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Smooth backfitting was first introduced in an additive regression setting via a direct pro-
jection alternative to the classic backfitting method by Buja, Hastie and Tibshirani. This
paper translates the original smooth backfitting concept to a survival model considering an
additively structured hazard. The model allows for censoring and truncation patterns oc-
curring in many applications such as medical studies or actuarial reserving. Our estimators
are shown to be a projection of the data into the space of multivariate hazard functions with
smooth additive components. Hence, our hazard estimator is the closest nonparametric ad-
ditive fit even if the actual hazard rate is not additive. This is different to other additive
structure estimators where it is not clear what is being estimated if the model is not true.
We provide full asymptotic theory for our estimators. We propose an implementation of
estimators that show good performance in practice.

Keywords: additive hazard model; local linear kernel estimation; smooth backfitting; survival analysis.

1. Introduction

This paper introduces a fundamental model and estimator for structured multivariate marker dependent
hazards: the smooth backfitting of additive hazards. In structured non-parametric regression, Mammen
et al. [1999b] modelled and estimated the additive structure by projecting data onto the appropriate
additive subspace. The resulting projection estimator is known as the smooth backfitting estimator. The
name comes from the fact that when calculating the projection estimator iteratively, then one must not
only smooth the component that is being updated, but all components. This is different to classical
backfitting [Buja et al., 1989a] where only the component that is being updated is smoothed. It has been
shown that smooth backfitting performs much better than previous comparable smoothing kernel based
backfitting approaches, in particular in high dimensional problems and with correlated covariates, see
Nielsen and Sperlich [2005]. A theoretical comparison between classical and smooth backfitting for
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additive regression models was recently done in [Huang and Yu, 2019], explaining why smoothing
of all components has a better adaption. Since the initial smooth backfitting paper many variations
and extensions have been developed using smooth backfitting to tackle more sophisticated problems
in mathematical statistics, Mammen and Nielsen [2003], Yu et al. [2008], Mammen and Yu [2009],
Mammen et al. [2014], Han et al. [2018], Mammen and Sperlich [2021], Bissantz et al. [2016], Han
et al. [2020], Jeon et al. [2020], Hiabu et al. [2021a] and Gregory et al. [2020].

The aim of the current paper is to transfer the original approach of additive non-parametric structures
to marker dependent hazard estimation and to allow for a potentially high number of covariates with
possibly correlated markers. It turns out that when the original estimation problem is phrased as a min-
imisation problem in the correct way via a counting process formulation, then our smooth backfitting
additive hazard approach can be implemented and analysed in a very similar way to smooth backfitting
in regression. We see this as a necessary step to understand more complicated structures in marker
dependent hazards. The additive subspace is closed making analysis more accessible and the additive
structure allows for a more immediate interpretation than more complicated models of structured haz-
ards. One important alternative structure is the multiplicative or proportional hazard model. Survival
analysis practitioners often work with such multiplicative marker dependent hazard models, including
the Cox model. Smooth backfitting for the multiplicative model was recently analysed in Hiabu et al.
[2021a], where the analysis was challenged by the shape of the multiplicative subspace that is not closed
like the additive subspace is and where some tricks had to be developed, e.g. a solution weighted op-
timization, to arrive at a tractable estimation method and analysis. The additive approach developed
in this paper does not face these two latter challenges and it had perhaps been more natural to have
developed this current paper first and then Hiabu et al. [2021a] afterwards. Both this current paper and
Hiabu et al. [2021a] arrive at the same conclusion for smooth backfitting of marker dependent hazard
estimators as the authors in Nielsen and Sperlich [2005] did for smooth backfitting of non-parametric
regression: Smoothing all components in every iteration step and not only smoothing the component
that is being updated is important. Otherwise the estimator breaks down in many cases - in particular
in high dimensions - where smooth backfitting still works. Smooth backfitting seems more reliable
than classical backfitting of kernel estimators and we expect that the additive marker dependent hazard
model and estimator of this paper can be an important starting point for further developments of struc-
tured marker dependent hazard approaches in survival analysis, just like the many developments we
have seen in non-parametric regression. In the next section we give some insight on the additive model
itself and its role in marker dependent hazard models as a practical survival analysis tool.

2. Additive structured hazards and related literature

One well known model in hazard regression is the proportional hazards model of Cox [1972] and it
is has been seen as the natural equivalent to additive regression functions in linear and nonparametric
regression. As pointed out in [Martinussen and Scheike, 2006, p. 103], additive hazard models have
been “somewhat overlooked in practice” although they share the same advantages of additive regres-
sion models concerning both theoretical properties and implementation. To the best knowledge of the
authors, this is still the case, with some exceptions [Tchetgen Tchetgen et al., 2015, Aalen et al., 2019,
Dukes et al., 2019]. However, in certain applications an additive relationship in the hazard function is
indeed more plausible than a proportional one [Beslow and Day, 1987, Lin and Ying, 1994, Kravdal,
1997, McDaniel et al., 2019]. Moreover, [Aalen et al., 2008, pp.155f] provides a variety of reasons for
additive risk factors.

In the original additive hazards model [Aalen, 1980], the intensity of a counting process { N (t) : t €
[0, 1]}, conditional on the d-dimensional covariate Z(t) = (Z1(t), ..., Za(t))7, satisfies

At) = ZT(t)B1)Y (1) (1

at time ¢ with a regression coefficient 3(t) = (B1(t),...,B4(t))T and exposure Y which is equal to



unity when an individual is at risk. An overview about this model is given in Martinussen and Scheike
[2006] in which the authors praise it as a simple nondistributional model that is easy to implement.
Nonparametric estimators of the cumulative regression coefficient B(t) = fg B(s)ds in model (1) have
been examined in McKeague [1988] and Huffer and McKeague [1991] among others.

Model (1) imposes a linear relationship between the intensity and the value of the covariates through
ZT(t)B(t). We loosen up the assumption of linearity. Before introducing the model we investigate
in this article, we describe the most general model and its disadvantages and explain why we assume
certain additive constraints. The completely nonparametric conditional intensity model

A(t) = a(t|Z)Y (1 @)

for a conditional hazard function « generalizes model (1) making it the most flexible model. As it is
common, we assume «(t|Z) = «(t, Z(t)) in this paper, i.e. that the conditional hazard at time ¢ given
the covariates only depends on the values of the covariates at time ¢ and not on the values of the past.

Model (2) has first been introduced for time-constant covariates in Beran [1981]. Time dependent
covariates were considered in McKeague and Utikal [1990] and Nielsen and Linton [1995]. Other ex-
amples from the vast literature on nonparametric hazard estimators for this model include Van Keilegom
and Veraverbeke [2001] or Spierdijk [2008]. Without further structural restrictions, estimators of (2)
suffer from the curse of dimensionality: The rate of convergence decreases exponentially.This is a well
known issue for unstructured nonparametric estimators, making them in many cases in-practical already
in dimensions higher than, say, three. That one can not do better in the unstructured nonparametric case
is known at least since Stone [1980] who provided formulas for the best possible rate of convergence
for nonparametric estimators. Accordingly, the aforementioned nonparametric hazard estimators were
only illustrated for the case with one-dimensional covariate Z.

To overcome this issue, one has to focus on a model that is more restrictive than the unstructured
nonparametric hazard model (2). We restrict our assumptions on an additive model which is nested in
(2). However, instead of the original additive Aalen model (1), we assume that the hazard rate consists
of additive nonparametric components,

alt,z) = a* + ao(t) + a1(z1) + -+ - + aa(za), 3)

with smooth, but not further restricted, components «y, £k = 1,...d, depending on covariate values
Z1,-..,%24. The constant o* is a norming constant making the decomposition unique, as will later be
further specified.

The additive model (3) is both more general but also more restrictive than the additive Aalen model
(1). It is more restrictive because it does not allow the effect of covariates on the hazard to change with
time. It is more general because the effect of the covariates on the hazard do not need to be linear.
A very interesting model that generalises both models is to replace each component oy (z), k > 1,
in (3) by a two-dimensional components «y(t, z.) capable of capturing a covariate effect that changes
with time. While we do not consider this more general setting in this paper, we see the work done in
this paper as a crucial step towards developing methods of such a more general kind. Another possible
generalisation is to consider multiple time scales, see e.g. Hiabu et al. [2021b].

To estimate the components in (3), we propose a local polynomial least squares minimisation under
the constraint (3). The solution can be identified with the projection of the observation into the space of
local polynomial additive hazard functions and can be calculated through a simple iterative procedure.
We call the resulting estimator additive smooth backfitting hazard estimator.

When estimating the hazard function «(¢, z), by the nature of equation (3), it can happen that the
estimate is negative at certain points. This is expected to happen especially more if the underlying
hazard function is far from being additive. However, it is reassuring that the smooth backfitting compo-
nents ¢&j will still have a clear interpretation as approximation of the closest additive fit. In practice, if
probabilities need to be calculated, one ad-hoc solution is to use the non-additive adjusted hazard

¥ = max(a, €),e > 0.



Indeed, this is also what we do in the application Section 6.1.1 for ¢ = 0 with satisfying results.

3. The additive hazard model

Let 7 > 0. We observe n i.i.d. copies of the stochastic processes {(N(t),Y(¢),Z(t)) : t € [0,T]}
where IV is a right-continuous counting process which is zero at time zero and which has jumps of size
one. We assume that Y is a left-continuous stochastic process with values in {0, 1} and which equals
unity if the observed individual is at risk. Moreover, let Z be a d-dimensional left-continuous stochastic
process with Z(t) € [0, R]¢, t € [0, T], for some R > 0. The multivariate process ((Ny, Y1, Z1),.. .,
(Ny,Y,, Zy,)) is assumed to be adapted to the filtration {F; : ¢ € [0,7]} which satisfies the usual
conditions [Andersen et al., 1993, p. 60].

In the following, we assume that for each i = 1,. .., n, the process /V; satisfies Aalen’s multiplicative
intensity model, i.e. that its intensity \; satisfies
Ai(t) = lim WEINi((¢ + h)—) = Ni(t=)| Fi-] = alt, Zi(t))Yi(t), @

where Y;(t) is indicating if individual 7 is at risk at time ¢. The function (¢, Z(t)) is the conditional
hazard rate given the covariates Z at time t. Furthermore, we assume that « satisfies the additive
structure of model (3), which we write as

d
alt, Zi(t) = o + Y a;(Xi5(t))
=0

with the notation X;(t) = (t, Zi1(t),. .., Za(t)) € X for X = [0,T] x [0, R]%. In the sequel, we will
also write x = (¢, z1, ..., 24) € X and henceforth o(z) = (¢, z) for short.

Each component of the additive hazard « is only identifiable up to an additive shift. Later, we will
give conditions under which each component is uniquely identified.

Model (4) allows for different kind of filtered data making it very flexible. These filterings include
left-truncation and right-censoring which occurs in many applications of survival analysis [Martinussen
and Scheike, 2006]. We now illustrate how to embed left-truncated covariates and right-censored sur-
vival time into model (4). Let T denote the survival time. Left-truncation means that we observe copies
of (T, Z) only on a compact subset Z C X with the property that (¢1, Z(t1)) € Z and to > t; imply
(t2, Z(t2)) € T almost surely. We allow Z to be random but assume it is independent from 7" given
Z. The survival time 7" can also be subject to right censoring with censoring time C' as long as C' is
conditionally independent from 7' given the covariate process Z. This condition holds in particular if
the censoring time equals one of the components of Z. Hence, under this filtering scheme, we observe
n i.i.d. copies of (T', Z*,Z,0), where 6 = 1(T* < C), T' = min(T™*,C), and (T™*, Z*) is the truncated
version of (T, Z), i.e, (T*, Z*) arises from (T, Z) by conditioning on the event {(T', Z(T)) € Z}.

We can now define a counting process V; for each individual : = 1, ..., n, via

Ni(t) = n{i <t 6 = 1},

with respect to the filtration F; ; = o ZFZ <s, Z(s), Li, 6 s<tpU N |, for a class of null-sets

N, which completes the filtration. In this setting it can be easily shown that, under above assumption
of a(t|Z) = aft, Z(t)), Aalen’s multiplicative intensity model (4) is satisfied with hazard rate

oft,2) = Imh™B(Ty € [t + )| T 2 1, Zi(t) = 2)
and exposure

for individual 7. The sets Z; are allowed to be independent random copies of Z.



4. The smooth backfitting estimator of additive hazards

4.1. Smooth backfitting hazard estimator as projection

In this and the next section we illustrate the equivalence of projections and estimators that minimize
squared errors following the line of Mammen et al. [1999b] where smooth backfitting was first intro-
duced for nonparametric regression. The idea of describing smoothing estimators as projections in a
regression setting is explained in great detail in Mammen et al. [2001]. In the following we introduce
this projection principle for a counting process framework.

We will introduce our estimators as a projection from a functional space 7{ onto a certain subspace.
The choice of the subspace, implies the class of functions that can be estimated and also the class of
estimators to be considered. We now specify these functional spaces as well as (semi-)norms.

We define the unrestricted functional space as

H={(f")iz1,..nj=o,.a+1; [ : R 5 R},

and subsets Hfu” ’Hfu” C H via

full = {f € H :f"I (s, x) does not depend on 7, 5},
fu” = {f € H :f"(s,x) does not depend on i, s;
f(s,z)=0forj=1,...,d+1}.

Furthermore, for additive hazard functions we define additive subsets

add—{fG?—[ful f0(s,2) = Zg] (x); [ (s,2) = hj(z;), j=1,....,d+1,

for some functlons gj, hj : R =R},
d
HLC = {f e Hfu” f0(s,2) = Zgj(a:j) for some functions g; : R — R},
§=0

that contain the class of local linear and local constant hazard estimators, respectively. Moreover, we
define a semi-norm ||-|| on  through

N NE z £95,2) +me+1m =) 2
X Yi(3>Kh(33 — X;i(s))ds dv(x),

for f € H and where v is a measure with strictly positive density. This semi-norm will be used to define
the projection in the sequel.

Next we will illustrate how H contains both hazard functions and the observations (N;), i =1,...,n
For every € > 0, the data can be identified with an element A_. N € H via

) 1 s+e ..
A5N170(87-T) - / sz(S)a AENZJ(Sax) =0, J=1...,d+1
€Js

We define the unstructured local constant and local linear hazard estimator as

lim arg min||A.N — 6|, hm arg min||A.N — 6], 5)
=70 gente, 0 penkl,



respectively. One can easily verify that these estimators coincide with the well known local constant
and local linear hazard marker dependent hazard estimators introduced in Nielsen and Linton [1995]
and Nielsen [1998].

For ¢ — 0, each element A, N* converges to a Dirac delta function. Hence, we write

min||AN — 0| := lim min||A.N — 6|,
0cg e—0 0eg

forG C H.
We define the local constant and local linear nonparametric additive hazard estimator respectively as
argmin||AN — 0||, argmin||AN — 4. (6)
0eHLT, beHLL,

For the minimisation over all additive hazard functions, we can either use a direct projection into
HP... P € {LC, LL} which is given by mingeq p |AN — || or we use a Pythagorean argument to
project in two steps: For & € HE, itholds | AN — &> = |AN —a&|]?+||a—a|/? witha € ’H}Du”. The
last identity holds because the elements AN — & and & — & are orthogonal [Mammen et al., 2001]. In
additive marker dependent hazard estimation, the unrestricted marker dependent hazard estimators can
be understood as intermediate in an iterative projection procedure that first projects to the unrestricted
space and then to the additive space.

4.2. Smooth backfitting hazard estimator via least squares

In the previous section, we introduced the local constant estimator as a projection from H. In this
section, we show how this connects to the more known least squares criteria, and thereby also state the
estimator in a way that is more directly mathematically tractable. We first consider the unstructured local
polynomial hazard estimators. For a general understanding, we write down the general formulation for
polynomials of order p, but in this paper we will only consider the local constant and the local linear
case,p =0, 1.

We will estimate the additive components of the hazard function via kernel smoothers. Let k£ : R — R
be a symmetric and continuous kernel function such that [ k(u)du = 1. We define K (ug, ..., uq) =
H?:o k(u;). For a smoothing parameter o > 0, Kp(u) = H?:o kp(uj) = H?:o h=tk(htuy). In the
sequel, we will use a modification of the kernel function to ensure that the kernel always integrates to
unity. We replace kj,(u — v) by

-1
B (t,0) = Twweo) ( [ s - v)ds) B —v) @

for every h > 0 to correct for normalization at the boundaries from now on. Furthermore, we define the
multivariate kernel

d
Kp(u,v) = [ [ kn(uy, v)),
j=0

for u = (ug,...,uq) and v = (vo, ..., vq).
The unstructured pth order local polynomial estimator of the hazard function in x is defined as the



first component of
n

1 [ste
iy e, 32 f L[t —aio

0; R+ R+
j:17"'7p

— 6] () (‘TO ~Xols) | Ta- X“(S))T _ ®)

W yeees W

_Gg(x)(<xd — hXid(3)>p, e (xd - hXid(3)>p>T}2

X Kp(x, X;(s))Yi(s)ds )dv(x),

The cases p = 0, 1 are exactly the local constant and local linear projection estimator defined in (5).

For the rest of this paper, we limit ourselves to the same kernel £ and bandwidth h for each dimension
to keep the notation simple. Henceforth, if there is no confusion about the boundaries of the integrals, [
denotes integration over the whole support [0, 7] x [0, R]%. The measure v has to have a strictly positive
density but the estimator does not depend on the specific choice of v if we don’t have restrictions on
the functions #;. We will specify a weighting function w such that dv(z) = w(z)dz. Note that this
estimator allows for local polynomial approximation at degree p but it is not additive yet.

The nonparametric additive hazard estimator we investigate in this paper is defined by the minimisa-
tion in equation (8) under the following constraints on the structural form of €. For p = 0, the constraint
Oo(x) = a*+ Z?:o @;(z;) for some functions &, . . . , &4 and a constant &*, leads to the local constant
estimator as introduced in (6):

Iy argmmZ [ [ a5 o) o)+ e}

a*eR,
a;: RoR, 9
Jj=0,.. ,d

X Kp(x, X;(s))Y:i(s)dsdv(z).
For the unique identification of the constant component * and the components «;, j = 0,...,d, we
will set further constraints in equation (13).

The local linear additive hazard estimator as defined in (6) arises by setting fy(x) = d*+2?:0 a;(zy)
and 91( ) (8/81‘090( 8/8xd90( ))

hrn argman//{ / Ni(u) — {d* +ao(t) + ai(z1) + ... @q(zq)

a*eR
a;:R—R,
‘/ R—R,

F=0,..ed (10)
2
+ aj(wo) <x0 —~ 2(2'0(8)) 4o+ al(zq) <xd — hXid(8)>] }
x Kp(z, X;(s))Yi(s)ds dv(z).

Existence and uniqueness of the minimizers of (9) and (10) will be established later.

4.3. The local constant smooth backfitting additive kernel hazard estimator

The minimisation in equation (8) for p = 0 leads to the unstructured local constant estimator &“C

defined via ¢“C (z) = O(x)/E(x) with

O(z) = TllZ/Kh(a:,Xi(s))dNi(s),
=1



_ iZ/Kh(:v,Xi(s))Yi(s)ds.
=1

for z € X. The estimators O and E estimate the occurrence and exposure of the observations. The expo-
sure E is defined via E(z) = f;(2)E[Y (t)] where f;(z) is the conditional density of (Z1(t), ..., Z4(t))
given Y (t) = 1. The occurrence is defined as O(z) = a(x)E(z) for x = (t,z) € X. The structure
of a hazard estimator as an estimator of occurrence divided by an estimator of exposure is in line with
piece-wise constant hazard estimators in Martinussen and Scheike [2002].

To define the local constant smooth backfitting additive hazard estimators we proceed as follows.
Following the derivation in Section 4.2, the estimator is defined through equation (9). The solution

a = (a*, ay,...,aq) satisfies the first order conditions
~ d _
& — Jx [&C (z) — Zj:() aj(zj)|w(z)de an
Sy w(z)da
and

_ [ 4 B (@) o e
ak(a:k)—/X “(z )w da: k Z/ k)d _ : (12)

Tk
for k = 0,...,d, where we write wg () f X, w(z)dx_j for the marginals of w using the notation

Xy, ={y € X : y, = x} and dz_j, denoting 1ntegrat10n over all components except for k. For the
unique identification of the solution we also set the conditions

/ @k(aﬁk)wk(xk)dxk =0, k=0,....,d. (13)
X,

These identification conditions enable us further to get

&t = f)( ALC( Jw(z)dx fX O(m)dm
fX w(x)dr fx E(:E)dx

from equation (11), where the second equality arises from the definition of & and if we set the weighting
to w(xz) = E(x). One can further reduce the estimator to

>iz1 ) dNi(s)
2licy [ Yi(s)ds

This simplification is due to the normalization [ K} (x, X;(s))dz = 1 of the kernel function K}, in
(7). The estimator &* is the additive hazard equivalent of the intercept in nonparametric regression.
Note that in backfitting of the regression function m in Mammen et al. [1999b], the estimator for the
additive constant mg of the conditional mean m is given as g = Y,,. Our result for &* is the total
number of occurrences divided by the average exposure time. In the case of non-filtered data, [ dN;(s)

%

(14)

. . _ 1 . . . .
equals unity for every ¢ and thus a* = (% S S Y;(s)ds) . This term is the natural survival analysis
equivalent to what the empirical mean is in regression.

The constant component o* and all components «; of the unknown underlying hazard o are uniquely

identified through
/%(%)Eg‘(ﬂfj)dﬂfj =0 (15)

with Ej(z;) = [ E(z)dz_; for all j. This motivates the choice w(z) = E(x) in equation (13) and the
notation Ek(:vk) instead of wy () for this choice of weighting from now on.

For the same data-adaptive weighting we simplify the terms in equatlon ( 12) with some new nota-
tion. Analogously to the one-dimensional marginals, we write Ey, (g, zi) = [ Xopoo; r)dr_( )



/ / . /I __
for x_(, ;) = (%0, -+, Tj—1, Tjs1, -+ oy Tk 1, Thp 1, - - - Zq) a0 Xy o0 = {(xg,...,2)) € X 22} =
Tk, ; x;}, i.e. we integrate over all components except for z; and ack which are fixed values. Anal-

ogously, we define the marginal occurrence estimator Ok (zr) = [ Xy x)dz_p.
In the local constant case investigated here, it can be easily shown that it holds

Op(a) = ;Z/kh(meik(S))dNi(S), (16)
i=1

Byl = > / (ks Xix(5))Vi(5)ds, (17)
i=1

Ej(xj,op) = ibZ/kh(%’,Xij(s))kh(ﬂfk,Xik(s))Yi(S)dS, (13)
i=1

for j # k if each pair of covariates has a rectangular support. Thus, these estimators are indeed just one-
and two-dimensional marginal estimators and can be computed efficiently for high dimensions d > 2.
Now equation (12) implies the backfitting equation

Ey j(vg, @ .
ag(zr) = ag(xy) Z/ ’jij)dx] —a*, (19)
for the notation Gy (1) = Ok (z1)/ Ex(x1).
Using the last expression, we can get estimators for «y, . . . , ag through iterative backfitting via
E E
™ () = ag(an) Z/ A1) (g y P (zk, 25) 4 Z/ ) () B (k, %)d%’
i<k Ek (xk J>k Ek (:I:k) (20)
@LTH} () = </ Ey(xy, diﬂk) /m[rﬂ] Ey(xy,)dzy,
fork =1,...,dinstepr+1. Recall that &, k = 0, . .., d, are the (non-additive) estimators which were

defined via Gy (xy) = Ok (a:k)/Ek(xk) We suggest to start with the initialization a[ ]( k) = ag(zr),
that is related to the one-dimensional local linear hazard estimator, see Nielsen and Tanggaard [2001].
However, these pilot estimators can be set to different estimators. The asymptotic theory we present
here is illustrated for the choice aj. In Section A.3 of the appendix, we illustrate how one can obtain
the same estimator &y, by first minimizing (8) without an additive constraint, yielding the pilot estimator
&j and then running an additive minimisation of d&y.

The complete smooth backfitting algorithm for the local constant additive hazard estimator & is as
follows.

1. Compute Oy, Eg, and E’j,k from equations (16)—(18) and set ay(xx) = Ok(mk)/Ek(wk) for
k,j=0,...,d.

2. Setr:()andc’v;:} =aqpfork=0,...,d.

3. Fork=0,...,d, compute d,[:JrH (x) via equation (20) for all points .

4. If the convergence criterion

Y 0f< [H] —dg](x ))dek

Sioof (e ) dzy, + 0.0001

is fulfilled, stop; otherwise set r to 4+ 1 and go to step 3.

< 0.0001




5. After convergence in step 7, set &y, = &gﬂ} fork=0,...,d,anda* =Y " | [dN;(s)/> 1 [ Yi(s)ds.

Note that the quantities Ej,k(xj, 1), Ex(xy), é(zy), and &* can be calculated once in the beginning
and they are not updated during the iteration process. This is a computational advantage. However, we
want to emphasize that the downside of the analogue local linear approach to this section is that the local
linear pilot estimator does not necessarily exist for low numbers of observations in high dimensions. The
local constant estimator on the other hand suffers from bad performance at boundaries.

4.4. Asymptotic properties of the local constant smooth backfitting additive
kernel hazard estimator

‘We now derive the asymptotic behavior of the local constant estimator under weak assumptions. Indeed,
we don’t assume existence of O, F but only existence of some one- and two-dimensional marginal
estimators Ok, OA;w, Ek, E’k’j, j,k=0,...,d, which is satisfied under the conditions illustrated below.

The following conditions are sufficient to derive asymptotic normality of the resulting smooth back-
fitting estimators &, j = 0,...,d.

A1 The exposure satisfies inf,cx F(z) > 0 and its marginals E; are differentiable for every j. More-
over, the conditional density f; of Z given Y (¢) = 1 is continuous for every ¢t € [0,7] and it
holds sup,cy fi(z) < Cy for some constant C'y.

A2 There exists a function v € C?([0, T]) such that it holds n =1 >°" | Y;(#) — ~(¢) in probability as
n — oo for every t € [0, T].

A3 The function k is a second order kernel, that is it satisfies [ k(u)du = 1, [uk(u)du = 0. Further-
more, k is a symmetric and Lipschitz continuous function with support [—1, 1].

A4 1t holds n/5h — ¢, for a constant 0 < ¢j, < 0o as n — oo.
A5 The hazard « is two times continuously differentiable in every component of x € X.

Note that in our notation ~y(¢) from A2 and Ey(t) are almost surely identical. However, the definition
of Ey does not assure Ey € C?([0, T]) without A2.

Theorem 1 (Local constant smooth backfitting estimator). Let &; = Oj / Ej be the pilot estimator for
3 =0,...,d. Under Assumptions AI-A5, with probability tending to 1, there exists a unique solution
{a*,a;:j=0,...,d} to(9), and the backfitting algorithm converges to it:

[ [~ ] Eitegyaz; o

Forxzo € (0, T)and x; € (0,R), 1 = 1,...,d, the solution satisfies

Vol\ T
(o) — ao(wo) chbo(o) e ' '
n2/5 : — N : ’ " ) : 7
o 2, 5 IR
aq(zq) — ag(zq) ¢iba(2a) 0 - 0 wglxq)

and in particular a(x) = a* + Z;'l:o a; with &* from equation (14) satisfies

d

d
n*?a(x) —a(@)} = N Y biry), > vily) |,

Jj=0 J=0
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for n — oo, where
) = it [ kuPducd ) Byay)
o3(z;) = o Bj(x;)” —i—Z/al Eji(aj,u)Bj(x;) " du + a;(z;).
I#j

and where b; is given through

(bo,b1,...,bq) = argmin/[,@(:v) —Bo— Pi(xy) — - — ﬁd(:rd)]2E(a:)dx,
B

d
5<x>=§j/u2k< )du[ 1 »“ﬁj@%a&’(m) !

j=0
andB:{B:(Bo,Bl,...,Bd fﬁj xj)Ej(xj)dx; =055 =0,...,d}.
The proof of Theorem 1 is given in Appendix A.1.

Remark 1. Define the martingale M; = N; — A; where A; is the compensator of N;. The term
[ k(u) 2dua (z;)Ej(x;) occurs as the asymptotic variance of the martingale [ kp(xz;, X;;(s))dM;(s).
The convergence rate is the same as for a one-dimensional local constant hazard estimator, see e.g.
Nielsen and Tanggaard [2001]. In the nonparametric regression setting Y = m(X) + ¢ of Mammen
etal. [1999b], and in contrast to our hazard estimator, the asymptotic variance under certain regularity
conditions is specified through sz(xj) = Var(Y —m(X)|X; = x;) without any closed form expression.

Remark 2. By Lemma 1 in the appendix, &* is an unbiased estimator of o* if the identification condi-
tions [ aj(z;)Ej(x;)dz; =0 holdfor j =0,...,d.

4.5. The local linear smooth backfitting additive kernel hazard estimator

The local linear smooth backfitting estimator &;(x;) for j =0, ..., d, can be described by the minimi-
sation in equation (10). As described in Section 4.2, this is equivalent to the minimisation in (8) for
p = 1 with respect to (&, &1)) under the constraints fy(z) = &* + Z?:o Gj(zj), 01,5(x;) = &gl)(xj)
for a certain weighting function w.

Denoting the estimator of derivatives a;- by &’ in the following, the first order conditions for the
minimisation in &;(z;) + &* and &7 (z;) can be written as

[ (z;) +&° ]VJ(.%‘]) —i—ozj(x] V] () Z/kh 5, Xij(s))dNi(s)

—Z/al x)V ’] (2, xj)dx; 2D

I#j

— Z/ (x)V, xl,arj)dwl

l;é]
(@5 () + &1V (25) + & () V] Z / (’““ Ll )mx], 5())dN;(s),

Z/al xy) V ] (21, xj)day (22)
I#j

11



—Z/dl(xl)‘%f}j(fcl,svj)dxl,

I#]
with the new notation
. 1 &
VI (zj) = - 2_; / kn(25, Xij(s))Yi(s)ds, (23)

Vl’j(xz,xj) - :lZ/kh(xleil(S))kh(xj’Xij(s))yi(s)ds’
i=1

B =23 (2 b o oo

n = h
Vi (1) = ig/(ﬂﬁz - Z(i’l(s)>kh(xlaXil(s))kh($j7Xi.(s))}/%(s)dsj
AR ;Z J (B3 Yo Xy X ) Vi) s,
) = 23 [ (B0 g it
i=1
‘A/Z}j(xl;%j) _ ig/(xl - 2(11(8)> <9Uj — fi’j(s)>kh(ml,Xﬂ(S))kh(l‘j7Xz"<3))Y;(3)d3~ (24)
Here, z_j, denotes (xo, ..., Tk—1,Tk+1,-..,2q) and X, denotes the set {(zf,...,2})) € X : z} =

Note that V7 (x7) and Vi (2, x;) are identical to the one- and two-dimensional local constant fits
Ej(z;) and Ejx(x;, vx) from the local constant estimator. For simplicity of notation, we relabel them
in the sequel. The terms ij (x5), Vll’j(a:l, zj), ‘7jl’j(:cl, zj), f/j]j (x;) and f/ll]] (21, ;) contain linear and
quadratic components, which distinguish this approach from the one in the last section.

Furthermore, for j = 0, ..., d we introduce the same identification condition as equation (13) in the
local constant case and require

/ a;(x)V (x;)da; = 0 (25)

to get a unique solution of (21) and (22).

We can derive a local constant estimator from the same conditions (21) and (22) for &y () but with
éz;- (x;) set to zero for every j. If we choose w = 1, this local constant estimator coincides with the one
from Section 4.3.

Conditions (21)—(25) uniquely define our estimator and for the derivation of asymptotic theory (21)—
(22) can be written in one equation as

e () E0) - (50) -G [ (U e

where we have used the matrices

- Vi(z;) VI(x))
Mj(z;) = (77 o ) 27
=iy 026 e
& V[V () Vi (@, @)
St 25) = (‘%‘l’j(xz,xg) ‘A/zf’j(:cz,xy) ’ 28

12



and the one-dimensional local linear fit of the observations

(&) -2 g S0 (0, L o ) X))

Note, that we would get the same asymptotic result for any estimator which arises from equation (26)
by replacing V(f 0 Vb o and (G, &) with asymptotically equivalent estimators that satisfy the same
regularity conditions in Appendix A.2.

For the implementation as an iterative algorithm, step r + 1 of the backfitting algorithm is given by:

(a[ﬁjﬂ(ﬁ;jo - (Zﬁj;) i)Y / St (i, < [L]}z((x l))) da, (29)

I#5
-1
dg?drl] (l‘]) = TATLJ'(CE]') — </ V](U])du]> /ﬁ’Lj(Uj)Vj(Uj)de, (30)

forr =0,1,2,....

Note that &* from equation (26) vanishes in the component " *+1)-J (x;) and it is made redundant
in the other component by the norming condition (30). Theorem 2 assures the convergence of this
estimator.

We recommend avoiding the inverse of the matrices M ; in the implementation for computational
stability. Solving equations (21)—~(22) for &;(x;) and &’ (), respectively, and first replacing 67 (z;) in
(21) by its latest fit @™/ (2;) and then &;(z;) in (22) by dgﬁl] (z;) in step r + 1, we get the asymptot-
ically equivalent, more stable backfitting equations

(@) = VI (a;) (Uj(x ) — &l (2 VI (2) — &V (xy),

31
—Z/ () VM (21, 2;)day — Z/ i xl)‘/}’j(ﬂfu%)dxz) GD

I#5 I#5
Gl () = V7 ()7 (07 ) = a8 () V5 () = 37V ()
—Z/d;+ ](:L'l)V j(xl,:c] dz; — Z/ [t a:l)Vll] (ml,x])dxl>, ©2)
I#j I#j
for step r + 1 with the notation
U7 (x;) = :LZ/kh(xj,Xij(s))dNi(s), (33)

0l () = Z/(xﬂ X )kh(xj,x (5))dN;(s). (34)

Note that U7 (x;) is identical to O;(z;), the local constant occurrence estimator described in Section
4.3. We set the initialization in step r = 0 to (dg-o] (), &% (z;)) = (0,0).

The complete smooth backfitting algorithm for the local linear additive hazard estimator & is as
follows.

1. Compute VI, Vi, ‘7]? , f/}l’j , f/lﬂ V]J], and f/f}j from equations (23)—(24) and set &(z;) =

Ow(x1)/Ey(xy) for k, j = 0,...,d.

2. SetranndEvLﬂ =aqpfork,;=0,...,d.

13



3. For k = 0,...,d, calculate for all points x; Set r = 1, compute d,[:JrH () via equations (31)

A by

-1
- < / f/j(uj)duj) / &l () V9 (uj)duy.
4. If the convergence criterion
T ~|T 2
pIps of( L) — ) (o )) day,

Sioo (6w ) day, + 0.0001

is fulfilled, stop; otherwise set r to r + 1 and go to step 3.

and (32). Then replace Q;

< 0.0001

5. After convergence in step 7, set &y, = aLrJr York =0,...,d,and " = Sor o [ANi(s)/>o0, [Yi(s)

4.6. Asymptotic properties of the local linear smooth backfitting additive
kernel hazard estimator

For the asymptotic behavior of &j, we assume the same Assumptions A1-A5 as for the local constant
estimator.

Theorem 2 (Local linear smooth backfitting estimator). Under Assumptions AI-AS, with probability
tending to 1, there exists a unique solution {¢;, &l :j=0,...,d} to (10) and the backfitting algorithm
(29) converges to it:

[ [~ ] Eitegyaz; o
[[a1w) = & @)] By )y 0,

Forxzg € (0,T)and x; € (0,R), l = 1,...,d, the solution satisfies

_ 9 Uo(aﬁo) o .- 0
ao(zo) — ao(z0) + Vo 2 bo (o) - :
n2/5 S - N E , ) . . 7
dd(xd> - ad(xd) + Vnd Czbd(l'd) : ) 0
0 0 wva(za)

form — oo, where
Un,j —//aj xj)kp(z;,u)Ej(u)dude;,
bias) = 5 [ af(e;) = [ e Eytar)an].
vj(z;) —chl/k(u)Qduaz(:pj)Ej(xj)_l,
o2 (a;) = a* Ej(z;)” —i—Z/al Bjy(a;, u) By ()~ \du + ay(a;).

I#5

This result yields in particular

d
n**{a(z) — a(z)} > N cth (7), > vilx) |,
7=0 7=0

for a(x) = &~ + Z?:o aj(zy) with&* =370 [dNi(s) /200, [ Yi(s)
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The proof of Theorem 2 is given in Appendix A.2.

Remark 3. Note that the convergence rate is the same as for a one-dimensional local linear haz-
ard estimator, see e.g. Nielsen and Tanggaard [2001]. Furthermore, &uj(xj) estimates aj(xj) —
i aj(z)VI(xj)dz; instead of aj(x;). The terms vy, j correct for this shift in the estimation of each
component. The sum Z;lzo Vn,j vanishes as the additive adjustments cancel each other off.

The component &* of the estimator &, which estimates o, is identical to &* from the local constant
case. Its asymptotic behavior is explained in Remark 2.

5. Simulation Study

5.1. Simulation Setting

We assume that the survival times 7; follows a Gompertz—Makeham distribution, with hazard function
is given by

d d
4
alt,Z;) = ap(t) + Z o (Zig) = V01 4 7 Z(—l)kﬂsin(wZik),
k=1 di=
(1 =1,...,n). We add right censoring with censoring variables C; that follows the same distribution as

T;, except the scale parameter being divided by 1.75. The factor 4d~'/2 is chosen so that the distribution

of T; doesn’t much vary in the number of covariates d. Note that for convenience the components
are differently identified then in (25), (15). We now describe how the covariates (Ziry ..., Ziq) are
generated. We first simulate (Z;1, ..., Z;q) from a d-dimensional multi-normal distribution with mean
equal 0 and Corr(Z;;, Z;;) = pif j # [, else 1. Afterwards we set

Zig, = 2.57r_1arctan(zk).

We repeat the procedure and take the firsti = 1, . .., n observations such that 4d~"/2 3% (—1)**1sin(7 Zy,)
is positive. Technically, the values of the covariates are conditioned such that the resulting hazard is pos-
itive, and hence well defined.

As kernel function k, we used the Epanechnikov kernel. Performance is measured via the integrated
squared error evaluated ,

MISE, =0~ (n(Zin) — (Z3,))*.

7

5.2. Simulation Results

We compare the performance of the local linear smooth backfitting estimator to the local constant
smooth backfitting estimator. We also compare those proposed estimators to a version a classical back-
fitting equivalent where only the updated component is smoothed, see Buja et al. [1989b].

Figure 1 shows the estimation results for the first component from 100 simulations in a setting with
sample size n = 5000, dimension d = 3, and correlation p = 0.5, calculated with a MISE optimal
bandwidth. We find that the classical backfitting estimators are much more noisy than their smooth
backfitting counterpart. The local constant smooth backfitting estimator is more wiggly than the local
linear version. This first impression can be further verified in Table 1: classical backfitting estimators
perform much wose than the smooth alternatives. The local linear classical backfitting estimator only
gives sensible results in the most easy settings, that is when n = 5000 and or d = 3, while breaking
down in all other cases. Another observation is that that the local linear smooth backfitting estimator is
nearly always to be preferred to local constant smooth backfitting estimator. Only in the most challeng-
ing setting, i.e., n = 500, d = 30, did the local constant smooth backfitting estimator outperform the
local linear version. But even in that case the advantage is only by a small margin.
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d=3
n=500 n=5000
MISE Bias? Variance | MISE Bias? Variance
LL-SBF 0.25 0.07 0.17 0.031 0.007 0.024
LC-SBF 0.30 0.05 0.25 0.051 0.011 0.041
LL-BF 43.14 0.69 42.46 0.779 0.041 0.737
LC-BF 1.44 0.48 0.96 0.077 0.020 0.058
d=10
n=500 n=5000
MISE Bias? Variance | MISE Bias? Variance
LL-SBF 0.22 0.05 0.17 0.020  0.005 0.015
LC-SBF 0.24 0.08 0.17 0.030 0.006 0.025
LL-BF | 1118.80 10.88 1107.91 | 0.135 0.057 0.078
LC-BF 1.02 0.03 0.99 0.031  0.005 0.026
d=30
n=500 n=5000
MISE  Bias? Variance | MISE  Bias?  Variance
LL-SBF 0.18 0.03 0.15 0.014 0.0007 0.0133
LC-SBF 0.16 0.05 0.10 0.029 0.0172 0.0114
LL-BF NA NA NA 0.171 0.1494 0.0217
LC-BF NA NA NA 0.033 0.0227 0.0105

Table 1: Simulation results comparing four different estimators: local constant smooth backfiiting, lo-
cal linear smooth backfitting, local constant backfitting, local linear backfitting. Values are

calculated from 500 Monte Carlo simulations with MISE optimal bandwith.
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Figure 1: Simulation results comparing four different estimators: local constant smooth backfiiting,
local linear smooth backfitting, local constant backfitting, local linear backfitting. The grey
lines are represent 100 Monte Carlo simulations with MISE optimal bandwith estimating the
true curve (black).

6. Data application: The TRACE study

The TRACE study group (see e.g. Jensen et al. [1997]) has collected information on more than 4000
consecutive patients with acute myocardial infarction (AMI) with the aim of studying the prognostic
importance of ventricular fibrillation (vf) on mortality. We here consider a subset of these patients
that are available in the t imereg R package. We furthermore only consider those patients with more
than 40 years of age, and only consider the first five years of follow-up time after the diagnosis. This
results in n = 1799 observations. At entry, i.e., time of AMI occurrence, the patients had various risk
factors recorded. Here, additionally to duration, i.e. time since AMI occcurence, we will consider age
at AMI occcurence of the patient, a;, and wall motion index (heart pumping effect based on ultrasound
measurements where 2 is normal and 0 is worst [Scheike, 2009]), wmi;. We will ignore additional
binary covariates that have been recorded as our framework only covers continuous covariates. With
that regard, this section should be seen as a simple illustration of our theoretical work rather than a
serious attempt to answer a real-world question. In summary, we consider the model

Ai(t) = Yi(t){ao(t) + az(a;) + az(wmi;)},

under the identifiability condition | oj(z;)dzj = 0 for j = 1,2. The initially estimated curve for
can be seen in Figure 2. We find that the duration effect has two distinct periods with an increased risk
in the beginning that flattens after approximately three months. This suggests that it might be beneficial
to apply two different amounts of smoothing on those two periods. We therefore generate two different
data sets from our original data set: The first data set covers the risk in the first three months (this can
be achieved by censoring all patients who survived beyond three months) and the second data set covers
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Figure 2: Local linear additive smooth backfitting fit of o on the full data.

the risk conditional on surviving the first three months (i.e. one throws away all data where failure or
censoring happened in the first three months). The results with our local linear estimator for the two
different cohorts, i.e., those with ventricular fibrillation (vf=1) and those without ventricular fibrillation
(vf=0) can be depicted in Figures 3 and 4.

The smoothing parameter was chosen manually: For the cohort with vf = 0 we have n = 1655 pa-
tients when considering the first three months and chose the bandwidths for (¢, a, wmi) as (0.1, 15, 0.8);
for the dataset after surviving the first three months we have n = 1482 and chose a bandwidth of
(1,15,0.8). For the cohort with vf = 1 we have n = 132 patients for the first three months and chose
a bandwidth of (¢, a, wmi) as (0.1, 20, 0.8); for the dataset after surviving the first three months we
have n = 75 and chose a bandwidth of (¢, @, wmi) as (1,20, 0.8). The dashed lines show a point-wise
asymptotic 95% confidence interval based on Theorem 2. Note that it is hereby in particular assumed
that (a) the bias can be neglected and (b) that the true underlying model is indeed additive. Therefore,
the confidence intervals should be seen as rather optimistic. They nevertheless give an impression of the
uncertainty under optimal conditions. Looking at Figures 3, we find that in the first three months vf = 1
leads to a significant increase in mortality risk. We also find that the risk increase is more severe for
older people. Figure 4 does not provide evidence that vf = 1 leads to an increased risk after surviving
the first three months. In the next section, we want to look at how confidence we can be with the model
results.

6.1. Model robustness
6.1.1. CRPS score

We transform our estimated hazard function « = g + a1 + a2 into a plug-in estimator of the survival
function via the relationship S(t) = [[,,(1 — a(s)ds). We then split our data randomly into an 80%
training set and 20% test set. We train our model on the training set and evaluate the CPRS score [Avati
et al., 2020] on the test set:

n T,L . oo .
CRPS =n"! Z/ (1—S(s))%ds + 52-/ S(s)%ds.
=10 T
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Figure 3: Local linear fit of (ag, a1, ae) for the first three months for two different strata depending on
the value of vf. Dashed line indicates asymptotic point-wise confidence interval.
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strata depending on the value of vf. Dashed line indicates asymptotic point-wise confidence

0.10 0.14 0.18

0.0 0.1 02 03 04

Hazard function estimates conditional on surviving the first three months

duration (years)

duration (years)

interval.

@y

@y

0.05 0.15

-0.05

0.2

0.0 0.1

0.1

vi=0

age (years)
vf=1
=~
- \
7
] e
7
7
,
\ s =<
. P ~
AN N » - N\
- P \
-
-

age (years)

20

az

az

-0.1 0.1

-0.3

-05 0.0 05

-1.0

0.5

1.0

1.5 20 25 30

wmi

0.5

1.0

1.5 20 25 30

wmi



CRPS score

vf=1, first three months vf=0, after three months vf=1, after three months

vf=0), first three months

o g ° o o o
o S ] = T 8 e
T - 8 8 = oo 8 T
[ ° | + % i . T - - T+ |
8 | T | 87 | | | | | | | |
S | S [ | Iy [ [ [ e | [
= | o Nog — | |
| | | e S ! ! ! | | !
S | | | n | | !
w7
(=} | % =]
2 w :
I wv
3 ‘ ‘ S A [ [ 2 4
| | ! e | | ! i
hal
| | ! ! M | ! | |
[ =N ‘ < |
o |+ + 24, 4 4L S ! ! \
= < J R
= e | % e |
= ° 1 bl R SE L
T T T T < T T
. L o
5 & i~ L S =
2 L 2 :VJ g ) kS s o g g
¢ ¥ ¥ s £ £ s & L & £ 3z
s ¢ 8 5 § F S £ 3 5 5§ £
§ £ 5 T 5 3 T 5 £ -
b7 5 g 5 g ] 5 S S
& 3 E g g g

Figure 5: CPRS scores from 200 simulations of a 80/20 training-test-split. Boxplots are given for the

four different data sets as described on top of the plots and each time for three different mod-
els: smooth backfitting additive model, smooth backfitting additive model using the adjusted
survival estimates 5% (s) and the smooth backfitting multiplicative mode from Hiabu et al.

[2021b].

Due to the additive structure, our survival prediction, while consistent can still be negative. We therefore
consider a simple adjustment where we numerically calculate
S¥i(s) = [[(1 = a°¥(s)ds), a"¥(s) = max(a(s),0).
s<t
Lastly, we compare our local linear additive fit with the local constant multiplicative smooth backfitting
estimator from Hiabu et al. [2021a]. The results from 200 simulation runs can be seen in Figure 5.
We have two main observations. Firstly, the model choice does not seem to have a big impact when
considering survival conditional on surviving the first three months. Secondly, for survival during the
first three months using the adjusted survival probability estimates improves the performance but even
better performance can be achieved by using a multiplicative model. Nevertheless, remember that our
smooth backfiitng additive estimators has the desirable projection property that if the additive model
assumption is violated the estimators converge to the closest additive fit; making the results therefore

still interpretable. We now investigate this property in the next subsection.

6.1.2. Stability under model misspecification
We take the estimated multiplicative smooth backfitting model from the previous subsection, see also
Figures 8 and 9 in the Appendix, as true model and investigate how in this case our additive estimator
would look like. When generating the four data sets (vf = 0, 1; risk in the the first three months, risk
conditional on surviving the first three months), we keep the same number of samples as in the original
data sets while sampling (a, wmi) with replacement from the original data sets. Afterwards, for each
row, we draw a survival time from the multiplicative smooth backfitting model. The survival time is
considered censored if it is greater than 0.25 when considering the first three months, and it is considered
censored if it is greater than 5 when considering the period after the first three months.
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Figure 6: 200 simulations from a multiplicative hazard model, see Figure 8. Grey curves are fitted
local linear smooth backfitting estimators. Yellow curves are approximately optimal additve
fit derived from a smooth backfitting additive regression fit with the true hazard as response
and an inflated sample size of 10,000.

We compare our additive smooth backfitting estimator to a somewhat optimal fit. Note that it is
not clear how to analytically derive an optimal fit analytically or even numerically as it depends on
the joint distribution of duration, age and wmi; which is not known. Therefore, we approximate the
optimal fit by estimating an additive smooth backfitting regression function [Mammen et al., 1999a,
Hiabu et al., 2023] based on 10,000 observations where the response is the known hazard. We consider
200 simulations and the fact that the regression estimator does not vary much gives us confidence that
it is a good approximation of the optimal additive fit. The results are given in Figures 6 and 7. We find
that our proposed estimators (grey lines) despite the limited sample sizes are reasonably close to the
regression fit such that we can conclude that our approach is working reasonably well in estimating the
optimal additive fit. Lastly, it should be noted that we also tried a classical backfitting approach with
kernel smoothers with the result that the estimators for all components diverged in every simulation run
and did not provide any result.

A. Appendix

A.1. Asymptotic theory for the local constant estimator

For the proof of Theorem 1, we apply the general theory for smooth backfitting estimators. We split
the estimator into a stochastic part and a part consisting of its bias plus a function that vanishes. For
counting processes martingales, these two parts are usually referred to as the variable and the stable part,
respectively. One has to show three things: the convergence of the backfitting algorithm, asymptotic
normality of the stochastic part and that the bias part vanishes asymptotically. In Mammen et al. [1999b],
conditions for these three properties have been stated for a nonparametric regression setup. The main
part of our proof is to verify these conditions under Assumptions A1-AS. For completeness we restate
the modified conditions in our notation.

We also state propositions from Mammen et al. [1999b], adapted to our notation, which imply the
properties we need if the following assumptions hold. The difference to Mammen et al. [1999b] is that
we make use of martingale properties and counting process theory instead of the usual arguments for
kernel density estimators.
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Figure 7: 200 simulations from a multiplicative hazard model, see Figure 9. Grey curves are fitted local
linear addtive smooth backfitting estimates. Yellow curves are approximately optimal additive
fits derived from a smooth backfitting additive regression estimator with the true hazard as
response and an inflated sample size of 10,000.

We start with assumptions about the marginal exposures and convergence of marginal exposure es-
timators. Note that we don’t assume any particular definition of E; and Ej;, j,k = 0,...,d, for the
following propositions.

B1 For all j # k it holds
K\ T ,ﬂfk
/E]:z] J dz;j dz, < oo.

Ei(zr)
B2 It holds
A 2
Ej(x;) — Ej(x;)
Ei(z;)dx; = op(1),
P50 Byt = 0p()
~ 2

Ejk(zj,ze)  Ejr(zj, xx)
Ej(zj)Ex(zg)  Ej(x))Ex(zr)

Ej(zj)Eg(xg)dej dzy, = op(1),

/
/17

Moreover, Ej vanishes outside the support of £, EAj’k vanishes outside the support of E; ; and
E is symmetric, i.e. (v, xr) = By j(2r, ;).

(5, 1) Ejy(xj,xy)
Ej(x;)Bp(xy)  Ej(w)) Ex(ay)

2
E;(zj)Eg(xg)dej dzy, = op(1).

We assume that the marginal pilot estimator and proportions of the marginal exposure estimators are
somehow bounded in probability:

B3 There exists a constant C' such that with probability tending to 1 for all j,

/@j(%'j)zEj(xj)dxj <C.
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B4 For some finite intervals S; C R that are contained in the support of E;, j = 1,...,d, we suppose
that there exists a finite constant C' such that with probability tending to 1 for all j # k,

/ Einlzpme) 4o oo
mJGS Ej(z;) Ey(zr)?

We now introduce the notation &; = df + df for the one-dimensional smoother with

the variable part and
R ~ 1l &
6 = Ei(ep) " 0> [l X (9)di(o)
i=1

the stable part of &;. Here, the compensator A; of N; is defined such that M; is a martingale and
N; = M; + A;. The definition of M; will be given later. Now we define the stochastic and stable
components of the local constant smooth backfitting estimator, &; ;, &, for s € {4, B}, as the solution

of
aien) = aien) ~ 63— [ @it
J7#k
where 4§, = [ &5 (vx) Eg(xg)day/ [ By (xy)dzy. Existence and uniqueness of @i, &P is stated in
Proposition 1 under the following assumptions. Assumption B6 assures converges of the variable part
whereas B7 will be used for the structure of the bias part.

J k(xﬁmk)
Ey(x)

— Ej oy (z5) | day, (35)

B5 There exists a constant C' such that with probability tending to 1 for all 7, it holds
/@f(xj)2Ej($j)dxj <G
/@gB(ij)QEj(fﬂj)dxj <C.

B6 We assume that there is a sequence A,, — 0 such that

sup MdA(xj)dx] =op(Ay),
TR ESK Ek(l'k)
7],5(%,%)@?(%)(1% = op(Ay),
By (xr) ok

where ||-||2,x denotes norm defined via ||g||2x = [ g(u)?Ex(u)du. The sets Sy have been intro-
duced in Assumption B4.

B7 There exist deterministic functions /i, ; such that

sup ’O‘ (z5) — Nn,j@j)‘ = op(An),
xz;€S;

where S} has been introduced in Assumption B4.

The following two propositions are results from Mammen et al. [1999b], adapted to our setting and
notation. Under Assumptions B1-B3 and B5, Proposition 1 ensures that the backfitting algorithm con-
verges and Propositions 2 and 3 give the asymptotic behavior of the backfitting estimator under As-
sumptions B1-B9.
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Proposition 1 (Convergence of backfitting). Under Assumptions BI1-B3, with probability tending to 1,

there exists a unique solution {¢;; : j = 0,...,d} to (19). Moreover, there exist constants 0 < v < 1
and ¢ > 0 such that, with probability tending to 1, it holds:

/[O‘y](l’j) — dj(:cj) E;(x;)dz; < cy? (1 + Z/ xl El xl)dxl>

for 7 =0,...,d. The functions a[ | are the starting values of the backfitting algorithm. For r > (O the
functions a([) ], e Ei] are defined by equation (20).

Moreover, under the additional Assumption BS, with probability tending to 1, there exists a solution
{aj:j=0,....d} of (35) that is unique for s = A, B, respectively .

Proposition 2 (Asymptotic behavior of stochastic part). Suppose that Assumptions BI-B6 hold for a
sequence A, and intervals S;, 7 =0, ..., d. Then it holds that

sup |62 () — (67 (2)) — ]| = op(An).
xz;ES;

Under the additional Assumption B7 it holds
A _A
Sgg ‘04 (z5) = [ (z5) — &g, + Mn,j(xj)” = op(Ay).
Ty

For the convergence of the bias term, we need the following.

B8 For all j # k, it holds

sup /
:EjGSj

At last, Assumption B9 is about the structure of the bias term of the estimators.

Ejp(zjan)  Ejp(w), o)
Ej(xj)Ep(zy)  Ejle) Ex(zr)

Ei(zg)dzy, = op(1).

B9 There exist deterministic functions ay, o(zo), . .., an.q(z4) and constants ay, ¥n0,--.,Vn,qd and a
function 5 : R — R (not depending on n), such that

/ i (25)2 B () da; < oo,

/B(x)QE(x)da: < 00,

sup  |B(x)] < oo,
r1E€S1,...,qESy

Ynj — /an,j(wj)Ej(iﬁj)d% = op(Ay),

sup ‘04 (5) = fin,0 — fin,j(x5)| = op(An),
€s;

Zj
~ N N 2
/\%B(%‘) — fin0 — finj(5)| Ej(xj)dz; = op(A}),

for random variables fi,, o and where

,un](xj)—a +an]$] +Z/ank dfj

J’x’“ ZRES TR 4o 4 A, /ﬂ
k#j (
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The following Proposition is taken from Mammen et al. [1999b] and we have adapted it to our nota-
tion. It implies in particular that the bias term of the smooth backfitting estimators equals the projections
of the bias of the full-dimensional estimator of Linton et al. [2003].

Proposition 3 (Asymptotic behavior of bias part). Under Assumptions BI-B6, BS, B9, for j =0, ...,d,
it holds

sup [a’ (25) — pin.j(X;)] = 0p(An),
;€S

Jor pnj(@5) = anj(25) — W + AnBj(;) with
(BB 50) = axgmin [ [5(a) = o = Ba(ar) = -+ = Bulaa) (@),
and B = {B = (B0, B1s---,B4) : [ Bj(xj)Ej(xj)dx; = 0;5 = 0,...,d}. In particular, does Assump-

tion B7 hold with this choice of i, j(x;).

With the next lemma we ensure that the constant o* is estimated at parametric rate in the local
constant setting. This standard result will also be needed in the proof of Theorem 1.

Lemma 1. Let &* = (30, [dN;(s))/ (X 1fY )ds) as defined in equation (14). Under the
condition [ aj(x;)Ej(xj)dxj =0, for j =0, ..., d together with Assumption A2, it holds

2@ — o) — N(O,Ui*),
2 k(1 _ A% s T : =% ok __ -1/2
as n — oo and for o« = (1 — o). This implies in particular &* — o* = Op(n™"/?).

Proof. We first note that it holds Ey(t) = [ E(z)dz_¢ = ~(t) for = (¢, z) and with -y from Assump-
tion A2. Using 2 3% | Vi(s) = 7(s) + op(1) in the denominator and the usual martingale decomposi-
tion for counting processes in the numerator, we get

E[nl/zd*} n2a0* 1+ o(1),
Var (n1/2d*) =ao*(1—-a")+o(1),
because of the identification | (s 7( )ds = 0. The terms E[ [ j(Z; j(s))v(s)ds] in the stable part

of the martingale vanish because of y(t) = | E(x)dz_o and the identification criterion. The Central
Limit Theorem for i.i.d. observations then yields the result. O

Moreover, we will make use of the following counting process martingale central limit theorem,
which is a direct application of Rebolledo’s Theorem (Theorem I1.5.1 in Andersen et al. [1993]). Itis a
multivariate extension of the central limit theorem for martingales in Ramlau-Hansen [1983].

Lemma 2 (Multivariate Ramlau-Hansen). Let {M; : i = 1,...,n} be a sequence of i.i.d. martingales

(n)

and letg be predictable functions for j = 1, ..., d. Furthermore, suppose it holds for j, k = 1,...,d,

Z/gw gz k s)d(M;)(s) — UJQ',lw (36)
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in probability for n — oo with UJQ-k > 0 and for every € > 0. Then

n fgz(ﬁ)(s)dMi(S)

> : - N(0,%),
i=1
TS 0l (s)aMi(s)
in distribution for n — oo, where O' o I k =1,...,d are the entries of the covariance matrix 3.

To show Theorem 1 we apply Propositions 1-3 and Lemmas 1 and 2. According to the propositions it
is sufficient to verify Assumptions B1-B9. In the proof of Theorem 1 we will show that our Assumptions
A1-A5 imply Assumptions B1-B9 for the right choices of A, a,, ;, 3, Vn,;-

Proof of Theorem 1. In the following we show how Assumptions A1-A5 imply B1-B6, B§-B9 with
our choice of marginal pilot estimators. Assumption B7 is established through Proposition 3 once the
other assumptions are verified.

Without loss of generality, the proofs are done for 7 = R = 1, i.e. for survival time and covariates
with support [0, 1] and we will show that Assumptions B1-B9 are satisfied on closed subsets Sy C
(0,7)and S; C (0,R),j=1,...,d.

We first note that Assumption B1 follows directly from Al.

For the remaining stochastic statements, we start with the derivation of convergence rates for the
marginal exposure estimators. Moreover, we will show all statements for the rate A,, = h?. With
I, = [2h,1 — 2h], itholds for j = 0,...,d,

sup | Ej(z;) — Ej(wj)\:Op<(log n)1/2n72/5>, (38)
IjEIh
sup |Ej7k(xj,xk) — Ejvk(ajj,xk)\:Op((log n)l/Qn_?’/lO), (39)
Ij,rkelh
X 1
sup \Ej(:):j)—/ kp(xj,u)du Ej(acj)\:Op(n_l/E’), (40)
0<a,; <1 0
1 1
sup |Ej7k(xj,a:k)—/ kh(a:j,u)du/ kn(xg, v)do Ejvk(xj,mk)]20p<n_1/5). (41)
OSIj,CEkSl 0 0

Before proving equations (38)—(41) we emphasize that they imply in particular

sup |Ej(x;)|=0p(1), (42)
mje[o,l]
sup |Ej(z;) " =0p(1), (43)
:CjE[O,l]
sup \EAj,k(xj,xkﬂ:Op(l). (44)
xj,2,€[0,1]

Condition (38) follows with standard arguments (chaining, Bernstein inequality, c.f. Mammen et al.
[1999b] for the regression case) from

E[£) (x;)] - Bj(x;) = O(n7?), (45)
] i(xi)| <C1 as, (46)
1Bj(w) = B (ug)| < Calus — usln™Op(1), (7
Var(Ej(a;) = O(n~/%), (48)

for constants 0 < C7,Cy < oo, m > 0 and all u; # ug,z; € [0,1]. This can be seen with Taylor
expansions and using the Lipschitz continuity of K. Condition (39)—(41) can be shown in the same
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way. For (40) and (41) note that fol kp,(z;,u)du corrects the kernel at the boundaries where it does not
integrate to unity.

We now show (45)-(48). Condition (46) follows directly from A3 with K being bounded and the
covariates having compact support. With usual kernel estimator arguments and a Taylor expansion of
fs around z; we get R

E[E;j(z))] — Ej(x;) = o(h?), (49)

which implies condition (45) immediately. Condition (48) can be derived analogously. Eventually, the
Lipschitz continuity of K in A3 yields (47).
Since the kernel & is cut off outside [0, 1], Assumption B2 follows directly from (42)—(44).

For the remaining assumptions we split the marginal estimator &;(z;) as described for BS into the

variable part
IZZ 1 J kn(zj, Xij(s))dMi(s)
Ej(x)

~A
a; (zj) =

and the stable part

via &(xj) = dj‘(:vj) + 64 (xj). With the choice A; fo s)ds for the intensity \; that was
introduced in equation (4), We get that M; = N; — A deﬁnes a umque square integrable martingale
arising from the counting process N;.

Next we derive the asymptotic behavior of &/ #(x;) and ab ; (x;) separately. With M; being a martin-
gale and ky,(;, X;;(s)) being predictable, the integral [ ky(z;, X;;(s))dM;(s) is a martingale as well.
Using the multivarlate Ramlau-Hansen martingale central limit theorem in Lemma 2, we will show that
éz}-“(a:j) is asymptotically normally distributed whereas the difference between the stable part ol;-g (x5)
and oj(x;) asymptotically behaves like the bias term b;(z;).

For x; € Ij, we now show conditions (36) and (37) of Lemma 2 for g ( ) = 3/5kh(
Xij(s)). Note that with A; being the compensator of M;, we get in partlcular d(M;) (s ) (s) =

o + g k(X (5)) Vi),

For cross-terms with j # [ in (36), it holds with this choice of gg-l) that

/ 9 (5)g") (s d<M@-><s>]
<1 2/5>2§:/kh (8)En (1 — Xa(s))dAi(s)
—n‘”5/:/kh = uj)kn(z —w) o + ao(s %+§: k@%J

( )fs(uly--- ud)d(ul, --,Ud)ds

(50)

=0(h),

because of the bounded support of the covariates and with the hazard rates being continuous. We write
fs(u1,...,uq) for the conditional density of (X;1(s),...,Xq(s)) at (ug,...,uq) given Y;(s) = 1.
Moreover, it can be shown easily with similar arguments that the variance of these terms satisfies

Var(Z/g” $)90(s <Mi)(s)> — o(n), 51)
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and hence O’,% ; = 0 for j # [ is assured for (36). For the diagonal of the asymptotic covariance matrix

3, we start with the following preliminary results. For xj € Iy it holds

nt g

n? z": / kn(wj — Xij(s)) % (Xi;(s))Yi(s)ds
i=1
=nt/5p1 //kh(xj — u)zaj(u)fs(u)*y(s)du ds
=n"Y°h" // 2aj(xj + vh) fs(xj + vh)y(s)dvds (52)
:(nh5)1/5/k(v)2aj(xj)dij(:rj) +o(1)
=it [ kP dvaya) Es(a) + o(0)
with usual kernel estimator arguments. Analogously, we get for [ # j, that

n*R

n i / kn(x; — Xij(s))2al(Xz'l(S))Yi(S)dSI
i=1
=c; ! / k(v)de//ak(ul)fs(xj,ul)'y(s)dul ds + o(1).
For the variance of the diagonal terms, one can derive
Var (Z / (67 (s)) i>(s)> = o), (54)

which yields the stochastic convergence of diagonal variance terms together with (52) and (53).
Summarizing, equations (50)—(54) imply condition (36) of Lemma 2 with aj% = 532 (xj) for

(53)

52 (xj) = ¢ " /kQ )do [ o +Z//Oék: w) fs(xj, w)y(s)dw ds + o (z;) Ej () |
I#j

and 0%, =0, ] # k.

The Lindeberg condition (37) is satisfied under Assumption A3 since we assume bounded support
for all covariates.

Hence, Lemma 2 implies

A

&' (o) Eo (o)
n?/® : - N(0,%), (55)
g (wg) Ea(za)
where 3 is a diagonal matrix with the entries 532-(3@-), j=0,...,d.

Equations (48) and (49) imply convergence in probability of Ej(xj) to Ej(z;) at a fast enough rate
and hence, we get

&g (wo)
n2/5 : — N(0,%), (56)
ég (w4)
from (55) with X being a diagonal matrix with the entries sz(xj) = 5]2- (z;)Ej(x;)7%,j=0,...,d.
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J
argumentation we used to prove (38) for F;(x;), this leads to

Note that condition (56), implies in particular Var (&A(a?j)) = O(n=*5). Following the line of

sup ]df(xj)]:Op ((log n)1/2n72/5>. (57)

ijI}L

Analogously, one can get a similar result at the boundary and thus

sup |5 (z;)] = Op(1) (58)
mje[O,l]

on the whole support.
For the stable part, we refer to Nielsen and Linton [1995] who have shown for

— iZ/kh($j,Xij(3))dAi(s)
i1

that
sup |Bj(z;) — E[Bj(z;)]| = op(1), (59)
:E]'G[O,l}
sup [E[B;(x;)]| = o(1), (60)
5€[0,1]

making use of the Lipschitz continuity of K from Assumption A3 and of Assumption Al. Together
with (43), equations (59) and (60) imply

sup |a (x5)] = Op(1). (61)
x;€[0,1]

One can get Assumptions B3 and B5 immediately from (58) and (61). Assumptions B2, B4 and B8
follow from equations (38)—(41).

We illustrate the derivation of Assumption B6 for z; € Ij,. First note that [ E; (2, zi)(Ej(z;)) !
kp(z; — X; j(s))dx; is a bounded function g(h, zx, X; ;(s)) of arguments h, xy, and X j(s) and hence
predictable. This leads to

Ve [ glh a1, X (9)aM9)) = 0

due to M; being a square integral martingale and a similar derivation to (50)—(54). Thus, it holds that

( Z// Ljr(wy, 1) !E],xk kh(xj,Xi7j(s))dxdei(S)>

is asymptotically normally distributed and in particular

Z// Ljk(Tj, Tk) xg,:nk kh($j7Xi,j(3))dxdei(s):Op<n71/2>'

Note that by integrating over x, we achieve the parametric rate nl/? making the usual rate h~! vanish.
Together with (38) and (39), the last equation yields

/E]k Tj k) A(x‘)dx-
Bran) )45

30



Ejr(xj, fL“k)
Ey(xy)

1 , B -~
— By () Z / / STy, k) ‘”"f x"f (s, Xy (5))day dMy(s) + Op(n=*/n~2/log n)

=0p (nil/Q),

since (38) further implies dj‘(mj) = Bj(z;);, (z; — X;j(s))dM;(s) + Op(n~/5(logn)*/?).
The last equation proves Assumption B6.
We prove Assumption B9 for the following choices for j = 0,...,d.

(:L‘])d.’EJ + 0p(n=31% 2% log n)

an(2)) = ) + o) [ ntas,u)(a - ) [ / kh<xj,v>dv} au,

[ (; ‘fﬂoag;j(ﬁéaj(xj)] / W2h(u)du,

"
o M
M&

Tng =

The first three statement of B9 hold immediately with this choice of a,, ; and Assumptions Al and A3.
For the fourth statement it holds

/ ap (25 Ej(wj)da; = / aj(j) Ej(wj)da; + / a}(iﬂj)Ej(xj)fk}(ZZEaz .)’(:>;ij)d”7j= (62)

and we investigate the two summands separately. For the first one it holds

/%(%)Ej(fﬂj)d% 2712ZZH;//ij(ﬂﬁj)kh(fvjaXz'j(S))diL“jE‘(S)dS
=23 [
=K [/ aj($j)Ej(xj)dxj] +0P(n_1/2>

—///aj(ﬂ?j)kh(xj_U)V(S)fs(u)dudsdxj+op<n1/2>
//a; zj)kp(z; —u)E ()dudeJroP( 1/2)

:/aj(ﬂfj)Ej(fﬂu)dxj +op (n71/2>’

since [ g, (X; ;(s))Y;(s)ds are i.i.d. random variables with the definition g, (X; ;(s)) = [ aj(z;)kp(z;—
Xi;j(s))dx; and the Central Limit Theorem applies as for B6. The last equation follows from a substi-
tution, a Taylor expansion of E; and the fact that & is a kernel of order one.

The second summand can be treated analogously yielding

LoNE S En(zj,u)(u — ;)
/Oéj(xj)Ej(l”j) T (a0} da;

= [ [ alwimnte — u) (- Eytudude, + o (n2),
=op (n_1/2>,
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and hence in total

/%(%)Eg‘(%)dxj = op <n*1/2)- (63)
because of the identification [ a;(z;)E;(z,)dz; = 0. This verifies the fourth statement of B9 with
Tng = 0.

To prove B9, we start with two preliminary results:

sup a7 () — fin,j(2;)|=0p (h?), (64)

xJEIh

sup &7 (7) — fin,j(5)|=0p (h). (65)

z eI}

Recall that by definition it holds

Z / by — X ()i () (B )
-1 xz; — Xii(s
—n;/m] Xij(5))

and

kﬂl’ 7$k
fin,j(25) =ano + anj(x;) +Z/ank ] J AW /B

k+#j Ej(z;)

:a*—l—ozj(:nj)—i—a;(:zrj)/kh(xj,u)(u—xj)[/kh(xj, )dv] du

+Z/<Oék xk)—i—ak(a:k)/kh(xk, w)(u — o) [/kh(:ck, o)do }1du>

k#j

X Julf(x]’llk)dxk

B ()
+A, /u k(u du/Z[ (z;) alogf( )+;a;'(xj)} %dx_j.
Next, it holds for j = 0, ... d.
iz [ s X (9)e0 (X5 6 is)ds (B )
—ae) + ) [ty = ) < e u>du> B (66)

#12 [ hluau| B0 o) + 3By (o) )] Bs(ar) ™ + R
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with sup, e, [Rn,j(z;)| = 0, (h?) and SUP,, 0,1\ 1, | F2n.j (25)] = Op(h?). Similarly, for k # j, we get

'y mxj,Xij<s>>ak<xik<s>m<s>ds(Ej<scj>)_1
=1

E

Ej(xj)
Oé/ X M T, u)lu — 2 u i, Ww)du - (67)
+/ k() () En (2, u)( k)d </k‘h( i, u)d >
1 [ahaydu [ ["’Ef”;jj,j’x’“) af () + Ek<xj,mk>a;'<xj>]Ej<xj>—1
+ R jj(x5),

with sup, 7, [Rn jk(2;)| = 0p(h?) and SUP,, 0,1\ I, [ Fn. k(%) = O, (h?). Equation (66) follows
straightforward with a Taylor expansion of each «; and F; and for the derivation of (67) we refer to
the proof of Theorem 4 in Mammen et al. [1999b], where the analogue is shown for the nonparametric
regression case. Equations (66) and (67) imply (64) and (65) with above choices of a,, j, 3 and 7, ;.
Eventually, together with (63), conditions (64) and (65) imply A9.

For the last statement of the theorem, we note that the constant component «* in the conditional
hazard can be estimated at a parametric rate n1/2 by &* due to Lemma 1. O

A.2. Asymptotic theory for the local linear estimator

For the local linear estimator, we follow the same procedure as in Section A.1. We first introduce
general assumptions as well as a set of results from Mammen et al. [1999b] which we will apply to
prove Theorem 2. Then we verify the new assumptions under Assumptions A1-AS5.

Let £ : X — |0, 1] be the exposure as defined earlier and let W be a (deterministic) positive definite
(d+ 1) x (d + 1)-matrix with elements W, s such that Wy o = 1. We set

Wo.o W'o>
M. ) — ’ 75 E. ), 68
o= (e ) B %)
W, W,
Sl,j(ﬂflvﬂfj)=<W2’3 M’?)El,j(%ﬂ?j)- (69)

These will later be the fixed but unknown matrices to which M ; and S j, respectively, converge.

Now we make the following assumptions which are all of similar nature to BI-B9. Note that these are
assumptions on V7 (z;), er7 (z5), ij (z), V] (mj) Vi (ay, x), VI (a, 7). le’J (z1, x5), Vilj (z, x§)
and &;(z;), &7 (x;), and all zj, ¢, j,1 = 0,.. ., d and we don’t assume any particular definition of these
terms for the following propositions.

B1’ For all j # k it holds
jk mjaxk

dx;d .
E x]Ek$k ik < 00

B2’ For M; and Sy ; as in (27) and (28) it holds
2
Ej(xj)dz; = op(1),

/

VIk (2, 2p) Ej (2, vg)

Ei(zj)Ex(z)  Ej(z)Ex(vr)

Ej(zj)Ey(zy)dz; dzg = op(1),

/
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~ ~ 2
/[Mj(wj)_lsk,j(wk,fﬁj) - Mj(évj)_lsk,j(wk,fL‘j)]HEj(fBj)ElZl(ka)dﬂﬁj dzy, = op(1),

)

for r,s = 1,2. Here [A],, denotes the element (r, s) of a matrix A. Moreover, M; vanishes
outside the support of Fj;, S],k vanishes outside the support of F;; and S is symmetric, i.e.

S'M(:cj, rp)! = gk,j(xkamj)'
B3’ There exists a constant C' such that with probability tending to 1 for all j,
[ it Es )z, <
and
/@j(fj)QEj(ffj)dxj <C.

B4’ For some finite intervals S; C R that are contained in the support of E;, j = 0, ..., d, we suppose
that there exists a finite constant C' such that with probability tending to 1 for all j # k,

sug /trace[gkyj(xk,xj)]\%j(wj)25'k,j(wk,xj)] Ey(xy) tdry < C.
TjE]

We now introduce the notation &; = (5/‘ + &B and &/ = & + 478, Where (d;‘ a?4) is the
variable part and ( , &9B) is the stable part of the initialization (&, &7). The terms are given by

o) ={ (V7 (2;))? V;,Jm)w(xj)}‘l}l; [ sustanarso),
& (wy) ={ (V7 (2;))? v],,<xj>vj<xj>}”fl [ dienarcs),

a8 () ={ (U () V;,J<xj>v&o<x]>}‘1;§; [ oistanani),
(o) ={ (70 = Vo ¥ato)} 5 [ e

with

Equivalently, we can write

() =332 [ (it ) ot Katansc,

<0ﬂ’ > Z/M ) < _1(fﬂjin‘j(S))>kh(x]’ ())d84(e),

As in Assumption B4, M is the martingale arising from N; and A; is its compensator. Later on, we will

verify the following assumptions on (&JA, a74) and ( , &9B). Moreover, for the whole estimator we

define, for s € {A, B}, g o d;f and a7 as the solutlon of the equations

s p) =) e (gl o
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/a;f(xj)f/j(xj)dxj ~0. a1

Existence and uniqueness of 34 f, &), &J:B is stated in Proposition 4. We make the further assump-
tions

B5’ There exists a constant C' such that with probability tending to 1 for all 7, it holds
/df(ifj)QEj(iﬂj)d!Ej <G,

and
/@j’s(ﬂfj)QEj(ﬂfj)dxj <G,
fors = A, B.

B6’ We assume that there is a sequence A,, such that

A
sup Mk xr) Sk](mk,x])< J,A(x]?>d93j =op(Ay,),
wkESk ( ) 2
A
Mk xk Skj(xk7x])< ]A((xj))>dxj = 0P<An>7
My, ,2

where ||-||2 denotes the Lo norm in R? and where for functions g : R — R? we define || QH?\@Q =
J g(u) My (u)g(u)du. The sets Sy have been introduced in Assumption B4’.

B7’ There exist deterministic functions s, ; such that

sup | () — pnyj(25)| = 0p(An),
z;ES;

where S has been introduced in Assumption B4’.

The local linear equivalents to Propositions 1 and 2 are the following results from Mammen et al.
[1999b], adapted to our setting. The following two propositions assure convergence of the backfitting
algorithm and asymptotic normality of the stochastic part of the estimator under Assumptions B1’-B7’.

Proposition 4 (Convergence of backfitting). Under Assumptions B1’—B3’, with probability tending to
1, there exists a unique solution {Thovljrhl,rhl : 1 =0,...,d} to (26)—(28). Moreover, there exist
constants 0 < v < 1 and c > 0 such that, with probability tending to 1, it holds:

2
where

=1+ Z/ El (x)dxy —l—/[ [0 ](xl)rEl(xl)dxl.

The functions &([)O}l, d[ Vand &0 are the starting values of the backfitting algorithm. For r > 0 the

functions oz[ " and &M are defined by equations (29) and (30).
Moreover under the additional Assumption B5’, with probability tending to 1, there exists a solution
{ag, a3, @1 j=0,...,d} of (70), (71) that is unique for s = A, B, respectively.
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Proposition 5 (Asymptotic behavior of stochastic part). Suppose that Assumptions B1°’—B6’ hold for a
sequence A, and intervals S;, j = 0, ...,n. Then it holds that

sgg ‘a (x) — [af(xj) — déj]‘ = op(Ay).
Tj

Under the additional Assumption B7’ it holds

Sgg |&j(x;) — [651(x) — 685 + pnyg(25)]] = op(An).
Tj

Before stating a result for the bias part, we assume the following.

B8’ For all j # k, it holds

sup /’ i () Sk](ska%) M 1(%)*%3(%;%)}” By (xy)dxy, = op(1),

T ES

forr,s =1,2.

B9’ There exist deterministic functions a, o(xo), - - - , an.a(za), ad(x0), . . ., al(z4) and constants a,
Tn,0s - - - s Yn,d Such that

[ s ) < .
/%(%)2@(%)@3’ < o0,

Yng — /an,j(xj)vj(fﬂj)dﬂfj =op(An),

sup |2 (2;) = fino — finj ()| = op(An),
xJES

~ N N 2
/\O‘JB(%) — fin0 — finj(2;)| Ej(z;)dz; = op(A7)

sup |67 () = fin,0 — i, (25)] = op(An),
;€S

/‘oﬂB xj) — i (z; ’ E;(x;)dz; = op(A2),

for random variables fi,, o and where

()= (#3509) 5 it s (1

k#j

The next proposition appears in Mammen et al. [1999b] with different notation for the nonparametric
regression case. It assures convergence of the deterministic part of the estimator.

Proposition 6 (Asymptotic behavior of bias part). Under Assumptions B1’—B6’, B§’, B9’, it holds

sup ‘&}B(fcj) - Mn,j(Xj)‘ =op(An),

;€S

sup |67 (2;) — 1, (X;)| = op(An),

;€S
for pn j(xj) = anj(xj) — Y and u%(a?j) = a%(wj). Assumption B7’ holds with this choice of
im, (25)-
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Proof of Theorem 2. To apply Propositions 4-6, we have to prove that Assumptions A1-AS imply B1-
B6, B8, BY. The proof is analogous to the proof of Theorem 1 and the assumptions can be shown in a
similar way.

We now focus on the variance and bias part

(o(;ff“((w:cjj))> i(2j) - Z/( — Xi(s )))kh(xﬁXij(S))dMi(S)v
(&062)) = e 23 [ (v U(S)))wx], SN (s)

Analogously to (38)—(41), we show uniform convergence of M;(z;) and S’lﬂ- (x1,2;) to Mj(z;) and
Sy,j(x1, ), respectively, and then focus on

) [ RTNSSIN IXEEEIE

for asymptotic normality and on

:Lizn;/(h‘l(xjEXij(s))>kh(% (5))dAi(s)
for a bias term.

With M; being the same martingale as in the proof of Theorem 1 occurring in the stochastic part, we
get the same asymptotic variance O'?. Moreover, Assumptions A6—A9 can be verified with the choices

S
|
Q

af'l(:z] = ho‘}(%)a
d
B(x) =Z% uzk(U)dU[a}'(%)—/aé'(wj)Ej(xj)dxj ,
j=1

hQ
Tnj = Vnjt o / w?k(u)du / af () Ej(x;)da;,
Vn,j = / / aj(xy)knp(zj, u) Ej(u)dude;.

A.3. Two-step smooth backfitting estimator

The interpretation as a projection motivates two different ways to compute the smooth backfitting hazard
estimator. For the minimisation over all additive hazard functions, we can either minimize directly or we
first minimize over the subspace of all (unstructured) local polynomial functions of degree p obtaining
a solution ;¢ from (8) which is a non-additive estimator and then minimize the integrated squared
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errors between ¢, and all additive local polynomial functions of degree p:

argmin 3" [ [ Lo 0" + a0l + o) + -tz

a *€R, i—1

ozj ]R—>]R

§=0,....d

1=0,...,p (72)

+ aff (o) (xo_hXio(S)>p 4oy a((jp)(a:d) (d‘:f@d(s)>p} }2
x Kn(z — Xi(s))Yi(s)ds dv ().

We want to emphasize that the estimator we obtain via direct minimisation (9) or (10), respectively,
and the one obtained through the two-step minimisation (72) are identical.

In the following, we want to illustrate how the estimator can be obtained from an unstructured hazard
estimator. Although we don’t make use of it, this representation enables us to derive the asymptotic the-
ory for the final estimator making use of the known asymptotic behavior of the established unstructured
local constant which is defined below. Moreover, the derivation is less technical and easier to follow
and the implementation is more straightforward.

Let & be the unstructured local constant pilot estimator, AaLC defined in Section 4.3. Then, for a
weighting w, the local constant smooth backfitting estimator & can be equivalently defined as

2
d

min/X a(x) —[a* + Zo_cj(:cj)] w(x)dz.

a
J=0

Analogously, for p = 1 we get the local linear estimator &2 () = OLL(z) /ELE(z) for z € X from
equation (8), which is defined through

OLL(x) = %Z /{1 — ((L‘ — Xi(s))D(x)*lcl((L')}Kh(l',Xi(s))dNi(S),
i=1

By =13 / {1 = (2 — X(9) D(@) b1 (2) (i, Xi(5)) V() ds,
=1

where ¢;(z) = n ™' Y0 | [ Kp(x ))(xj Xij(s))Yi(s)ds and for the (d + 1) x (d + 1)-matrix
D(x) = [dj (@))% with dj(2) = 3 30, [ Kn(@, Xi(s))(z; — Xij(s))(xk — Xi(s))Yi(s)ds.

Note that the matrix D is not necessarily regular for d > 2 and hence the existence of D~! and the
existence of &% are not guaranteed for d > 2.

In contrast to the local linear estimator, the local constant estimator &
independent of the dimension d.

LC is always well defined

B. Fitted values from the multiplicative model

Here we show how the fitted values from the local constant multiplicative smooth backfiiting model
Hiabu et al. [2021a] look like.
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Hazard function estimates for the first three months
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Figure 8: Local constant multiplicative smooth backfiiting fit of (ag, a1, a2) conditional on surviving
the first three months for two different strata depending on the value of vf.

Hazard function estimates conditional on surviving the first three months

vi=0
— — (=}
S
o n -
=N ] _
o <2 7 — o X
s S 8 _ ¢ =
v —
§ - g Z -
S T T T T T T T T T T T T T T T T
1 2 3 4 5 40 50 60 70 80 05 1.0 15 20 25 3.0
duration (years) age (years) wmi
vi=1
4 S
w = (o}
g7 g §
g S & | g =4
v - —
o~ | v o
8 T T T T T S N T T T T S T T T T T T
1 2 3 4 5 40 50 60 70 80 05 10 15 20 25 3.0
duration (years) age (years) wmi

Figure 9: Local constant multiplicative smooth backfiiting fit of («y, a1, 2) conditional on surviving
the first three months for two different strata depending on the value of vf.
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