old wvariables x'._,t' are transformed to x,t as
follows.
X = "Cx'-vt'> , t = jCt' -vx'>
If we allow x' to be complexCx'% =z'),it would seem that

we are forced into allowing t also to be complex.We do not wish
to do this.So we must define a more restricted complex Lorentz
transformation ,

z = j')Cz' —vt'> t ~Ct -vx')  ,where x'

Noting this, we can now define the complex Isp for the

sG.This can be written

N
H<fe > = Cte > E{C-l)L Bl<feLe>N C6.64>
=i
where ,
2 E I I X 1
exi +iC E Y +es>i.np <6.65>
P p=1 p=1 P a=pt1 P Jg=p+i P4

where as before the unscripted summation sign means taking all

combinations of | integers from 1>.N and where
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I < p < ns X =X , Y =ry * C6.66a)
p P P P P
ns+1 < p < ns+na X =X +H77 Y =ry+V Cb>
p P P P P
nstnat+l < p < N-1 X = X +H377T/2 , Y =Y y + Cc>
p P P P P P
<p=ns+nct+ 1, ns+na+3, . N—1>
= —|—' ) =
XP+i Xp+i irc/2 i yPoPy + P Cd)
The quantities X are as defined in Ce6.4) with the

P

exception that, the minus signs outside the exponentials and i's

have been taken inside the exponentials in the form of complex

constants. Also o = cosu . We also define X when
P P p

ns+na+Il<p<N-1 to be given by X = Tr +iQ with
p PP+i PP+i

X = X 2> are imaginary phases.Since u is in general

P+i P P Pqa

complex we have let uZ = r exp its ).

Pq Pq Pq

The real lIsp is recovered when ,
0=0.,y=02> =0Vp <6.67)
p

We now define and prove the main result of this section.

THEOREM 6.5(sG)

The only branch points of the complexified N parameter
solution of the sG which exist for all time ,move along a line
in the complex plane parallel to the real axis.The Iline is
definedCmodulo 2t ) fry >

YP = n/2 Vp C6.68a)

In addition .the projections of the branch points on the
real axis move 1in an identical manner to the points which
satisfty,

for solitons in breathers or otherwise,

HCI) = 0 C6.68b)

and for antisolitons in breathers or otherwise,

H<-1> 0 (6.68c>
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Proof:
As we have seen the complexified N parameter solution of

the sG develops branch points when fetQ

+ 1 in C6.64).HC+i,z>
is clearly an analytic function of =z.For the moment  we
concentrate on the positive sign above.We define U(x,y,t) and
V(,y,t) to be the real and imaginary parts of H(@,z).The
Cauchy-Riemann equations are |,
U \% U (6.69)
X y y
Setting H(,z) to zero(6.2) we find ,
Ux,y,t) = 0 Vx,y,t) =0 (6.70)
(6.70) defines x and y as functions of time, and therefore the
orbits in the complex plane of those points which satisty

ie i. Differentiating (6.70) with respect to t and mnoting

(6.69) we find (dot indicates total derivative with respect to

y = CU)2( + Vg) \V.[,L_Vfo H Cx,y,t> C6.71)
Now if we can find an equation
@y) = 0 = Uor V=20 (6.72)
then y will also wvanish(if both Ux and VX vanish then y will
be undefined).Differentiating (6.71) with respect to t again

gives ,

y = H _x + Hly¥ + H, = Hz(x (6.73)

Clearly if (6.72) holds then H1 and Hit both wvanish as

x
they have the same y dependence as yv.thus y  wvanishes
also.Clearly any total derivative of y with respect to t
vanishes when (6.72) holds.

We now examine the behaviour of (6.64) when t a -oo to see
if we can establish a condition of the form of (6.72).The
asymptotic behaviour of the real Isp has been examined in

theorem 6.4.1t is clear from the argument used then that we may

carry over to the complex case the results then obtained.This
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is because in the complex case we would be interested in

lim | HCfet£S

ta-00 } and this tends to terms with dominating

moduliCsee proof of theorem 6.4>.
For consider two complex functions aCt> and bCt) which
are such that- lim |IbCt>/aCt> = 0 then since ,
la|(1-|b/a|> < |atb| < |a|Cl+|b/a|>
we must have lim"> |a+b| = |a] -Thus we may assert the
following.

In the limit, as t->-o0 ,

' S p < ns+na If e%o| = IexpCX +iY +X. >I C6.74a>
I p [ ! =5 =3 =4
ns+tna+1 < p S N-1 If elOpl = IexpCX +£CX >+X"+iY | Cb>
P 4-p -p p P
<p=ns+na,+ 1, ns+na+3,. . N-1)
IF e &pvil - lexpCX -2CX >+X +HY | Ce>
"optl | +P -p pti p!

where £0O is defined in C6.54) and we have mnoted C6.66) and

defined ,x~ = CX =z X )/2 X are defined in C6.490.
Zp P p+l p
Now the condition for branch points C6.63a> means
}fewpl] = 1 and thus we must have !
p
Y = 7i1/2Cmod 2n> V p

P
This 1s an equation of the form C6.72>It now remains to be
shown that this condition implies that either U or V is =zero.

We prove this below.

The general term in the expansion of HCi,z> is given by

Substituting Y rr/2 into the above and rearranging ,
p
H"Ci,z>
1 I 1 i
+1r s N exp HECn/2> + CN-1>t /2]
q=p+1 p(]-']/q=.[;+l pq p= *

Thus we find.

HtCi,z> = Hi<l> exp CiNn/2)
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where ~1) is the general coefficient, of the real polynomial
with f = 1(6.2-3).Noting the definitions of U and V we see from
the above that U or V equal zero.Solutions of H(@,z) = 0 are
identical to ,

H@) =0
By very similar arguments we also conclude that solutions of
H(-1,z) are identical to |,

H(-D =0

This proves the theorem!

We now discuss a peculiar property of the l1Isp's (6.3).For
simplicity, consider the two soliton caseCthough we have not
proved an equivalent of the previous theorem for the KdV or
other equations it is likely that an equivalent will be able to
be proved).

The two soliton Isp for the sG (6.51) can be written,

T aal=$ TS e’(zlf+1]lee’(i+x2 -0 (6.775a)
where,
X = r <x-ut)+<« (6.75b)

We have solved the quadratic (6.75a) and found the roots

f to be real,positive and monotonic increasing(see §l1 chapter
m

7). Therefore setting cach f to | defines a single real point
m

as a function of time.These points as we have seen above are

the projections on the real axis of the branch points.Now

consider substituting f=l into (6.75a).We obtain.

I + ST+ EmeE 2 = b &L
12

Now define ,
— _\ —+
a (t) = exp( s t exm)

and choose u so that ,
tn

y =p Zq p >q p <p p .9 e KN+

TR ERR rn 2 H mwmm

Substituting into (6.76) we find
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1 laepiX/q + a ePZX/q | + aau" Jripyx/a 0 (6.77)
1 2 1=2:12
Defining O e™7 we can write the above as a polynomial
of degree p"p” *n
1 Il aPpi + aOP2 1] + aauz 61?2 (6.78)
1 2 12 12
(6.77) has P, +p2 roots most of which are

complex(including negative real roots for 0).We know of course
that (6.77) possesses only two real roots as it factorizes into
(l—fl )(l—fz) and fm achieves the wvalue 1 only once.

(6.78) 1is similar in form to a polynomial defining the
rational polesCrational speed Tratios) of the two soliton
solution of the KdV 13,41.As we have seen in theorem (6.5) the
positions of the projections of the branch points of the
complexified N parameter solution of the sG on the real axis
are defined by (6.68b),of which (6.77) is a special
case.Clearly these projections cannot be complex.So the extra
complex roots of (6.77) are of no significance.This argument
really illustrates the usefullness of the rea? linear
superposition.

In the case of the KdV although we have not proved a KdV
version of theorem 6.5, as the underlying Isp has a similar
form to the sG 1t is pretty clear that the above arguments
would also apply to the KdV.

Finally in this section we consider the consequences of
(6.68a).Solving (6.68a) we find that it can only be true 1if all

the complex phases v are functions of a singl/e complex phase

p

i>=v~(say) and we find ,
I < p < ns+tna » - (4m +DnZ2 + [p-(4m.+DnZ2ly Zr. (6.79a)

p p 1 1
ns+na+1<p<N~I = (4m +1wZ2 + [v~([@Am.+1)7tZ210"' / Z/. b

[ = @m D [v~(4m_+1) Sl ()
(p=ns+na+1_ns+na+3_,. . _N-1>

2/ =V m < Z

p—l—l p p



191
§ 6. Time symmetric Isp’s and perfect phase(sG).

Although i1n general the Isp (6.2-3) is difficult to
solve,under' a special choice of phase it. possesses some simpler
properties.Also if the asymptotic speeds of the solitons and
antisolitons are selected in a special way the 1Isp for the sG
develops some useful features.We explore these topics in this
section.

In the previous chapter we began by discussing the N

parameter solution of the sG in terms of the constants k. =u I

M 1]
In actual fact the associated Isp with the constants k has
some desirable properties.We will describe such Isp's as having

perfect phase.To 1illustrate these properties we examine the

three parameter polynomial with perfect phase.
3 - Ik k t(1) + k k t2) + k k t(3)IfZ (6.80)
£213 2123 3132
- Ik13k23 t(Ht(2) + klzkszt(l)t'(3) + k21k31t(2)t(3)1f
+ t(DHt2Ht(3) = 0
Now choose the Phases exm(6.4) to be zero and let x=0 and

t=0.t(m) then become equal to wunity and (6.80) represents a two

soliton-one antisoliton interaction.(6.80) becomes ,

3-Ik k + k k + k k IfZ-k k+kk—+kk1f+1 =0
12 13 21 23 31 32 13 23 12 32 21 31

Nov/ the coefficients of f2 and £ are both minus

one(5.2),so that we find £ = £ = 1 and f = -1(the subscripts
-m = 2

are nominaD.Thus from §5 we see that we can immediately see
that the solitons and antisoliton are coincident at the
originCtaking their position to be the projection on the real
axis of the associated branch point).Choosing the three soliton
case with perfect phase(t(2) > -t(2)) and carrying out similar
steps to those before we find that (6.80) becomes |,

3-Ik k -k k + k k Ifz-[-k k+kk—-kk If -1 =0
12 13 21 23 31 32 13 23 12 32 21 31

This can be written
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f D@2 (A+2k k _>f + 1) = 0
12 23
Thus since one root is unity a single soliton is located
at the origin at time t=0.
If the asymptotic speeds for these three parameter cases
are chosen in the following way we find ourselves in the centre

of velocity frame.

U -u = u u, 0 (6.81)
Substituting (6.81) into (6.80) and noting the
definitions of t(p) (6.4) with a_ O.Also from the definition

of k we find k= k .Thus (6.80) becomes ,
tj 12 23

(6.82)

13 Ierxp(t) k2 exlf2 + tk2 e2** erx+xp(O1f _Xx+24A% 0
12 12

where |

p(t) = 2k]2klscoshyut
Putting x=0 into (6.82) we find ,
13 Ep(t> k%zlﬂ + Ek%2 p(OIf + 1 =0
which can be written ,
(f + 1X1£2 El + p(t)—k%zlf + 1) =0
Thus in this case we see that an antisoliton is located
at x=0 for all time.Similar results apply for the three

soliton, case where we find (6.80) becomes |, (6.83)

13 Ierxp(t) + kizeXIfz + Ek%ze2Zx + extxp(1f X+27x 0

Putting x=0 into the above and factorizing we find |,

(f IXf2 + 11 0

So a soliton is located at x=0 for all time.We mnote that when
t=0 in (6.83) it is easily seen that f=eA is not a
solution.So,although the soliton does not move throughout the
interaction,its characteristic function changes with time.It
does this in such a way that when t > 00 £ > ex but f(0,t)=1
for all time.This indicates that points such that f=1(-1 for

antisolitons) ai*e invariant.changes to f pivoting about this
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point.In the next chapter we will see how this happens
numerically.

In general when we choose a centre of wvelocity frame such

that,
u -u , ¥ < CN+1>/2,N odd <N/2,N even (6.84a>
r N-r+1
where u 0 N odd.We find ,
<N+1>Z2
k k ,where p=N-n+1 and q-N-*m-+1 C6.84b>
mr> Pdq

C6.81) is an example of this.

With this special choice of speeds numerical calculateions

suggest that the Nth degree 1sp<6.2-3> pecomes Cwhen x-0 and

t=0 )

<FH>N/2,<fI>“N+1>21 ¢

where Iml indicates the nearest integer < m .This indicates
that all the solitons and antisolitons are coincident at time
t=0.

We have examined numerically the N=3,5 cases in the next
chapter.lt is also clear that the speed pairing property of
(6.84a> together with C6.84b) induces HCf> to be a symmetric
function of time .Consider the triple product associated with
parameters 124 in a five parameter polynomial.lt is given by,

noting C6.84a>.

Y =x-u|t eY <x-u,t> Y, <x+u,t>

1‘1<1<—1< P e PP 2 27 e 2

23 25 43 45
this pairs with the triple product associated with 245 ,

ko ko kK ok Tk eVt eV _Y e
1 23 41 43 51

which becomes applying C6.84b> ,

T T I< 1< I< SL3XU,0 Yyl Yi<x+u -
45 43 25 23 15 13

This clearly when added to the 124 term produces a time

dependent term involving cosh”™ut.
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§ 7. Antisoliton represent.art.ion and non-uniqueness of ttie
Isp (sG,MKdV).
The sG possesses the symmetry £'-><£> + 2nn,ne Z.This means

that we can represent in particular an antisoliton in two ways

P = 4tan ~e ip <= (=2it ,0) (6.85a)
or
p*= 4tan | e x v? e (0,2n) (b)
We chose (6.85a> as our representation of an
antisoliton-this was no accident.Consider the following.The

soliton-antisoliton solutions of the sG may be written in the

following two ways ,

i expX”" - expX”

VAN
tan ~>/4  u_ ( | + exp(X +X ) ) (6.86a)
=
expX”" —+exp-Xz
tarFp' /4 u_ [ | + exp(X X ) J (6.86Db)
=
We have already seen in this chapter how may be written in
terms of the roots of a quadraticKf").Thus |,
<P 4tan Xfi + 4ta.1’171f‘2 (6.87)
f are the real rootsCone of which is negative) of
m
i? -u;;fexi ex2)f e*1™2 - o <6.88)

It would seem natural to represent <p given by (6.86a) also in
the form (6.87) but where fm are the roots of ,

*2 _uu(exi + eX2)f + X X2 - o (6.89)
(6.89) has complex roots(for certain regions of the x-t
plane).

Thus the accelerating soliton picture characterized by
associating a single frn with an individual soliton or
antisoliton would break down here.It is clear from this that
the particular antisoliton representation chosen is very
important.

We can of course obtain a real functioned Isp for <

given by (6.86b) by noticing that = ¢ + 2n.
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Thus we may write
ep - 4tan 't 4 4t%$ + Zn
where f are the roots of <6.88).Adding the 2ir to 4tan lf2 we

m

obtain !
p' = 4tan *f ;L4tan X-f 1 <6.90)

Since f is negative (6.90) gives us a real Isp for < in
terms of the appropriate accelerating solitons.In general we
would add 2.nnarc to an N parameter solution of the sG having na
antisolitons in the form (6.85b) to obtain the Isp involving
arctans with real arguments.

We end this section by noting that the Isp <6.2-3) is not
unique.lt is quite possible to find other polynomials having
roots hrn which are such that T 4tan _f‘l o $ NIt must be said
though that they are somewhat artificial and their

interpretation at present remains unclear. We illustrate this

for two parameter cases only.

<6.91)

<6.92)

<6.93)

h?2 + R<x,t.)B<x,t)h + 1 - R<x,t)<l - C<x,t)> = 0 <6.94)
Define ,

eph = 4tan lh1 + 4dtan h2 <6.95)

where h are the roots of <6.94).We conclude from <6.93-5) ,
m

-RB

tan g, 24 1-<1-R<1-C)) 1-G
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Thus ,
+ 8k7T ko« 2

So we see that the alternative quadratic produces
essentially the same two parameter solution as the original.lt
is perfectly possible to choose R so that the roots of C6.94)
are real yet the arguments of the arctans are very different
from those produced by C69D.R can also be chosen so that
asymptotically the 4tan 1hm become free solitons or
antisolitons.

The behaviour of the branch points of the complexified sG
N parameter solution 1s not sensitive to the individual Isp
chosen(as v? can look for the branch points of $N:4tal’1 1A<z,t)
by setting A<z¢t)=ti and ACz¢t) i.s' unique).However the natural
Isp <6.2-3) produces a soliton motion which coincides with the

motion of the branch points<§4).This confirms its importance.

§ 8. Concluding Remarks

The results of this chapter are sufficiently attractive
and common to a large number of soliton equations that we might
hope that they may lead to a deeper understanding of the
relationship between soliton equations and soliton
interaction.

The fact that there are special points on the real
accelerating solitons which move like the singularities of the
complex solitons establishes the importance of the real linear
superposition. There are still many questions to be
answered.Numerical calculations described in the next chapter
support the conjectures 6.1-2,yet they have resisted all
attempts at proving them.

In addition we have not been able as yet to determine

partial differential equations which are satisfied by the roots
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of the 1sp.This is obviously a worthy topic of further
investigation as it may lead to a new way of solving soliton
equations.

Except in the case of two parameter solutions in the
centre of velocity frametsG, Boussinesq) the positions and
shapes of the accelerating solitons can only be determined
numerically.We shall see in the next chapter how we can
determine good approximate formulae describing the shape change
of solitons and their motion.

In the review chapters of this thesis we discussed a
linear superposition principle (different from the author’s)
for the KdV.Apart from the obvious drawbacks possessed by this
it presents a problem in that each proposed soliton carries a//
the poles of the complexified two soliton KdV solution. Thus at
best we must conclude that though it may have mathematical

meritlit is physically unimportant.



CHAPTER 7 : SOLITON INTERACTION AND THE BEHAVIOUR OF THE
ROOTS OF THE LSP
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§ 0. Introduction

In this chapter we study analytically (€2 and
numericallyC§2> the behaviour of the functions f. which are the
roots of the Isp defined in the last chapter(6.2-3).In so doing
we 1illustrate many of the properties possessed by the f.

We shall see in §1 that f. for two parameter cases are
monotonic though it is possible for f to become stationary and
also develop points of inflexion.We also see that numerical
calculations support the conjectures (6.1-2) of the last
chapter. We have solved the I1Isp (6.2-3) numerically for the sG
and MKdV equations for up to three parameters.At no stage were
roots lost. This indicates the conjectured reality of the
roots(for cases involving mixtures of solitons and antisolitons
or breathers).Also we always find the roots to be monotonic
functions.

In addition to the above we also present time evolution
graphs of two parameter cases and their decomposition into
separate parts.We discover both analytically €20) and

numerically (§2) that as the two soliton solution of the KdV

evolves,the two parts into which can be decomposed develop
some suprising properties.For t 0 the originally faster
soliton develops(emits) another hump which moves away
rapidly.Similarly we find the originally slower soliton

develops a negative hump which again moves off rapidly.These
extra humps eventually move off together (becoming infinitely
distant from the solitons left behind) and their sum becomes
zero.Such a fragmentation phenomenon does mnot manifest itself
with either the sG or MKdV equations.We have explored the
analytical reasons for this in §l1.

In §3 we consider a method of approximating f as
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functions of the form exp [a.()x + 2 CHl.By setting x=0 in
the Isp we can obtain in certain cases explicit formulae for ex.
and /?7In fact this approximation proves to have zero error in
two parameter centre of velocity frames for the sG and
Boussinesq equations as shown in the previous chapter.Of course
this form of approximation assumes the f. to be perfectly
exponential in appearancetas a fuction of xXClearly 1t is in
error in cases where f have points of inflexion.Nevertheless
we find it to provide a good approximation when f< 1.

In §4 we study the motion of points such that =1 or
.—1.Ve saw in the previous chapterCfor the sQG) that such
points coincide with the positions of the projections on the
real axis of the singularities of the complexified N parameter
solution.As we saw in chapter4 .Bowtell and Stuart were able
to obtain explicit formulae for the positions of such points as
functions of time in the two parameter cases of the sG.Such
exact results are not forthcoming in higher parameter
cases. Though, using the approximations of §3 we can obtain
surprisingly good approximate formulae for the positions of the
solitons or antisolitons, especially in certain special
casesCtime symmetric,perfect phase-see §6 ,chapter 06).

We have carried out extensive numerical analysis of
higher parameter solutions of the sGCup to 5 parameters).We
have discovered that the breather in interaction with solitons
or antisolitons, can be '"broken-up” only to reform later,made
out of different constituent parts. Thus although breathers
cannot be destroyed ultimately.,they can lose their identity for
a period during the interaction with a soliton or antisoliton.

In §5 we consider approximate formulae for intersoliton

forces and indications of retarded interaction amongst
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solitons.
The chapter ends with some concluding remarks.

Note that we have referred on the graphs to the MKdV and
the derivative MKdV.These are respectively equations C6.7a) and
(6.10).We also mnote that figures 7.1-43 were produced on the
author’'s own home computerCAmstrad PC1512-hence the slightly
rough appearance).figs 7.44-49 were produced using the City

University computing facilities.

§ 1. Analytical properties of the roots of the two parameter
Isp for the sG,MKdV and KdV equations.The analytical behaviour
of the two parameter solutions as a sum of separate parts. The
behaviour of the roots of the three parameter,two

soliton-antisoliton solution at x=0,t=0.

In two parameter cases the Isp has roots of a relatively
simple form as we saw in §4 chapter 6.We are going to discuss
below such things as the monotonicity of ftroots of the Isp)
and also stationary points and points of inflexion.Then when we
examine the graphs of f computed numerically we will be able
to compare our analytical findings with the features present on
the graphs.Even in three parameter cases with perfect phase we
will be able to deduce exactly,withour solving the I1sp,the
properties of the f. at position x=0 at time t=0.

Two solitons

The two soliton Isp with perfect phase is given by,

0 (7.1a)
12

where for the sG,Cu1>u2)
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X] = x_CX—utt>
<b>
n =
12
and for the MKdV and KdV,Ck1>k2)
X = 2k Cx-4k7Zt> 1
L L L
k -k Cc>
1 2
Ui2~ k +k
1= J
Solving: (7.1> we find,
= exp g, C7.2a>
'cosh X + (cosh2X - U2 >1/z
e = X £ In — 1 = - Cb>
1,2 +
u
12
where X = CX + X >/2
+,- 1 2
Differentiating C7.2b> with respect to x we find,
Cg ) k + k 6Cx,t> C7.3a>
1,27x
sinh X <b>
6Cx, t>
(cosh2X U2 '>122
12
where the constants k =CX )X.For the MKdV and KdVv
k kii kz.We can see that < 1 V x,t,since u12<1,s0
that Ccosh2X 1>1/2 <« CcoshzX U2 >1/z.Thus
12
noting the definitions of k >X and fL we see easily that,
>0 V x,t C7.3¢c>

X IX

f are also bounded below by zero.Examining (7.2) for fixed t
t

we may also establish the following,

Iim g =X + In u Jim =X 4+ In u C7.3d>
1,2 2,1 12 1,2 1.2 12

x----» -CO X —> +00

Also examining C7.2> for fixed XL we find,

X = constant
1

lim g = Xl— In u. lim = -oo0 C7.3e>
t—> -co t —> -co

lim g, = +co , lim g - X1+ In u,
t —> +CO t —> +00

X = constant



203

lim g, +CD , lim g2 X2+ In u (7.3D)
1
—00 -cD
lim g Xz_ In u_ Iim g2 ~CD
t—> +00 t—> +00
Differentiating <7.3a) with respect to X once and then
twice,we find,
cosh X
Cgl,Z)xx 2 .3/2 (7.42)
U
12
sinh X _.(2coshZX u2 )
3 2 12
+ -
9,2 7xxx ko ulz) (cosh2X 2 S/2 (7.4b)
u- )
12
It is clear from the above that (glz)xx / 0 V 0 < x,t <ao
Thus g do not possess points of inflexion.
We may write the derivative of fL with respect to x
LX Sixfy (7.52a)
_I_
LXX LXX LX L
From (7.4a) we see that . > 0 always. Thus from
above we see that f1 cannot possess a point
inflexion.However since g, < o0 2 has the  possibility
XX
points of inflexion.
We note the following which is deduced from (7.3).
k < < k £+ k v t
e ,), E kL Vox,
Iim (g 1,2)’( k + k ,lim (g 1’2)’( = k
x —>-00 x —>+ 00
From (7.4b) clear the stationary points of
g occur when sign the gradient of gLXXchangeS

LXX
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about this point.We see also from C7.4a> that g XX are

symmetric functions about the point X "XAMIt 1is also clear that

as |x|— 400 ,g —> O.Thus we have the following picture,
For the MKdV and KdV.,if we allow k2 0.k .k ki hence
u, l,so the maximum and minimum of g . Brow infinitely
large. Thus provided u is close enough to 1, £ will
12 2xX 2x

possess two zeros.Hence f2 will from C7.5b) possess two points
of inflexion.Finally g have the following appearance as a

function of x for fixed t,

characterised by terms of the form v =C2tan lfL)X and in the
case of the KdV solitons are characterised by terms of the form
u=w .where w is given by, w=1n(l+f,L >Thus in terms of g* and

fL,vL and u may be expressed,

2SLXfL
v g sech g C7.7a>
L+ f X :
L
Six fL
u, + Cl-hL)g%XJhL (7.7b)
|+ f LXX
L' x
fL
h C7.7¢)

L 1 + £
L
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functions so that 0 < h

L

< 1, and as x 00 h 1,x -oo ht O.From (7.3a),C7.4a>

we see that W does mnot have any points of inflexion as u*

W ox * O.Due to the negativity of g, however it 1is possible
XX

for u_ 0 so that may possess points of inflexion.To
analyse the appearance of v* and u above we need to consider
more closely the behaviour of ftZ(1+f%> and hl .From
established properties of f. we can 00 >y,

0. Differentiating ) with respect to x,we find,

- g 1 Cl+f%§2<1-f%> C7.8)

yLX

Noting C7.3¢> we see that y. has stationary points only
when f.t 1.Using (7.3e-f) we can establish the appearance and
motion of Y. and h.t as 111 0oo.y. become sech functions moving
at the soliton speeds,and h. become kink functions moving at
the soliton speeds.To understand the behaviour of v and u  we
need also to examine g and g.txx.As we have seen g, (fig a)

intersect when.

X X (7.9a>
i 2
Also g . are at a maximum or a minimum at this point Cfig b).

The point with x coordinate x . moves at constant speed given
n

by(for MKdV and KdV),

X A C7.9b>
tnt trit
where,
kij€ k3)
2
>
Viek Y ke ok C7.9¢
T | 2
It is easily shown that,
v . 4k2 <7.9d>
tnt i

Thus the intersection point moves at a speed greater than the
greatest soliton speed.We now can sketch on the same graph the

appearance of g and y* for t « 0 and t » 0.
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Thus 2g

. Y be formed by multiplying the respective

L
graphs above and we findCnote as t becomes more positive the

whole graph translates along the x axis-so the origins of the x

axes on the two graphs above do not coincide),

the two terms T. and s

22 <I-h )h
t LXX L LX L L

separately.First we examine t « O.From the above analysis we

thus have the following.
fig' S

Thus r.= 0 V x when t « OWe now examine the terms g2

and C1-K>K which on multiplying produces s .Differentiating

h <7.7¢c) we find h = t /CIl+f )z. Thus h Is always
L LX LX b LX
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positive. Differentiating Cl-h )h for all t it 1s a

maximum when 1/2 1i.e when 1. Thus from established

properties and the draw the

single humps of heights, Ck +k >2/4 Ck -k > /4. Thus we may

conclude that u Tr +s s when O.Thus each u has a
t t L

single hump in this limitWe now examine the markedly different

situation which obtains when t » 0O.As before we examine r and
t

S separately.

It is clear from the analysis above that we have the following

picture.

Multipying h and g to form r we obtain the following graph
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2
s possesses a single hump .s* has height Ck -k > Z4 and s~ has
2 .
height Ck +k ) /4.From the above analysis we can see thatul
r+s at t » 0 are quite different in appearance to u, at t «
1

O,this 1s because when t » 0 r. 2* 0 .,instead r. has the
1

appearance given in fig 1ir 1is a very asymmetric function of

time only departing from zero at times greater than or equal to

the time when g and h. overlap appreciablyCmaximum overlap
1XX

occuring at time t 0).We can therefore see that u* develops a

second hump in the vicinity of the region where g differs

1XX

from zero.Similarly we find that u” develops a negative hump in
the same region.As t becomes larger the extra humps move away
from the solitonic humps s .Eventually Ct co) the extra
humps caused by the nonvanishing r become infinitely distant

from the s _.The behaviour of u and Vv has been plotted in
1 L L

figures 7.32-3 and 7.11 respectively.
Soliton-antisoliton

The soliton-antisoliton lsp with perfect phase is given by,

2 (€ lu Lt - o C7.10a>
12

where X and u , are defined as before C7.1b).Solving <7.10a)
we find,

f1 5 iexp gt?2 C7.10b)

[sinh X + <sinh2X + u2 )1/2 |
X In - 12 Ce>

u
12

where as before X CX1 + Xz)/2
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with respect to x we find,

— A
(gl’z)X k» £ k s(x, 1) (7.11a)
cosh X
£<X,t) = . (®)
<sinh2X + u212'11/2
where the constants k+ _:(X+_)X.F0r the MKdV and KdVv
k kli kz.We can see that 0 < <£2xt) < 1 V x.,t,since
u <Lso that cosh X = (sinh2X + fXVZ . ¥sinHzX + u%2>1/2.
Examining (7.10c) for fixed t we may also establish the
following,
. i +
lim 2 X1’2+ In u Jlim el,2 X1,2 In u (7.12)
X -00 x -> +00
Differentiating <7.11a) with respect to X once and then
twice,we find,
sinh X
(g > + k2(d-u2 > (7.13a)
1.2 xx 12 fsfnh X + u212 )9/2
cosh X .<2sinhZX ul X
+ k3<l-u2 > Iz
(g 1,2 >XXX 12 . (b)
(sinh X + u_..)
12
gy have stationary points when g, O.From (7.13a) we see
XX

that these occur when X1

point.Clearly from (7.13b) g

a minimum.lt is clear from

fixed t,tends to zero.Thus

following picture for g

MKdV

have

X2.Each g% has a single stationary
has a maximum and gox

£2(x,t) for
from these results draw the



210

Thus k /(k+u 1 so the minimum of € is mnot zero.Also

12)

note that when Xi = X g = 0 (7.13a). Thus from (7.5) we

2 7 LXX
can conclude that, since for the sG equation g z 0 V x,t .,f. do
LX L
not possess stationary points.Also it is clear that for the
MKdV that fi(the soliton function) does not possess stationary
points.However f2 does possess one stationary point vzhen
It also clear from the above analysis (using (7.5)) that
for the sG .f. do not possess points of inflexion at the point
X1 = X2 .In the case of the MKdV,fi does not possess a point of
inflexion at Xiﬁ,but f2 does.

We can show quite generally that f1 possesses no point of

inflexion V x,t for the sG and the MKdV,by the following

argument.

i i i .Th
Examine (7.13b).gLXX has stationary points when eLXXX (O] ese
occur when,

sinh X +u /7 2 <7.14a)
It is clear from (7.13a) that |g. | > 0 as

txxX

Thus at the pair of points determined by (7.14a) g x is at a
maximum or a minimumCi.e. (7.14a) does not determine points of
inflexion).Since the point where X* = determines a =zero of

g and g xx is not zero at this point,we can conclude that

cach of g . Possess one minimum and one maximum.Substituting
(7.14a) into (7.13a) we find the maximum modulus of g« to be

given by,

2l2(1 - Wy ok 2
( ~niax . + - 1
K + 12 7

We have already seen the minimum of g% is given by,

>, = k2d o+ k_Zk+)2 (7.14¢)

Ix min
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For both the sG and MKdV ) > lLBut k Zk+u12 < 1 arid

Ix” mtn

u < 1. Therefore I min grtn;i .Thus the coefficient of fi
in the expression for flxx given by (7.5b) is never zero.

It is much more difficult to ascertain whether f2XX can
be zero at, points other than when X1 X2 .Numerical evidence is
so far inconclusive as to whether further points of inflexion
exist. However the numerical evidence (figs 7.3 ,7.14) accords
with the analysis above concerning stationary points of
inflexion of the antisoliton function of the MKdV.

We now turn our attention to the breather lIsp.

Breather

The breather Isp is given by,

r+i-ii r-1li1
e - e

2r
z . - e 0 (7.15a)
12
where for the sG,
r = y cos/j(x-vt)+a I‘X = X cos/u
Q =y sin/Xt-vx)+f3 | Q = —VXVSin/j . (7.15b)
\% X
u itan/j tan)j < 1
and for the MKdV,
r = 20(x-vt)+a T
X
Q = 27)(x~wt)+/? QX 27) i (7.15¢)
U12 ir)/0 = itan/j
Solving (7.15a) we find,
f1’2 +exp g 5 (7.16a)
"sin + (sin2ft + tan2/j)1/2'
€ r+ In Qr(C ok (7.16b>

tariff
Differentiating (7.16b) with respect to x we find,

) k + k \(x.t) (7.17a)

(g1,2 X

cosQ
7.17b>
X0 2 2 1/2 (
(sin"fl + tan” i)

where the constants k ,k are given by,

k, r . k Q, (7.17¢)
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Clearly |XCx,t)| < Ctan/\)f1 . Thus we find from C7.17a>,
k <1 k Cl C7.18a)

where for the sG,

v <1 <7.18b)
and for the MKJdV,
1 C7.18¢c)
C7.18b“c) follow from C7.17¢) and C7.15b~c).Clearly g have
the following appearance.
fig m
We note that the minimum MKdV is

zero.Differentiating <7.17) with respect to x we obtain,
sinQ
+ k2<1 + tan2/u) C7.19)
- .2 2 3y2
(sin Q + tan

1,2 xx

Once again noting C7.5) and the nonvanishing g for the
sG we see that fI do not possess stationary points.Although
S ixx vanishes when Q 0 we do not have points of inflexion at
these points also.In the case of the MKdV the situation is
different. When sinQ 0 one of the f develops a stationary
point and we find that fl has stationary points when Q=<2nt+Drr
where n e Z CcosQ=-1),and f* has stationary points when Q=2nn
CcosQ=1.It is clear from C7.19) that £ also have points of
inflexion when f‘L is stationary.The features discussed above
can clearly be seen in figs 7.5CsG breather) and 7.23CMKdV
breather).

We now discuss how despite the considerable complexity of

the roots of the three parameter polynomialC§4 chapter 6) we

can determine the magnitudes of fL CO,O),fLX CO,O),fLXX C0,0> in
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the perfect, phase case withour solving the three parameter
polynomial.Such an analysis will enable us to explain certain
nofable features of the three parameter graphs of f. produced
numerically.We only consider here for brevity the two soliton
antisoliton case,though it 1is apparent from the technique
explained below that any three parameter case can be handled
with equal ease.

The roots of the two soliton-antisoliton Isp with perfect
phase obey the followingCg§6 chapter 6).Note f2 is the
antisoliton function.

f1+f2+f3 = k12k13tC1)—|—k21k23tC2)+k3lk32tC3> C7.20a)

£ f +ff +f £=1lk k tCHtC2)+k k tCDtC3)+k k tC2)tC3)l Cb)
1 2 1 3 2 3 13 23 12 32 21 31

flgf; = -tCDHtC2)tC3) Cc)
where for the sG,
tCi) = exp”™.Cx-u.t) , tXCi) = 7 tci) C7.21a)
and for the MKdV,
tCi) = eXp2kLCX—4k%t) .t Ci) = 2k tCi) C7.21b)
Henceforth we will use the symbol 7 to represent 2k in

the MKdV case.Now differentiate C7.20) with respect to X
We obtain,
f +f +f =r k k tCD+H" k k tC2)+" k k_ tC3) C7.22a)
IX 2x 3x 1 12 13 2721 23 3731 32

£fCf +f )+f Cf +f )+f Cf +f )= Cb)

1 2x 3x 2 1x 3x 3 Ix 2x
—ik13k23 Cr1 +r, )tci)tC2)+k12k32 er +ry )tci>tC3)+k21 k31 cr,tr, )tc2)te3)i
LSO TS T O = -ortr, g Ztebte2=t=3> co)

Differentiating C7.22) with respect to x,

f +f +f =22k k tCD+rZk k tC2)+rZk k tC3) <7.23a)
Ixx 2xXx 3xx 1 12 13 2 21 23 3 31 32
£ Cf +f )+t Cf +f H)+f Cf +f )+ Cb)
1 2XX 3xx 2 Ixx 3xx 3 Ixx 2XX

2Cf £ +f £ +f £ ) =-Lk k Cr +r >ZtCHC2>+
Ix 2x Ix 3x 2x  3x 13 23 1 2

k k Cr +r >ZtCI>tC3)+k k Q +1 >ZtC2)C3>]
12 32 1 3 21 31 2 3
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i ff—|—f b S St ) f f+ Cc)
Ixx 2xx 19 Oxx

f Cf £+ f H)+f Cf £+ f )+f (f £+ £ )
Ix 2x 3 2 9x 2x Ix 9 1 9x 9ox Ix 2 1 2x

-<y +r +7r )2tci>tc2>tc3>
1 2 3

Differentiating C7.23) with respect to x, C7.24)
f +f +f =13k g tCD+r3i: k tC2)+? 3k k tC3> Ca)
Ixxx 2XXX OXXX 1 12 19 2 21 29 3 91 32
r Cf +f )+f Cf +f )+ Cb)
Ix 2Xx 2XXX 3XX X
f Cf +f )+f Cf “+f )+
Ixx 2 1 XXX 9x x X
f Cf +f )+f Cf “+f )+
Ixx 3 1 XXX 2X X X

2[f £ +f £ +f £ +f £ +f

ixx 2x Ix 2xx Ixx 9x 1 x 9xx 2xX 3x 2x 3 xx
—1k k Cr +r >3tci>t<2>+k k q +z >3tci>tc3)
1= 12 92 *1*3

+k k +y >3tC2>tC3)l
21 91 *2 9

t ff—l—f Cf £ +f £ )+ Co)
Ixxx 2 Ixx 2x 3 2 3X
t ffF—+f Cf f +f £ )+
3 2xx Ix 3 1 3X

2xxx 1

£~—+f Cf £ +f £ )+
3xxx 1 2 3xx Ix 2 1 2x
f Cf f +f £ H+f Cf f +2f f +ff )+
ixx 3 2 3x Ix 2 3xx

1t Cf f+ff )+t Cf f+2f f +ff >+
1 9x 2x 9

2XX XX

£ Cf £ +f £ H+f Cf f2ff+ff >
Ix 2 1 2x 9X

3xx 1 2xx

< T )3tC1)tC2)tC3>

Now examine the point x=0 t=0.Substituting into C7.20) we find,

ffrf =1 C7.25)
3 19 29 12 9
where we have employed the equation
k k +k_k +k k =1 C7.26)
1219 21 23 91 92
and k =-k,,.Thus from C7.25),
f=tft=1 , £ =1 C7.27)
1 73 2

Henceforth we shall concentrate on the MKdV and only
later examine the centre-of-velocity  solution of the sG
equation.Substituting C7.27) into C7.22b) and noting from
C7.21b) that at C0,0) tCi)=l.We obtain Cf_C0,0) f<>)

f __511( k 01, )+k

Crtrg=tk, g, gl C7.28a)

12 92 1
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From the definition of k for the MKdV <kt_=<k +kJ)/<k -k ))
) t
and the definition of y. given earlier .it can be seen that the
right hand side of <7.28a) is identically zero.Hence,
iy 0 <7.28b)
2x
Substituting the above into <7.22a) we find,
ix N f3x y1k12k13+y2k21k23+y3k31k32 <7.28¢)

(7.23) become at <0,0) using <7.27) and <7.28b) we find,

£ +f 4+f ="Zk k + 332k k + /Zk k <7.29a)
Ixx 2XxX 3xx 1—712—13 2 21 23 3 31 32
2f +2f £ = -Tk k_<x ty )Z+k k <x +' )2+k k Cy 2] <b)
2xX 1Ix 3x 13 23 1 2 12 32 1 3 21 31 2 3
. £ £ -2f < v )’ <c)
2XX Ixx 3xx Ix 3x 1 2 3

Adding <7.29a) and (7.29¢) we find,

k + ™2k k -<v - 4x )2 <d)
3 31 32 1 2 3

Now adding <7.29b) and <7.29d) we find,

41t =2k k + yvZk k + vZk k
2xXx 1 12 13 2 21 23 3 31 32

-Ik k Q +y )z+tk k Cy +y )2+k k Cy +y )2]
13 23 *1 2 12 32 1 3 21 31 2 3

2

<y +> <

vy, >, 3)) 7.30)

The last term above can be shown to be identically =zero using

the definition of kt_ and y_ .Also after tedious calculation the
) 1

first two terms above can be shown to be identically =zero.Thus

we find,
£ <7.31)
2XX
Substituting this into <7.29b) or <7.29d) and we find,
£ £ 0 <7.32a)

1Ix Bx
Now consider <7,22¢) at <0,0),we find on substituting
<7.27) and <7.28b),
+y + <7.32
flx+f3x yl y2 y3 73 b)

Clearly from <7.32) choosing f3 to be the zero root,
X

f 0 & 2<k +k_+k_ ) <7.33)
3x Ix 1 2 3 12 3
We now investigate f and £ .Examine
1XX 3xx

<7.24b).Substituting <7.27),<7 28b),<7.31) and <7.33) into
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(7.24b) at (0,0),gives,

(7.34a)
3f £ +2f =-lk k ¢? +r >3+k k cy +r >3+k k cy +y >33
Ix 3xx 2XXX 13 23 1 2 12 32 1 3 21
Also examining (7.24c) we find,
f -t - -3f £ - -Cy +1- &1 >3 (7.34b)
2XXX Ixxx 3xXXX 3xx  1x 1= 3
Now substituting (7.24a) at, (0,0) into (7.34b)
(7.34¢)
We saw earlier that for the MKdV( after equation (7.30)),
7k k ~N2k  k jiy2k k -Cy +y + 2 =0
1 12 13 Y 23 N RERETREY y12{<23:’_,,)
Multiplying this by we obtain,
3.3 3
(>- +y + + + = )
= 1)}2é> y1k12k13 yzkzlk y3k31k32 (7.35a)
>2(y +y D)k k +2(" +y )k k +v2(V +y >k k
371 "2 1323 2 1 3 12 32 1 2 3 21 31
Now it can be shown by taking k k12k23 out as a factor and
cancelling that, (7.35b)
k k Cy +ty >3+k k Q +) D3+k k <> +y )3=
19202 123213 21 91*2¥9
N
YlyZCyl 22K 13503 ty Y3 Y1+Y3>k12k32 Y, Y3 Cy2+Y3)k12k13
Similarly by taking k1 3 k | 2k23 out as a factor and

rearranging the right hand side of (7.35b) can be shown to be

identical to the right hand side of (7.35a). Thus we find,

A S R B G I I e S (7.35¢>
k k (y +Y )3»k k (¢ +x ) +k k Cy +y
13 23 1 2 12 32 1 3 21 31 2 3

Subtracting (7.34a) from (7.34c) and substituting (7.35¢c) we

obtain,
6f f 0 (7.36a)

3xx Ix

But we saw earlier* in (7.33) that fl 0 thus,
X

£ =0 (7.36b)

3xx

Substituting this ,(7.31) and (7.33) into (7.29c¢) gives,
+
f L T2 LD (7.36¢)

We summarize our findings,which apply only to the MKdV

equationzln the two soliton-antisoliton Isp with perfect phase
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the 7roots are found to have the following properties at
x-0O,t=0.The antisoliton function f2 and one of the soliton
functions f have a stationary point of inflexion. The remaining
soliton function f possesses neither a stationary point nor a
point of inflexion.In addition,f2:—1 and f1:£:1.

We now consider the perfect phase Isp for the
centre-of-velocity frame of the two soliton-antisoliton
solution of the sG at x=0 ,t=0.

As we saw in previous chapters,

C7.37)

k. =Ca +a )/Ca a) ,a -y +Cltu) /4 l=Cl.u>>'"?
tj t j t J t t J L L

Choosing the speeds of the solitons to be u,-u and the

antisoliton speed to be zero,we find,

k =ul C7.38a)
131
C7.26) becomes,
2k k kz =1 <7.38b)
12713 12
Substituting the above equations into the equation for f2
X
C7.28a) and the equation for f2 (7.30) we find,
XX
f 0 f 0 C7.39)

2x ? 2xXX

Similar calculations 1lead to the conclusion that flx,f3X
are not =zero and do mnot possess points of inflexions at
CO,0).The above calculations confirm the numerical results seen
in figs 7.37-8.

We close this section by examining the speeds of points
such that fLCX,t) = k, Xt ,where k 1s a constant.As we have
already seen in this thesis for the sG equation, the points
where f.tZICfor solitons in breathers or otherwise) or f.t:—l(for
antisolitons in breathers or otherwise) represent the positions
of the solitons and antisolitons.Indeed there 1is every reason

to believe the same 1is true for the MKdV and the KdV.With this

in mind we now examine x. at CO,(".Differentiating the equation
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=k we obtainCnoting f = =*expg.),
X, = —th/g.lX C7.40)

We saw that, in all two soliton cases that gix?*O \Y%
x,t. Thus X~ are all finite.In the soliton-antisoliton case we
found that in the case of the sG giX*O V x.,t,so again.xi is
finite. However in the MKdV case although the soliton moves at
finite speed as g *0 the antisoliton has infinite? speed at
(0,0).It 1s easy to see from the analysis in that case that
gzt(0,0>0 but g2XC0,0)=O.Glearly in interaction solitons and
antisolitons obeying the MKdV equation do not obey a law
similar to Newton’s Third Law.

With the breather case of the sG we again found ngAO \%
x,t,sO0 once again there was no infinite speed behaviour.lt is
easily shown that in the breather MKdV case g~O.However we
saw that g™ =0 periodically.Thus solitons and antisolitons
within MKdV breathers periodically move at infinite speedCnot
at the same time).

Turning now to the two soliton-antisoliton case.,it can be
shown by calculations of a very similar nature to those
beforeCi.e by differentiating (7.20) with respect to t several
times).,that at (0,0) g™0O.Thus in the two soliton-antisoliton
interaction of the MKdV one soliton and the antisoliton move
with 1infinite speed at x=0 t=0,but the remaining soliton moves
with finite speed.This as we have proved occurs when they are
all coincident at (0,0).

Finally we saw that in the centre-of-velocity frame of
the two soliton antisoliton solution of the sG equation.the
antisoliton function g27C0,0)=0.In this particular case x" 1is

not mnecessarily infinite as 1t 1is easily shown from the time

equivalent of equation C7.22b) that f£2<0,0)=0.So in this case
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the speed is undefined by the above analysis.Clearly the limit,
of x (0,0 would have to be carefully examined as t— 0.
Numerical studies(§3) support the finding above>though in
this thesis we have not studied the motion of MKdV,KdV solitons

directly.
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§ 2. Numerical studies of the time evolution of the roots of
the Isp.Two parameter solutions: of the sG,MKdV and KdV as an

interaction between separate parts.

We have computed the exact roots of the two parameter lIsp
for the sG"MKdV and KdVCsame as soliton case of MKdV) given by
formulae C6.32-4),except that, we have chosen perfect. phase.This
ensures that the interactions are centred on x=0 at time
t=0.The results can be seen in the figures at the end of §2.We
note the somewhat unexpected differences between the sG and the
MKdV.In the case of the sG all the functions fI(two parameters
only) are very similar in appearance to simple exponential
functions.In the case of the MKdV the situation is quite
differentCexcept with pure soliton cases).We note in fig 7.14
that in a soliton-antisolit.on case the antisoliton root of the
Isp develops a point of inflexion.From figure 7.20 we see that
the point of inflexion develops in a small neighbourhood of
time t=0.

As we have seen the differences between the two equations
manifest themselves in the definition of ki_j..This causes a
considerable difference in the exact f and the approximate f.

One might have expected a noticeable difference in the f
for the two equations in the breather case on account of the
more complicated nature of the MKdV breather.As we can see in
fig 7.23 both the f for the MKdV breather can developpoints
of inflexion<as opposed to neither in the case of the sG see
fig 7.5),though only one root possessess a point of inflexion
at any one timeCsee fig 7.24 where tan If. compressess the
points of inflexion of fI into a finite strip.Actually despite

these marked differences in the behaviour of the breather £,
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the actual two parameter solution for* the two equations(figs
7.6 and 7.24) are mnot so dissimilar We note from fig 7.13,17,35
that the points where f. = #1 are very close to the maxima or
minima of the solitons or antisolitons plotted.

The roots of the three parameter Isp for wvarious
situations are plotted in figs 7.36-43.These graphs were
obtained by numerically solving the relevant cubic instead of
using the exact formulae (6.58-9).The problem one has in using
the exact formulae is computational in origin.These formulae
involve small quantities being multiplied by large
quantities. The trouble is a computer which recognizes numbers
less than 10 ° to be zero will also reckon 10 °xlO >° to be
zero!

Examining figs 7.36-43 we see that three soliton fL for
the sG and the MKdV are quite similar to each other and to pure
exponentials.We also note that there 1is a gradual change in
gradient of the f. over the time interval chosen.Although we
have chosen a centre of velocity frame for the sG the results
in any other frame are broadly similard.e points of inflexion
do mnot appear as a result of Lorentz transformation>.Comparing
the two soliton -one antisoliton case for the two equations we
immediately see marked differences.

In the sG’s case the antisolitonCwhich happens not to be
moving throughout the interaction) develops a stationary point
of inflexion at time t=0.Fig 7.38 indicates that the
antisoliton ft only develops the point inflexion exacz/y at
t=0.At the same time the two soliton f1 retain their pure
exponential-like appearance but we find that they intersect
each other at x=0,t=0.This latter fact indicates that the

solitons pass through each other(and the antisoliton).
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In the case of the MKdV Cfig 7.42)we find the behaviour
of the soliton ft is quite different,as was also discovered in
8§1.0ne of the soliton functionsCassociated with the slower*
soliton) develops a stationary point of inflexion some time
before collision.As with the sG the antisoliton function also
develops a stationary point of inflexion and we find the
solitons and antisolitons to be coincident at t=0We can also
deduce from fig 7.42Cby looking at the slopes of the functions)
that there 1is an exchange of speeds .The 1initially slower
soliton picks up speed as a result of the collision, while the
initially faster soliton slows down.

Comparing figs 7.39 with 7.43 we see that in both cases
of the breather in interaction with a lone soliton.the
antisoliton component of the breather moves away from the
original soliton component of the breather,.and forms a breather

with the originally lone soliton.

§ 3. Approximations to the roots of the lIsp

In this section we discuss a method of approximating the
exact roots of the Isp’s for the sGMKdV and KdV by simpler
functions. These approximations enable us to determine formulae
for the shapes of solitons and their motion. The latter is
especially useful as in most cases the motion of the solitons
can only be deduced numerically.The motion of the approximate
solitons agrees very closely with the actual motion of the
solitons in cases where breathers are not present.For [T [<]
the agreement between the approximate f. .,denoted Cand f. is
so good that we have not plotted the fL for the two parameter
non breather cases except in the case of the soliton

antisoliton solution of the MKdVCfig 7.20) in a small
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neighbourhood of t-0.
Note however even in this case the position of the
approximate antisoliton does not depart greatly from the actual
antisoliton position.

ft when breathers are present are not such good

approximations to f ,although we observe from figs 7.7 and 7.28
that the agreement is better with the sG than with the MKdV.VZe

also note that in the case of the MKdV there are times when

v
i L become wvery inaccurate.

The approximation method’s basic assumption is the

following ,
+ exp la.tCt)x J.biCt) (7.41)

Consider the two parameter Isp with perfect phase,

2 - k ItCl) + tC2)Jf + tCDHtC2) = 0 C7.42)
12

where tCl1),tC2) and k., are defined in chapter 6.

12

Assuming the roots to be given by C7.41) we have ,

Xz

o+ ’i"z k TtCD + tC2)1 C7.43a)

fl f2 tCDhHtC2) C7.43b)
Differentiating C7.43a) with respect to x we find ,
a.f +af k It Ch + t C2)l C7.43¢)
i1 2 2 12 x X

Now setting x-=0 in C7.43) we find CtCi;O) tCi;x=0)) ,

b+t b k_ECl:;0) + tC2;0)1 C7.442)

b,b, tCLOXC2:0) C7.44b)

ab + a b k It C1;0) + t C2:0)l C7.44c¢)
1 1 2 2 12 X X

<xl+a2 can be deduced from C7.43b) and C7.44b).C7.44a-b) define
*a quadratic which we can solve for b .Thus from the remaining
equations ot. can be determined.

The technique 1is clearly readily generalised to higher

parameter cases also. The procedure for three parameters is
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given below.The three parameter perfect phase polynomial is

given by (6.80).The approximation method gives,

f +f +f -k _k tC + k_k_tC2) + k_k_tC3) (7.452)
1 2 3 12 13 21 23 31 32
ff+ff+f £=<k k_ tCDtC2)+k k_tCDtC3)+k_ k_ tC2)tC3)> Cb)
1=1 3=3 13 23 12 32 21 31
LT tCDHLC2)HLC3) Co)

Differentiating C7.45a-b) with respect to x we find ,

a t + + ot f k k t Ch) +k_k tC2) +k k_t C3) Cd
3 3 12 13 x 21 23 x 3132 X

Xz Xz + X/ *Xr -V -X.
cot ror IF £+ Cot o IF £ + couvor I T Ce)
-< k. k ,Ct CDIC2) + t(Dt C2)l+k kit CDHIC3)+CDt_C3)l
+ k_ k_ Et C2)tC3)+tC2>t <3)1 >
21 31 X X

Setting x=0 in (7.45) we find ,

b +b + b, k kL t1:0) + k, k _tC2:0) + k, k tC3;0) C7.46a)
b b +b b +b b <k _k__tCl;0)tC2:0) + k _k__tCl;0)tC3;0) Cb)
12 13 2 3 13 23 12 32
+k_ k tC2:0)tC3;0) >
213 1
b b b, tC1;0)tC2:0)tC3:0) Cco)

ab + o b + ob k k t CLO)+k_ k t C2:00+k k_ _t C3:;0) Cd)
i 1 2 2 3 3 12 13 X 21 23 X 31 32 x

Cot 1+c§ )b 1b2 + Ca iL0t3)li % + C0t2+ot3)£% Ce)

k _k _Et Cl:0)tC2:0)+tCl;0)t C2:0)l
13 23 X X

+ k _k__Et Cl;0)tC3:0)+tCl1;:0)t C3;0)1
12 32 X X
+ k, k, Et C2:00tC3;0)+tC2;0)t C3;0)J >

C7.46a-c) provide us with a cubic which we can solve for bt and
C7.46¢) together with C7.45¢) provide an equation for
« :-oé‘ -i-ot3 ,this together with C7.46d-e) provides three

simultaneous equations for otL.Thus we can completely determine
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the approximating functions ft .

We now consider the exact formulae for the approximating
functions for the sG,MKdV and KdV.
Two solitons
We find on solving C7.4) ,
biCt) exp ly + <<v > + In k12 1 C7.47a)
b2Ct) exp ly <<y > In k12 i Cb)
sinh y
a CcO e 1/2 Co)
Ccosh y ul )
12
= sinh y
a_Ct) D S —— 1/2 Cd)
2 Ccosh2y uz )
v 12
where £Cr) 1is defined in C6.52d) and y+ X+Cx=0) is defined in
C6.52¢).k u];‘,is defined In <659c).We find that for the
sG C* and k are defined in C6.4) and C6.8) respectively),

Cr
il

while for the MKdV and KdV .

+ /2
VZ)

r2)/crt + 12)

X = Ck + k) Ck k )/Ck + k)
1 2 1 2 il 2
Soliton-antisoliton
We find on solving C7.44) ,
biCO exp ly h) In k12 1
bZCO =-exp Ey + 77<y ) + Imn k12 J
- cosh vy
ot Ct) H + » 1/2
! Csinh2y + u2 )
v 12
cosh y
ath) X O - izz

Csinh2y + u2 )
- 12

where 77?Cr) is defined in C6.53c¢).

C7.48a)
u, Cb)
C7.49a)
Cb)
Co)
Cd)
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Breather
b Ct) = exp [y + <€/Cy ) - sin w J C7.50a)
Cb)
Co)
cos y
eszt) - - — Cd)
C siny + w
where £Cr) is defined in C6.54c) and for the sG,
L = ~r COSAJ vt y y = X sio/u t C7.51a)
% = y COS/J = VW Cb)
£ = , W = tan/j Cc)
with cos ,sin (d and y defined in terms of the speed v and the
period r of the breather in C6.4).
For the MKdV we have |,
y, = -20vt y = 2'pwt C7.52a)
X = 20 = 7)/0 Cb)
@ = -1 w = 77/0 =V Co)

where &7) are defined in terms of the speed v and the period of
the breather in C6.8).

Now examining C7.49-50) we can immediately see the inaccuracy
of the approximation in the case of the MKdV at certain

times.Let t=0 in C7.9),we find ,

a CO)  Ck + k) a_CO) - 0 C7.53a)
b CO) - 1 b CO) = I Cb)
£ Cx,0) - SOk TR X £, Cx,0) = -1 Co)

While in the case of the breather the constancy of either

of the fL at t=0 is a periodic phenomenon.We find ,
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t = nn/'Qw n < Z

exl(O) = 40 , eszO) =0 C7.54a)
b1CO) = 1 , bZCO) =1 Cb)
4 Qx
fiCx,O) = e , fZCX,O) = -1 CcO
and at times t = Cn + 1/4 )/77w we find similar results to the
above with the subscripts 1 and 2 interchanged.None of these

difficulties arise with the sG which for all times has tx‘l which
are exponential functions of x.

Clearly the problemm with the approximation for the
mixture cases of the MKdV lies in the fact that f possess
points of inflexion. To obtain a more exact approximation in

these cases one would have to consider f having the form ,
Az

+ b. Ctlexp [ex CHx + 6 Ct)x3
f, 1 Jexp [ex Ct) )x3]
Actually when one applies this one finds that 6 6i and the

equations for b and & are identical to those without the term
t t
3
in x By differentiating C7.43a) three times we obtain ,
a3 + 65)b  + Cex3 + 65 )b kK [t CLO) + t__ C2:0)l
i 11 2 27 2 125 xxx XXX
Thus © can be determined.
t
Of course an approximation of the form C7.55) no longer
makes 1t so easy to obtain the approximate motion of points
such that fj[=i1.H0wever it is certainly possible that the
equation ,
6 X3 + & x in b =20
t L
only has one real root.We have not investigated this point in
this thesis.
We now move on to discuss how for the sG in the centre of
velocity frame for three solitons or two solitons and one
antisoliton with one component fixed for all time we can solve

equations C7.46) exactly.

As observed in the previous chapter in the centre of
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velocit-y frames of referenceCwhen they exist.) the behaviour of
the f. 1is time symmetric. This coupled with the fact that one
soliton or antisoliton does not move for all time leads us to
consider f. with the following properties,

ex2Ct) = alCt) = aCt),bZCt) = 1/biCt) = th),b3Ct) =1 C7.57)

Three solitons
The soliton speeds are u’Nu’O'kﬁ = k .Denote k = k.

23 13

C7.46) becomes noting C6.4) where in perfect phase tC2)<O.

b + 1+1 = 2k _k coshput + k2 C7.58a)
12 12
b
aCb + | I + a, = 2k_k / coshput + k2 Cb)
b 3 12 12

Also C7.45¢) becomes >

2a+a3=1+2r Co)

Solving C7.58a) for b we obtain Cthe negative root interchanges

b  with b ),
1 2
bCt) = cCt) + Ec2 &g - 1312 C7.59a)
cCt) = C2k _k coshjut + k S § V2] Cb)
Also we find ,
0 -DCk2  _ )
aCt) = / - Co)
2k k cosh>-ut + k2 - 3
12 12
a -DCk2 - 1)
a (t) = 1 + 2 Cd)
2k k coshxut + k2 - 3
12 12
Analysing the two soliton antisoliton caseCb -1) we find ,
bCt) = dCt) + Cd2Ct) - 1)1/Z C7.60a)
dCt = C2k k coshyut - klg + 1)/2 Cb)
-Dckz - i)
aCt) = +
2k12k coshyut + k12 +3
- -DCKZ - 1)
a Co =1 -2 12 Cd)

2
2k k coshyut + k +3
12 12
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Clearly c(t).,d(v) are at a minimum when t=0.Now using

<5.2) which in this case becomes ,

2k k ijEz 1 C7.61)
we then find ,
cCO) k§2>1 ., dO) =1
Thus bCt) is real for all t.
If is found that for all t At'“t<t> are very close to £Ct
in the pure soliton case(7.59).However in the two soliton
antisoliton case, -%3(t) for the antisolitonCi.e -exp oHt)x )

is found to depart significantly from fgCt) in a region close

to t= O,by virtue of the fact that f has a point of inflexion

at x=0 and t=O(see fig 7.38).Despite this f provides a
reasonable approximationCnote %;‘C0,0) -1 f3(O,O) ). The
soliton functions Afr‘lz are very close to for all t.

Ar

Using f we can find approximate multisoliton solutions
of the derivative MKdV

2
u *t 6uu+ U 0 <7.62)
t x XXX

and the KdV ,

u -6uu_ + U 0 C7.63)
t X XXX

The approximate multisoliton solutions of (7.62) are the
derivatives with respect to x of a sum of terms of form
2tan if .Thus the approximate multisoliton solution of

1

(7.62),ﬁN is given by ,

U r <2tan 1f) C7.64)
N LX

where <£?t = 1 for solitons and -1 for antisolitons,

The approximate multisoliton solution of (7.63) is given

byCnoting (6.58-9)),

M 7.6
u (7.65)

uiz for (7.62-3) are seen in the figures in §2.
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8 4. The motion of sG solitons.antisolitons.breathers in
int.eract.ion.

We have analysed numerically a number of higher parameter
solutions of the sG.As we saw in the previous chapter in a
multiparameter solution of the sG we can determine the motion
of the solitons or solitons within breathers by setting f=1 in
the sG Isp C6.2-4),similarly to determine the motion of
antisolitons in breathers or otherwise we set f=-1 into the sG
Isp.Computationally speaking this has an immediate advantage in
that only under unusual circumstances do the roots of either of
the resulting transcendental equations coincide(i.e solitons
close to solitons,or antisolitons close to antisolitons).

The computer program created by the author to solve these
trancendental equations was designed to be as general as
possible,as such the number of solitons ,antisolitons and
breathers in interaction that it would handle, was only! limited
by two factors jmemory required to store all the double
precision(17 decimal places) numbers involved and the execution
time.

For more than four parameters,especially involving
breathers the execution time was quite great,depending of
course on the range and number of positions of the
particles.Since during the course of the interaction there were
times when the particles came very close to one another or
where the speeds changed very rapidly it was necessary to
determine a variable number of positions of the particles per
unit interval on the x axis.

This was accomplished by running the program several
times with some regions of the x,t plane being examined much

more closely than others.
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Later, after* all the data making; up a very detailed
picture of the particle interaction had been stored in various
files,another program read all the files involved and created
one very large data file,which could be subsequently used to
produce the graphs seen in this section.lt was by this method
that data could be collected without exceeding the execution
time for a single run of the program.

The accuracy of the program was checked against the exact
two parameter solutions of Bowtell and StuartCchapter 4>.The
agreement was exact up to 17 decimal places.

One of the problems which had to be overcome in writing the
computer program was connected with the highest
exponenttpowers of e) that the computer would

30
recognise,88G-10 >.The Isp for the sGCand others) involves

many exponential functions of x and t being multiplied
together,e.g consider a 3 parameter Isp at time t=-20 x=20,the
minimum power involved would be ~ 40,the maximum ~ 120 and in a

four parameter case with t=65, x= +20 one can have powers
ranging from 85 to 340(see fig 7.46h>.

These enormous ranges of exponents could of course not be
handled by the computer directly,and in fact the Isp had to be
rescaled by the multiplication by a suitably large number.Of
couse this had to be done by subtracting a suitable exponent
from each term in the 1Isp before taking powers, and then a
comparison made of the Jog of the 1Isp with the exponent
subracted.We give a simple exampleSuppose we want to find the
zero of the function,HCx,t>= ex I-1 at time t=-50.We start by

Putting in values of x Dbeginning at x=50.HC50,-50)=el00-1.To

mascertain the sign of H we imagine multiplying the equation by

-20
e .Thus we look at the sign of InCe’ >-<-20>.Thls the
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computer can handle.

The computer program was made '"user friendly" so that
after it had been designed the program could be run with the
minimum of tuss.One could choose the frame of reference at will
though likely frames of frames of reference could be opted for
automatically.

We must point out that the data on the graphs relating to
breathers was later discarded in favour of simply breather
speed and periodCasymptoticXOn the graphs are seen a pair of
speeds for breathers ul>u2 say.The breather asymptotic speed Vv
can determined from this pair of speeds by the following

formula ,

f

v=(+trau-VI —u VT -u )/Cu +u )
12 1 2 1=
The breather asymptotic period r could be determined from,
t = 2n/G\jy
where |,

&=0C +UuHV", z-q -

u=20C —uu NV’{“ -u2 vi -u?2 )ZCu -u )
1 2 1 2 1 2
The force plotted in the graphs is the relativistic
formula for force for a particle of rest mass
BCsoliton/antisoliton ) moving with speed vCt) and acceleration
aCt) and is given by ,
FCt) = 8aCt)ZCl - vCt)2)3/Z
The potential for a system of solitons,antisolitons and
breathers is defined by the sum of the following terms,
8x. for each soliton and antisoliton,
16Cl1 + V:) )_1/2 lor each breather

2. —1/2 . . . .
-8C1 - v Ct)) for each soliton or antisoliton in

breathers or otherwise
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where are the soliton or antisoliton speeds in breathers or
otherwise as functions of time,and 1 i - > v is
the breathers’ aymptotic speed.

A plot of the potential as a function of time gives us a
global indication of the attractiveness or repulsiveness of the
forces involved.

Most of the graphs (figs 7.44a-7.48¢e) are self
explanat.ory,the solid lines always refer to solitons whether in
breathers or otherwise.,the dotted lines refer to antisolitons
in breathers or otherwise.

It is clear from fig 7.46a that the antisoliton component
of the breather espouses another soliton leaving the original
partner to become the lone soliton.There is then a range of
times over which the soliton-breather system cannot be thought
of as consisting of soliton and breather separately.One can see
from fig 7.46g that overall the system is weakly repulsiveCnote
small magnitude of positive potentiaD.However there is
something very puzzling about the soliton-breather
interaction,this is shown in fig 7.46h. At a time close to -45
the soliton and antisoliton components become
coincident,however the interaction between them at this time is
not attractive.

The behaviour of the lone soliton at this time appears to
be almost asymptotic yet clearly the behaviour of the breather
is not asymptotic as normally the antisoliton component of the
breather would pass through the soliton component(achieving
light speed at the moment of coincidence).We mnote from fig
7.463 that the global potential starts to become more
attractive as we approach time -50 but then grows more

repulsive again appearing to reach a maximum at approximately
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time -45 seconds.Also,we note from fig 7.467 that over this
entire region there is no discernable change of speed of the
lone soliton.Even if one supposes this curious behaviour to be
induced by the lone soliton the interaction 1is exXtremely
strange, as at time -20 approximately, the soliton and
antisoliton components of the breather do pass through one
another,but here the Ilone soliton is much closer.The graphCfig
7.46h) appears to suggest a many body interaction and not a sum
of two body interactions.

From fig 7.47f we can conclude that when breathers are
far apart they are weakly repulsive then gradually the
potential becomes attractive, until eventually when they are
very close the interaction is strongly repulsive.On fig 7.47d
there is an interesting feature in the uneven double hump on
the force plots for the two soliton components of the
breathers. These humps are not exactly symmetrical about time O.

In fig 7.48a we witness the '"catastrophic collapse" of a

mixture of solitons and antisolitons.The situation for a
mixture of two solitons and two antisolitons is also
similar, with all the components becoming coincident at

t=0.Their speeds being equal in magnitude to that of light.

§ 5. Dynamics of multisoliton interaction

Exact formulae for the position,velocity,and acceleration
of solitons in interaction is on the whole a rare occurence.As
Bowtell and StuartCchap 4> discovered, it 1s however possible
for the centre of velocity frame for all the two parameter
solutions of the sG.As we saw in §4 of the last chapter, exact
formulae are also forthcoming for a special solution of the

Boussinesq.
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These formulae are identical in form to the sG, except in
the wvalue taken by certain constants,and in the formula for the
force as a function of separationCdue to the Boussinesq being:
non-relativistic). The acceleration of two Boussinesq solitons
of equal amplitude moving in opposite directions can be
shownCsee C6.55)) to be |,
x = y 'cothQr/2)cosech’~r/2 <7.66)
where y k the amplitude of the solitons and r is their mutual
separation.

Although in general the two parameter Isp with £
t

only be solved numerically there is a large class of solutions

which we can obtain exactly. The two soliton 1sp with f=1 can
L
be writtenCwith perfect phase), C7.67a)
A A _b )+
|[“expa™Cx-b t)+expa =0
2 1 2 2
where for the MKdV,
a= 2k b 4Kz Cb)
t t 1 L
and for the sG,
a=vy b u Co)

Csee C6.4,8,20) ).
Choosing a.= 2a2 and substituting y=exp a x into <7.67a)
and multipying the resulting equation by exp ath2bl+b2) we

obtain the folowing cubic ,

2
Y3+ a + ay +a 0 C7.68
Y 2Y 3 )
-1 ab 1 -1 2a bt a b +b >t
a u e 2 2 , A u (S 2 1 ] (y e 2 1=
1 +2 2 12 0

It can be shown that the condition for real Troots Q3+R2<0,

where,

Q <3a -a2)/9 , R = C9a a -27a -2a3)/54 C7.69)
2 1 12 3 1
is satisfied.Hence since the product of the roots 1is negative

we must have two positive roots and one negative,but y is an

exponential function of x,thus we need only consider the two
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positive roots(note the discussion at the end of §5 chapter* 6).

We give an example in the case of the MKdV,KdV two
soliton case where the amplitudes are k=2 ,k2:l,we find
u12:1/3.

Substituting these values into C7.67b) we find

Q - _e481<.1+e48t).3 R - e481<1+e48t)2

and we find the roots of <7.67a) become (using the standard

formula for roots of a cubic,noting which are positive) after

taking the log of V

X, = 4t + ;— In 1T+2<1+e48t’)1/2cosoi 1 <7.70)
X, = 4t + s In [1+ Cl+ed48t)fz Z<73sina cosa) 3
a - ;7 CoS_l <1+e481).1/2
We find that,
t->-co  x - 4t + 11173 X, 16t 2—In73 <7.71)
t-*+00 X > 16t + 2—111/3 X, 4t In/3

This is the expected asymptotic behaviour.

Unfortunately <7.70) are sufficiently complicated to
render further differentiation uninstructive and the explicit
dynamicsCi.e force as a function of separation) is very
difficult to obtain.

To obtain a better picture of the dynamics of interacting
solitons it might seem wuseful to employ the approximations
developed in §3.but even here we are faced with great
complication.If we set b <t)| = exp (see §3) we may
write the position,speed and acceleration of the approximate

solitonsCantisolitons) by
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x.Ct) = -[3 C/a CH <7.72a)

x () = -C/3 &x -/?2a )/a2 Cb)
I t Lt ot I

X, Ct) Co)

As can be seen from the above.,the expressions become very

complicated both for the two parameter approximate
solutions(7.4732) and the special three parameter sG
solutions(7.58-60).This complication is due to the time
dependent “shape factor” ot.In the centre of velocity two

parameter sG and Boussinesq cases the shape factor is a
constant.

If we look at the asymptotic region t->~o00 the formulae do
simplify. Examining the approximate solitons(whose motion
becomes arbitrarily close to the motion of the real solitons in
the asymptotic limits) we obtain the following results.

Note that from C7.72b) we must examine carefully the
limiting behaviour of both terms in the numerator.In fact we
find that for two parameter cases as t->-00 the term in a in the
numerator of (7.72b) tends to =zero,while the term in [ does
not.In the following X,v,y ,y are defined as before in §3.

Two solitons

x » -X ICl-i>) IIy+ + 1nC2k12cosh y )1 C7.73a)
1
-1 1+ .
X > -X " Cl+D ty, - lnC2klzcosh y )i Cb)
-X CI1-D + oy tanh y i Co)
i 1
X-'ci» ' L) tanh y i Cd)

X > -X XCI-2>) 1 }'12 sechZy
£ —

-f 2
X, +X Cl+z>) sech’ y CD



Soliton-antisoliton

x > -X 1Cl+p> 1[}5r
x > -X ICl-1>) 1[3jr
X, > —X_ICl-i-pj1 f}i
x > -X 1Cl-v) 1[31
x > X! Cl+p)~1 %yz

x > +X 1CIl-t) | y2

312

l

InC2k sinh y )]
12

+ InCZk sinh y )l
12 -

y coth y ]
+ y cothy |
2

cosech' y

cosechzy

C7.74a)

Cb)

Co)

Cd)

Ce)

CD

In the three parameter centre of velocity cases(sG) we
find we can no longer ignore a in the expression for soliton
speed.The following results are obtainedCsee C7.57-9))

Three sG solitons in centre of velocity frame

x > C7.75a)
x > -u tanh”™ut Cb)

2 2 io- m— 2 2
~/u sech jtut - ~k+2k (y-DCk -1)u sech}-ut.”~Ct) Co)
*<t)=  InC4k L s k cosh? ut) Cd)
X -x Ce)

2 1
The results for the two soliton-one antisoliton centre of

velocity case for the sG in the asymptotic region t->—00 are

given by,
x > C7.76a)
-u tanh™ut Cb)
Co)
X<t)= mncCak__k cosh?ut) cd
x2 = -X1 Ce)

The smaller term in C7.75-6¢) 1is related to the force
between the two solitons which are furthest apart as
exp—c*sz—Xl)-> C4k12k)_lsech2> ut

and the fact that the acceleration is a sum of two terms
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suggests the two body nature of the intersoliton forces.

Finally we discuss the implications of figs 7.49,which
are graphs relating to the three soliton interaction for the
sG.The speeds of the solitons are written close to the curves
relating to them.The dotted line on fig 7.49a indicates the
time at which the middle soliton is equidistant from its
partners, we denote this time ¥§ -If the forces acting between
solitons were instantaneous then one would expect the
acceleration of the middle soliton to be =zero at time t .Figure
7.49b however clearly shows that the acceleration of the middle
soliton becomes zero at a time t™t+A,where A is of the order one
time unit.

The implication of this is that solitons interact via
retarded forcesCwhich 1is not altogether unexpected considering
the relativistic nature of the sG>.

However it also indicates that intersoliton forces are as
real as the retarded forces between say, electrons.This soliton
retarded Dbehaviour also makes more puzzling the apparent
instantaneous interactions between solitons in the centre of
velocity frame(especially the two parameter cases of Bowtell
and Stuart discussed in chapter 4).Of course unlike classical
electrons interacting in the centre of velocity frame, soliton
interaction is simplified by the lack of
radiation.Unfortunately, because the general two body
relativistic problem has not been solved we cannot compare the

soliton behaviour with anything else.

§ 6. Concluding remarks
As we have seen in chapter 2 the relativistic two body

problem has not as yet been solved.We suggest here that a study
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of the interaction of relativistic solitons may be of wuse in
our attempts to understand the problem.The relativistic two
body problem begins with an assumed potential acting between
the particles, and the problem becomes one of determining the
positions of the particles as a function of time,given that the
interaction between the particles 1is retarded by the finite
speed of propagation of signals between the particles.We are
fortunate to possess in the two soliton solutions of the sG a
knowledge of the exact positions of the solitons as functions
of time.Our problem becomes the inverse of the standard one,in
that we would like to know the potential that acts between
solitons which is such that by retarded interaction it produces
the known soliton positions.

Another feature of this chapter is the development of the
approximate soliton solutions of wvarious equations.As we have
seen the approximate solitons are remarkably similar in most
situations to the exact solitons. The interesting feature here
is that we may regard the approximate solitons in zheir own
right.Divorcing ourselves from the question as to whether the
approximate solitons provide a good approximation to the real
solitons,there is no doubt that looked at in isolation they are
solitons.

If partial differential equations could be found which
had the approximate two soliton solution of another pde as an
exact solution we would have discovered not only a new soliton
equation but one which in some sense was close to known soliton
equations. This would be a very interesting development in
soliton theory, especially as the sG equation is often thought
of as being a unique equation, possessing no close

relatives.Such topics will no doubt merit future study.
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In this thesis we have strengthened the case for thinking

of solitons objects in interaction.
With the linear superposition principle we have
discovered a way of identifying the solitons,during the

interaction,and we have found the motion of these interacting
solitons to be correlated with the motion of the singularities
of the complex multisoliton solution.We have found that
each complex interacting soliton carries a singularity with a
single real projection. Thus,we have established a field/
particle duality for the multisoliton solutions of some soliton
equations.

As we have seenjthere 1is a pressing need to cure the
problems associated with point particles 1in field theory.We
have amply illustrated this,with our discussion of the
foundations of electrodynamics.These problems provided us with
keen motivation for the study of solitons and their
interaction.

The progress of physics has often proceeded by the
challenging of absolutes.This was most notable in the creation
of the Special Theory of Relativity,where the notions of
absolute space and time were challenged.We have argued in this
thesis for an alternative to the absolute point particle e
have provided many good reasons for believing that the soliton
Cor solitary wave) 1is the best model we have for a z#ruly
clementary particle.

The study of physics has taught us that it is useful to
imagine that the world 1is comprised of point particles
interacting via mediating fields.We have suggested that it
would be more fruitful to describe the world in terms of a
multisoliton Csolitary wave) solution of a hitherto unknown

nonlinear partial differential equation.In this way we would be
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able bo provide a mathematical mechanism for the phenomenon of
interacting: particles.

A radical shift in our understanding of "particles” would
have far reaching: consequences not only in classical theory.,but
also in quantum theory.lt 1is our view that the supposed
perplexities of the wave particle duality paradox are due in no
small measure to our inability to define mathematically the
meaning of the term '"particle". This 1is why the discovery of
solitons was so important.

The Born-Infeld nonlinear field theory was a most
important attempt to provide a "particle” free field theory.The
fact that the Born-Infeld theory 1is regarded as not being
quantizable does mnot in our view diminish 1its importance.This
is because without knowing the solutions of the Born-Infeld
field equations ,we cannot be sure that quantization is even

necessary.

We take the view that a nonlinear partial differential
equation with multisoliton solutions is a theoretical
laboratory.Our attempts to analyse the motion of the solitons
mathematically can be likened to the experiments physicists
perform in order to understand the world.Each new equation is
like a new universe.lt 1is our goal, eventually, to find an

equation in which solitons behave similar to known particles.

Specific suggestions for future research.
We suggest that further attempts be made to prove the
main conjectures made in chapter 6.Namely:

1. The roots of the Isp(6.2-3) are real for mixtures of
solitons fantisolitons and breathers.

2. The roots of the Isp are monotonic.

We also suggest that it be proved
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Fhat with perfect phase,and non-alternating signature

the roots of the Isp are all £1 at x=0,t=0.
The ubiquity of the 1Isp for many soliton equations suggests
strongly that the equations may Dbe able to Dbe solved
directly.1t is therefore extremely important that ,partial
differential equations which have the Isp roots as solutions,
be sought.

As we have seen in the thesis the multisoliton solutions
of many soliton equations can be written in terms of the
determinant of a matrix.-We found the roots of the Isp to be the
eigenvalues of that matrix.We therefore must ask why is it that
all these matrices are diagonalizable?

We saw that the interacting solitons of the KdV involved
quantities,

w = In<l+f> = fdf ZCl+f >
L J L \'
and that the interacting solitons of the sG and MKdV involved
v = tan If = f{df ZCl+12)
t J t t
This suggest that it might be interesting to study equations
which have one soliton solutions,
u = Jdf/(d+fn> , where f= exptax+"'t]

We also mentioned in the thesis that when certain
limiting processes are applied to the multisoliton solutions,we
can obtain the rational solutions.We suggest that a study of
the behaviour of the roots of the Isp under these limiting
processes might be worthy of our attention.

We saw in the latter part of chapter 7 that in a general
frame of reference the solitons (in a three soliton collision)
did not appear to be interacting instantaneously.This is
obviously a topic for further investigation.We could analyse

the interaction of an antisoliton with two solitons,such that

at t=0 say, the antisoliton was equidistant from the solitons.
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If retardation is confirmed as definitely present,then we are
faced with a theoretical puzzle. How do the solitons and
antisolitons appear to act on each other instantaneously in the
centre of velocity frames?
A further interesting topic to study would be the

investigation of whether there was a connection between

nonlinear superposition principles and Backlund
transformations.We give an example of a new nonlinear
superposition.

The solitary wave,
0 - 1/Cl+InEcoshX?l) , X* = /Cx~ut> , N vl
satisfies the Liouville equation,
v, - ele
XX tt
where 0 = 1/y'
It is readily confirmed that the above solitary wave is a
true higher dimensional solitary wave solution of the equation,
. ) 1
v + VvV K - ee
A% XX tt
with 0 = 1/y/ .

A linear superposition of the solitary waves O is

O2 = 1/C1—0—lnEcoshX1 1> + 1/Cl+1nEcoshX2T>

2 + InEcoshX | + InEcosthl
1

1 + Intcosthl + IntcosthJ + lnlcosth JlntcoshXZJ

We can create a nonlinear superposition by replacing

InEcoshX 1 + InEcoshX I with ijl’lECOShXI + InEcoshX 1] /t

! 1 2J/

where u is defined the same way as with the sG.We can then
write this nonlinear superposition in the linear form wusing
functions fL.,

O2 = 1/C1+f1> + 1/C1+f2>

where ft are the roots of the polynomial,

f 2

[‘nECOShXE + InECOShXJLl 1 £ + InEcoshX MnEcoshX |

12
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The above polynomial has real roots as 1is -easily seen by

considering the following quadratic,

2 - kCt +t >f
1 2 + tltz 0

where k > 1 and t e K.Clearly Ctl—t2>2> 0 .Adding 4t t, to

both sides of tills inequality,we obtain Cti+t2>2> 4t,t,.Thus
-+ >7>
kCt] t2 4t1t2.
We can invent an infinite number of multisoliton formulas

using the roots f of the Isp of chapter 6.A simple candidate

for instance is,

The obvious question is can we find the pde’s which have these
multisoliton formulas as solutions? Given the ubiquity of the
Isp of chapter 6, it is mnatural to expect it to provide us with
new multisoliton solutions.

Finally we suggest that it would be interesting to see to
what extent some of the ideas expressed in this thesis may be

carried over to the quantised sG equation.
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