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ABSTRACT

In this thesis, we investigate the interplay between entanglement and internal symmetries in 1+1D
quantum field theories (QFTs). Although the notion of symmetry-resolved entanglement has been
widely studied in various systems, its behavior in excited states of massive QFTs remains largely
unexplored. In the first part of the thesis, we focus on theories with global U(1) symmetry and
compute the symmetry-resolved entanglement entropy and logarithmic negativity of zero-density
excited states of the massive free complex boson and Dirac fermion. We find that the excess of
symmetry-resolved entropy (and negativity) of these states with respect to the ground state is
largely independent on the details of the excited state and it has a very simple dependence on the
U(1) charge. We test our results numerically on a one-dimensional Fermi gas and on a
one-dimensional harmonic chain, and we propose an interpretation of our formulae in terms of simple
multi-qubit states. Next, we generalise the field-theoretic computation of symmetry-resolved
entanglement measures to higher-dimensional, non-integrable field theories using semi-local twist
operators, which are defined through their commutation relations with an algebra of local
observables in a QFT. In the second part of the thesis, we turn our attention to the one-dimensional
massive Ising QFT, which possesses a Zs symmetry. The ground state in the paramagnetic
(disordered) phase of the theory is symmetric, and its Zs-resolved entanglement entropy can be
obtained from a two-point function of composite twist fields. We provide an exact expression for the
cumulant expansion of this two-point function. In contrast, the ferromagnetic (ordered) phase
features two Zo-breaking vacua. The extent to which the symmetry is broken can be quantified by a
relative entropy measure known as entanglement asymmetry. By making use of twist operators, we
develop a method to compute entanglement asymmetry in massive 1+1D QFTs with discrete

internal symmetry and apply this approach to the Ising model.
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CHAPTER

ONE

INTRODUCTION

Over the past decades, advances in experimental technologies have led to extensive exploration of the
role of entanglement in quantum many-body systems [9]. In particular, the study of entanglement
measures in quantum field theory (QFT), which started in the 1990s with the seminal works [10,
11] and was then crucially extended by Calabrese and Cardy [12], brought results to the attention
of a much wider scientific community. These theoretical results, in conjunction with numerical and
analytical work in integrable spin chain models [13-16], revealed how certain entanglement measures,
such as entanglement entropy [17], display universal scaling at conformal critical points [18]. This
observation has many implications, a very important one being that computing the entanglement
entropy of a pure state is one of the most numerically effective ways of determining if the theory is

critical.

A recent development in this field is the growing interest in a type of entanglement termed
symmetry-resolved entanglement. In the context of conformal field theory (CFT), a definition of this
quantity was given in [19], where it was related to correlation functions of generalised (or composite)
branch-point twist fields (CBPTF). In the context of entanglement, such fields were first introduced
in [12] as associated with conical singularities in conformal maps and in [18, 20, 21] as symmetry
fields associated to cyclic permutation symmetry in 1+1D QFT (both critical and gapped). The
basic idea is that in theories that posses an underlying symmetry (say U(1) symmetry in a complex
free boson theory or in sine-Gordon theory) entanglement can be expressed as a sum over
contributions from different symmetry sectors. A strong motivation to study the symmetry-resolved
entanglement measures is that the different contributions to the total entropy are experimentally
measurable [22-24] and can be related to the operationally accessible entanglement in quantum

computing [25-27]. Prior to the works presented in this thesis, several results existed for the
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symmetry-resolved entanglement of symmetric ground states of CFT, massive QFT and spin chains
[28], as well as for low-lying excited states of critical theory, but not for excited states of massive

QFTs'.

Alongside with progress in the study of symmetry-resolved entanglement measures, in the past
two years growing attention has been devoted to the notion of entanglement asymmetry. Introduced
in [29], entanglement asymmetry provides the first information-based probe of symmetry breaking: it
quantifies how much a certain state breaks an underlying internal symmetry of the system,
spontaneously or explicitly. Initially, such quantity was used to analyse the restoration (or lack
thereof) of a U(1) symmetry in the quench dynamics of quantum spin chains [29-31]. Shortly after
these first works, entanglement asymmetry studies were conducted on CFT [32], critical spin chains
with larger symmetries [33] and black-hole radiation [34]. The largest part of the research regarding
entanglement asymmetry has thus far been devoted to the dynamics of the entanglement asymmetry,
whereas a characterisation of this measure in a field-theoretic setting and for more complex

symmetry groups is mostly still lacking.

In part I and part II of this thesis, we contribute to filling the two large gaps in the literature that
we mentioned above. Namely, in part I we characterise the symmetry-resolved entanglement content
of excited states of massive QFTs, and in part II we introduce a field-theoretic framework for the
study of entanglement asymmetry in ordered phases of massive field theories. The two parts of the
thesis can also be distinguished according to the type of symmetry we treat. In part I, we deal with
theories that possess an internal U(1) symmetry, namely the complex boson and the Dirac fermion.
In part two of the thesis, on the other hand, we consider the massive Ising field theory, the most
paradigmatic quantum field theory featuring discrete Zs symmetry. Chapter 4, in which we derive
exact formulae for a correlation function in the disordered phase of the Ising QFT, is included in part
IT of thesis according to this criterion. Among our main contributions in the two parts of this thesis is
the introduction of a class of operators, that we call twist operators and that generalise objects known
in 1 + 1D dimensions as branch-point twist fields. We will define twist operators in Chapter 2 and

make a consistent use of them throughout the rest of the thesis.

The remaining part of this Introduction contains an essential review of the theoretical foundations
necessary for the following chapters: the definition and main properties of entanglement measures,
the replica model in 14 1D quantum field theories, the definition of symmetry-resolved entanglement

and entanglement asymmetry. A more detailed outline of the thesis structure concludes this chapter.

!'Throughout this thesis, the expression “massive QFT”, without further specification, refers to either a free or
interacting local QFT with a mass gap.
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1.1 Entanglement in many-body quantum systems

Entanglement is arguably the quantum phenomenon that irremediably marks the departure from
deterministic, classical physics. This is, at least, the opinion of someone who might have had a say in
the matter [35]. Entanglement is essentially present when there are correlations of an intrinsic quantum
nature between two parts of a system prepared in a certain state. Thus, entanglement depends on
the state and on the way the system is partitioned. Quantum correlations can be revealed by a
measurement on one of the two parts of the system, which causes the collapse of the wavefunction
according to the Copenhagen interpretation of quantum mechanics [36]. The non-locality of the
collapse was at the heart of a debate about the completeness of quantum mechanics as a fundamental
theory of reality, a debate that culminated in the famous 1935 article by Einstein, Podolski and
Rosen [37]. In this paper, the authors proposed that quantum correlations between distant particles
should be explained by means of some local hidden variables: our ignorance about the probability
distribution associated with these variable would then explain the most counter-intuitive features of
quantum mechanics. This position on the fundamental properties of quantum mechanics is sometimes
referred to as local realism. However, if there are local hidden variables of a purely classical nature,
then the possible results of a measurement should satisfy certain inequalities, the first of which were
derived by Bell in 1964 [38]. The violation of Bell inequalities was crucially proved by Alain Aspect
and collaborators in a series of experiments that led to the 2022 Nobel Prize in Physics [39-41].
The experimental proof that there can be no local hidden variables marks the end of local realism:
quantum mechanics is complete and quantum entanglement cannot be explained in terms of classical

correlations.

With the developments in quantum technology achieved in the 1980s and 1990s, entanglement
started to be considered a resource in the field of information and communication protocols. Just to
mention two examples, it is possible to encode in a single qubit (quantum bit) the information carried
by two classical bits, as long as the qubit belongs to an entangled pair: this is known as dense coding
[42]. Moreover, by exploiting entanglement it is possible to achieve quantum teleportation [43], i.e.
transferring a state between two observers (without neither of them knowing what the state actually

is).

There are different ways of measuring entanglement, depending on the different points of view
that may be adopted. For instance, one may be interested in measuring the entanglement between
two spins at different sites in a quantum chain, ignoring the rest of the system: this is an example of
pairwise entanglement, which can be measured for instance by the entanglement of formation [9, 44].
Conversely, one may be interested in measuring how entangled are two large subsystems of a larger

system: in this case, one talks of entanglement of regions. This is the point of view we will adopt in
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this thesis.

We give the following definition of entanglement. Let H = H4 ® Hp be the Hilbert space
corresponding to a total system partitioned into subsystems A and B. Let {|¢;)a}, {|x:)B} be basis

of H 4 and Hp respectively. Then a state:

i) a®@Ix;)B €M, iy €C, Y Joy,lP =1, (1.1)

V)=
1,7
is said to be separable if there exist some |p)4 € Ha, |x)B € Hp such that

) =) a ® [X)B- (1.2)

A state is entangled with respect to a given bipartition if it is not separable.

In quantum many-body systems, it is often convenient to adopt the viewpoint of density operators.
A density operator, or density matrix, is a map p : H — H that encodes all the characteristics of a

state. For a state |¢)) € H, the density matrix is defined as the projector:

p = [¥) (] (1.3)

A state for which the density matrix can be written as a projector, i.e. every state defined by a vector
as in (1.1), is called a pure state. However, the true advantage of the density matrix formalism is
that density matrices incorporate a notion of classical probability, which is present if the state of the
system is a statistical mixture. Indeed, suppose that one wants to describe an ensemble of states
{|1;) € H} in which each state is associated to a certain probability p;. The correct way to represent

this ensemble is via the density operator:

pP = sz’wz 1/% sz =1. (1'4)

This is called a mized state. The paradigmatic example of a mixed state is given by the usual Gibbs

ensemble (or thermal state), which in quantum statistical mechanics is described by a density matrix:

ZZ BB In)(n an =1, (1.5)

n

p3

where {|n)} are the energy eigenstates. The Gibbs ensemble displays all the natural requirements of

a density operator, namely, it is a positive semi-definite, Hermitian operator of unit trace:

p=p', (Wlpl) >0 V) eH, Tryp=1. (1.6)
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Every operator with these properties can be written in the form (1.4). Additionally, density matrices
of pure states (and of pure states only) are idempotent, p?> = p: for this to hold, all the probabilities

in (1.4) must be zero except for one p; = 1, and the state reduces to (1.3) for a certain |¢)).

In the state p, the expectation value of a local observable represented by an operator O : H — H
is given by Try(pO). However, in systems characterised by a large number of degrees of freedom, it
often occurs that an observer can access only a portion of the total system. Suppose the observer is
interested in the expectation value of a local operator O4 : H4 — Ha. This is easily embedded in
the algebra of operators acting on the total space by defining O := O4 ® 1. Then, by picking an
orthonormal basis {|e;, e;) := |e;) 4 ® |ej)p} for the total Hilbert space, the expectation value of O

reads:

(O) = Tru(p(Oa ® 1p))

= ) (eiejlpler,eji) e, ey |(Oa @ 1p)les, e5) = Tra(paOa). (1.7)

,5,4 .5
The quantity

pa = Tryyup, (1.8)

is the reduced density matriz (RDM) of the subsystem A. It encodes the description of the system
according to an observer who can only access a portion of the total space: the degrees of freedom
associated to the complementary region B describe then the environment, and are traced out. When
taking the partial trace of a pure state p = |¢)(¢)|, one may end up with a state p4 which is mixed.
Namely, this happens when (and only when) [¢) is not separable. Therefore, the mixedness of the
reduced density matrix is a criterion for the presence of entanglement in a pure state of the total
system: the state 1)) € H 4 ® Hp is separable if and only if its reduced density matrix has only
one non-vanishing eigenvalue. We do not specify which of the two density matrices: indeed, as a
consequence of the Schmidt decomposition, the two operators p4 and pp have the same spectrum, and

can only differ in the number of their zero eigenvalues.

The inspection of the reduced density matrix is sufficient to reveal whether a state is separable,
however, it does not provide information about the amount of entanglement in that state. To do
so, one needs to define a measure of entanglement. In particular, for most of this thesis we will be
interested in quantifying the bipartite entanglement of pure states. The reason is that these states
play a prominent role in many-body systems: they describe the (non-degenerate) ground state of spin
chains and of zero-temperature QFTs. Also the particular excitations we will consider in Chapter
2, i.e. zero-density excited states of quantum field theories, are pure states. There are several ways
to define entanglement measures, but all good measures should be entanglement monotones. An

entanglement monotone is a functional E from the set of quantum states to the real numbers, which
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satisfies the fundamental properties [44]:

e non-negativity: E(p) > 0 for every state p, and E(p) = 0 if p is separable.

e monotonicity under LOCC: if the state o is obtained from p via local operations and classical

communications (LOCC) then E(p) > E(0).

The notion of LOCC can be given a precise mathematical formulation by means of Kraus operators
[45]. Here, we only remark that requiring F to be non-increasing under LOCC is fundamental for at
least two reasons. First, from a technological point of view, local quantum operations and classical
communications between separate subsystems are necessary for the implementation of protocols such
as quantum teleportation: asking that the state which is teleported does not become more entangled
during the process seems quite obvious. Second, LOCC operations can be employed to distinguish
between classical and quantum correlations: classical correlations are the ones that can be generated

by acting on a certain quantum system via LOCC.

The prototypical entanglement monotone for pure states in a bipartite quantum system is the
entanglement entropy. To define the entanglement entropy, we start from the von Neumann entropy,
i.e. the quantum analog of the Shannon entropy of classical information theory [46]. For a state

p:H — H (pure or mixed), the von Neumann entropy:

Slp] :== —Tr(plog p), (1.9)
has (among others) the following properties:

e S[p] > 0 for every state p and S[p] = 0 if and only if p is pure.

e If dim(H) = N, maxS[p] = log N, obtained for the maximally mixed state p = 1.
p

e It is concave: if Y .\ =1, S[>°, Nipi] > >, MiS|pi].

e It is sub-additive: if H = H4 ® Hp and pa, pp are the two RDMs, then S[p] < S[pa] + S[ps]-

The equality holds only if p = p4 ® pp.

The entanglement entropy is the von Neumann entropy of the reduced density matrix:

Sa=—Try,(palogpa). (1.10)

The von Neumann entropy vanishes on pure states, but the reduced density matrix p4 is pure if and
only if the full state p is separable. This means that the entanglement entropy of a bipartition is zero

if and only if p is not entangled. Moreover, because the two reduced density matrices have the same

6
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non-vanishing eigenvalues, S4 = Sp. In the following chapters, we will equivalently refer to the von

Neumann or entanglement entropy of a bipartition.

The entanglement entropy is the most ubiquitous measure of entanglement, being widely used
in quantum many-body physics [9], quantum information theory [47], quantum and conformal field
theory [12, 18, 20, 48], black-hole physics and holography [10, 11, 49]. There are several reasons behind
the popularity of entanglement entropy in condensed matter and low-dimensional QFT. First of all,
it recently became experimentally accessible through measurements of a strictly related quantity, the
Rényi entropy. The Rényi entropy of order «, or ath Rényi entropy, for a € R™ and « # 1, is defined
as [50]:

1
Salpa] = ——log Tr(p3), (1.11)

—

and it reproduces the entanglement entropy in the limit oo — 1:
Sa = limS,[pal. (1.12)
a—1

The authors of [22] were able to measure the second Rényi entropy in a trapped gas of ultra-cold
bosonic atoms by letting two many-body wavefunctions interfere?. In the next section, we will show
how the Rényi entropies can be computed in a replica version of a quantum field theory in 1 + 1D:

the “replica trick”will then be extensively used throughout the entire thesis.

Other than the experimental and computational advantages, the entanglement entropy is a prime
measure of entanglement because it encodes universal features and scaling properties of a theory. The
universality stems from the fact that the ground state entanglement entropy (as well as the thermal
entropy) of a critical system, described for instance by a two-dimensional conformal field theory,
contains information about the central charge of such theory, and thus identifies a certain universality
class: we will provide some more details about this in the next section. The scaling properties, on the
other hand, are related to the celebrated area law [51]. This is the statement that the entanglement
entropy S4 of a bipartite system generally scales with the (generalised) area of the surface 0A that

separates the two subsystems A and B. In D dimensions, this means:
Sy~ [0A] ~ P71, (1.13)

where /¢ is a characteristic length scale associated with either of the two subsystems. The physical
intuition behind this law is that the entanglement entropy is due to those pairs of entangled particles
for which one particle is in A and one is in B. For systems with short-range correlations, the number

of such pairs is roughly proportional to the area of the separating surface. The validity of the area law

2For the sake of precision, the quantity that was experimentally measured is the quantum purity Tr(p%), the logarithm
of which is proportional to Sa2[pa].
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for the ground state of one-dimensional gapped spin chains (i.e. with finite correlation length £ < co)
was proved by Hastings in [52], whereas gapless spin chains, which are described by 1+ 1D CFTs in
the continuum limit, violate the area law. A good review about the area law of entanglement entropy

can be found in [53].

We conclude this section by introducing a different measure of entanglement. We mentioned that
the entanglement entropy is a good measure for bipartite systems in a pure state. When the state
is mixed, the entropy is no longer an adequate measure of entanglement because it fails to discern
true quantum correlations from the statistical correlations present in the initial ensemble. A similar
scenario occurs in many-body systems in two paradigmatic cases: when the initial state is thermal, as
in equation (1.5), or when the state itself is pure, but the system is not bipartite, i.e. the subsystems
A and B are not complementary. In this thesis, we focus on the second situation. Let us consider a
tripartite Hilbert space:

H=Hi®Hp®Hc, (1.14)

where the subsystem C' plays the role of the environment, and suppose we want to measure the
entanglement between subsystems A and B in a pure state p of the total Hilbert space. The reduced
density matrix paup = Try,p is mixed. A necessary condition for this state to be separable is that
its partial transpose pzﬁ p has no negative eigenvalues (this is known as the Peres-Horodecki criterion
[54, 55]). The quantity pz;ﬁ g is defined by transposing the matrix only with respect to the subsystem

B: if {|e;, ej) :== |e;)a ® |ej) p} is an orthonormal basis of H 4 ® Hp, then

(€, ej|p£ﬁB\ek, er) = (ei, ellpaunler, e;)- (1.15)

According to the Peres-Horodecki criterion, the logarithmic negativity [56, 57]:

Elpaus] = 1og Tr(|pl g), (1.16)

where we introduced the trace norm of a matrix, Tr|A| := Trv Af A, is a good indicator of entanglement
of the state paup (and an entanglement monotone). Indeed, it is possible to show that pzﬁ p has real
spectrum, but in general it is not positive semi-definite, and the trace norm of the partial transpose can
be equivalently expressed as the sum of all its singular values. Therefore, a logarithmic negativity £ > 0
necessarily indicates that pﬁﬁ p has at least one negative eigenvalue. This means that the subsystems
A and B are entangled. We postpone a more detailed discussion of the logarithmic negativity to

Chapter 3.
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1.2 Bipartite entanglement in 1 + 1D quantum field theories

In this section, we review the replica method for the computation of bipartite entanglement entropy
in (1+ 1)-dimensional QFTs. As we show below, in a replica theory a central role is played by some
fields which implement cyclic permutations of replicas and display semi-locality properties with respect
to the fundamental fields of the theory: these are the branch-point twist fields (BPTF). In general,
twist fields are associated to internal symmetries of a theory, and they first appeared in the context
of orbifold CFT, where they describe the propagation of bosonic strings in a background described
by a Zy orbifold [58, 59]. In statistical field theory, a prominent example of twist fields is given
by the order and the disorder fields of the Ising field theory [60-62], which are associated to the Zy
symmetry of the model and are semi-local with respect to the fermion field. The replica method for
the computation of bipartite entanglement in CFT was employed for the first time in the pioneering
works [10, 11]. These results were then extended in [12], where the entanglement of an interval in a
replica theory of a CFT (at finite temperature and in the ground state) was computed by means of
correlation functions of some primary operators of the CFT. The full picture was finally unveiled in
[20], where the case of massive integrable QFT was treated: here, the branch-point twist fields were
first defined in relation to the symmetry of the replica theory under permutation of copies. These
fields are the massive counterpart of the CFT primary operators introduced in [12], i.e. the fields that
flow to the CFT branch-point twist fields in the UV limit. The form-factor program for the BPTF
was also developed in [20], and extended to theories with a boundary in [63]. We refer to [64] for a
definition of twist fields associated to an internal continuous symmetry. In the following review, we

mostly follow [12], [20] and [18].

Let us consider the ground state |¢)) € Ha ® Hp of a one-dimensional QFT, where A = [z1, 23],
B = (—o0, 1) U (z2,00). We aim to compute the bipartite entanglement entropy of this state. This
is done by first obtaining an expression for the Rényi entropy (1.11) for « =n € N, n > 1, and then
performing an analytic continuation over real values of n. The density matrix p = [¢)(¢| is obtained
by taking the limit 5 — oo of the thermal state (1.5), whose matrix elements can be expressed by an

FEuclidean path integral as:

p(x
(1loplio2) = / 'ppeseldl 7(8) = / DipeSrlel, (1.17)
(z,0)=¢1 (= (z,0)=¢p(z,5)

where we assume that ¢(z,7) is the fundamental scalar field in the theory and the Euclidean action
is Sgle fo dr [%_dzL[g](x, 7). The reduced density matrix is obtained by splitting the field ¢ in
the components ¢4 and ¢p defined on the regions A, B respectively and tracing out the degrees of

freedom ¢p:

(o1,4lpp.alp2,4) = /DsoB/Dsoe Selel (1.18)




CHAPTER 1. INTRODUCTION

Figure 1.1 Replica manifold R,, for n = 3. The branch cuts in each sheet are along the interval
A = [z1, z2]. Picture taken from [20].

where the boundary conditions for the integration in Dy are (x,0) = @1 4(z) and p(x, B) = Y2 a(x)
for x € A, ¢(x,0) = p(x,8) = ¢p(x) for x € B. From the expression above, after taking the

zero-temperature limit, it is straightforward to compute:

Trpls = /B . Ll:[l Dw] [{(#ia

Z
p,Alpit1,a) = (Zn)"’ (1.19)
i=1 1

where ¢,+1 = 1 and the presence of the factor (Z;)" ensures that Trp4 = 1. In the above expression

we introduced the partition function

Z, = / [[[Deiln, e Semalien, (1.20)

over the m-sheeted Riemann surface R,. This surface is the replica manifold, and its structure is
dictated by the boundary conditions (BC) imposed on the path integral, which we specify below. R,
consists in n sheets which are flat everywhere except at the branch points (z1,0) and (z2,0). The
branch cuts extending between these points (that is, on the interval A) cyclically connect the sheets,

as depicted in Figure 1.1.

The replica action Sg g, [{¢i}] in equation (1.20) is given by:

Sea, (o) = [ drde L), LVH = Ll (121)

n

Thus, the total energy of the theory is the sum of the single-replica energies, which allows interpreting

the sheets as independent copies of the theory. The fields ¢;, i = 1,...,n, each of which is defined on

10
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a different copy, are not interacting, being connected only through the boundary conditions:

QDi(Z,O—F) - @i+1($70_)7 vV S [$17$2]
C(x1,m2) : , i=1,....,n, n+l1=1 (1.22)

<,0¢(QS‘,O+) = (pi(l',()_), Va ¢ [1‘1,1‘2]

By explicitly employing these conditions, together with the fact that the Lagrangian density £ {ei}]

is insensitive to the structure of the manifold, we can rewrite Z,, as a partition function on R?:

7, = / [] Deilgs e Smmelied], (1.23)
Clar,aa)
The equality between the two expressions (1.20) and (1.23) reflects the presence of a symmetry in the
replica version of the theory. In fact, the replica partition function is invariant under the full group S,
of replica permutations. As evident from the boundary conditions (1.22), among the permutations a
special role is played by the subgroup Z,, of cyclic permutations. The branch-point twist field 7 and
its Hermitian conjugate T are the symmetry fields associated to the generator o of cyclic permutations

1

of replicas and to its inverse o™, respectively:

T=T, o: i—i+lmodn, T=T,-1, o ': i—i—1modn. (1.24)

The fields 7 and T are defined by the property of implementing the boundary conditions (1.22).
Namely, if O;(x, 7) is a local observable defined on the ith sheet, its replica correlation function in the

theory described by the Lagrangian density L is:

(T . <T($1,O)T($2,O)Oi($,7)...>£(n);[R2
(Oi(z,7).. VR, = T 07 @ 0)- e (1.25)

Pictorially, one can think of 7, 7 as generating semi-infinite branch cuts at their insertion points,
along which the permutations (1.24) are realised. These fields, being associated to a global symmetry
of the theory, are local with respect to the replica action. However, they do not have vanishing

equal-time commutators with the fields ¢;. Indeed, it follows from (1.25):

TW)eir1(x x 3 (o .
CPz(JI)T(y): (y)(ao-ﬁ-l() Yy > and QDZ(CC)T(y): y)sﬁ 1() y >

~( (1.26)
Ty)pi(z) y<=z T@Y)ei(z) y<=z

Semi-local fields with the properties outlined above are not unique, but they can be fixed by

imposing that 7, 7 correspond to the lightest, spinless primary fields of the underlying CFT (of

11
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central charge ¢), with scaling dimension[12, 20, 58, 59]:

1
dr =207 =2A+, Ap= 2% <n - n) : (1.27)

Thus, by employing the CFT normalisation of these fields and equation (1.25) one can finally express:

Trply = = (" (T (21, 0)T (22, 0)) 0w 2 (1.28)

(Z1)"

where the correlator is on the replicated ground state of the theory®. In the expression above, € is a
short-distance cutoff, which can be identified for instance with a lattice spacing € ~ a, while (, is a

non-universal normalisation factor such that ¢; = 1, consistently with the fact that for n =1 7T and

dln

T reduce to the identity operator, and —2*

= 0. The nth Rényi entropy directly follows from the

previous equation, while the entanglement entropy is obtained as:

Sy = —limaa [64AT<T(H;1,0)%(9;2, 0))] . (1.29)

We mention that analytically continuing the replica index n to real values usually requires some care.

We shall come back to this at the end of Chapter 4.

A replica picture for the computation of logarithmic negativity in QFT was devised in [65, 66]. In

these works, the authors were able to obtain the Rényi negativities:
E T 1 _ s \"
ol gl =logTr (pyfp) , for neN, n>1, (1.30)

for a subsystem A U B consisting of two disjoint intervals A = [x1,x3], B = [x3,x4], by means of a

four-point function of BPTFs:

Enlpp) =108 [€ne AT (T (1) T (22) T (w3) T (20))] (1.31)

where the correlator is again taken on the replicated ground state of the theory. The replica manifold
associated to the computation of the above correlation function is more complicated than the one
depicted in Figure 1.1, as there are in this case two branch cuts in each copy which cyclically connect
the sheets (see for instance [65] for a pictorial representation). We remark that the logarithmic
negativity (1.16) is obtained from the expression (1.30) by analytically continuing n to the reals and
taking the limit n — 1 when n is even. Indeed, the nth Rényi entropy has a different expression in
terms of the singular values |\;| of the partial transpose piBU p according to the parity of n, as can be

seen from direct inspection: if n. is an even positive integer and n, > 1 is an odd positive integer,

3However, as we will discuss in Chapter 2, this relation is valid even in zero-density excited state

12
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then

Enclpiip) =log | D INl" + Y INl" |y Engloalip] =log | D Al = D0 N, (1.32)
Ai>0 Ai<0 Ai>0 Ai<0

and the trace norm in (1.16) is correctly reproduced only by taking the limit lim, 1 &,, [ptgﬂ 5l

We now come back to the bipartite entanglement entropy and briefly discuss the main findings for
the ground state of a 1+ 1D QFT. In a critical theory, for an interval A of length ¢, S4 is proportional
to the logarithm of ¢ [11-14]:

SAwglogf, for e< i<, (1.33)

where c is the central charge of the CFT, € is a short-distance cutoff and ¢ is the correlation length of
the system. The above expression violates the area law (1.13), which predicts that for one-dimensional

4. The situation is more complex in D > 1,

systems the bipartite entropy is independent of the size
where some systems characterised by a divergent correlation length satisfy the area law [67], whereas

the violation persists in other cases, see for instance [68].

On the other hand, one-dimensional off-critical systems satisfy the area law. These systems are
described by gapped quantum spin chains or, in the continuum limit limit, by massive QFTs. In this

case, the entropy S4 of an interval saturates to a constant value in the limit of large £:

£

SAwglogf, for e< <, (1.34)
€

where the correlation length is typically given by the inverse of a characteristic mass scale in the
theory, £ = m~!. The off-critical behaviour of the bipartite entropy was derived for 1 4+ 1D massive

quantum field theories in [12, 20], and observed in several gapped spin chains, see for instance [69-73].

We conclude this section by mentioning how the subleading corrections to the entanglement
saturation (1.34) can be obtained in (relativistic) massive 1 4+ 1D QFTs. This is done by a spectral
expansion of the branch-point twist field two-point function in (1.29). In one-dimensional quantum
field theories, a basis for the Hilbert space of the theory is provided by the asymptotic multi-particle
states, labelled by the rapidities 6; of the particles in the theory together with their quantum
numbers ;:

’917-~-79n>p,1,...,,u,n7 (135)

where the rapidity 8 € R of an on-shell particle of mass m parametrises its energy and momentum as

E(#) = mcosh6, P(6) = msinh 6. In a replica version of a QFT, the quantum numbers p; = (i, a;)

“However, consistently with the area law, when A is a disjoint union of intervals (see e.g. [12, 18]), Sa is proportional
to the number of boundary points, which is precisely the value of |0A| in D =1
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account for internal degrees of freedom a; as well as the replica indices i; € {1,...,n}. Moreover, the
rapidities in the above state are usually ordered such that ¢; > --- > 6, if the state is incoming, i.e.
far in the past before any interaction, and 6; < --- < 6, if the state is far in the future, after any

interaction. Using the expansion in asymptotic states, one can write [20]:

dfy...do, _ M. cOS
O[T (1) T (22)]0)" Z > / Lo O 5y OO 01T (0)[04, - Oy |-

El( 271'
k=1 1,5l
(1.36)
In the above equation, ¢ = |zg — 1|, |0)™ is the replica ground state and the quantity:
FTlicinic ()., 03) =" (0T ()61, -, 0k s (1.37)

is the k-particle form factor of the branch-point twist fields 7. In general, form factors are matrix
elements of local or semi-local operators of a field theory, and they are used to characterise its operator
content. Form factors can be defined in every 1 4+ 1D QFT, as long as the asymptotic states (1.35)
are provided together with a description of the interaction in terms of scattering amplitudes between
those states. However, it is only in integrable quantum field theories (IQFT) that form factors can
be exactly obtained in a systematic way’. The reason behind the prominent role of integrability is
that the presence of infinitely many conserved quantities severely constrains the dynamics of a model:
in particular, once the scattering amplitudes are known, the form factors of a given operator can
be obtained by imposing that some natural requirements on their structure are satisfied: this is the
so-called form factor bootstrap program [77-79]. The form factor bootstrap program has been the
object of intense research in the past forty years, leading to the classification of the operator content
in several integrable QFTs, featuring diagonal and non-diagonal scattering, and even the presence of
unstable bound states: see for instance [62, 80, 81] for the Ising model, [82] for the Federbush model,
[83] for the sinh-Gordon model, [84] for the scaling Lee-Yang model, [85] for the sine-Gordon model,
[86, 87] for the homogeneous sine-Gordon model, and [88] for the Bullough-Dodd model. In the case
of operators which are semi-local with respect to the fundamental fields of the theory, the form-factor
bootstrap equations need to be slightly modified. The first treatment of form factors of semi-local
operators can be found in [62], for the order and disorder fields of the Ising IQFT, and in [89, 90] for
the U(1) vertex operator of the sine-Gordon model. The form factor equations for the branch-point
twist field were first derived in [20], and employed to obtain a large-¢ expansion of the two-point
function (1.36) in the Ising and sinh-Gordon model. The result of [20] was then generalised in [21] to

the case of massive QFT, not necessarily integrable: for an interval A of length ¢, the ground state

°In this thesis, we will only be concerned with form factors of free IQFT, so we refer to [74-76] for good reviews on
one-dimensional IQFTs.
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bipartite entropy is given by
c 1
Sy =—=log(mie) + U — = Z Ko(20mg) 4+ O(e™3m), (1.38)
3 8 =

where U is a constant, m, are the masses of the N species of particles in the theory (m; = ¢! being
the lightest), and K is a modified Bessel function [91]. In general, the inclusion of up to N-particle
scattering processes in the spectral expansion of the BPTF two-point function yields a correction to

the saturation law (1.34) which at leading order is O(e=N™%).

In this thesis, we will perform expansions of the form (1.36) for the free massive Dirac fermion and
complex boson (Chapter 2) and for the Ising field theory (Chapters (4) and (5)), both at finite and

infinite size. We will provide the necessary details as needed throughout the work.

1.3 The role of internal symmetries

Investigating the relationship between the internal symmetries of a system and its entanglement
properties has emerged as one of the most productive research directions in the field of many-body
physics over the past five years. The first work on this subject was [92], in which the notion of
spin-resolved entanglement was introduced to better characterise the spectrum of entanglement of the
critical XXZ spin—% chain. A more general notion of symmetry-resolved entanglement entropy (SREE)
was then put forward in [93] and [19]. In [93], the SREE was employed to explain the mechanism
behind many-body localisation in disordered systems whereas, crucially, [19] contains a field-theoretic
characterisation of this quantity for U(1) and discrete symmetries within a replica picture. The
equipartition of the symmetry-resolved entropy, i.e. the fact that different symmetry sectors yield the
same leading-order contribution to the total entanglement, was proved in [94]. After these first works,
the SREE for a generic non-abelian Lie group in a 1+ 1D CFT was obtained in [95], where the author
focused on the ground state of Wess-Zumino-Witten models. Among the several other papers on this
topic, we mention the generalisations to other entanglement measures, namely the charge-imbalance
resolution of negativity [96] and symmetry-resolved quantum distances [97]. Following [19], we present

the notion of symmetry-resolved entanglement entropy for a U(1) symmetry.

The key idea is that if a system possesses an internal symmetry, then the reduced density matrix
has a block-diagonal structure. Let us consider a pure state p in a bipartite geometry, H = Ha4 Q@ Hp,

and an internal U (1) symmetry of the system generated by the charge Q:
Q=Q10Qp=Qa®1p+14®Qp. (1.39)

Then the Hilbert space is decomposed into irreducible representations of the symmetry, H = ®¢Hg,
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q € Z. We further assume that the state p is symmetric, and so is the reduced density matrix® p4, so

that

[0, Q1 =0, [pa,Qual. (1.40)

The symmetry allows us to write p4 in a block-diagonal form:

pa=®ep(a)pale), plq) :=Tr(Mgpa), palq) = Trr(ll?f;:‘m, (1.41)

where p(q) is the probability of measuring a charge eigenvalue ¢ in the state p4 and we introduced
the projector Il, : Ha — Ha4 onto the charge eigenspace of H 4 labeled by ¢. In the case of U(1), II,

can be written as )

I, = / " dae?mie@a=d) 47 (1.42)

ol

It is straightforward to check from the above expression that II, is idempotent, Hermitian and it

commutes with py.

We then define the charged replica partition function:
Zn(q) =Tr (gp%), neN, n>1, (1.43)

together with the nth symmetry-resolved Rényi entropy (SRRE):

5,(0) = T2 Jo8 T rchrs = 1 g Teoa(a)l” (1.44)

and the symmetry-resolved entanglement entropy (SREE):

Sa(q) = limSp(q) = —Tr [pa(q) log pa(q)] - (1.45)

n—1

Although the SREE, and particularly the charged partition function, has an interesting interpretation
in terms of a modified replica manifold, which we describe below, in many situations one is ultimately
interested in the total bipartite entropy S4. This is related to the symmetry-resolved entropy as

follows:

Sa=—=>_p(q)Tr[Mypalog pa]

== plg)logp(q)+ > _p(a)Sa(q). (1.46)
q q

A Sa

SIf the group acts unitarily on both H4 and Hp then it is easy to show that the symmetry of p implies that of pa
[95].
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In the expression above, in which the second line follows from the definition (1.41) after some
straightforward algebraic manipulation, we highlighted two contributions to the total entropy: the
configurational entropy SG and the fluctuation entropy Sf; (also referred to as number entropy [22]).
The quantity S£ measures the entropy related to fluctuations of the total charge in the subsystem A,
which arise because of particle motion through the boundary dA. On the other hand, S is the
averaged symmetry-resolved entanglement entropy of the two subsystems, where each contribution
at a fixed charge ¢ is weighted by the corresponding probability p(q). Although both quantities can
be experimentally probed [22], it is only S that can be used as a resource in quantum information.
Namely, S9 provides an upper bound to the operationally accessible entanglement, i.e. the

entanglement that can be transferred to a quantum register by means of LOCC [25-27].

The charged partition function (1.43) is usually computed by means of its charged moments. For
a fixed value of n, the charged moment Z, («) is the Fourier transform of Z,,(q) (or its Fourier series

in the case of a discrete group). For a U(1), this is defined as
Zn(a) :=Tr (pﬁle%io‘) , (1.47)

so that, using expression (1.42) one obtains:

1
Zo(q) = /  daZy(a)e i, (1.48)
-3
Expression (1.47) appeared in [19], although similar quantities were previously employed to describe
Rényi entropies charged by a magnetic potential in holographic settings [98-100], theories with
symmetry-protected topological phases [101], 2D CFTs and free-fermionic field theories in higher
dimensions [102]. Physically, the computation of (1.47) amounts to evaluating the partition function
over a replica manifold with the insertion of an Aharonov-Bohm flux 27w« along the branch cut [103].
This is represented in Figure 1.2. Thus, a charged particle that encircled the branch point x; for n
times, crossing all the replicas and returning to the initial position, would acquire a phase e>™®. By

2ra

fractionalising the total flux, so that the flux between consecutive sheets is ='¢, the boundary

conditions (1.22) imposed on the (now charged) fields ¢; are modified to:

2mic
0i(z,07) =e"n pir1(2,07), V€ [z1,29]
Co(z1,22) : ’ ' L i=1,....n, (1.49)

901'(55’0—’—) = gpi(l‘70_), Va Qé [.Tl,Ig]

for a bipartition A = [z1,x2], B = A. These boundary conditions are implemented in the path integral
by charged or composite branch-point twist fields (CBPTF). If T is the the branch-point twist field
defined in equations (1.24), (1.25), and if V, is the operator that generates the U(1) flux, then the
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2o

TN

] ™
A B

Figure 1.2 Replica manifold R, for n = 3 with the insertion of a flux 27« along the branch cut in
the region A = [z, z2]. Picture taken from [19] and re-adapted.

CBPTF T is obtained by “fusing”7 and V,. In particular, in a conformal field theory 7% is defined
as the lightest operator” appearing in the operator product expansion (OPE) of those two fields, and
the conjugate field 7 is analogously defined starting from 7 and V_,. The off-critical deformation
of the CFT fields 7, T define the composite branch-point twist fields in massive 1+ 1D QFTs with
internal symmetries, and in the case of integrable theories they can be fully characterised by means of
their form factors. We provide a more detailed characterisation of the composite fields associated to
continuous and discrete (abelian) internal symmetries in Chapters 2 and 4 respectively. We remark
that since the charge operator Q4 commutes with the reduced density matrix p4, different choices of
the flux fractionalisation will lead to the same expectation values of physical observables. However,
a homogeneous fractionalisation of the flux among copies keeps the replica symmetry manifest and it
is essential to diagonalise the action of twist fields in free theories. In the following Chapters, we will

specify every time which choice of flux fractionalisation we are adopting.

In the bipartite geometry considered above, the expression of the charged moment Z,(«) in the

ground state of a 1 + 1D QFT in terms of CBPTFs is the natural generalisation of equation (1.28):
Zn (@) = Gua€ 2T (T (21, 0) T (22, 0)) g ez, (1.50)

where (, o is a normalisation constant and A7« is the conformal dimension of the CBPTFs (or of

their critical counterpart). By means of charged moments, the bipartite SREE was computed in

"That is, the operator in the OPE with the lowest scaling dimension A above the identity operator (for which A = 0).
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the ground state of 1 + 1D CFTs [19, 94, 95], in the lowest-lying CFT excited states [104], in the
ground state of massive 1+ 1D IQFTs with continuous [105, 106] and discrete [107, 108] symmetries.
In Chapter 2, we provide a natural completion to this picture by computing charged moments and
(excess of ) SREEs of excited states in massive QFT, obtaining results which extend to non-integrable

and higher-dimensional theories as well.

Before proceeding, we briefly comment on the notion of symmetry decomposition of logarithmic
negativity, introduced in [96]. In a tripartite space AU B U C, the partial transpose p:{;ﬂ p admits a
decomposition according to the irreducible representations of some internal charge of the theory. In
this case, if Q = QA @ QB @ Qc is the charge operator on the total Hilbert space, then the operator

that generates the symmetry of piﬁ g is the charge imbalance:
Qa—QF=Qa®1p - 142 QF. (1.51)

In the replica theory, the charged moments of the partial transpose are naturally interpreted as
partition functions on the Riemann surface, with the insertion of an Aharonov-Bohm flux only on
region A. We defer a more detail discussion and a literature review on the subject to Chapter 3, where
we obtain the symmetry-resolved logarithmic negativity and Rényi negativities of excited states in a

QFT.

The idea of using entanglement measures to probe the breaking of an internal symmetry appeared
about five years after the first works on symmetry-resolved entanglement in many-body systems. The
notion of entanglement asymmetry was defined in [29] as a quantifier of the amount of symmetry
breaking in a non-symmetric state p4. A similar notion had already appeared in [109], where it
was used as a measure of inseparability of a global state p with a conserved charge. In [29], the
authors quenched an initial U(1) symmetry-breaking state to the XX Hamiltonian, which preserves
the symmetry, and observed a dynamical restoration of the latter. Surprisingly, the symmetry was
restored more quickly when it was initially more broken, a phenomenon that was dubbed quantum
Mpemba effect. The reference is to the “classical”’ Mpemba effect, i.e. the counterintuitive phenomen
for which, in a certain range of initial temperature and pressure, hot water freezes faster than cooler
water [110]. A further investigation of the U(1) entanglement asymmetry in ground states of spin
chains, together with a quasiparticle interpretation of the dynamical restoration of symmetry (or of
its absence) was the object of [30, 31, 111]. The breaking and restoration of U(1) symmetry in random
qubit states was also used to model the loss of information in black-hole radiation [34]. The case of the
discrete group Z,, was first addressed in [112], where the specific example of Zy symmetry-breaking in
the XY ground state was discussed. In [32], the authors computed the U(1) entanglement asymmetry

in the ground state of a CF'T by relating it to the presence of topological defects in the replica surface.
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Finally, the symmetry breaking pattern SU(2) — U(1) in the XXZ critical chain was first investigated
in [33].

To define the U(1) entanglement asymmetry, following [29, 30], we once again consider a pure state
p of a bipartite Hilbert space H = H 4 ® Hp, together with a global symmetry of the system generated
by Q = QA @ QB. We further assume that the RDM py = Try,p is not symmetric:

(04, Qa] # 0. (1.52)

The symmetrised state pa g is built by retaining only the part of ps which is block-diagonal in the

eigenbasis of Q 4, that is:

PAQ = ZHqPAan (1.53)
q

where II,, for ¢ € Z, are the projectors onto the U(1) charge eigenspaces. The state p4 g satisfies
[pAQ: Q 4] = 0 by construction and it is immediate to check that ps = pa ¢ if and only if the state
is symmetric. The entanglement asymmetry AS, is defined as the difference of the von Neumann

entropies of the states pa g and pa:
ASa = S[paql — Slpal = =Tr(paglogpaq) + Tr(palogpa) (1.54)
and it can be conveniently obtained by taking the limit n — 1 of the Rényi asymmetry
AST) = ﬁ [log Tr (7% ) — log T ()] - (1.55)
Moreover, it is possible to express AS4 as the relative entropy between the states ps and pa g [113]:

ASy =Tr[pa(logpa —logpaq)]l =: S(pallpaq)- (1.56)

The above equality follows from the definition (1.54) noting that

Tr (paqlogpaq) = ) Tr(pallylog paolly)
q

=Y " Tr(palogpaqlly) = Tr(palogpag), (1.57)
q

where we used [II;,log pa,g] = 0, together with the idempotence of the projector and completeness of
the expansion in charge eigenstates. The fact that AS4 can be written as a relative entropy implies

the following important properties:

e AS, > 0 for every state p4,
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o AS4 =0if and only if psy = pag.

Like the SREE, the entanglement asymmetry can be computed by means of charged moments.

Using the explicit expression (1.42), we can write

1
pAQ = / Cdae2mieQap, 2ieQa, (1.58)
-3
from which it follows that
1
2
Tr (plhg) = / ) dag ...day, Zp (), a=(aq,...,ap), (1.59)
—3
where:
Zn(a) =Tr (pAeQWi(al_o‘Q)QApA .. .pAeQM(O‘"_O‘l)QA> ) (1.60)

We stress that, because p4 and Q 4 do not commute, the order of the operators in the above expression

is relevant.

In a replica picture, Z,(a) is the partition function on a charged Riemann manifold similar to
that depicted in Figure 1.2, with the important difference that the total Aharonov-Bohm flux, i.e. the
sum of all the fluxes inserted between consecutive replicas, is zero. In Chapter 5, we propose a way to
compute entanglement asymmetry in terms of generalisations of branch-point twist fields and we show
that twist fields associated to a vanishing total flux are indeed unitarily equivalent to the standard

(uncharged) BPTFs.

1.4 Structure of the thesis

This thesis is organised as follows. In Chapter 2, which is based on the works [1, 2], we compute the
ratio of U(1) charged moments between zero-density excited states and the ground state in free 141D
massive fermionic and bosonic QFTs by means of a form factor expansion of the twist field two-point
function. The ratio of charged moments is then used to obtain the excess of SREE between the excited
states and the ground state. This quantity displays the same universal features already observed for
the total excess of entropy in [114, 115] and a very simple dependence on the U(1) charge. We then
show how the QFT results can be derived within a much simpler framework, in which the excitations
are represented by qubit states. Moreover, we prove that the validity of our formulae extends beyond
the domain of free two-dimensional QFTs: this is done by explicitly computing the SREE of one-
and two-magnon states of a spin chain and by developing the formalism of twist operators for generic
algebras of observables in D-dimensional QFTs. In particular, the algebraic twist operator approach

allows us to bypass the computation of form factors and establish the validity of the free-theory results
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for local interacting theories, not necessarily integrable. We conclude the chapter by numerically
checking our results on two one-dimensional discrete models with U(1) symmetry: a chain of spinless

fermions and a complex harmonic chain.

We complete our investigation of symmetry resolution of entanglement for theories with a global
U(1) symmetry in Chapter 3, based on [3], where we focus on symmetry-resolved negativity. Employing
the qubit picture and the algebraic twist operator formalism introduced in Chapter 2, we obtain
universal results for the difference of symmetry-resolved Rényi and logarithmic negativity between
zero-density excited states and the ground state. Our results extend those found in [116] for free
massive 1 + 1D QFTs with no internal symmetry, and at leading order in the large-volume limit they
also apply to interacting and higher-dimensional theories. We provide distinct treatments of bosonic
and fermionic excitations, as the correct definition of entanglement negativity for fermions requires a
slightly different construction of the partial transpose of the RDM. We test our results numerically on

a 1D chain of spinless fermions.

The first two chapters form part I of the thesis. Part II starts with Chapter 4, based on the work
[4]. In this chapter we turn our attention to the massive Ising QFT in 1+ 1D, which features a global
Z5 symmetry, and obtain an exact formula for the cumulant expansion of log(7,(x1,0)7,(z2,0)) in
the paramagnetic ground state, where 7, is the composite twist field obtained by fusing the BPTF T
and the disorder field u. The cumulant expansion for the correlator of standard BPTF's is known for
free 1 + 1D theories [63, 117], but in the case of composite twist fields there are convergence issues

which we show how to solve. We conclude the chapter by performing the analytic continuation of the

cumulant expansion to real values of the replica index.

In Chapter 5, based on [5], we propose a field-theoretic framework for the computation of
entanglement asymmetry in the ordered phase of 1 + 1D, which display symmetry-breaking vacua.
Our approach, valid for any discrete global symmetry G, is based on the algebraic construction of
generalised twist operators and is applied to the Ising QFT in the ferromagnetic phase. We
characterise the generalised twist operators by means of form factor bootstrap and obtain a formula
for the Zs entanglement asymmetry in the Ising QFT which is valid up to two-particle contributions.
Moreover, we show as a byproduct that the total bipartite entropy in the ferromagnetic phase differs
from the one in the dual point of the paramagnetic phase. We close the chapter by presenting a
conjecture on the general form of the entanglement asymmetry in the case of partial symmetry

breaking G — H.

We conclude with a final summary of what we accomplished in this thesis and outline what we

believe are the most promising research directions opened up by this work.
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PART I: SYMMETRY-RESOLVED ENTANGLEMENT OF LOCALISED
EXCITATIONS IN MASSIVE COMPLEX FREE THEORIES
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SYMMETRY-RESOLVED ENTROPY OF EXCITED STATES

The excess entanglement resulting from exciting a finite number of quasiparticles above the ground
state of a free 14+1D QFT has been investigated quite extensively in the literature. It has been found
that it takes a very simple form, depending only on the number of excitations and their statistics.
There is now mounting evidence that such formulae also apply to interacting and even
higher-dimensional quantum theories. In this chapter, based on [1, 2], we extend the known results
by studying the symmetry-resolved entanglement entropy of such zero-density excited states in
141D QFTs that possess an internal symmetry. The ratio of charged moments between the excited
and ground states, from which the symmetry-resolved entanglement entropy can be obtained, takes a
very simple and universal form, which in addition to the number and statistics of the excitations,
now depends also on the symmetry charge. Using form factor techniques, we obtain both the ratio of
moments and the symmetry-resolved entanglement entropies in complex free theories which possess
U(1) symmetry. The same formulae are found for simple multi-qubit states. We then generalise our
results in two directions: by showing that they apply also to some excited states of quantum spin
chains (one- and two-magnon states) and by developing a higher-dimensional generalisation of the
branch-point twist field picture, leading to results in (interacting) higher-dimensional models.
Finally, we provide numerical evidence for our formulae by computing functions of the charged

moments in two free lattice theories: a 1D Fermi gas and a complex harmonic chain.

2.1 Introduction and summary of results

Symmetry-resolved entanglement and zero-density states. Starting from the basic ideas

that we presented in Section 1.3, SREEs have been computed and discussed for many classes of models,
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ranging from 141D CFTs [19, 92, 94, 95, 97, 104, 118-122], to free [105, 123, 124] and interacting
integrable QFT [106-108], holographic settings [98, 102, 125-127], lattice models [26, 27, 92, 94, 118,
119, 123, 128-133], out of equilibrium systems [23, 118, 131, 134-137] and for systems with more
exotic types of dynamics [138-143]. In this chapter, we compute the SREEs of zero-density excited
states in 141D gapped systems in the scaling limit, focusing of excitations of free QFTs, the massive
Dirac fermion and the complex boson. We then extend these results to generic zero-density excited

states of interacting QFTs and spin chains.

The systems we consider are at zero temperature and finite volume with periodic boundary
conditions. The two complementary regions A and A have lengths ¢ and L — ¢. Eventually, we will

consider the infinite-volume limit in which the relative size of the two subsystems is fixed:
) l
(,L — oo, withr:= T fixed, r€]0,1]. (2.1)

In this limit, a zero-density excited state is a state describing a finite number of excitations above
the QFT vacuum whose momenta are fixed as the volume increases. In the series of papers [114-116,
144), the excess of entanglement entropy and logarithmic negativity' of the zero-density states with
respect to their ground state values was computed and found to take a remarkably universal and simple
form: it depends only on r, on the number of excitations and on their statistics. The results were
originally derived by employing the branch-point twist field approach in free fermion and free boson
theories. However, it was argued in [114] (and illustrated with the example of one- and two-magnon
states) that the formulae should hold much more generally, for interacting and even higher-dimensional

theories?

, as long as a notion of localised excitations exists. These claims have been substantiated
through additional recent results. In particular, a series of works by Rajabpour and collaborators
[145-150] has expanded previous work in various directions: by obtaining finite-volume corrections,
new formulae for systems where quasiparticles are not localised, and finally by establishing that the
formulae indeed hold for generic magnon states, thus also in interacting theories. Similar formulae
have also been found for interacting higher-dimensional theories in [151] and even in the presence of
an external potential, arising from a semiclassical limit [152]. Indeed, the formulae found in [114] were
not entirely unexpected as they can be derived for semiclassical systems [153], however their wide

range of applicability, well beyond the semiclassical regime, as well as their derivation in the context

of QFT were new.

In CFT, the excess of entanglement entropy of some excited states with respect to the ground

state was studied in [154, 155]. The states considered therein are the lowest-lying excited states of the

In some of these works, more complex partitions were also considered, e.g. multiple disconnected regions.
2In [144] the same formulae were shown to hold for free bosons in any dimension if 7 is replaced by the ratio of
generalised volumes.
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theory in the same geometric setting described above. Namely, for states of the form:

IT) := lim Y(z,2)|0), (2.2)

2,2—0

where Y(z,z) is a primary field® of conformal weights (A, A), the excess of entropy with respect to

the vacuum state in the limit of small subsystem size r < 1 is given by:

22 .
Sy — Sp ~ %(A + A)r? 4+ O(r2dv), (2.3)

with dg = Ay + Ay the scaling dimension of the field defined by the operator product expansion
YT x YT =1+ U4 .... This expression was then checked for the lowest-lying excited states of the
complex compactified boson (¢ = 2), which has (A, A) = (1,0). The computation of the excess of
U(1) symmetry-resolved entropy for these low-lying states was performed in [104]. On the other hand,
for zero-density excited states of the massive free boson and massive free fermion, the excess entropy
is [114, 115]:

Sexc —So = —rlogr — (1 —r)log(l —r). (2.4)

By comparing these two expressions, it is clear how the entanglement content of zero-density
excitations in massive QFT and that of low-lying states of critical systems are captured by different

physical pictures.

In this chapter we combine these two topics, symmetry-resolved entropies and excited states, to
investigate how the entropy of excited states may be seen as a sum over symmetry sectors in the
presence of an internal symmetry. We will initially focus our attention on the complex free fermion
and boson theories. The total excited state entanglement of (real) free fermions and bosons was
obtained in [115, 116], while the SREE in the ground state of the 1 + 1D massive Dirac fermion and
complex boson was studied in [105]. This chapter can be seen as a generalisation of these works. Our
motivation to study these types of states from this viewpoint is, first and foremost, to provide exact
formulae for the SREEs of at least a class of excited states in 1+1D QFT. This is interesting because
the SREE of the ground state of 1+1D QFTs has generally a very complicated form, only accessible
perturbatively in some parameter, as discussed in many papers [19, 92, 94, 95, 97, 104-108, 118-124].
On the other hand, it is possible to show that the SREEs of zero-density excited states are as complex
as that of the ground state, i.e. knowing the symmetry-resolved entanglement content of the ground
state is sufficient to reconstruct that of the excited states. Moreover, for special cases when the ground
state is trivial, the SREEs can be obtained exactly. Further motivation is provided by the fact that,

unlike the total entropy, the SREEs are entanglement measures that allow us to distinguish between

3The complex coordinates (2, Z) are introduced as customary in the radial quantisation scheme [74], in which |z| — 0
corresponds to the infinite past in Euclidean time.
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charged and neutral excitations, although in the present chapter we only focus on charged particles.
An example where both charged and neutral excitations are present is the sine-Gordon model in the

interacting regime, which was studied in [106].

Main results and outline. The main results can be summarised as follows. Let ZY (L, ¢, a) be
the charged moments of the nth symmetry-resolved Rényi entropy (SRRE) of a connected region of
length ¢, in a pure state |¥)7} of an n-replica theory in finite volume L. Then, the ratio of moments

ZY(L,rL;
M;ly(r;oz) = lim n(LyrL;a)

/. 2.5
L=oo ZO(L,rL;x)’ (2.5)

between the state |¥)} and the ground state |0)}, in the infinite-volume limit with r fixed, is given
by a universal formula, which depends very simply on r and a. We call this quantity a charged ratio.
There are two particularly useful cases from which more general formulae can be constructed. When

|U)7 = [19)7 is a state of a single particle excitation with U(1) charge e = £1 we have that
M} (r;a) = 2™ 4 (1 — ), (2.6)

whereas for a state of k identical excitations, that is excitations with the same momenta and charges

€, we have

k
MY (r;a) =Y [fF()me?™ e, fR(r) = (%)Tj(l —r)f . (2.7)

j=0 J
Formula (2.7) is the building block for all other results (formula (2.6) is the k = 1 case of (2.7)). A

generic state comprising s groups of k:* identical particles of charge ¢; will have

M (1) = HME*(T; a). (2.8)
=1

Note that the possibility of having identical excitations is excluded for fermionic theories. For a = 0
these formulae reduce to those found in [114, 115], later generalised to entanglement measures of
multiple disconnected regions [116] and to higher dimensions for free bosons in [144]. These results
in turn have been extended in a series of works [145-150] to deal with finite-volume corrections and
non-localised excitations. More recently, some of the o = 0 results were recovered as a semiclassical
limit in the presence of an interaction potential [152]. This semiclassical picture had already been
invoked much earlier, see for instance [153]. However, it is worth emphasizing that our formulae
are not merely semiclassical limits but hold for genuine quantum theories. The quantum nature of
the model is encoded in the symmetry-resolved entanglement entropy of the ground state (and its
associated moments), which is indeed highly non-trivial. In other words, it is only the ratios (2.5)

that are simple, not the individual charged moments.
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In order to obtain the SREE it is necessary to isolate the charged moments of the excited state.
This can be easily done analytically, and it allows us to write the SREEs in terms of the ground
state entropies. For instance, for the state |¥)} = |1°)} considered above, the SREEs (Rényi and von

Neumann) are given by

oy Z(rg 1 ZNg =" + Z)()(1 —7)"
S = T R G g T T B @ sy Y
and
< B _Z?(q —e)rlogr + ZV(q)(1 —7)log(1 —7) + [0, Z0(q — €) + (1 — 1), Z0(q)]n=1
Sl (T7Q) -

rZ¥(q—e€)+ (1 —r)Z%q)
+log(27 (¢ — e)r + 27 (9)(1 = 7)), (2.10)

in terms of the ground state partition functions and their derivatives, which can be related back to
the ground state entropies. Here ZY (r,q) are the symmetry-resolved partition functions in the state
|U) and Z2(q) are those of the ground state, which are independent of 7 in the scaling limit considered
here. The formulae for the SREEs of other states are rather cumbersome and we discuss more general

cases in Section 2.2.

This chapter is organised as follows: In Section 2.2 we employ the U(1) composite branch-point
twist fields to express the charged ratio of moments between zero-density states and the ground state.
We show how the problem of computing this quantity can be simplified by diagonalising the fields
in the replica space and present explicit form factor computations for zero-density excited states of
the complex free boson and fermion. We then discuss how the symmetry-resolved entropies can be
obtained from the ratios of charged moments. Some details of the calculations are left to Appendix
2.A and Appendix 2.B, while Appendix 2.C contains a form factor expansion of the two-point function
of composite twist fields in the ground state. In Section 2.3 we show how the results obtained via
the twist field approach can be derived in a simpler framework of qubit states. Multi-qubit states
have coefficients that represent the probabilities of finding a certain number of excitations in a certain
space region. In this case the symmetry-resolved entanglement of the excited states can be obtained
explicitly. In Section 2.4 we generalise the results to interacting and higher dimensional theories. In the
first part of the section we show that the formulae derived for free theories also hold in some magnonic
states of spin chains in the presence of interactions. In the second part of the section we introduce
the notion of twist operator, which extends that of twist field to theories (either free or interacting)
in higher space-time dimensions. Twist operators will be used extensively in other chapters of this
thesis. In Section 2.5 we present numerical results for two (free) discrete systems: a 1D lattice Fermi
gas and a 1D complex harmonic chain. We find that in both cases the formulae presented above are

reproduced with great precision, even if the scaling limit of the Fermi gas is a massless free fermion.
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For the complex free boson, we show how the SREE can be computed by employing a wave-functional

method, some details of which are left in Appendix 2.D. Conclusions and outlook are in Section 2.6.

2.2 Charged moments and SREE of free theories: form factor

approach

In this section we express the charged moments of excited states of U(1) free theories as two-point
functions of composite branch-point twist fields (CBPTF) in finite volume, and we show how their
computation can be much simplified by diagonalising the action of the twist fields in the replica space.
Once we have expressed the twist fields and the excited states in the diagonal basis, we compute
the two-point functions via a form factor expansion, obtaining the ratio of charged moments for the
complex boson and the Dirac fermion. Finally, from the ratio of charged moment and the knowledge of
the charged moments in the ground state, we reconstruct the SREE of the excited states by performing

simple Fourier transforms.

2.2.1 Composite branch-point twist field factorisation

Let us consider, as above, a system of total length L with periodic boundary conditions, and a
connected subsystem A extending from z = 0 to x = £. The moments of the RDM of a pure state in
the replica theory, that is, a tensor product |¥)} = |¥); ® --- ® |¥), of n identical states, can be

obtained from the equal-time correlator of two branch-point twist fields, thanks to the identification®:
Trplh = 271 (W[ T(0)T (6)| )7, (2.11)

where € is a short-distance cut-off and A is the conformal dimension of the branch-point twist
field, defined in (1.27). Because of the definitions (1.9), (1.11), differences of Rényi or von Neumann

entropies are independent of €. They depend only on the ratio

_ T OT09)7
= :

)4 .
Balb 1= oo Tl (212

where [0)7 := ®7_,|0)7, is the finite-volume replica ground state. In the limit (2.1) this becomes a
function RY (r) of |¥)" and r only and, for the states considered in the previous section, it is given by
the same equations (2.6), (2.7) and (2.8) if we set a = 0. In theories possessing a U(1) symmetry the

formulation is a very natural generalisation of the previous case, in which the branch-point twist field

“Note that here we do not include a non-universal normalisation factor to account for the norm of the state. The
reason is that we are computing the correlator in finite volume and, as we will show, working in finite volume provides
a natural way to regularise the divergences arising from the norm of the state when the large-volume limit is taken.
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T is replaced by the CBPTF T7© and the charged moment is given by the two-point function
Tra(phe?™0Q4) = ZY (L, t;0) = €273 (W[ T(0) T2 (0)| ). (2.13)

The field T and its conjugate T can be understood as massive counterparts of the corresponding
CFT field. This means that the field 7% in the massive theory obtained as a certain relevant

perturbation of a CFT flows to the field:

n

Tey) i=: TV : (y) = n*2e"! illg |z — ?/|2Aa(1_%) ZT(ZU)V&(@"), (2.14)
j=1

when the conformal limit is performed. Above, V, is the vertex operator associated with the U(1)
symmetry of the theory, corresponding to the insertion of an Aharonov-Bohm phase e2™® on the
Riemann surface, A, is the conformal dimension of this field, and VY, is a copy of this field living
in copy j of the replica theory. That is, T is the lightest field appearing in the operator product
expansion (OPE) of T and V,. As shown in [105, 124, 156-158], the conformal dimension of the fields

T, T is

Ago = A+ %, (2.15)

where, for o € [-1, 1]:
Ay = 05 for Dirac fermions, (2.16)
A, M for complex bosons. (2.17)

2

The main result of this section is the finding that, similar to the quantity (2.12), also the ratio of the

moments (2.13) between an excited state and the ground state:

M\I'(r'oz) = lim L{P[T*(0)
e L=vo0 1 (0T (0)

(rL)|¥)
(r L)[0)

=3

7~‘oc
= , 2.18
z (215)

=3

takes a simple, universal form which is a function of the ratio r, the charge o and the number and

statistics of excitations in the state |¥)™.

Let us now discuss how these ratios may be computed in practice, employing a form factor approach.
A key technical problem that was solved in [115] is the question of how to evaluate finite-volume matrix
elements of the branch-point twist field. The same question arises for the composite field. Although
a finite-volume form factor program for generic local fields exists [159, 160] this cannot be directly
employed for twist fields (its extension to this case is still an open problem). In the absence of such
a program, an alternative approach can be used for complex free theories, where the internal U(1)

symmetry on each replica can be exploited to diagonalise the action of the CBPTF [20, 161, 162].
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In fact, this diagonalisation procedure can also be employed in infinite volume to compute the form
factors of 7%, as done in [105]. The idea is the following. Let us denote by ® = (®1,...,®,)T the
multiplet of free complex fields the replica manifold, i.e. ®; is the local field in the jth replica (for now,
we use the same symbol ® to denote a multiplet of free complex bosons or free Dirac fermions). Since
there is a U (1) symmetry in each copy, and the free replica action is quadratic, the theory is enhanced
with a SU(n) symmetry. Thus, there is a global SU(n) transformation ® — & = (®,...,®,)” such

that the action of 7 and 7 is diagonal in the new basis of local fields. Assuming a homogeneous

fractionalisation of the phase e*™ among all replicas, the fields that diagonalise the action of 7% and
T are:
N 1 & Ny p=1,...,n for complex bosons
$, = NG de ey, : (2.19)
"= p= —”T_l, ey ”T_l for Dirac fermions

and the eigenvalues of the transformation are given by

2mwi(pta)

Ap=e n . (2.20)

In free theories, correlation functions of the composite branch-point twist fields factorise in free
theories, and therefore we can write 7%(z,t), T*(x,t) as products of fields acting non-trivially only

on one copy. Namely, the factorisation is:

= H 7;7+a(1:7t)7 7:O[('%t) = H T*p*a(x’t)v (2.21)

p=1 p=1
for complex free bosons and
n—1 n—1
2 5 2
H 7;7+04 T, t Ta(x7 t) = H 7117*04(1:7 t)a (222)
p=—"51 L p=—2=1
2

for complex free fermion. The factors 7,1 are all U(1) fields with charge p + «, resulting from the
fusion of two U(1) fields of charges p and a: namely, the fields 7, employed in [115], in terms of
which one can decompose the (standard) branch-point twist field (1.26) in a free theory, and the U(1)
vertex operators V,. This factorisation was already employed in [105, 124], albeit with a different
normalisation of the parameter . There, it was shown that the conformal dimension of these fields
is A ackp for the free fermion and A |44, for the free boson, with A, given by (2.17), as indeed by

n

summing these quantities over the allowed values of p one obtains (2.15) in the two cases. The fields

T+ (p+a) satisfy the usual equal-time exchange relations for U (1) fields, which involve what is termed

a factor of local commutativity 71:)t+a = exp(£27i(p + a)/n), that is, the phase that a field ®,(z) of
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charge +1 accrues when taking a trip around the U(1) field:

- (V510) 71 (Y, ) Ta(pray (2,) Yy >
Ta(pray (@, )0 (5, 1) = ¢ F i . (2.23)

(i)Q(yut)ﬁ(p+a)($7t) y<x

As we will review shortly, the factor of local commutativity is the key ingredient in determining the

form factors of these fields.

The computation presented in [115] for the total entanglement entropy may be easily extended
to the case of the ratio MY (r;a) in excited states. First, a word is due regarding the excited state
|W)7. In general, any state in the replica QFT can be characterised in terms of the rapidities and
quantum numbers of the excitations above the ground state. Considering a free complex theory, we
may define creation operators (ag)T(Q) where e = 1 is the U(1) charge of the particle, 6 is its rapidity
and j = 1,...,n is the copy number. Unlike the works [114-116, 144], where complex theories were
considered only in order to access results for real ones, here we are interested in obtaining results for

complex models. The type of k-particle excited state that we are interested in consists of n identical

copies of a standard k-particle state:
n k
07 =1] (H(C@’)V@')) 0)F- (2.24)
j=1 \i=1

We will start by considering the complex boson and then move to the complex fermion.

2.2.2 Complex free boson

In order to represent the state, it is convenient to move to the basis (2.19) in which the action of
the CBPTF is factorised and diagonal. In this basis, the state can be expressed in terms of creation
operators a}(ﬁ) and b}(@) associated with bosons of charge +1 and —1 respectively. They are related

to the creation operators in the standard basis as [115]

t :i e@cﬁT an t :Lne*%afT .
a)(6) i 2 (a;)'(0) d  6,(0) \/ﬁ; (a;)'(0), (2.25)

where p = 1,...n. That is, the sets of creation operators in the two basis are Fourier modes of each
other. The annihilation operators a,(6), b,(6) are defined analogously and the only non-vanishing

commutation relations are:

[0p(61), 0},(62)] = [6,(61),8}(62)] = 6(61 — 02). (2.26)

As an example, let us consider the case of one single excitation of charge €, and rapidity 6, which
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we write” as |[1€)7. In the original basis, this would be the state [Tj=i(a ) (0)|0)7, that is a state

where a single complex boson of rapidity # and charge e is present in each replica. In the diagonal

basis, by inverting the relations (2.25), such a state takes the form

152 = D A({NT}) H N, 1= Y AANTH T Eh@ (05, (227)
{NT} p=1 N} p=1
where the indices {N*} := {N,..., N;f} are boson occupation numbers in each sector and they are

constrained by the condition that they must add up to n
n
+
> NFf=n. (2.28)
p=1

The coefficients A({N*}) can be obtained systematically from equations (2.25) and their inverses.
Combining the factorisation of the CBPFT and equation (2.27), we can expand the two-point function

in the excited state [1%)% as follows:

AT OTORE = Y Y ALUNTYH A({M*)) (2.29)

(Nt} {M*}

x H pp{0lla, (6 +al0) Topea(0) [ah(O)] 0)2

AT OTHOLE =Y D ALUNTD A({M 7)) (2.30)
{N=} {M—}

< [T 500008 (O Tpra(0) Topa(6) BHONM 10)5,

This can be computed in the standard way by inserting a sum over a complete set of states between
the two fields as detailed in Appendix 2.A. A particular subtlety of this kind of computation is that,
because of finite volume, the momenta of the excitations are quantised and non-zero matrix elements
correspond to particular quantisation conditions that take the monodromy of the fields into account.

In particular we have:

2
P(6%) = msinh 0 — 27t + 2TPFD) e g (2.31)
n

where 9;” denotes rapidities of particles created by a} and 0, denotes rapidities of particles created
by bj-. The reason is that these states, being inserted between the two composite twist fields, belong

to a twisted sector of the Hilbert space (see [115] for more details), and thus the monodromy relation

5The fact that we do not label the state using the rapidity @ is justified a posteriori, as our results do not depend on
the energy and momentum of the zero-density excitations.
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2wi(pta) ~

is ®p(x + L) = et~ n  ®,(x), from which (2.31) follows. On the other hand, the rapidity 6 of the

external “untwisted”states is quantised through P(0) = 271 for I € Z, i.e. the usual Bethe-Yang
quantisation condition for a free theory [163—-165]. Note that the quantity I% is never an integer
for a € [—%, %] and p # n (p = n corresponds to the identity field). This guarantees that only
non-diagonal form factors (that is matrix elements involving only distinct right and left states) will

be involved in the computation of the leading large-volume contribution to (2.29).

Once a sum over a complete set of states is inserted in (2.29), the problem reduces to the
computation of matrix elements of the U(1) fields T,44. Such matrix elements have been known for
a long time but they were re-derived in [105, 115]. Because of the free nature of the theory, all

matrix elements are given in terms of the two-particle form factor

pto 1 0
B . ﬂ'(p a) e( n 2) 12
B 012) = p0 4o O O 0)0)y = ~Tprasin TS, 232)
where 7,4, is the vacuum expectation value of 7,1 q:
Tpta = p(0Tp1al0)p, (2.33)

and 019 = 01 — 0. Since the composite twist field preserves the total charge of the state, it follows

that

P (013) = (0] Ty 10 (0) 8 (01)a}(602) 0} = 0, (2:34)

FE0l= (B1) = p (0150 (0) (618} (62)[0),, = . (2.35)
The two-point function (2.32) is the only solution of the Watson equations:
FProlEF(9) = FrtelTE(—g),  FProRF (9 + 2mi) = 45  FRTeEF(0), (2.36)
and of the kinematic residue equation:
Resg_o FLTEF (0 +im) = i(1 — 75 o) Tpra- (2.37)
Higher-particle form factors simply follow from Wick’s Theorem, which for the free boson reads:

FEr " m(01, ..., Oms B, - -, Bm) = p(0| Tpsa(0) af(01) . .. af (0 )6 (B1) - . . B1(6:)[0),

= Tp+a Z f;l+a(00(1) - Bl) e f;;z-f—a(ea(m) - ﬁm)¢ (238)

O'ES'm

where S, is the set of permutations of the first m positive integers. For free fermions, one has to
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take into account also the parity of the permutations o. In the formula above, we introduced the

normalised two-particle form factor:

F£+a|+*(0) .

Tp+a

fral0) == (2.39)

The finite-volume matrix elements can then be obtained thanks to the results of [159, 160] (see also

Appendix 2.A).

In summary, all results obtained in [115] follow through for the CBPTF with the replacement
p — p+ « and the choice of an appropriate state. In particular, the ratio of charged moments for a

state describing one excitation is given by

M, = > [A({NF) Iﬂmeﬂ@ﬂM)Wf—eﬂ”a” + 1 =r)" (2.40)
{N£} p=1

which is, as anticipated, the formula (2.6) and where

) i=1—(1—e ") (2.41)
For free bosons, this can be generalised to states containing k identical excitations to find (2.7). For

states containing k different excitations (with different rapidities and any combination of charges ¢;)

the result is

M ) = [ S Galiv) PH H(ga)™ (g a) ™

suNﬂ

= II [e2miciop™ 4 (1 —7)"] (2.42)

In these formulae, C,,({N*} and A, ({N*} are coefficients which are determined by the form of the

state in the diagonal basis. Both results are special cases of (2.8).

2.2.3 Complex free fermion

For complex free fermions the computation is very similar, although states involving identical

excitations are forbidden. The Fourier modes of the creation operators (aji)T(G) are:

271'1]1)

aj( \f Z 62?? D1O)  and e \f Z e (a)N(0), (2.43)
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n—1 n—1
2

where now p = — ;.- "5, and the only non-vanishing anticommutators are:

{ap(61),a}(62)} = {0,(61),0)(62)} = 6(61 — 62). (2.44)

For a free fermion, the two-particle form factor of the factorised CBPTF is modified to [82, 89]

ptayg
ol . . 7r(p+a)e( n )12
FPel=(019) := (0 Tp1a(0) af,(01)81(62)[0),, = iTpq sin W e (2.45)

1t =Tl @oi =11~ > "0 (2.46)
j=1 j=1 p=— n;l

=Tl =11~ > @0 (2.47)
j=1 j=1 p=—n1

15)3 = (o, (6) — ial (8))(—a' | () — ol (6))]0)3 = —ial , (9)al (6)[0)3, (2.48)
and
1703 = 5=, 0) + i, O)(—o' , (0) — o, O)I0)} = 6", (0)e] (©)]0)3. (2.49)
Similarly, for n = 3:
115)3 = dal ; (0)al (0)al (0)|0)3 . [17)F = —iol,(0)8](6)6] ()]0)3. (2.50)

Due to the anticommutation relations, many contributions now cancel off and the states take extremely
simple forms in the diagonal basis. It is easy to show that the general structure of the states (2.46)

and (2.47) is:

n—1 n—1
2 2
1h=e* [ @107, 1= J[ ®)l0)7, (2.51)
p=—"5 p=—"5+

with k a real parameter that can be computed for each specific state and will not play a role in our
computation. Making use of the factorisation (2.22) we can expand the fermionic two-point function

in terms of a sum over the form factors (2.45). The details are presented in Appendix 2.B. For a state
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consisting of a single excitation the result is

n—1
2

+ 2ri(p+a)
MY (r; ) H g:l:p:l:a = H [1—(1—6i n )r]

n—1

p= p=—""5"

Since the quantities et 52" are the nth roots of +1 for n odd, and the nth roots of —1 for n even, it

follows that

n—1
3 _
[[ @y =am+ (), (2.52)
p=—"5t
which, after setting x =1—1r, y = et gives:
2
[T gipalr) =™ 4 (1 —r)", (2.53)
n—1
p=—"5"

that is, the same result as (2.40) for free bosons, albeit resulting from a rather different product of
g-functions. Similarly, all free boson formulae presented in the previous subsection are recovered for

free fermions, as long as we consider only distinct excitations.

2.2.4 Symmetry-resolved entanglement entropies

Having obtained the ratios of charged moments we now proceed to computing the SREE of excited
states. To this aim, we need to isolate the charged moments of the excited state and then compute
their Fourier transform to obtain the charged partition functions (1.48). In other words, we need to
multiply our results of the previous section by the ground state correlator in the infinite-volume limit
considered here. Note that this ground state correlator will be different for different theories, even if

formulae (2.6)-(2.8) are always satisfied.

For (local) 141D QFTs, such as complex free theories, the ground state correlator in our scaling
limit reduces to its disconnected part, that is the square of the vacuum expectation value (VEV) of
the field 7%. This result follows simply from clustering of correlators in local QFT, but can also be
demonstrated explicitly from the finite-volume expansion of the ground state two-point function. This
expansion is presented in Appendix 2.C for complex free fermions®. In particular, looking at equation
(2.218) we can see how, despite the complexity of the expansion, in infinite volume the only surviving
term in the sum corresponds to the product of VEVs |Tp+a|2. The same statement holds for complex

free bosons. As mentioned earlier, it is common to normalise the correlators by the inclusion of a UV

6 A large-distance expansion of the two-point function of 7% in free complex theories was performed in [105], although
in that case the authors considered QFT's in infinite volume from the very beginning.
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cut-off, so that the natural quantity to compute is
ZY(r;a) = Z2(a) MY (r; ) with  Z0(a) = P (T9)2, (2.54)

where ZY (r;a) are the charged moments of the excited state in our particular scaling limit, Z9(«)
are the moments of the ground state and (7°) is the VEV of the composite twist field. From general
dimensionality arguments, as can be found for instance in [166], the VEV has a very particular

dependence on the mass scale and the conformal dimension of the CBPTF. In fact, we have
(T®) = vem?87e, (2.55)

where v/ is a function that depends on the model and can be determined by requiring CFT
normalisation of the composite twist field (that is, that the CFT two-point function has numerical
coefficient of 1) and A7 is given by (2.15). The Fourier transform of the ground state moments has
been studied in detail for free QFTs in [105, 124], thus we will not revisit its computation here.
Instead, we show that, assuming Z(a) to be known , it is possible to express the symmetry-resolved
partition functions and entropies of excited states fully in terms of those of the ground state. The
reason for this is that the functions MY (r; ) depend on « in an extremely simple manner, namely
+2mijo

through factors of the form e only. Thus, in order to compute the SREE of an excited state,

the only non-trivial integrals that we need to consider are of the form

1
/ * da Z0(a)e2mioleEd) = 20(q + ). (2.56)

N|=

For instance, using (2.6), the simple example of a single excitation of charge e gives the following

relationship amongst partition functions
Zy (r9) = Zp(g — ™ + Z(q)(1 — )™ (2.57)

Therefore, the symmetry-resolved Rényi and von Neumann entropies of such a state are given by
formulae (2.9) and (2.10), respectively. They can in turn be written in terms of the SREE and

partition function of the ground state (i.e. eliminating derivative terms) by recalling that

nZn(a)|,_, = —Z1(@)[S7(q) — log Z(q)]- (2.58)

Similar relations are found for more complicated cases, such as (2.7), that is an excited state of k
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identical excitations of charge e. In this case we find instead

L S [#m)] 2 - )

Sfbs (T; Q) = log o (259)
Lo S )20~ )|
and the symmetry-resolved von Neumann entropy
g = (200 — i) fE )10 F50r) + F(r) 0n 200 — )],y
1 \5q) = — :
ko FE(r)29(q — €))
k

+log > fH(r)20(q — €j). (2.60)

j=0
Unlike for the charged moments, the entropies of other states are not expressed by particularly simple
formulae. However, the kind of integrals involved are of the same type so that the computation can
be performed in a similar manner for any excited state. As a last example, let us consider the ratio of
charged moments for an excited state of two particles of opposite charges. We have that

1
Z%+1* (’I“; Q) — 2 da ZO(Oé)(Tn + e27ria(1 _ T)n)(rn + e—27ria(1 _ T)n)e—Qm'aq

= ZS?Q)(T% +(1=r)*) + (Z0(a— 1) + Z3(g + 1) (1 = r)", (2.61)

so that the Rényi entropy is

S (i) — o PP (1)) 4 (Z0a 1)+ 2o + D) (1 )"
n T I R R @G (- 2+ (B )+ 2+ D) -]

(2.62)

from which the von Neumann entropy follows as above.

In conclusion, the SREE of the kind of excited states considered here can be expressed in terms
of the SREE and partition function of the ground state. This statement holds for any system where
formulae (2.6)-(2.8) apply and where the ground state contribution is well-defined. As we shall see
below, this includes a wide range of models, well beyond free QFTs. As a final remark, we recall that a
key property of the SREEs of the ground state both in QFT [19] and interacting quantum spin chains
[94] is the property of equipartition at leading order. That is, within a certain range of parameters’
the SREESs of all charge sectors are charge independent. It is clear from the formulae above that this
property also holds for the SREEs of excited states, as their charge dependence is solely encoded in
the symmetry-resolved partition function and entropies of the ground state. Thus, if the entropy is

equipartite in the ground state it will also be so in excited states.

"For massive QFT this range typically corresponds to the double limit of large subsystem size £ > 1 and |log(me)| < 1
where m is a typical mass scale and € a UV cut-off (see e.g. [106, 108]).
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2.3 The qubit picture

Besides the QFT approach based on twist fields that we have presented so far, there are alternative
ways in which the entanglement of excited states may be studied. In the works [114-116] several models
and approaches were considered, including the study of the entanglement of certain qubit states. In the
present context, such states are also useful as they provide a simpler way of obtaining our formulae for
the ratios of charged moments, even if their associated SREEs will be different, in fact much simpler

than those of QFT states.

2.3.1 Charged moments of multi-qubit states

The main idea behind the qubit picture is that of representing a localised excitation in AU A via

a superposition of two two-qubit states:
1
PG = ViLa @10+ VI-rl0)a @14, (2.63)

where the qubit state 1(0) represents the presence (absence) of the excitation in the corresponding
spacial region. The coefficients are chosen in such a way to reproduce a uniform probability of finding
the excitation in A U A, a choice dictated by the fact that the SREEs computed via the form factor
approach are independent on the energy of the excitation. A state consisting of k indistinguishable

excitations (same rapidity and same charge) is described by defining a Hilbert space H4 ® H 3, with:

Ha =span{|q)a,q=0,..., k} ~ Hz ~ CFL, (2.64)
and a subspace
H®) = span{|)a @ [k —q)5,¢ =0,...,k} CHAQH . (2.65)
Then:
Z fEMaya®k—q)z € HY, (2.66)

where the function f(f (r) (see the definition in (2.7)) represents the probability of finding ¢ out of k
indistinguishable particles in the region A. The RDM can be computed in the orthonormal multi-qubit
basis of H4 ® H 4, yielding:
k k k
o) = Tezlvg >><wgb’r

_TIAZ i) fgla)aald | @k = q) 14k — ¢

k
Z r)la)aalq (2.67)
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that is, the reduced density matrix is diagonal. Assuming that the charge operator associated with
the internal symmetry is Q = Q AP Q 4 and that, without loss of generality, all the particles in the
state above have charge € = +1, then ¢2miaQa |q) 4 = €%™?%|q) 4 and the charged moments can be easily

computed as follows:

()

k 2niaQp k 2miaQ 4 k 2miaQ 4
= Y @l ) aalaelo e  a)a - alaaloPeT  aa
q1,--,qn=0,....,k
k

= H FE e 5 0 g = S ) rePmien, (2.68)
{a} =1 q=0

Thus, the result (2.7) is reproduced. The more general situation one can consider is that of a state

containing N sets of indistinguishable excitations, with the set j formed by k; particles of the same

rapidity and charge ¢;, for j = 1,..., N. By keeping fixed the total number of particles k = Zj kj,

the Hilbert space of the multi-qubit states is now H4 ® H 7, with:

N
Ha =span{|qi’, ..., qN)4,q =0,... kj,e;=x1,j=1,... N} = H;z~ ®Ck]’+1. (2.69)
j=1
A multi-qubit state with k particles uniformly distributed over A U A is:
k 76 9 ’k ?E — —
|\Ilt(1bl B N) Z Hf‘b "7qJ€\]fv>A®|‘ﬁlv"'quE\]fv>Av 3j = kj —qj. (2.70)
q1,59N \ J=1
The state is normalised:
(K} =
’E ’ 7 76 k7 i ak )
<\Ij e N N |\I} e N GN = H 6kj,k‘3-56j769-7 (271)

and factorises into a product of multi-qubit states (2.66):

k;

N N
ki,€1;..;kn, (kj,
|\Il((lb1 €155k NEN) ® ’\I/ i fa - ® Z fq] A® |qj Vil - (2.72)
Jj=1

J=1 q;=0

Because of this factorisation, the charged moments are obtained in a straightforward way from those

of the state (2.66). Indeed, the RDM matrix is:

k1,€1;5..;kN € kj.e€
p(Al 1 NEN) ® (kj.e5) _ ®quj |qj < J|’ (2.73)

j=1¢;=0
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and, decomposing Q A= @jvzl Qg), we obtain the expression:

. s N kj
Tr |:(pf4l€1,61;-..;kN7€N))n e27riaQA:| H Tr [( (kjei) ) e27riaQEX>i| _ H Z qu n 27riaqj€j’ (274)
j=1q;=0

which indeed reproduces the most general result (2.8) (with s = N).

2.3.2 SREE of multi-qubit states

We close this section by noting that for multi-qubit states the results obtained are directly the
charged moments of the state rather than ratios of moments. This is so because the qubit ground state
|0) 4 ®10) 5 is trivial from the point of view of entanglement. This means that the formulae (2.6)-(2.8)
are the quantities we need to Fourier-transform in order to obtain the SREEs. The simplicity of the
formulae allows us to obtain the SREEs exactly, something that is typically beyond reach for QFT.
By using

o=

/ dae ™% = §, o, for xe€Z, (2.75)

[SIE

it immediately follows from (2.68) that

L S )] by

Sy (r;q) = w——log s (2.76)
Lm0
and in particular
. 1 Og.er™ + Og0(1 — 1)
1 . — 1 q, q, 2
Sn (T7 q) 1 —_n Og |:((5q767' + 5(170(1 _ T_))TL ( 77)

The von Neumann entropies easily follow from these expressions. Due to the simplicity of the states,
however, we see that all the entropies above are identically zero whenever any of the delta-functions
is 1. This can be interpreted as the statement that the symmetry-resolution of the entropy does not
give any additional information about these states. Another way to put this is to say that the only
property that matters in establishing formulae (2.77)-(2.76) is whether particles are distinguishable
or not and in both formulae particles are identical by construction, so that specifying the charge does

not add any relevant information.

The situation is different if we consider states containing distinct excitations. For instance, for a

state of k distinct excitations of the same charge ¢ the charged moments are given by

k
(# 4 e2mica(] _ pynyk = Z (’;) (1 — r)nd 2miead pn(k—j) (2.78)
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Figure 2.1 Symmetry-resolved entropies of various qubit states in the zero charge sector as functions
of r. Left: The symmetry-resolved von Neumann entropy of the charge zero sector for states of
equal numbers k of identical positively and negatively charged particles. In the figure £ = 1,2,3,4
giving larger entropy for higher k. The maxima at r = 1/2 are log 2,log 6,1og 20 and log 70, that is
log(2k)! — 2log(k!) which counts the number of distinct arrangements of two groups of k identical
particles. Right: The symmetry-resolved Rényi entropy of the charge zero sector of a state consisting
of four identical positively and four identical negatively charged excitations for n = 2,4,8,20. The
larger n is, the more sharply peaked at r = 1/2 the functions become. The value at r = 1/2 is log 70,
independent of n.

so performing the Fourier transform we get

E o (k ; -

o © (MY (1 = r)g, ki)

S% 1€...1 (riq) = 1 log 23*0 (3) ( ) il (2.79)
b T ) (1= syt |
thus for g = €5, 7 =0,...,k, we have
kY (1 = pyndpn(k—3)

€€ € 1 y 1 r jr k

SIS (s e) = 1 log (J) ( ) - = log ( > (2.80)

-n [(?) (1- r)jr(kfj)]

In this case the symmetry-resolved Rényi entropy tells us about the number of equally likely
configurations which produce a charge €j in region A, and it is independent of n. Many other
configurations can be considered, all of which produce different results, with similar interpretations.
For instance, for a state with one positively and one negatively charged particle, the Fourier

transform of the function

(,r_n + 627ria(1 . ,,,,)TL)(TVL 4 6*27”'0‘(]_ _ 7-)")’ (281)
yields the simple formula
- 1 (r?" + (1= 7)2")640 + (1 — 17)"(64.1 + 0g.—1)
S (e ) = ] e & S 2.82
no (139) 1—n % [(r2 4+ (1 =1)2)dg0 + (1 = 7)(0g,1 + 0g,—1)] (252
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and

- 1 P2 4 (1 —r)2n
SET (r0) = 1
n (7“7 ) 1—n 0g (T2 + (1 _ T)2)”’

SE (py+1) = 0. (2.83)

In this case the ¢ = 0 result is n-dependent and gives a non-trivial symmetry-resolved von Neumann

entropy:

r?logr? + (1 —r)?log(1 —r)?

721 (1—r)2 . ST (k) =0, (2.84)

ST (r0) = log(r? + (1 — 1)?) —

In this example the SREE of the ¢ = 0 sector is non-trivial as there are now two possible configurations
that we can associate with such a charge, namely both particles being in region A and no particle being
in region A. Thus there is a difference in the SREEs of states involving two particles with the same
or distinct charges, even for the simple states considered here. Additional examples are presented in

Fig. 2.1.

It is worth noting that all formulae in this section are in agreement with those in Section 2.2.4 if
one identifies the ground state partition function Z9(q — €j) with the quantity dq,ej- Therefore, the
study of multi-qubit states provides a neat application of the general results of the previous section

to the case of a trivial, unentangled, ground state.

Because of the simplicity and explicit nature of the formulae for the multi-qubit states, it is
possible to compute precisely the two contributions to the total von Neumann entropy, that is the
configurational entropy and the number entropy [19, 93, 94]. Calling S{(r) the total von Neumann

entropy of the state |¥), we can write

SY(r) = _((@)SY (¢;7) — plg) log p(q)), (2.85)

q

where p(q) := ZII’ (r;q), that is the symmetry-resolved partition function of the state for n = 1, and the
term Y ‘ p(q) log p(q) is the number entropy. The quantity p(q) represents the probability of obtaining
the value ¢ when measuring the charge. It is easy to work out an explicit example and see the features
of these two contributions. For the state consisting of two distinct excitations with different charges

the SREEs are given by (2.84). Thus, from
p(0) =72+ (1 —7r)?% p(x£l) =r(1—-r), (2.86)
it follows that the number entropy is simply

(2 + (1 =) log(r® + (1 — r)?) 4+ 2r(1 — r)log(r(1 — 7)), (2.87)
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while the configuration entropy is
(r* + (1= 1)")S1 " (r;0), (2.88)

By summing these contributions we recover the known formula for the total von Neumann entropy of
a state of two distinct excitations —2rlogr — 2(1 — r)log(1 — r) as found in [114, 115]. We note also
that the number entropy takes its maximum (absolute) value 3/2log2 at r = 1/2, and that it can

itself be considered a measure of entanglement, as discussed for other examples in [93, 109)].

We close this section by noting that the entropy formulae for qubit states considered here do not
have the property of equipartition, that is, they depend explicitly on the charge sector as we see for
instance from Eq. (2.83). This is no contradiction, since the property of equipartition [94] is typically
a leading order property (for instance in [94] it holds for small magnetisation), whereas in the case of
multi-qubit states we have exact formulae rather than leading order expressions. Indeed, these states
provide probably the simplest example where such a dependence on the charge sector can be fully

computed.

2.4 Generalisations to interacting theories and higher dimensions

2.4.1 Magnon states

The agreement of the results obtained via form factors of CBPTF's in Section 2.2 and via multi-qubit
states in Section 2.3 provide evidence that the formulae we obtained are correct. This is further
substantiated by the numerical results we will present in the next Section. We now consider how our
results might be applicable in a broader context. A natural starting point are magnon states. Such
states describe the eigenstates of a variety of spin chain Hamiltonians, with or without interactions.
They admit a simple explicit form in the spin basis so that entanglement computations are easy to
perform. We also know from [115, 150] that the total entanglement entropy of magnon states is
described by our formulae with o = 0. As we see below, even in the presence of non-trivial scattering,

the agreement extends to o # 0.

The main idea behind this construction is somewhat similar in spirit to the qubit picture [1, 115],
namely, that the entanglement content of quasiparticles can be easily understood if one factors out
the zero-point fluctuations. In other words, instead of considering the full quantum theory where
the quasiparticles are constructed on top of a nontrivial ground state, which in general has its own
entanglement content, we consider a simpler theory in which particles are constructed above a trivial
ground state. It turns out that the entanglement of this simpler model keeps track of the exact

entanglement of the quasiparticle and explicitly discards explicitly the entanglement of the true ground
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state. Our magnon states belong to a Fock space generated by multi-particle configurations, endowed
with an internal symmetry that acts as a phase on each multi-particle state. This phase is directly

related to the quantum numbers of each particle.

2.4.1.1 One-magnon states

We firstly focus on a single magnon state on the lattice, belonging to the one-particle sector of a
quantum spin—% chain of length L. A one-magnon state can be written as a superposition of localised

excitations with momentum p:

W)= —=> " ePj), |H=he. .| [N (2.89)

If one imposes boundary conditions on the chain, the momentum p is quantised as follows

2
—7. 2.90
Pe T (2.90)

We introduce the action of the symmetry operator 62”0@, where Q is associated with an internal
symmetry. For our purposes we just need to specify its action on the vacuum state |0) = ®]L:1|T>j
and on the one-particle sector. In addition we assume that the magnon is charged with respect to Q,

and it has charge +1.

We are interested in the entanglement of the one-magnon state with respect to the partition of
spin sites into A = {1,2,--- , ¢} and A = {{+1,...,L}. We associate to the region A a restricted

symmetry generator eQmO‘QA, which acts as
eiZWQQAm) — ‘0> 62m’aQA|j> — 627m'a§je,4|j> (291)
where djcqa = 1if j € A and Jjc4 = 0 otherwise. The reduced density matrix of the region A is

1 NP ,
pa=Trg(U)(1)) =+ > P ) aaly| + (1= )[0)a a(0], (2.92)
JJ'eA
where the states |0) 4, [j)a are defined by restricting the tensor products to the sites in A and r = ¢/L.
The two terms appearing in the formula above are interpreted as the contributions associated to the

presence/absence of the magnon in subsystem A. It is easy to show that

n

ezﬂlaQAp”A =7 Z elp(]—ﬂ)‘j>AA<j" €2ma+(1_r)"\()>A (0], (2.93)

J,j'€A
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and that [p4, ez’TiO‘QA] = 0. After a straightforward calculation one gets

n

1 in(i—i')| - . n n n
Tral 7 U aal | =" Tra((1=7)"10)aa(0]) = (1 —7)" (2.94)
Jy'€eA

Putting the pieces together, we arrive at the expected final result
Tr (pzeQﬂ'iaQA> — ,,,n€27r7;a + (1 _ T)n, (295)

which provides the exact charged moments of a single magnon state.

2.4.1.2 Two-magnon states

In the following we consider a state of two magnons with the same symmetry charge. This example
is more interesting because it allows us to test whether the presence of non-trivial interaction changes
our results. Given a pair of momenta p and p’, we parametrise the two-magnon state in the following

way

L
]. KONy L)
|Wy) = 77 Z S eI 541, (2.96)
Jd’

where S is a scattering matrix and [jj’) is the state with two localised magnons in sites j and j'. The

choice of the S-matrix is not really relevant for our purpose, but for the sake of concreteness we set

e’ for j > §/,
Sjjr =141 for j < j/, (2.97)

0 for j =7,

using the same conventions as in [114]. The action of the restricted symmetry operator 2miaQa op

the two-particle sector of the Hilbert space is
627Fi(XQA‘jj/> — 627ria(6j€A+5j/eA)’jj/>. (298)
It is possible to decompose p4 = Tr; (|¥2)(¥s|) in a block-diagonal way as follows

1/ a 2 3
pA=T (p(A) + 7 +p§1)) : (2.99)

where pfj) is the two-particle contribution (both particles in A), p

(no particles in A) and pf) is the one-particle contribution (one particle in A and one in A). The

f) is the vacuum contribution
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introduction of the flux gives rise to the following relation

2o _ % (( pDyngimio | ( pff))n . ( pf)>"e2m‘a>‘ (2.100)

No approximation was made up to this point, but the explicit expressions of pg), given in [114], are
cumbersome and not particularly enlightening for our purpose. However, one can show that in the

limit (2.1) and with p # p’ kept fixed, Tr 4 ((pg))”) simplifies drastically, and the leading contributions

are:
Tea (o)) = 2, T ((0F)") = 2@ =), Tea ((6F)") = 2L (1= ). (2101)

Putting all the pieces together, one finally gets
Tr4 (pﬁe%m@"‘) ~ 2T L 9pn (1 — )T (1 — )2 = (P2 (1 — ))2 (2.102)

This computation shows that in this particular scaling limit the interaction between particles has
no effect on the final result, and the total charged moment is just a product of two single-particle
charged moments. A different result is obtained if p = p’ and fixed. In that case, the magnons are

indistinguishable and one can prove that

Tr ((p?)") ~ L Try ((pf?)") ~ L1 —r)?, Ty ((pf?)") ~ 2L (1 — )", (2.103)

Try (pﬁeQﬂiaQA) ~ 7,,2n647rz'a + 2”’[’”(1 _ r)neQTria + (1 _ T)?n’ (2104)

which no longer factorises into one-magnon contributions. Both results are special cases of (2.6) and

(2.7).

The results of this section generalise previous work for the excess entanglement entropy of excited
states [115] and are also related to the results of [150] where the entanglement of magnon states was
considered more generally. In particular, it was shown that for states consisting of several magnons,
entanglement will factorise into the contributions of groups of magnons which are well-separated from
each other in momentum space (that is, their momentum difference is of order O(1) rather than
O(1/L), as the length of the system grows). Such results also apply to the present case up to the

introduction of the appropriate phases.
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2.4.2 Twist operator approach

So far we have derived the behaviour of the charged moments of the SREE of quasiparticle excited
states making use of two different types of formalism: the form factor expansion in 1+1D (free) IQFTs
[1] and the analysis of qubit/magnon states on the lattice. Unfortunately, these techniques are suited
for a limited range of situations. Indeed, on the one hand, the description of the Rényi entropy as a
correlation function of branch-point twist fields inserted at different points is special of 1+1D QFT
[12, 20]. On the other hand, while the description of excited states as magnons or qubit states can
be generalised to higher dimensions, it has the disadvantage of not taking into account the zero-point
fluctuations. In this Section, we want to consider instead a generic QFT in higher dimensions. To

this aim we introduce a slightly different approach.

Despite the technical limitations outlined above we expect that, in the particular scaling limit we
are considering, the universal entanglement content of the symmetry-resolved Rényi entropy should
not depend on dimensionality, on the presence of interactions and even on the integrability of the
theory. The computation performed on interacting two-magnon states in the previous Subsection
partially supports this claim. Concerning theories in higher dimensions, at least one precedent for
this generalisation already exists. In a previous work [144], the excitations of the free massive boson
in D := d + 1 dimensions were analysed and their Rényi entropy was computed in terms of graph
partition functions. The results obtained therein agree with the formulae in [115], with r replaced by

the ratio of generalised volumes.

In this section we slightly generalise the formalism of [144] to take into account possible interactions
and provide, as a proof of concept, a simple calculation of symmetry-resolved entanglement of a
single-particle excited state. The key ingredients we need are the description of the excited states
as local operators acting on a vacuum state and a semi-local twist operator, which generalises the
composite branch-point twist field to higher dimensional settings. The only strong assumption we

1

make in our derivation is the presence of a finite mass gap m, with correlation length £ = m™" much

smaller than the typical lengths of the system.®

We anticipate here that our formulae (2.6)-(2.8) are unchanged in higher dimensional theories, up
to the identification

(2.105)

which is the ratio between the (generalised) volumes of subsystem A and of the total system. It may
seem surprising that the results should only depend on r and not on other features of the entanglement

region, such as the connectivity and smoothness of its boundary. Indeed, the charged moments and

8The emergence of the universal entanglement content is also expected for some high-energy states in massless theories
(see [148, 150] for the analysis of the gapless XY chain). However, here we keep the assumption of a finite mass gap to
avoid technical complications.
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symmetry-resolved entropies of both the ground state and excited states depend on such properties, as
would finite-volume corrections to our results. However, our computations deliver results for the ratio
of charged moments in the infinite-volume limit, and it is this ratio in this limit which is universal
and independent of boundary features. This independence of boundary features has been analytically
shown for the ratio of (uncharged) moments in the case of one-dimensional disconnected regions, where
the same formulae as for one connected region were found to apply, with r the sum of the lengths of

all disconnected parts [116].

2.4.2.1 Excited states and operator algebra

Let us consider the vacuum state |0) of a Hilbert space , together with an algebra A of observables’
acting on H which has |0) as a cyclic vector (see [167] for a modern review of this algebraic viewpoint

in QFT). This allows us to represent any state |¥) of the Hilbert space as
W) = 0|0) with O € A. (2.106)

We would like to assume that the vacuum state is translationally invariant, namely that it is invariant
under a faithful representation of the translation group in d dimensions. However, since we consider
a finite-size system, we modify this requirement by defining the system on a d-dimensional torus M
of volume V and requiring that |0) is invariant under the isometries of the torus. Other boundary
conditions can be considered too, but they do not change the picture in the scaling limit we are
interested in. We also require locality of the observables, asking that at any point x € M, A is
generated by a set of fields {O(x)}.

We define the Fourier transform of the field O(x) as

O(p) = /M diz e P*O(x), (2.107)

where we adopt the same symbol O in real and momentum space for notational convenience. The

Fourier-transformed fields are building blocks for the following set of translationally invariant states

O1(p1) - - - Ok(Pr)|0), (2.108)

which correspond to k particles distributed over M with momenta p1, ..., pr, and the choice of the
fields {O;} depend on the particle species and quantum numbers. This construction is similar to the
usual way of generating particle states in free theories acting with creation operators on the vacuum

of a Fock space. However, the advantage of our formulation is that it is directly related to local

°In the case of a single real boson, A is just the algebra of operators generated by the field ®(z) and its conjugated
momentum II(z).
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observables, a property which is fundamental to correctly define entanglement measures.

Let us take a set of orthogonal fields {O;}, so that the correlation function <O](’)2(x)(’)j(x’ )|0)

vanishes for ¢ # j. In other words, the fusion rule
O]] x [0;] = [1], (2.109)
is present only if ¢ = j and the Operator Product Expansion (OPE) can be expressed formally as
Ol (x)0;(x") =~ 6;;(0]O! (x — x)O0;(0)[0) + ..., (2.110)

where in the right-hand side we neglected contributions coming from operators less relevant than the
identity. The exact evaluation of the correlation function above can be hard, but the assumption of
a finite gap m ensures that the latter is exponentially damped for |x — x’| > m~!. This is the only

property we really need in the following discussion.

We now consider a restriction of the modes O(p) with support in a subsystem only, that is a spacial

region A C M:
Ou(p) = / dz e PXO(x). (2.111)
A

Given any two regions A, A C M, we can compute'’ (’)TA(—p)(’)A/ (p’) by making use of some

approximations. First, we consider only the most relevant term in the fields OPE

OL-P)Ow () = [ als [ dla'eP= X0l x)0)
A !/
~ / A%z / d%a’ PP % (0| Of (x) O (x')|0). (2.112)
A /
Second, since we are working in the limit of small correlation length (compared to the geometry),

the leading contribution comes from the insertion of the fields at small distances, which is present if

x,x' € AN A’; this observation motivates the change of variable x” = x’ — x, and the subsequent

approximation'!

Ol (-p)Ou (p') ~ / dz e(P=P)x / daz” e~ ™" (0|01 (0)O(x")|0). (2.113)
ANA’ M

The second integral may be difficult to compute and in principle it could require a UV regularisation

1%0ne should note that Hermitian conjugation and Fourier transform do not commute. Indeed, with our notation
Ol (=p) = (Oa(p))".

1T be more rigorous: in approximating the integration domain x € A, x’ € A’ with x, x’ € AN A’ we are neglecting
terms where at least one of the two variables, say x, lies outside of A N A’. If the distance between x and AN A’ is
smaller than the correlation length there is no exponential suppression, however, the integration over x produces a term
which grows with the area of the boundary (A N A’) and hence is subleading in the large-volume limit. On the other
hand, the integration domain of the variable x” depends in principle on the set AN A’, and its approximation with M
is valid up to terms exponentially damped in the correlation length.
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for |x"| < € < m~!. However, because the integration is over M, the result does not depend on
the regions A, A’ and in our computation this integral appears only as a multiplicative constant. In

conclusion, we end up with

Ol (=pP)Ou(P') o Vianadpp, (2.114)

where Vn4s is the volume of AN A’. Equation (2.114) is the main result of this Subsection. Since the
volume in (2.114) emerges from the integrals (2.113), which involve a Fourier transform, we require
that subsystem A N A’ consists of a finite number of disconnected regions, whose boundaries are

piecewise smooth.

It is natural to ask how the discussion above would be modified for a vanishing gap m = 0. The
main change is in the scaling of correlations functions: exponential localisation of the correlation
function in a region of typical length m ™! does not hold any longer, due to the long algebraic tails of
the correlation functions. We conjecture that, as long as the momenta are fixed in the infinite-volume
limit, the main conclusion (2.114) is unchanged. A qualitative argument is that in this case the inverse
momentum, say the De Broglie length, plays the role of typical length scale. In order to make this
consideration more precise, let us analyse Eq. (2.113) for a 141D CFT, where O is a field of conformal

dimension Ap. We focus on the following integral
/ dz e~P*(0|OT(0)O(x)|0), (2.115)
M

which we regulate both in the UV, with a cutoff ¢, and in the IR, with a cutoff L, as follows

L
, 1
/ dxe_Zp‘rElAAO + (c.c.). (2.116)
€

This integral can be explicitly computed. However, the important feature is that for Ap > 0, p > 0
and ¢ > 0 all fixed, the integral converges to a finite value when L. — +oo. This is no longer the
case if p ~ 1/L in the infinite-volume limit. In practice, this means that for small momentum and
scaling dimension 0 < Ap < 1 the considerations we made so far regarding the scaling at large sizes
cannot be applied. As a matter of fact, for free CFTs the scaling dimensions of the fundamental fields
are smaller than 1: the fermionic field ¥ has dimension 1/2 while the derivative of a compact boson
0;® has dimension 1. While these considerations are not mathematically rigorous in establishing
convergence of the OPE in the large-volume limit, they are sufficient to explain why low-energy states
of gapless theories, or multi-particle states with small momenta difference, are not well captured by
our predictions. Indeed, for such states the excess entanglement was computed in [154, 155], and the

results obtained therein are different from those of [114, 115].
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2.4.2.2 Replica construction for symmetry-resolved entanglement

Consider now a replica version of the theory, consisting of n copies of the latter. For any state |¥)
we denote its replicated version by |¥)™. Our goal is to define a U(1) composite twist operator which
generalises to higher dimensions the composite branch-point twist field defined in [19]. We construct
this operator in such a way that its expectation value over |¥)" gives exactly the charged moments
Zn(av), allowing for the computation of symmetry-resolved Rényi entropies in higher dimensional
QFTs. This type of operator was already considered in the literature, mostly without the flux insertion
(see for example [144, 168-170]). However, the novelty of our approach consists in establishing the

relation between the twist operator and the algebra of local operators.

The first point we have to clarify regards the symmetry and its action on the space of fields.
Starting from ¢>™*@, the global generator of U(1) symmetry in the non-replicated theory, we say that
O(x) has charge ko if

€2ﬂiaQO(X)€_2MQQ = e27ria“‘9(9(x). (2.117)

Since one can decompose the space of fields in irreducible representations of U(1), we restrict our
analysis to charged fields. Going back to the replicated theory, we define the algebra of replicated
observables A" as the algebra generated by the tensor product of n observables in A. Thus, to any

field O(x) € A, we associate 07 (x) € A" defined as
Olx) =10 210x)®1---1, (2.118)

where O(x) is inserted in the jth replica. By requiring orthogonality of local fields in different copies,

the momentum space OPE (2.114) generalises to:
O (=p) 0% (D) o Vanabppdi;. (2.119)

Consider now a spacial region A C M and its complement A. We define a composite twist operator
T which implements the structure of the n-sheeted, cyclically connected, Riemann surface where
the replica theory is defined. That is, 7'} implements the “gluing”of the replicas along A with an
additional flux insertion due to the action of the U(1) symmetry. The commutation relations of 1'%

with any charged field O7(x) generalise in an obvious way those of a standard CBPTF:

. e2miRoin OITL(x)TS  x € A,
740 (x) = (2.120)
OI(x)Ty x € A.

Here, the flux is inserted only between the nth and the first replica, but other choices are possible.

We emphasize that a similar definition has already appeared in the context of 141D integrable QFTs
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(see [105-108] ). In particular, for A = [0, ¢] one can identify
T3 =T (0)T,;(0), (2.121)

and the commutation relations for Ty can be obtained from those of the CBPTF and of its Hermitian
conjugate. However, such a representation in terms of the usual CBPTFs of one-dimensional theories
is in general not possible in higher dimensions. Regarding the definition of the twist operator 1'%,
it is worth mentioning also that in QFT it is known[171, 172] that the twist operators are not local
observables of the algebra A™. Rather, they are observables of the orbifolded algebra A™/Z,,, which

is obtained by taking the coset of A" over the cyclic symmetry of replicas.

We are now ready to relate the twist operator to the symmetry-resolved entanglement. The charged

moments of |¥) are given by
_ TR

Z¥ (o) = G (2.122)

n

The above definition, together with the commutation relations (2.120) and the momentum space OPE
(2.119), is enough to obtain the explicit expression for the ratio of charged moments between the state
|¥) and the ground state, as defined in (2.5). We now show how these ideas come together with a

simple example.

2.4.2.3 Single-particle state

In this Section, we consider an excited state |¥) consisting of a single quasiparticle with momentum

p generated by a charged field O. Its explicit expression is given by
) = O(p)|0), (2.123)
and the replicated version is just
1T = Ol(p)...O0"(p)|0)"™. (2.124)
For the sake of convenience, we split the observable
O’(p) = O (p) + O%(p), (2.125)

so that its commutation relations with 7'} become more transparent. Indeed, using (2.120) one can

write

T39)" = T3(O4(p) + O4(p)) ... (O%h(p) + O%(p))[0)" =

(O4(p) +O04(p)) .. (O4(p)e’ ™" + O%(p))T1|0)".

(2.126)
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Up to now, everything is exact. However, to compute the expectation value "(¥|T%|¥)" we make use
of the OPE contraction (2.119). Among all the terms which are generated, all but two are vanishing

and they give

HUITRIW)" = ePmeme HO[(ON)4(=p)... (ON)4(~p)O4(D) . .. O4(P)O4(P)TSI0)"

+M0[(O) 5 (=p) ... (ON) 4 (—p) Ok (P)O%(p) ... OG(P)TRI0)"  (2.127)
(0|74 0)"

o (TOVE + (V= V") =g

To evaluate the first of the two terms we needed to commute the local observable before applying the
OPE contraction, but the commutators always produce terms which are subleading in the volume, as
it is obvious e.g. from the inspection of the free theory. Similarly, we can evaluate the norm "(W|¥)"

which does not require the splitting of O7(p)
H(w|w)" = "(0[(0")"(—=p)(ON)' (-p)O" (p) ... O"(p)|0)" o V™. (2.128)

In the evaluation of the ratio
(T [w)"

IR (2.129)

the proportionality constant (which is non-universal and could be absorbed in a redefinition of the

field) cancels out, and one can write

n Wy |Te|g\n ) n(o| 7|0\
<n<|\11’14\11/|>n> ~ (627rwmo74n+(1_r)n) < | A| >

=0 (2.130)

with r = V—Vf‘. In the expression above the term in brackets is universal, while the term factored out
is not universal and it is the nth charged moment of the ground state. Therefore, as anticipated, the

ratio of charged moments is given by:

MY () — "HEITEI) (00"

n

~ @2miaKO LN 4 (1 _ )T, 2.131
T R A S (2.131)

Results for multi-particle states can be obtained in a similar fashion.

In conclusion, the striking simplicity of these results relies on the truncation of the OPE in (2.110),
which is expected to become exact in the limit m?V > 1. We expect that for finite m?V further
contributions in the OPE can be recast as a (possibly non-integer) power series in (m?V)~!, which
generalises the explicit (mL)~! power expansion that is obtained for 1+1D free theories using form
factor techniques (see Appendix 2.C). In massless theories, we instead expect corrections as a power
series in (|p|?V)~!. The explicit evaluation of these non-universal corrections, as well as the treatment

of possible divergences in the power series, are all beyond the purpose of this Thesis.
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2.5 Numerical results

In this section we present numerical results for two very different discrete models. First we consider
a 1D lattice Fermi gas, which has a gapless phase but it also possesses highly excited states whose
entanglement is well described by our formulae, and then we look at the harmonic chain, which
becomes a U(1) massive free boson in the scaling limit. While for the first model we can only consider
distinct excitations, for the second we consider also identical excitations. The treatment of the complex
harmonic chain is based on a generalisation of the wave-functional method as presented in [115] which
we derive in detail. The good agreement with the theoretical predictions confirms the picture already
put forward for the total entropy in [114], i.e. that our formulae hold under the broad assumption of

localised excitations.

2.5.1 1D lattice Fermi gas

In this subsection we analyse a particle-hole excited state of a 1D lattice Fermi gas, comparing
our analytical predictions with the numerical data. Even though the model is critical, it was realised
in [147] that certain highly energetic quasiparticle excitations still have a universal entanglement
content. More precisely, if one considers a set of quasiparticles with small enough De Broglie
wavelengths (compared to the typical geometric lengths) and sufficiently separated momenta, then
these quasiparticles will be essentially uncorrelated with each other and with respect to zero-point
fluctuations. We refer to [145-150] for further details about the universal entanglement content of

quasiparticles in critical systems.

Our goal here is to briefly review the numerical techniques involved in the characterisation of
fermionic Gaussian states [173] and their application to the computation of symmetry-resolved

measures. We start by considering the Hamiltonian of free spinless fermions on a circle of length L
1
H=—33 fladi+ £l + ) i (2.132)
J J

where 41 is the chemical potential and {f;};=1,.1 , {f}}j:17,__7L are the ladder operators obeying the

standard anticommutation relations

{nfiy={hiy=0. {f £l =0 (2.133)

When |u| < 1 the theory is gapless, as can be seen by moving to momentum space, where the
Hamiltonian is diagonal:

L—1
H= Z [u — oS <2zq>} fgfq, (2.134)

q=0
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and the ground state is a Fermi sea with Fermi momentum kp = arccos(u). The two-point function

evaluated in the ground state at Fermi momentum kg takes the following form [174, 175]:

sinkp(j —j')

N '|' . _
CO(]a] ) T <f]f] >0 I sin ﬂ'(j;j’) . (2135)
Here, we analyse the quasiparticle excited state described by the two-point function
.y . 1 ez myi_ 1 p—mimyi_a
C(]’] ) = CO(],] ) + Ze ikr+3—1)0—J4") _ Ze i(kp—3+F)(G—J )’ (2.136)
which corresponds to the insertion of a fermion of momentum k = kr + 7 — T above the ground

state and the removal of another fermion (or equivalently, the insertion of a hole) at k = kp — 5 + 7.
The choice of the momentum shift is not important in the continuum limit, where the only necessary
condition is that |k — kp| remains finite when L — oo 2. We now have to specify the symmetry of
the model. The Hamiltonian (2.132) is invariant under an internal U(1) symmetry associated to the

number of fermions, generated by the operator
Q=> 1t (2.137)
J
which satisfies the locality condition Q = Q A+ Q 1, with

Qa=Y_flfi Qa=) 1l (2.138)

jEA jEA
As done in Section 2.4.1, the subsystems A and A are defined by the sets of fermion sites A = {1,...,¢},
A={l+1,...,L}. We denote by C’(;‘ and C4 the ¢ x ¢ matrices resulting from projection of the
matrices Cp and C (defined by equations (2.135) and (2.136) respectively) onto subsystem A, so that
the indices j, j/ € A. Following [104] we express the charged moments of the particle-hole state and

the ground state by means of the determinants
Tra(ple2™0Q4) = det ((C4)"e®™ + (1 — CH)), (2.139)

TrA(pZOeQmaQA) = det ((C{;‘)”e%io‘ +(1- 064)”) , (2.140)

with p4 and pao the RDMs of the two states. According to our analytical predictions, because the

fermion and the hole are distinguishable quasiparticles with opposite charges +1, we expect the ratio

12Tn the work [104] a particle-hole state satisfying |k — kr| ~ 1/L was considered. Unlike the present case, the
entanglement measures of such a low-lying state is captured by CFT predictions, due to the strong correlation effects
between the particle/hole and the zero-point fluctuations.
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of charged moment to take the universal form

Tra(pe?mod4)

Tra(y” eMaQA) ~ (r”e%io‘ +(1- r)")(r”e’%m +(1-r)"), (2.141)
A\PA 0

where the equality only holds in the scaling limit of the lattice model, with r = ¢/L fixed.

To test the validity of Eq. (2.141) we consider two entanglement measures, namely the excess of
(total) Rényi entropy and the so-called (following the terminology of [104]) “excess of variance”. The
excess of entropy is recovered from our formulae for a = 0, and for two distinct excitations it takes

the simple form
L, Tra(h) | log(r + (1~ r)m)?

Adn = = 2.142
T 1-n CTralph,) 1—n (2.142)
We define the variance'® associated to p4 as
A9 TrA(ngi) TI‘A(pZQAA) 2 1 d2 TI'A(pze%riaQA)
(AQA)n = e = = 5 log . (2.143)
TI'A(pA) TI'A(pA) (27TZ) da TI‘A(pA) o

Similarly, we denote by (AQE‘)”,O the variance of the ground state p4 . From (2.141) it follows that

the excess of variance is given by

—~

2 (1 — )"
k) (2.144)

(AQ)n — (Ao = (4 (1 —r)n)2

A way to physically interpret the result (2.144) is to regard this excess of variance as twice the
contribution associated to a single quasiparticle, since particles and antiparticles contribute in the
same way. The latter is just the variance of a Bernoulli random variable with success probability

given by

,rn

R (2.145)

p:

namely the probability one associates to the presence of a quasiparticle in A computed with the density
matrix p’i. Since the variance of a Bernoulli variable with probability p is just p(1 — p), one gets Eq.

(2.144).

In Fig. 2.2 we report our analytical predictions and the numerical values of AS,, and <AQ?4>H —
(AQ? )0, computed from (2.139) and (2.140) using exact diagonalisation of the correlation matrices
Ca,Capo. We keep L fixed, analysing different values of » = ¢/L. Our choice is motivated by the
expectation that these plots should be “universal” at large L, meaning that data obtained with different
values L should collapse to the same universal prediction (independent of lattice details such as the

value of kr) when L — co. As we see from the plots of both measures, the match between numerics

3The choice of this terminology comes from the fact that for n = 1 this measure reproduces the physical variance of
the charge in the state pa.
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Figure 2.2 Numerical data versus analytical prediction for the particle-hole excited state described
by the correlation function (2.136). Here, kp = 7/2, L = 200 and we considered the first values of n
for r =¢/L € [0,1]. Left: Excess Rényi entropy checked against Eq. (2.142). Right: Excess variance,
checked against Eq. (2.144). The numerical results are in very good agreement with the analytical
formulae.

and analytics is really good.

2.5.2 Complex free boson and 1D harmonic chain

In this section we consider a complex massive free boson. Unlike the 1D Fermi gas, this model and
its lattice version allow us to test formulae for states containing two or more identical excitations. Our
numerical computation is based on the wave-functional method introduced in [115] (see Appendix A of
that paper). Here we need to extend the technique to a complex theory and to the symmetry-resolved

moments. These extensions are not entirely trivial and for that reason we review the wave-functional

method in detail.

Let us consider a 1D complex massive boson on the line [0, L] with Hamiltonian:

H= /OL da (HTH + (9,2)(0,®) + m2<I>T<1>) , (2.146)
where
(z) = dl(x), II'(z) = d(z). (2.147)
Alternatively, one can introduce a pair of real bosons ®1, ®5, and express ® and II as
o 2iti® o Th+ill (2.148)

V2 V2 o

so that the Hamiltonian becomes that of two real bosons. The only non-vanishing equal-time

commutators are:

[@(2), (y)] = [@F(2), 1T (y)] = id(z — y). (2.149)
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Since space is compact, there are discrete energy levels with dispersion relation:

2
Ep,=vm?+p? pEe€ %Z, (2.150)

and the Hamiltonian is diagonalised via the introduction of two sets of creation/annihilation operators.

The annihilation operators are:

A, = \/ﬁ dxe PO (x) + 4001 (), (2.151)
B, — \/ﬁ / dwe= (B, 01 () + ill(x)). (2.152)

and as usual A;r, (B; resp.) creates from the a positively (negatively) U(1)-charged particle with

momentum p from the vacuum. These operators satisfy:
[Ap, Al) = [By, Bl = 6,,. (2.153)

®(x), II(x) then admit the usual Fourier decomposition

o) =3 \/217% (Ape™ + B, (2.154)
p
M(z) =iy f—z (Bpeim - A;e—im) . (2.155)
p

Finally, the charge operator corresponding to the U(1) symmetry of the theory is:
L
Q=i da: (@T(:c)nf(m) - @(x)n(x)) .= (AjA, - BiB,), (2.156)
0
P

where : O : denotes the usual normal ordering of O.

2.5.2.1 The wave-functional method

A very useful way to represent the states in the theory is provided by the wave-functional formalism.
In this approach, we associate to every state a functional ¥ acting on the space of classical field

configurations ¢, ¢’ : [0, L] — C and formally defined by:

(s, 61 = (¢, 0"|P). (2.157)

This definition resembles that of the wave function ¢(z) = (z[¢)) in non-relativistic quantum

mechanics, and the action of the operators ®, IT on the state |¢, ¢!) mimics that of the position and
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momentum operators on the state |z):

T
(@) W[, 6] = o(2) 6, 6T], T1(2) 8], 6] = 5‘?’%‘? | (2.158)
and analogously
:
o ()W [p, 1] = ¢l () V[0, 9], T (2)®[0, $1] = ‘m. (2.159)

Notice that, for consistency, when 4II, iII" act on a ket |¢, ¢!) there is a minus sign in front of the

functional derivative. The vacuum state functional is defined by:

2
Api’vac = Bp‘I’vac =0 Vpe %Z, (2.160)

and the only solution to these functional differential equations up to normalisation is the Gaussian

functional:
L L 1 .
Woclondl] e |- [Cao [Cayd @K@ - o], Ko = S B 210y
0 0 p

Notice that K(z) is a real and even function of x. The functionals of the positively and negatively

charged one-particle states are obtained through the action of A}L, and B,T,:

L
AWy = (6T Wyae,  ap[oT] = \/2?’/0 dz e ¢l (), (2.162)
[2E, [* ,
B;\Pvac = Bp[gb]qlvaca 5p[¢] = 2Lp/0 dx ezpa:(z)(l,), (2163)

and the functional of a state with k™ positive excitations and k™~ negative excitations (all with different

momenta) is

kT k—
{M] H 1 Bl ®eacle, 01 = Hapl Hﬁq] oo, 611 (2.164)
j=1

A correct choice of the normalisation in (2.161) ensures that the functional above has unit norm with
respect to the bra-ket product. It is then immediate to construct the functionals of multi-particle
states with identical excitations. If there are k;” (k; ) positively (negatively) charged particles with
momentum p; (¢;), for i =1,...,m" (m~) we define:

G T (4
{p“qj [¢ @ } =

' Wacld, 1. (2.165)
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The action of the charge operator on a wave-functional immediately follows from that of the fields:

1) 1)
5@ @)

Q®[o, 6] = /0 e (qﬁ () )ww, o), (2.166)

and in particular one finds that the vacuum functional and the functionals of multi-particle states are

charge eigenstates:

K+ k= vkt E
Qe =0, QU7 = (W = k)T 0y (2.167)

However, because |¢, ¢') is not associated to any charged state in the Fock space, it is not a charge

eigenstate. The exponential of the charge operator acts on |¢, #') by introducing phases (notice the

minus sign in front of the integral):

) L 5 ) . .
2miaQ T . T T |27« —2mia 4t
e ¢, 0') = exp {—2ma/ dx <<Z> x — oz ﬂ P, ") =1 p, e oh).
6,4) a6 g5 — @57 ) 1060 = )
(2.168)
Employing these results it is possible to show (see Appendix 2.D for the derivation) that
Tra(pf ac®™) = / D1 D) ... Doy D}, exp [~Gal (2.169)

where G, is a known Gaussian functional of the fields ¢(z), #'(z) given in (2.248). Results for the

harmonic chain can then be obtained by discretisation, as we see in the next Subsection.

2.5.2.2 The harmonic chain

Since the Hamiltonian (2.146) reduces to the sum of two Hamiltonians for the real bosons @1,
®s with prefactors %, the discretisation proceeds exactly as for the real boson [115]. We divide the

interval [0, L] in N parts by introducing a spacing:

L
Ar = — 2.170
x N ’ ( )
and we define x = %33, z € {0,1,...,N — 1}, so that we can replace every integral with a sum:
L—-Azx {—Azx L—-Azx
L L L
ooy > [y, [as > (2.171)
/AUA N =0 A N =0 A N =/
If we discretise the Laplace operator as:
i) A O(x — Ax) — 20
Pd(z) - 2@ A+ P~ Az) - 20(r) (2.172)

(Az)? ’

and impose periodic boundary conditions ®(0) = ®(L), ®7(0) = ®'(L), the Hamiltonian (2.146)

reduces (after integration by parts) to two independent harmonic chains for real fields. The set of
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momenta is now restricted to the first Brillouin zone, p = 2%]3, p € {0,1,..., N—1}, and the dispersion

2N L\?
E, — \/m2+ <Lsin §N> , (2.173)

from which the relativistic relation Ez = m? + p? is obtained when g—ﬁ < 1. Notice that since we

relation becomes:

restrict the set of momenta, the function K (x) defined in (2.161) becomes a finite sum:

2n(N—1)/L .
K(z) = > B, (2.174)
p=0

SIk

thus it is no longer an even function of z, though the property K*(x) = K(—=x) still holds.

For the sake of simplicity we will take ® and ® to be the fundamental degrees of freedom in
the following, while keeping in mind that the real degrees of freedom are recovered using (2.148). In
the formula (2.251) the functions Uii, VijE are modified by simply replacing the integrals with sums
following the prescription (2.171). On the other hand, discretisation of the measure G, leads to a

finite-dimensional (nN) x (nN) matrix G which couples the fields gbj(m) and ¢;(y):

2 n
ga:(]ﬁ,) Sl 3 o+ 2 Jdwre-naw

i=1 z€AycA zecAyecA

+ Y (ol@ + ol @) K —y)ily)

zeAycA

n L
Y @K@=y (6 + o) | = 30T 6l@)Giagy i), (2175)
zeEAycA 1,7=12,y=0
where we explicitly wrote the complex conjugate in (2.248) before discretising the integrals. Wick’s
theorem ensures that the Gaussian average in (2.251) can be computed from the contractions of pairs

of fields, which are in turn obtained via the inversion of the matrix G:

1

¢i(x)T¢j(y) = (G_l)ia:,jy' (2.176)

The matrix G has a block structure, consisting of n? blocks G;. j., each of which is an N x N matrix.
From the above expression we see that the only non-vanishing blocks are either in the diagonal Gj. ;.
or just off the diagonal, G;. (;+1).. Each block G admits a sub-block structure in terms of the matrices

KQ,0,, @1,Q2 € {A, A}, whose elements are:

2
(Koo = (3) K@=0). o€ Quye (2.177)

Notice that K44 is a square matrix with dimensions %N X %N , K 41 has dimensions %N X %N
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and so on. From (2.175) we obtain the following basic structures:

e Diagonal blocks Gj. ;.

oo+ D>+ >+ Y | @Guuaiw)

TEAYEA zreAycA zcAycA =zcAycA

2
= (ﬁ) 23" ¢l @)K (x - 9)diy) +2 Y 6l@) K (@ — y)éiy)
€A re A
cA yEA

+ > d@K@-yei)+ D> dl@)K(@—y)eiy)

rEAyYEA r€EAycA

o Off-diagonal blocks Gj. (i11).

L i 1o,
Z ¢I($)Giz,(i+1)y¢i+1(y) = (N> Z ¢;f(g;)K($ — ) Pis (y)e2mi0in
r€AycA zcAycA
a 0 0
= i-,(’i+1)- = .
KAAe%mazSim 0
e Off-diagonal blocks G(i+1)-,i-
t L\? ; -
Z ¢i+1(x)G(i+l)x,iy¢i(y) = <N> Z ¢z+1($)K($ _ y)éi(y)ef%'rza in
zeAycA xeAycA
0 KAA€727ria5i’n
= Gi1).i =

0

Note that the block structure is different from that in [115] because the roles of regions A and A are
now exchanged. Although this exchange has no effect on the form of the entanglement entropy, for
the SREE it makes a difference as the symmetry between A, A is broken when we choose to place the

charge in subsystem A.

In terms of the N x N blocks above, we can schematically write the matrix G as follows:
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1 2 n—1 n
A A A A A A A A
—— N N ——
( | | | |
A{ 2Kaa | Kuz 0 1 0 0 1 0 0 1 ALK
1 e L
A{ Kis 12Ki5| Kiq | O 0 |, 0 0 , 0
( | i | |
A 0 ' Kui |2Kaa! Kyz 0 1 0 0 1 0
2 N L
A{ 0 | 0 Kiq | 2K ;4 0 |, 0 0 , 0
| | | |
A 0 1 0 0 ' 0 2Kaa ' Koz 0 1+ 0
n—1 I Y I A A R B
B [ [ [ [
A{ 0 | 0 0 | 0 Kja 12Kz | Kga 1 0
\
| | | |
A 0 10 0 10 0 | Kux |2Kaa! Kuz
n N e B
A{ AKis |l 0 0 | 0 0 | 0 | Kzu | 2Kz
where we introduced )\, = 2™,

2.5.2.3 Numerical results

In Appendix 2.D we have explicitly derived the ratio of charged moments for excited states. We
thus have all the ingredients needed to obtain numerical results. Let us take a bi-partition where A is

a segment made of Ny < N consecutive sites, with N4 /N = r and analyse the behaviour of M,%' (r; ).

In Fig. 2.3 we compare results for two kinds of two-particle excited states: those of particles with
identical charges and either distinct or equal momenta p; and ps. Our analytical predictions for

M, (r; ) are

M71L+1+ (’f‘; Oé) _ (rneZiﬂ’a + (1 _ T)n)27 1 7§ D2,
M2 (ria) = Pt g 9n(1 ey (12 gy (2.178)

In our numerics we have chosen L = N = 30, so that the lattice spacing L/N = 1. We also fix
the mass scale to m = 0.1, which corresponds to a typical correlation length of & = m~! = 10 sites.

Finally we choose either p; = po = 7 or p; = 7 and py = %”, both in units of the lattice spacing.

Similarly, Fig. 2.4, we consider the following three-particle excited states: a state of three equal

momenta, that is p; = pa = p3, a state of two equal momenta among the three, that is p; = po #
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Figure 2.3 Charged moments of two-particle excited states in the 1D harmonic chain

Numerical data (triangles) versus analytical predictions (dashed lines) for M3 1" (r; &) (top row) and

M2 (r; ) (bottom row). We consider n = 2, system size L = 30 with m = 0.1. The left/right panels
in each row show the real/imaginary part of the function. In both rows we take values of the flux
a=0,0.1,...0.5. For the numerics of the top row figures we use momenta p; = m, py = 27 /5 whereas
for the bottom row we take equal momenta p; = po = .

p3, and a state with three distinct momenta, that is pi,pe,ps3 distinct. In this case the analytical

predictions are

M3+ (T‘; a) — r3n€6i7ro¢ + 3nr2n(1 o T,)ne4i7ra 4 3"7‘”(1 _ 7,,)2’(1,622'71'01 4 (1 _ T,)Sn, p1 = p2 = ps3, (2_179)

n

and

M2V (ra) = M2 (1) (P72 4+ (1= 1)), p1 = pa # p3, (2.180)

My Y (ra) = (e 4 (1= 1)), pu# pa # s (2.181)

The set of momenta is p1 = py = p3 = 7 for the first excited state, p1 = po = 7, p3 = /3 for the

second state, and p; = 7w, pe = 7/3,p3 = w/5 for the third one.

In all our figures we chose non-negative values of . Given the formulae above, taking o < 0 is
equivalent to complex conjugation with « positive, so the figures for negative o are identical except

for a change of sign in the imaginary part of all functions. We have also considered the value a = 0 (in
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Figure 2.4 Numerical data (triangles) versus analytical predictions (dashed lines) for M3" (r;a) (top
row), M22+1+(r;a) (central row), and M21+1+1+(r;a) (bottom row). We consider n = 2, system size
L = 30 with m = 0.1. The left/right panels in each row show the real /imaginary part of the function.
In each rows we take values of the flux @ = 0,0.1,...0.5. For the numerics of the top row figures we
use momenta p; = py = p3 = 7, for the central row p; = ps = 7, p3 = 7/3, whereas for the bottom
row we take py = m,p2 = /3, p3 = w/5.

green) which is the limit where there is no flux. As expected, in this case our formulae recover those
for the excess Rényi Entropies in [114, 115], which are symmetric in  and have vanishing imaginary

part. Despite the fact that the correlation length is not particularly small with respect to the system

size L (E=m~! = %), we took highly energetic states (momenta being fixed in the large-volume limit)

and we thus expect our predictions to remain valid.

In both Fig. 2.3 and 2.4, we plot the numerical data (triangles) against analytical predictions
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((2.178) and (2.181)) as functions of r fixing n = 2 for several values of a between 0 and 3, which
correspond to flux +1, respectively. At these two points, the ratio becomes purely real. The figures

show excellent agreement between numerical data and analytical predictions.

2.6 Concluding remarks

In this chapter we have computed the symmetry-resolved entanglement entropy and its moments
for zero-density excited states. These are excited states consisting of a finite number of excitations
above the ground state in a scaling limit where both the volume of the system and the volume of each

subsystem are taken to infinity, keeping their ratio constant.

It is known from previous work [114-116, 144—150] that the difference between the entanglement
entropy of the excited state and that of the ground state, also known as excess entropy, takes an
extremely simple and universal form for non-interacting 1+1D QFTs and also for certain highly
excited states of CFT [104]. Since this excess of entanglement represents the extra contribution
to entanglement of an excited state above a non-trivially entangled ground state, the same extra
contribution is obtained when the ground state is trivial. For this reason both a free QFT and
a qubit picture lead to the same results, even if the underlying theories are extremely different.
Finally, it has also been shown that the results extend to free bosons in any dimension [116] and
more generally they are expected to hold in any situations where excitations are localised. Here, we
extended the work summarised above to the computation of excess symmetry-resolved Rényi entropies
and entanglement entropies in excited states of theories possessing a U(1) symmetry. The ratio of
charged moments between the excited and ground states takes the same universal form in the 1+1D
massive Dirac fermion and 1+1D complex free boson. By employing the form factor program for
composite branch-point twist fields, we computed the ratio of charged moments and from the latter
we obtained exact expressions for the SREE of the excited states. Interestingly, these expressions can
be written solely in terms of the SREE and symmetry-resolved partition function of the ground state.
As we expected, the results obtained in free 1+1D QFTs are recovered using the qubit picture also in

the symmetry-resolved case.

The greatest novelty of the work presented in this chapter consists in showing that our results, i.e.
the formulae for the excess of SREE, apply much more broadly than the form factor computation would
suggest: namely, they apply to any localised excitations of interacting and higher dimensional theories
with U(1) symmetry as long as the correlation length is much smaller than the typical subsystem size.
As a first, simple example we considered one- and two-magnon states of quantum spin chains, with
and without interaction. Their entanglement entropies can be computed analytically via free fermion

techniques and we showed that, irrespective of interaction, the formulae presented in Section 2.1 still
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apply, in line with observations made in [115, 150]. Furthermore, we proposed a general method to
compute the charged moments of zero-density excited states of QFTs in higher dimensions with or
without interactions. Our method is based on the notion of algebra of local observables of a theory,
and on the commutation relations between composite twist operators -generalisations of CBPTFs to
higher dimensions- and the local observables. The formulae already obtained for free 1+1D theories
can then be derived in full generality by making few natural assumptions on the OPE of observables

in the theory and on the correlation length of the latter.

Finally, we performed numerical tests of our results. For this, we considered a 1D Fermi gas
and a complex harmonic chain. Although both the models are discrete and amenable to numerical
computations, their microscopic features are quite different. Whereas the 1D Fermi gas is a fermionic
theory which possesses a gapless phase, the complex harmonic chain is a gapped theory which becomes
the complex massive free boson in continuous limit. It is therefore quite remarkable that the same
set of formulae for the ratios of charged moments apply for both theories. This is nonetheless the
case. Whereas for the 1D Fermi gas our formulae hold for highly excited states containing excitations
of large momenta, thus small De Broglie wavelengths, for the complex harmonic charge the formulae

hold as long as the correlation length is small compared to subsystem size.

In the following chapter, we will extend our investigation of zero-density excited states to another
symmetry-resolved measure of entanglement, the logarithmic negativity [23, 116, 136]. In the
conclusion of that chapter, we will also discuss some research directions that naturally emerge from

our work.

2.A Complex free boson computation

In this appendix we present the form factor computation of the ratio of charged moments in detail,

focusing on the complex free boson theory.

2.A.1 Single-particle excited states

The two-point function in (2.29) can be computed by inserting a sum over a complete set of states

between the U(1) fields as follows:

LT O = Y Y A ) e[ Y Y H 11 e

{N*T} {Mt} p=1m*=0{Jt}j=1 r=1
g - n n — M n
. (0l[ap (O] Tpaa(0)a ()65 (010N, > 1 1 (Olap (8] )8p(8; ) T-p—a(€) [ah(O)1M [0} .
(2.182)
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and similarly for the |17)} case. As shown in [115] following [159, 160], the finite-volume matrix
elements involved in the expression above differ from the corresponding infinite-volume form factors
for a term O(e "), with u a characteristic mass scale, in this case u = m. Thus, we can rewrite the

previous expression up to exponentially decaying corrections as

LT OT O = Y Y A AN Y Y g 218y

{N+} {M+) P=LmE=0 {J%)
(ST PO+, Po;) -0 P(O))

NS +MS o+ m— _
LEO) ™ " [I7L, LEO)) I, LE(6r)

xFL}p;me_(e 0,07 .0 0F .0t ),

n o0

Fron 0F...0%,.0,...0,67...0-_)

N +m++m- mt’ m

being éji = HJ‘JF + im, and E(0), P(0) are the one-particle energy and momentum. The momenta
are quantised according to the usual Bethe-Yang condition or to equation (2.31) for the intermediate
rapidities Hjj-[. The complete formula for the form factors above was given in [115] and they can
be fully expressed as sums of products of two-particle form factors. They are non-vanishing for

N; = M; =mT1 — m™ and zero otherwise.

If the same intermediate rapidity 9; is paired up (in the Wick-contraction sense) with the rapidity
of the excited state 6 from the in- an out-states, the dominant contribution in the form factor product
will come from kinematic poles. In other words, if 9; ~ @ two-particle form factors will appear as

follows:

~

+a, A A -

B o (OF 0700, ) = N (6] — )
pta,n + + pt + ) q

XFN;—I—m*-I—m*—Q(el ...Hj_19j+1...9m+,9... cn)

Frop—asn (997 éf é:;ﬁ) ~ M;—f” (p+o¢)(é_ H;F)

M; +mt4+m— n—

n—p—a,n i+ gt ot i+
N CON SR PO 1 FRRRR ANO R

where the number of rapidities 6 (A) in the arguments of the form factors in the right-hand side are
now N7 —1 (M, —1). The main property of the matrix elements in (2.182) in determining the final

formula for (2.29) is the infinite-volume limit of the terms such as

a0 = B)fr (6 — 67)et(PE=PO)

Z cosh 6 cosh 6+ =
Jtez
2 Tta)  2mir(Jt—I4+2E9)
sin e n
(P 3 oty wey = M () 2.18)
Jtez n

with g\, (r) the functions defined in (2.41) and the indices J*, I are integers resulting from the

quantisation conditions of the rapidities of intermediate states (2.31) and of the rapidity of the
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physical one-particle state respectively. We can proceed in an analogous way for (2.30) obtaining

(mL)?g ”(p+a)( r) as the leading contribution.

Once all possible contractions with a rapidity of the excited in- and out- state have been carried
out, the leading large-volume contribution from the summation over the quantum number J* is of
order O(L") and comes from terms with N = M, as shown in Appendix B of [115]. This contribution

reads

o o N7L "
PAHTR O T O = 3 14N ) PHN+ ool T T ey O
{N+} gt=0m—=0 {Ji}eZ
o1, P P )
— FPP(0F 0,07 . 0= VETPT (GF .0t 0T .6 )
TS, L2E(0)) [T, L2EG0r) T e O
J= J r= T

with ¢* =m* — N;f. Dividing by the finite-volume vacuum two-point function:

1520 Tpsa(0)Tpa(0)]0) 1.
p=1

we obtain the formula (2.40) for the ratio of moments of the SREE for a one excitation state. We
stress that the approximations made in considering the leading contributions become exact if the

large-volume limit (2.1) is taken while keeping the mass m fixed.

2.A.2 Free boson (k= 1,n=2)

In this Section we work out an example in detail. Consider a single particle excited state consisting

of a complex boson excitation above the ground state. The relevant state is

(a)T(0)(a3)1(0)10)3 = = (—a](8) + o (6))(a] () + a(6))|0)3, (2.185)

and comparing this expression to (2.27) we obtain Ay(2,0) = —A5(0,2) = —3. Thus

+ 2!
Mé (7“; CY) = Z(g%_,_a(?")Q + gg+a(r)2)
= 1 (1 —r+ Teﬂ'i(1+a))2 + 1 (1 4 rem’(2+a))2
2 2
1 . , | |
= 5((1 _ T')2 + r2€27rza o 27“(1 _ T)ema + (1 o 7‘)2 + T262mo¢ + 27’(1 o ,r)ewra)

1 —7)? 4 Moy, (2.186)

I
—
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2.A.3 Multi-particle excited states

Below, we describe in detail the computation of the ratio of moments of the SREE for a state

consisting of k particle excitations with equal rapidities and charge signs. These states have the form:

Ky = [ @)y = — (DT " oy, (2.187)
L H L (\/H)n {;} I;I{ ] L

where in the second equality we used the expression of the creation operators in the diagonal basis
(2.25), with the convenient notation (&;)T = a};, (CNL;)T = b};. After inserting a the resolution of the

identity between the twist fields, the two-point function reads:

LEETHOT (O]

EISN IS ZHHW.m,

{Ni} {M*} p=1m*=0{J*}j=1 r=1
a 5 - n — ~
xp 1 (0la, (0)]" 7Za+a(0)°;(9j+)f’£( 10) 51 2 0lap (6)8,(0,) T—p—a(£) [(@,)T ()] o),
(2.188)

Employing the relation between these matrix elements and the finite-volume form factors, together

with the action of the translation operator, we get:

LEEITHOT (O]

NI Y Y

{N+} {M+} p=1m*=0{Jj*}
(ST PO+ ZT:ZPw:)—M;'EP(e)) L
x FMP o (0f .0, 0,067 .0 )
LE@)" " I, L) T Leen)
EL 0...0.00...0- .07 ...6" ).

Once all possible intermediate rapidities have been paired up with the same rapidity of the excited
state in both form factors and the contribution of the ground state has been factored, the leading

large-volume contribution of the ratio of moments can be written as:

+ - n Ny
MEr0) = e S DN TN (hpen ™)
{Ni} p=1
a k k— +2mwic
= > rP(1 —r)k=p | eE2miop, (2.189)
p=0 b

On the other hand, if the k-particle excitations have distinct rapidities there can be two different cases:

e k-particle excitations with distinct rapidities but equal charge sign

e k-particle excitations with distinct rapidities and charge sign
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We can summarize the computations for both cases if we consider the following ansatz for the excited

state:
k n k n
e =TT T eoms = 32 cuvn T N[5} (0,)]V7+ 007, (2.190)
i=1j=1 (N5 s=1 pet
where each ¢; with ¢ = 1, ..., k can be either + or —. If we consider k-particle excitations with distinct

rapidities but equal charge sign 4 (—) then all the ¢; are the same sign and N, ; (N,;) vanish. When
pairing up the intermediate rapidities with the same rapidity of the excited state in both form factors,

the conditions for the matrix elements to be non vanishing are:

NZ;S—G—m+ = N;:S—l—m_,

m_—I—MI;fS = m++M];S.

Subtracting the contribution of the ground state, the leading large-volume contribution to the ratio

of moments can be written as:
k . )
MIHI2 A () = H Z |C({NFD)? H s Gpralr )| e [gﬁp—a(T)]Np’S - (2.191)
s=1 | {N*+}

Notice that if we study k-particle excitations with distinct rapidities but equal charge sign, the above

expression reduces to:
+ :t :t i +
M, =1 | > ICatinN*}) IQH % e (M| (2.192)
s=1 [ (N}

with the conditions m¥ + My, = m* = N5, + mT for the + sign state.

2.A.4 Free boson (k=2,n=2)

As an example, consider the following two-particle excited states with distinct rapidities:

17157 = @) (0)@]) (02)(a3)(01)(a3)1(62)[0)7
+ [ab(01)] [0 (62)]” — [o] (62))* [65(61))* — [a] (61)
15197 = (@D (0)(ar) (02)(a3)(01)(a3)1(02)[0)7
+ [ab(01))* [65(62)) — [ab(61))* [6](62))* — [l (61)

=~ =

(1af (0012 o] (B2))?
2[a£<92>12) 03, (2193)
(1ad (01012 ol (02
2 o} (62)] ) 0F. (2194

= e
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The charged ratios for these excited states are given by

My (ra) = i ([gm( I+ (G ()] + 21080 (9340 (1)]%)

= ( 24 7“2627”0‘)2, (2.195)
M21+1 (Tﬂ Oé) = i (gl+a g 1— a(r>]2 + [g%+a(r)]2 [932—a(r)]2 + [g%—i-a(r)]z [932—a<r)]2

+ [ 2 g%a( )]2) = ((1 —r)?+ 7"262’”“) ((1 —r)?+ 7“26*2”0‘) . (2.196)

On the other hand, if we consider ta two-particle excited state with coinciding rapidities:

27 = [a))'( )]2 [(ay ) (0)1%[0)7
= (1O + 00 — 205} (00 00 ) 033, (2197)
the charged moment is
M; (r;a) = ?12(4! 9210 (M) + 4l g2 5o (M) + 42 [g2 1o (] [g25—a(M)]?)
= (1 =) 44721 —r)2e 2™ 4 gimiopd (2.198)

2.B Complex free fermion computation

In this appendix we present the form factor computation of the ratio of charged moments in detail,

focusing on the complex free fermion theory.

2.B.1 Single-particle excited states

Below, we present the explicit computation of the fermionic two-point function in an excited state
consisting of a single positively-charged particle. Thanks to the factorisation (2.22), the latter can be

cast as:

LAHTHO) T (OI)E

n—1
2

= I 2000l (8) Tpsa(0) T-pal®) a(6) 0)2

H Z Z sl(s+ 1 m 1{0lay (8) Tpa(0) ah(61) - . ol (541)8) (Bv2) - - . 0} (Bas1)[0) 1

X Z,L<0|ap (61) - ap(Bss1)0p(Os2) - Bp(Bass1) T pa(0) ah(B)[0)1 , H(E=T PE)=P(O))

H Z Z FQP;_Oén 91, e 93+1; 9 + T 05+2, “e 025+1)|26i£(212241r1 P(QZ)—P(Q)) (2199)

p—n=1 520 {7E) si(s + 1)ILE(9) TT;21" (6:) LE(9;) ’
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where the resolution of the identity is inserted in such a way as to preserve the total charge of the
one-particle state and the Bethe quantum numbers {J,Li} are defined as in (2.31). Notice that since
the excitations are fermionic, one could either have JijE € Z or JilL e’Z+ %: for the sake of simplicity,
we consider the case where these numbers are integer, as this assumption does not make a difference

in the final result.

The non-vanishing contributions in the large-volume limit come from the terms in the previous
expression in which the rapidity of the excited state is contracted with 6;, i = 1,...,s + 1 in both

form factors. The s + 1 possible contractions in F}, ;roén give rise to:

p+a,n . 2
F28+2 (917 v )08+1a 9) 08+2) ) 028+1)

~ o0 = 0) FYTOM (01, .. 0, 04130502, . ., O2s11), (2.200)

where around the pole:

n gy ~ ML cosh fe 5 (2.201)
ptalVi 0~0; 7T(JZ_+ — I+ 1%) .

Thus, considering also the contraction coming from the form factor of 7_,_,, we can separately

perform the s 4+ 1 summations over the quantum numbers Jf as

(0; — )|2i(P(0:)=P(0))

Z ’f;rzl—s—cx
Lm cosh 6 Lm cosh 6;
Jtez

; + +a
2 W(p:a) e27m(‘]i —I4Bte)

sin s
0~0; Z 7r2(Ji-F I+ MTQ)Q - gp+a(r)' (2.202)

Jtez

We therefore obtain, in the limit (2.1) and for fixed m:

LT T (O

il S5y (P(0:)+P(6:))

2 n > 1 —+a,n . 2
]._£71 gp+a(7«) Z (s!)2 Z ‘ng (91, ey O3By, 768)’ H?:l LE(ez)LE(/BZ)

p=="5 s=0 {75

= [I gal) <5 OITOTOI0) (2.203)

where we re-labeled the rapidities of the negatively charged intermediate states as 8; = 654441 for

i=1,...,s. We can now make use of (2.53) in the evaluation of the ratio, so that we finally obtain
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for the free fermionic one-particle states:

+

M7 (r;a) H gp+a = (1 —7)" 4 e2™epn, (2.204)
e
An analogous result can be obtained for a negatively charged particle, where the phase above picks

up an extra minus sign.

2.B.2 Multi-particle excited states

The anticommuting nature of the creation/annihilation operators allows us to obtain an exact
expression for the ratio of the charged moments in the fermionic case, which (unlike for the free boson)
does not require a case-by-case calculation. This is because in the free fermion case, the structure
of the states in the transformed base is extremely simple, as we shall see. We have non-vanishing

two-point functions only with two kind of states:

e k-particle excitations with distinct rapidities, irrespective of the charge signs;

e 2-particle excitations with equal rapidities and different charge signs: [1117)7.

Below, we consider in detail the case of k-particle states with distinct rapidities. Such states are

written exactly as in the bosonic case:
k n
16012 1) H H 0,)|0)7, (2.205)

where ¢; = +1, 0; # 0 if i # /. Unlike the bosonic case, however, all the operators anticommute, so

that we can make the ansatz:

n—1

2 k
160162 1)1 = H 0:)|0)%, (2.206)

with the identification (a“‘)T(@ ) = ah(6;), (a, )T(8;) = 0},(6;) and the only unspecified parameter is the
phase k = k(k,n;{¢;}). Notice that the order of the operators in the double product can be arbitrarily
altered, resulting only in a change in the phase. Without giving a full proof of the validity of this
formula, let us consider a few simple cases and introduce the notations k% to indicate the number of

positively /negatively charged excitations in the state, with k = k* + k™~

en=2kt=2:
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1
2 2 3
1 _ 2mijp
171%)7 :HHE Yo e 2 a(6))0)
i=1j=1 p=—1
2
14 t .t t T 2
= ¢ TTta", (6 — ial, (6 (el (6) = o] (0 0)
=1
1
= T T 2 - 2
= [I(=2i’ , @)al 0:)I0); = = [ [[eb@10)7
i=1 2 p:_%zzl
en=2 k=2 Lk =1
1 1
+1+1—)2 - 1 _2migp 4 N R 2mijp 4 9
i = (I 5 22 e a0 | 1T 5 22 e = oo
i=1j=1 p=—1 j=1 p=—1

2 3 1
_ 2mijp
1193 = TII1 5 3 e 5 a0l

i=1j=1 p=—1

For a fixed value of n, the structure of more complicated states can be easily worked out following

these simple examples. Using equation (2.206) and the twist field factorisation (2.22), the two-point
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function reads:
P12 1K T 0)T(0) |19 12 . 1%)}

= II 50lep@1) . ap(0k)6p(B1) - 8p(Bi) Tpra(0) T-p-a(O)ah(61) . ..} (Or+ )BL(B1) - .- 0L (Bx-)|0)p

n—1

p=—13t

n 1
(S0 PO)+5, P(A) -, P0)-300, P(5)
-1 XY it P00 7))

p=— nls O{Ji

X pr{0lap(61) - ap(8)6p(B1) - - 0p (B ) Tpsa(0)ah (1) .. of (B )8L(B1) . of (B5)I0)y.
% 100ap(01) . . ap(Gg+5)85 (51) - p(BS)tp*a(O)a;(el)"'a;(ek*‘)bp(ﬁl)'"b;(ﬁk—”(»g,b (2.207)

In the expansion above we assumed the total charge of the excited state to be positive, ¢ := k™ —k~ > 0.
However, the computation steps are unchanged if one assumes ¢ < 0, the only difference being in the
structure of the resolution of the identity. Denoting & := z + i, the infinite-volume form factor

corresponding to the first matrix element reads:

ng;;zk(eh s 7éq+871317 ce Bk*;Bla s ués, éla cey ék+)a (2208)

where the total charge conservation is ensured by the equality ¢ + s+ k&~ = s + k™. When turning to

the finite-volume, one needs to divide the previous infinite-volume form factor by a quantity:

g+s k~ s Et 2

[1 260 [T eE@) T LEG [T LEG)| - (2:209)
=1 =1 =1 =1

Taking into account also the contribution coming from the other form factor, this results into a factor

of order O(L~97257F) for every term in the expansion (2.207), and the latter reads:

H Z Z (S0 PO+, P(A)-S, PO)-S5, P(5))
p=—"151 5= O{Ji}
\Ffig';ik(el,--. +s,51,---73k SBlw--aBs;él’-- 052
T LEG) T, LEB) T, LEB) I, LE®)

(2.210)

In the large-volume limit, the leading contributions are those coming from simultaneous contractions
in both form factors. In turn, in each form factor the simple poles arise from the pairings of the
rapidities 6; with 6 (these are at most k™t contractions) and from the pairings of the rapidities BZ with
Bi (these are at most k~ contractions). Again, these pairings have to be made simultaneously. The
terms with s < k= (or equivalently ¢ + s < k™) do not contribute in this limit, as they contain some

extra factors of L in the denominator. On the other hand, the terms with s > k£~ contain a sum of
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k*k~! products of the form:

| eroé( —6) p+a(5 B] )|? x residual form factors.

By making use of (2.201), the simultaneous expansion around the poles leads to the following leading

contribution:

3 | a0 = 03) f7 o (Bir — By M itp@)-pie,) PGP
~ cosh ; cosh 6; cosh By cosh BJ

n
i j/
(m) Z sin2 ﬂ(p;-a) p2mir(J; —I;+252) sin2 W(p:a) e27rir(Jj7—Ii,_pza)
>~ (m —
Jrez m? (J;r — 1+ HTG)Z Joez m (‘]j/ — 1 — %)2
(3 jl
= (mL) gy a(r)g" pa(r). (2.211)

Since each of the k*!k~! terms in the sum contains exactly k™ functions gy, , and k= functions g™,

we have, relabelling m = s — k™
B 1T OO 1 1)

H >y m. 3 (G0 () (g ()
p=— n n—1 m= O{Ji

ST (PP o O O B, B P
Hz LE(0;)LE(B:)
k—

kt

IT gpea(m) H 92 p—al LOIT(0)T*(0)0)E, (2.212)

and therefore, thanks to (2.22), the ratio of charged moments is:

1£..1%

MY () = (1= 7)™ 4 2R (1= ) e72miog )b, (2.213)

2.C Finite-volume two-point function in the ground state
In this appendix we investigate the large-volume expansion of the correlator
20T (0)T*(r L)|0)7, (2.214)

which is the denominator of the ratio of charged moments MY (r;a) in (2.18). We show that, as
expected, the leading contribution in the limit (2.1) is given by the squared modulus of the vacuum

expectation value of the composite twist field 7, and we compute the first finite-volume corrections
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to this quantity. The calculations are carried out in the fermionic case, but they apply to the free

boson case with few changes.

The first step in the evaluation of (2.214) is as usual the insertion of a projection onto asymptotic

states:
HOITOT 00 = T 220T5wa(0) Topalt) 1002,
= I S8 aal07sa0) 600 s 065(50) .} (6)10)
p=—ngts=0gy

x ;;,L<0|ap (01) - 0p(05)8,(B1) - . . 0p(Bs) T p—a(0)|0)1 &' 2i=a (PEOTP(5))

+a,n . 2
H Z Z |Fp 917"- 28;/81,-‘-7168” ei@Z?zl(P(ei)JrP(,Bi)). (2215)
_1 L2E(0:)E(5;)

p=— nls O{Ji

Notice that the equal number of particles of the two types is dictated by the fact that twist fields
preserve the total charge of the state. In a free fermion theory, the infinite-volume form factor of an

even number of particle is given by Wick’s theorem:

EPX™@y, ..., 04 B, ..., Bs) = Z Tpta sgnapr+a (O — Bi), (2.216)

O'E’Ps

where the normalised fermionic two-particle form factor is obtained diving (2.45) by the VEV 7,1,.
Thus, the squared modulus of the 2s-particle form factor is a sum of (s!)? terms, each of which is a

product of s terms of the type

mlp+a) e Oitt=28)

* 2
p+a( ﬁj)fp—&-a( k— ,BJ) = sin n codh e odl p; - (2.217)
2 2
We can therefore explicitly rewrite (2.215) as:
_ nT_l SIHQS 7r(p+a)
OO T0)0): = ] Imp+al Z W > ) sgnosgnw
p=—"51 {JEF} owePs
5 e#(P(0:)+P(8:)) eﬁTa(eo(i)+9w(i)*25i) (2.218)

. . 00— 0t —Di
S cosh 0; cosh B .osh (z)2 Bi cosh w(z; B

From this expression we easily see that the vacuum expectation value is corrected by contributions of
multi-particle states, and that in general every 2s-particle state (containing s particles with positive
charge and s particles with negative charge) contributes with a leading large-volume term O((m.L)~2%).

Further corrections can be obtained by working out how the product in the second line of (2.218)
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depends on L. This is done by solving the Bethe equations for sinh #; and sinh 5;:

27T(J-++m) et

inh@, = —*+—"n 7 .= 2 2.21

sinh 6; — " (2.219)
27T(J-_—p+—a) c;

inhfp = ——*+—"172.— 2| 2.22

sinh ; —T —T (2.220)

Where either J;r, J- € Z or J;r, J-eZ+ % Let us consider in detail the expansion up to s = 1

7 7

terms, assuming that J;7, J; € Z. Some elementary algebra shows that:

2(0,—B1) 2t +_ o
e n pta)c —¢ 1
ot T 142 ( - > —+0 <(mL)2 (2.221)

and:

e (P(01)+P(81)) orin( I+ 4~ (C+)2 + (67)2 1
co T emir(JY L) _\& 1
cosh 0 cosh 3 ¢ Y <1 +0 (( >> : (2.222)

Thus we have:

LOIT(0)T(0)0)] =

n—1
2 Sin2 M . + _ D + C+ — 1
’7_ N |2 1+ n eer(Jl +J7) <1 +2 < > 1 1 +0 < >>
p_l__In_l pto (mL)? J*?ez n mL (mL)?
=2 171

(2.223)

We immediately notice that there is no contribution of order @((mL)~?2), as we can regularise the non

convergent double sum by introducing two small real parameters ¢, §:

Z p2mir(Ji +J7)

Ji Iy ez

=lim [ -1+ Z €27r7lJ(1”-‘y-i<€) + Z e—27riJ(r—ia) —1+ Z 627riJ(7"+i5) + Z e—27riJ(r—i§) —0.

e—0
6—0 J>0 J>0 J>0 J>0

(2.224)

The term of order O((mL)~?) can similarly be regularised to zero. Therefore, the first finite-volume
correction to the ratio of moments of the SREE is (at least) of order O((mL)~*). However, at that
order the computation becomes more involved as there are contributions coming from terms with

s> 1in (2.218).
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2.D Trace calculations via wave-functional method

In this appendix we present explicit calculations of the ratio of charged moments for excited states
in a complex free boson theory using the wave-functional method introduced in Section 2.5.2. The
discretisation of these results leads to the formulae for the complex harmonic chain presented in

Subsection 2.5.2.2.

2.D.1 Zero flux
We wish to compute the ratio of charged moments

TI“A (pz eQwiaQA)

— (2.225)
TI“A (pgA e27rwzQA)

where p4 and pg 4 are the reduced density matrices of the excited and ground states, respectively.

We define restricted wave-functionals which take as arguments (complex) fields that either have
support on region A := [0,£) or on A := [¢,L]. Leaving the dependence on the conjugate fields ¢f

implicit, we write:

Q)(x)\Il[qﬁA’ ¢/A] = (516A¢(x) + 5:):€A¢/(x)) lIl[qu? d)/A]v (2-226)
iTL(2) (64, ¢'5] = (5%/45;@ 4 5%/4%) Wlpa, o'y, (2.227)

and similarly for the action of ®f(z), ¢IIT(z). The action of the charge operator Q4 on the

wave-functional is simply:

A , ) 0 /
Quwlon. o) = [ o (6005 - o) s ) Wl ol (2.229)
while from (2.168) it follows that
627riaQA|¢A’¢/A> — |€2ma¢A7¢IA>- (2‘229)

The reduced density matrix then admits the functional representation

pa=Trzp= / Do (o leldx) = (Saloaldh) = / Do x0[0)y. 6410 [0h, 641", (2.230)

where D¢ is shorthand for D¢De!.

We start with the simple case where there is no symmetry resolution, that is, we compute (2.225)
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for a = 0, following [115]. For n integer, we insert the resolution of the identity n times and obtain:

Tra(pp.a) = /D¢1A---D¢nA<¢1A|pvac,A|¢2A>---<¢nA|pvac,A!¢1A>

~ [ Dor... 10, T ®oaclbnn. 605] [ Conclbror o ons]" (2.231)

=1 =1

The product of the diagonal terms, i.e. those in which the fields in subsystems A and A are in the

same copy, is

n

> / oA dzdy ¢! (2)K (v — y)di(y) | , (2.232)

=1

H Woac [¢i7A> (bi,/ﬂ = exp [_
i=1

with K (z) defined in (2.161). For the non-diagonal terms we notice that since K(z)* = K(—xz) we

have qlvac[¢i+1,Aa ¢i7A]* = ‘Pvac[¢i+1,A7 d)i,A] and:

H vac [¢z+1 A ¢z Al = €Xp { L dxdy ¢z+1 ) ( - y)¢i+1(y> (2-233)

1= =1 yE

+A€A dzdy ¢! (2) K (z — y )+ / , dzdy &1 (@)K (x — y)¢ily) + c.c. : (2.234)
yeA cA

Putting all the terms together, we end up with the Gaussian measure:

Toa(h.0) = [ Dér... Donexp (-G, (2.235)
where
G = 2| [+ [ ;] dedysl@E(@—y)eily)
i=1 yeA yeA
+ / Aoy (6:(2) + du1 (2)) Kz — y)n(y) + . | (2.236)
i=1 ycA

Let us now compute the numerator of (2.225). For a state of the form (2.164) we have:

Tra (ph) = /D¢1 Do [ Wiy, 00, 0 4] I1 Wi s, }Pir1.a, 054" (2.237)
=1 =1
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with:
n 2E, , 2B, \ .= .
IR B | e | s HH / daePr gl (z)
i=1 j+ - _ + AUA
<L/ a6, T] uclonn. o, (2.238)
;- JAuA P

i=1 gt J

n 2E, 2E, _
H Wiy o, HOir1.4, 041" = H £]+ H ij )
X HH (/A dze Pt ¢ 4 (2) +/d$€_ipj+x¢i(ﬂf)>

A

<11 ( [ awe 56w+ [ dwe o] <m>) T[®ucloirndos (2230

Putting everything together, we obtain

2F,

=12 AT eV - HU (p-)Vi (=) (2:240)

i~ i=1 j+

Tra () _ HQEP
Tra(pg ) ph L

where the correlation function is defined with respect to the Gaussian measure:

[D1DG) ... DD O[b1, b ..., P, b exp [~G]

(@) r.. s OL]) 1= , .
(Olg1, 01 - .., Ins 7)) [D6DGL .. DonDd,xp |0 (2.241)
and the operators are
U (p) ::/ dxeipx¢;-r(x), U; (p) ::/ dz e™* ¢; () (2.242)
AUA AUA
V) = [ dre () + [ dee o o), (2203)
Vo) = [ dee ol (e + [ deeol(a), (2.244)

If the excited state is of the form (2.165), the result (2.240) is minimally modified. The terms inside

the correlator are exactly the same and the prefactor is modified to:

mt 2B, \ M+ m 28, \'\"
H 1 P+ H 1 p;— (2 245)
5 L Al g L ' ’

jt=1"4%"
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2.D.2 Non-trivial flux insertion

We now come to the quantity (2.225) with a # 0, assuming the excited state to be of the form
(2.164). Let us consider the denominator first. Because of the flux insertion to the right of the nth
operator po 4, everything is the same as in (2.231) except for the last resolution of the identity, which

produces a term:

(W[ g1, 6, 5) = (]2 D14, 6,4) = U[B14€*™, 8, 4]". (2.246)

Thus, the Gaussian measure in the presence of the charge is modified as follows:
TrA(p87A€27riaQA) — /D¢1 . D¢n exp [—Qa] s (2247)

with

* AeA dady ¢! () K (@ — y)¢i(y)

z€eA
=1 yeA yeA

+ / 4 dvdy (¢ (@) + ol (x)e *2”@51»") K(z —y)¢i(y) +cc. | | . (2.248)
yeA
As for the numerator of (2.225), we have similarly

TI'A pA /D(z)l D¢n H ‘Il{p P — }[¢2A7 ¢1A]‘I’{pj+,p }[¢Z+1 A, @A]

=1

X \I’{pjﬁ.,pj_ } [¢nA7 ¢nA]lI’{pj+ Pj— } [¢1,Ae2maa ¢n[1]*- (2'249)

The product in the first line yields the same quantity as in the @ = 0 case, with the replica index

taking values up to n — 1 only. The product of the last two functionals gives:

H ap [ O‘p (B g7, ¢LA]* H Bp,— [0nlBp, [$14€*™, ¢, 4]*
-
X Woac[Bna, bn i) Wracldr a€”™, ¢, 41" (2.250)

and from the definitions (2.162) we obtain our final result:

TI‘A (pn e?TrioaQA> 2Ep ) n

Try <p 4 eQmonA) H

HHU+ P+ Vit (py+ HU (p;-)Vi (Pj-))as (2.251)

=1 5+
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where (...), is the average with Gaussian measure (2.248). The quantities U (p) are defined exactly

as in (2.242), while the functions V;*(p) are now modified by the presence of the charge as follows:

Vit (p) = e2riodin / doe ™™g, () + / do e, (), (2.252)
A A

V. (p) = 62”0‘5@"/ dz e*ipxgbzﬂ(x) + /_ dz e*"pxﬂ(x). (2.253)
A A

If the excited state is given by (2.165), the right-hand side of (2.251) is changed exactly as in the case

a=0.
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CHAPTER

THREE

SYMMETRY-RESOLVED NEGATIVITY OF EXCITED STATES

In the previous chapter, we studied the symmetry-resolved Rényi entropies of quasi-particle excited
states in QFTs with U(1) symmetry. We found that the entropies display some model-independent
features which we characterised using different approaches. In this chapter, based on [3], we extend
this line of investigation by providing analytical and numerical evidence that a similar universal
behavior arises for the symmetry-resolved negativity. In particular, we compute the ratio of charged
moments of the partially transposed reduced density matrix. These charged ratios are given by
expectation values of the composite twist operators introduced in the previous chapter: their use
allows us to perform the computation in an arbitrary number of spacial dimensions. We show that,
in the large-volume limit, only the commutation relations between the twist operators and local
fields matter, and computations reduce to a purely combinatorial problem. We address some specific
issues regarding fermionic excitations, whose treatment requires the notion of partial time-reversal
transformation, and we discuss the differences with their bosonic counterpart. We find that although
the operation of partial transposition requires a redefinition for fermionic theories, the ratio of the
negativity moments between an excited state and the ground state is universal and identical for
fermions and bosons, as it is found by performing computations on QFT states as well as simple qubit

states. Our predictions are tested numerically on a 1D Fermi chain.

3.1 Introduction

Over the past two decades, entanglement measures have been widely studied in the context of
low-dimensional QFT, starting with several seminal works [11-16, 48] which focused on one measure

(the entanglement entropy [17]) and on one type of theory, largely 1+1D CFT and its discrete
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counterpart, critical spin chains. From these papers sprang several important ideas and techniques
which have been extensively exploited thereafter. Notable among them is the numerical and
analytical observation that the entanglement entropy exhibits universal properties, i.e. properties
that depend only on the theory’s universality class characterised by the central charge ¢. As already
discussed in the previous chapters, from a computational point of view, an important idea to emerge
from [12, 48] and later reinterpreted and generalised to non-critical theories in [20] is that
entanglement measures can be written in terms of correlation functions of semi-local fields of a
replica version of the QFT under study. One particular development of these ideas has been the
proposal and study of new measures of entanglement, each tailored to capturing particular features
of entanglement and/or of the state whose entanglement is being measured. One such new measure
is the (logarithmic) negativity [56, 57, 176-180] which we defined in (1.16) for a tripartite system
consisting of subsystems A, B and C := AU B and Hilbert space given by (1.14).

An interesting issue that is specific to the logarithmic negativity is the fact that the definition of
£ in terms of the partial transpose p:‘gﬁ > whose matrix elements are given in (1.15), directly apply
to spin chains or bosonic systems, but it is ill-suited for fermionic systems. The reason for this is
rather technical and can be explained in different ways. Unlike for bosons, the partial transpose of
the Gaussian density matrix of a free fermion state is not Gaussian, which makes the computation of
the negativity spectrum particularly difficult. There have been several proposals as to how to modify
the definition of £ in a way that is better adapted to deal with fermionic degrees of freedom. The first
definition of partial transposition specifically modified for fermionic states was introduced in [181].
However, in [182] it was proved that, because of the anticommuting nature of the fermionic degrees
of freedom, two of the standard requirements of a partial transposition operation, namely that if
p = paup then

(pT)1s = pT'  and pf“‘ R @A =(p1 @@ pn)TA, (3.1)

with 7" representing transposition over the total space (here T = T4yp), may not hold with the
definition given in [181]. On the other hand, these properties are satisfied with the definition introduced
in [182]: this is the time-reversal (or fermionic) negativity, which accounts for the locality properties
of fermions [182, 183] and which we present below. Following [183], we now take H 4 ® Hp to be a Fock
space associated to fermionic degrees of freedom in £4 + ¢p sites and choose an occupation number

basis:

|{7’L]}A,{7’L]}B> = |7’L1, R LR LTS P 7nZA+€B>

= (D™ U, e U, st ) e ts o), (3.2)
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such that all the n; € {0,1} and ij is a fermionic creation operator at site j. Then, given the RDM

pavs = >, Hngya {ns}){n;}a, {n;}sloavs{n}}a, {n)}8) ({n}a, {0} ], (3.3)
{njta{n;le

(WY adn}

we define the fermionic partial transposition as

phbp = Y iU i e) (i a, {ng}lpavs{n)}a. {0} B) ({0 b4, {ns} B
{njta{n;}B
{n"}a.{n'} 5

(3.4)
where ¢({n;},{n’}) is given by

¢({n;},{n}}) = (75 + 75)(mod 2) + 2(ra + 7)) (75 + 75), (3.5)

and 74/ = Z]EA/B ’I’Lj,TA/B = ZjeA/B n’; are the numbers of occupied states in each subsystem.
Thus, the novelty of the fermionic partial transposition (3.4), as compared to (1.15), is the presence of
an additional phase shift which depends on the number of fermions. The operation Rp defined in (3.4)
is also called partial time reversal, as in a path integral formalism for spinless fermions it implements
time reversal only in the subsystem B [184]. While in general pﬁﬁ g is no longer Hermitian for fermionic

systems, one can still use the definition (1.16) for fermionic logarithmic negativity, but where now
R R R
PaCsl = (Palp)TPals » (3.6)

which is a positive semi-definite matrix.

Let us now add the final layer of definitions by introducing symmetry-resolved negativities. As seen
in the previous chapters, symmetry-resolved entanglement measures have become very popular in the
past few years and extend the standard definitions by exploiting the presence of internal symmetries.
While the earliest studies focused on the entanglement entropies (see [19, 94] for the CFT/QFT and
quantum spin chain constructions), more recently also the logarithmic negativity has been generalised
in a similar fashion [96, 120, 185, 186]. Let us consider a theory with a global U(1) symmetry (i.e. a
complex free boson/fermion). In that case, a global U(1) charge Qaup = Q4 @© Qp commutes with

the state paup:

[pauB, Q4@ Qp] =0. (3.7)

Then, it has been shown in [96] that the charge imbalance operator Q4 — QF, defined in (1.51),

commutes with piﬁ B

042 5, Q4 — QF] =0, (3.8)
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and it generates a U(1) symmetry for the (bosonic or fermionic) partial transpose. The matrix
representation of the charge imbalance operator is basis-dependent, and in the occupation number
basis QT = Q B so we will drop the transposition on Q p from now on. At this point, it is natural to

consider the charged moments of the partial transpose. These are defined as
Tr (02 p)"e?™@a=00)) | ae [-1/2,1/2), (3.9)

and, generalising the standard moments (1.30), when integrated over « they provide the

symmetry-resolved Rényi negativities. For fermions, the definition above is changed to
Tr (|p§53|"e2m@f‘—@3>> . ae[-1/2,1/7]. (3.10)

The computation of charged moments of the partial transpose was performed in [120] in the ground
and thermal state of massless free fermions in 141 dimensions, where the universal UV divergences
were captured by the underlying CFT. They have also been measured in an experimental setup in [23].
In this chapter, we are interested in zero-density quasi-particle states of (massive) QFT, obtained as
excitations of the ground state with finite number of particles at given momenta. These are the same
states we considered in the previous chapter, and that were already used in [114-116, 144] for the
standard (uncharged) entanglement measures. We aim to compute the contribution to the charged

moments given by the quasi-particles, which arises in addition to the zero-point fluctuations.

We will now briefly state the main results of this chapter. Let us consider a QFT in D =d + 1
dimensions carrying a global U(1) symmetry and two non-complementary spacial regions A and B.
Let |0) be the vacuum state in the Hilbert space (1.14), and let |¥(®)) be an excited state containing &
identical excitations with unit charge. We construct the associated reduced density matrices (RDM)

over AU B as
pauBo = Tre|0)0], paup == Tra|TEY(@®|  with C:=AUB. (3.11)
Then, generalising what we did in the previous chapter, we consider the limit in which the generalised

volume V4, Vi, Vo of each region goes to infinity while the ratios

m::E 7’3::% and 7’::%21—7’,4—7“3, (3.12)

are finite and V = V4 + Vg + Vo. We then define the ratio of charged moments:

. Tr ((pgﬁB)ne27ria(QA*QB)>
Ri(ra,rp,m;0) = . 5 (3.13)
Tr ((PAUB,O)"G ”m(Q‘“QB))
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We find this ratio to be universal in the large-volume limit, and for a single particle excitation (k = 1)

it is given by

n n
. . 244 — /12t drarp
RE(ra,rp,ria) = XM 4 e 2o 4 (T TV TATB) + <r i TATB) - (3.14)

2 2

We notice that, because r4,7rp,7 € (0,1), the last term in (3.14) is positive (negative) when n is an
even (odd) integer and therefore one needs to consider two distinct analytic continuations over the

even and odd integers. In particular, the analytic continuation from n even to n = 1 gives

lim1 R%H(TA, TR, T;Q) = 2T 4 e T2 L /12 4 Ay (3.15)

n—z

Comparing these expression to the a@ = 0 results found in [116, 144], we see that the phases e®2m®

appear only in the first two terms of (3.14), whereas the other terms are unchanged. This provides a
useful hint as to how more complicated formulae for multi-particle states will generalise to the

2mic 2mic

symmetry-resolved measure, namely by the substitutions r4 +— e » 14 and rg — e = rp.

Therefore, we can write:

Ri(ra,rp,ma) =RY ((327;3& TA,e*Q:rm rB,r;O) . (3.16)

The generalisation to states of many distinct quasiparticles is straightforward, and each particle
contributes independently (multiplicatively) to the ratio of charged moments, similar to the structure
found in the previous chapter for the charged Rényi entropies. We highlight that the result (3.14)
holds also for fermions with the definitions (3.6) and (3.10) when n is even. This is the case we will
consider in the following when treating the fermionic case. For bosonic systems, states of multiple
identical excitations can also be considered. The total (uncharged) negativity of these states was

obtained in [116, 144], and for the ratio of charged moments in this case we find:

k [5 (k—p)]
RZ(T‘A, TR, T; Oé) = Z Z A qTZeran(k_p)_quqB 627riap, (317)

)

p=—k g=max(0,—np)

where [-] represents the integer part and

" k!
Apq = Z H T TR (3.18)
o A G T~ )R

are combinatorial factors, with the sum running over the set P,(q) of partitions of ¢ € Ng into n

non-negative integers.

We structure this chapter as follows. In Section 3.2 we analyse in detail a simplified model consisting
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of a state of few qubits. In spite of the simplicity of these states, their symmetry-resolved negativity
moments capture the main universal features found in QFT. In Section 3.3 we give a field-theoretic
formulation of the charged moments of the partially transposed RDM, employing the notion of twist
operators. The difference between fermionic and bosonic particles is thoroughly discussed in this
context, and the evaluation of the moments is shown to reduce to a combinatorial problem which we
solve exactly for single and multiple distinct excitations. Some details of our combinatorial arguments
are left to Appendix 3.A, while in Appendix 3.B we prove some useful identities that we use in Section
3.3. We check numerically our predictions on a 1D Fermi chain in Section 3.4 and find good agreement.

We conclude in Section 3.5.

3.2 Qubit computation

In this section we derive the main formulae for the charged replica negativities in a multi-qubit
system. This toy model was already employed in [114-116], as well as in the previous chapter, following
the observation that even if multi-qubit states are much simpler than the excited states of a QFT,
they both produce the same universal contribution to entanglement entropies and negativities. The
advantage of this picture is that the ground state of a multi-qubit system is trivial from the point of
view of the entanglement content, which means that the excess of entropy, or the excess of negativity,
of an excited state with respect to the ground state effectively reduces to the entropy or negativity of
the excited state. Analogously, the ratio of charged moments of the partial transpose coincides with
the charged moment of the partial transpose of the excited state. The notion of charge imbalance in a
qubit setup was introduced in [96] and the notion of fermionic partial transposition in the same setup

was later used in [120].

The main result of this section is to show that equation (3.14) for a state consisting of a single
excitation can be derived employing either the bosonic or the fermionic notion of partial transposition.
Interestingly, even if the intermediate steps of the computation are different in the two cases, the final
result is still the same. For bosonic theories, the result can be generalised to multiple identical

excitations to give (3.17).

3.2.1 Single bosonic excitation

Proceeding exactly as in Section 2.3, let us assume that a single bosonic excitation of charge' +1 is
localised in space according to a uniform probability distribution, so that r4, rp and r can be regarded

as the probabilities for the excitation to be found in regions A, B, C respectively. Then the state in

"Without loss of generality, in this section we take all the quasiparticle excitations to be positively charged. In this
way the action of the U(1) charge () on the multi-qubit states is identical to that of the number operator N.
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Ha R Hp ® He representing a single excitation can be written as

[0')) = V/ral100) + /r5|010) + v/r|001), (3.19)

where the values 0 (1) represent the absence (presence) of the excitation and the coefficients can be
interpreted as probabilities of finding the excitation in a particular region. Here and in the following
we omit the tensor products in writing qubit states, identifying |kikoks) := |k1) 4 ® |k2) B ® |k3)c. The

RDM payp is obtained taking the trace over He:

paus = Tre Uiy (W)

= r4|10)(10] 4+ rp|01)(01] + /T a7 (|01)(10] + |10)(01]) + =|00) (00|, (3.20)
or in matrix form
00 01 10 11
00| r 0 0 0
pauB=| 01] 0 B Vrarg 0 (3.21)
101 0 /rarp rA 0
1110 0 0 0

This matrix has a block-diagonal structure with respect to the charge operator Q AUB = Q AD Q B:

(Qa @ Qp)lkakp) = (ka + kp)|kaks),

ka,kp € {0, 1},

(3.22)

as indeed we can decompose it according to the eigenspaces of Q AuB, with eigenvalues Q) = 0,1, 2:

B VTATB
pauB = (1)g=0 ® (0)g=2. (3.23)
Viars ra )

Let us now come to the partially transposed matrix pz;ﬁ - From the definition (1.15), it follows:

PP 5 = 1a|10)(10] 4 75|01)(01] + /Far5(|00)(11] + [11)(00]) + |00)(00]|

00 01 10 11
00 r 0 0 rars

=| o1 0 rg 0 0 ; (3.24)
10 0 0 74 0
11| rarg 0 0 0
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which is a block-diagonal matrix with respect to the charge imbalance operator Q A— Q B:

(Qa — Qp)lkakp) = (ka — kp)|kakp), ka kg €{0,1}, (3.25)
and denoting the eigenvalues of the charge imbalance by AQ = 1,0, —1 we can write:

T VTATB
A/ TATB 0 AQ=0

F’%B = (ra)ag=1 9 @ (rB)ag=—1- (3.26)

The partial transpose pﬁﬁ p has four distinct eigenvalues, one of which is negative:

T+ 12+ Adrarg T — /T2 +dryr
o (Piﬂg) = {TA, B, 5 =3 5 BS (3.27)

and therefore this system has non-vanishing negativity. From the block-diagonal structure of pzﬁ g it

is immediate to construct the matrix (pz;ﬁ B)”GQWiO‘(QA_QB ) and we finally obtain the expected result:
Tr ((p£63)n€2wia(QA_QB)> = RM(ra, 5,7 0), (3.28)

with R} (ra,rp, ;) given by (3.14). We highlight that the knowledge of the spectrum (3.27) allows
for a direct evaluation of the logarithmic negativity (1.16) without the need to obtain the moments

first.

3.2.2 Single fermionic excitation

In this section we show that the result (3.14) holds for n even also if we adopt the fermionic
prescription (3.4) for the partial transposition. With that definition, the matrix pf}ﬁ p differs from

pzﬁ 5 as given in (3.26) only because there is now an extra phase in the off-diagonal elements:
(J10)(01))"* = —d[11){00] , ~ (J01){10])"* = —dJ00){11], (3.29)

while the diagonal elements are not modified. It follows that pﬁfj g is still block-diagonal with respect

to the imbalance operator:

r —iyars
—1./TATRB 0 AO—=0

Pits = (ra)ag=1 @ @ (rB)aQ=—1- (3.30)

The two eigenvalues in the sector AQ) = 0 can now be imaginary, depending on the values of r4 and
rB. However, we are eventually interested in the evaluation of the charged moments

Tr (|p§53\”ei2“a(éf‘_@3)> for n even, which requires only the knowledge of the eigenvalues of
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]p]jﬁ 5l?. From the definition (3.6), and making use of the above block diagonal decomposition we

can write:
2 .
R R retrarg  ir\/TATB
(Pa0p) ' PalE = (FA)ag—1 @ . & (r)ag=-1, (3.31)
—iT\/TATB  TATB, AO—0
and

"B 2 2

2 2
R R r4+ /12 +4rarp r— \/m
g <(pAﬁB)TpALEjB) = 1”124, 7 ) ( ) . (3.32)

Since these eigenvalues are the squares of the eigenvalues of pgﬁ > the result (3.14) is recovered here

for n even.

3.2.3 Multiple distinct excitations

We now consider states containing k distinct excitations. Among these states, let us focus on those

which are tensor products of the linear combination (3.19), that is, on states of the form:

|\I](($...,1)> — |‘1,((lt)>®k' (3.33)

For k£ = 2 we have for instance

[0 = ra[100)  [100) +r5(010) @ |010) + 7|001) @ [001)
+ /rarg(]100) ® |010) +]010) ® [100))
+ /Far(]100) ® |001) + |001) @ |100))

+ /r57(]010) ® |001) + [001) @ [010)). (3.34)

For a tensor product state the density matrix is a tensor product of single-particle matrices, and this

applies to the RDM and to its partial transpose as well:

(Ll) — @k (1,1

yeees 1,...,1),T
, pAuB )®k ( ) B _ (pTB )®k7 (335)

= (pauB v PauB AUB

p

with paup and pﬁﬁ p given by (3.21) and (3.24) respectively. Decomposing the charge imbalance as
Q A— Q B = @?ZI(QEZ) — Qg)), we can compute the charged replica negativities using the bosonic

partial transposition (1.15):

Tr ((pfj&é’l)’TB)n 62”0‘(@?*“*@3)) = ﬁ Tr ((p:";ﬁB)n 627”'&(@5‘{)7@%))) = (RY(ra,r,m; ). (3.36)
j=1
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The result above is not surprising and it is a consequence of the choice of the state: if the multi-particle
state is a tensor product then there is no correlation between different particles and the total charged
moment is the product of the single-particle ones. As we shall see below, this is not the case when the

particles are indistinguishable.

3.2.4 Multiple identical excitations

In this section we consider a state consisting of k positively charged indistinguishable excitations.

Its associated qubit state can be written as:

|‘I’<(1i)> = > Chakpke lkakpke), (3.37)
ka,kp,kcENo

where the coefficient
ka k
1A pRB Lk
o klr'ftrg rie

Cha,kp.kc *— W ka+kp+kc,k> (338)

is the square root of the probability of finding k4 identical particles in region A, kp identical particles
in region B and the remaining k¢ particles in region C. From r4 +rp +r = 1 it is easy to show that

if the vectors |kakpkc) form an orthonormal set, then also (Wé]f))|\llgz)> =1

From this expression it is then possible to explicitly construct the matrix elements of the (bosonic)

partially transposed density matrix as:

(khkplpE 5 k3kE) = Z Crl k2 ke Ck2 kL ke (3.39)

ko €Ng
where the sum represents taking the trace over the degrees of freedom in C' and the partial transposition
exchanges the indices k:}B and k% in the coefficients. The matrix elements of the nth power can then

be computed inserting n resolutions of the identity in Haup:

n
17.n+1
kk( )k”+k - T o s Coep o
ksl adn) | ) 2 aswreerie
qu,kSBENO;SZZ,M,n 7j=1

k:TCEINO sr=1,...,n

k:'r Pk
_ A B , ' ‘ ‘ v v
kS,

A,k%GNO s=2,..., n j=1

While expression (3.40) was already presented in [116], its symmetry-resolved version is new and can
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be easily written by introducing phase factors in the sum above. We have

<k'AkB|< AUB) e?wia(QA—QB)|kn+1k%+1>

k"?" r 07“ 2mio (1. _1.d
= Klrfrfory’ smegs giye o
Z H kj 'k] 'k] ‘ e n 6k34+ij+1+k]C7k (5k34+1+ij+k] ,k' (341)

kil k3 BENg;s=2,..., n j=1

kTCENO r=1,.

Starting with this result, the derivation of equations (3.17) and (3.18) is identical to that presented
n [116, 144]. The idea is to employ all the delta-function constraints on the values of K’ ,k:gg and kjc
in order to reduce the number of terms in the sum. After all the constraints have been implemented,

equation 3.41 reproduces the result (3.17) with (3.18).

Before concluding the section let us analyse the simplest case, k = 1. For a single excitation, the
right-hand side of (3.17) is given by:
[n/2]
A i n e 4 Ao rh €27+ Ag g(rarp) e (3.42)
q=0
By looking at the definition (3.18) one immediately gets A_;, = A;o = 1. On the other hand,
Ao,g =Dk, kntePa(q) 1> Where each k; € {0,1} and whenever kj =1 then kji 1 = 0. Counting the
number of sequences (ki, ..., ky,) that satisfy these constraints is a combinatorial problem identical to
the one we solve in the next section. The number of these sequences is - - (”;q). As we explain in the
next section, this implies that expression (3.42) exactly reproduces (3.14). More generally, looking at
the coefficients (3.18) it is clear that even for k£ > 1 the computation has an underlying combinatorial
interpretation. For the o = 0 case this has been established by reinterpreting the sum (3.17) as a
partition function for a certain class of graphs [144]. A combinatorial picture will emerge again in the

next section in a related context: the computation using twist operators.

3.3 Twist operator approach

In this section, we provide a field-theoretic description of the charged moments of the partially
transposed RDM, valid in principle for any local QFT and in any spacetime dimensions. To do so, we
employ the replica construction and the formalism of twist operators that we introduced in Section
2.4. There, we showed that it is possible to compute entanglement entropies (or at least charged
ratios) of quasi-particle states just by relying on a few algebraic properties: the exchange relations
between local fields and twist operators and the operator product expansion (OPE) of the local fields.
On the other hand, most of the theory-dependent features are hidden in the zero-point fluctuations
(ground state entanglement), which factors out. In this section we show that the same applies to the

logarithmic negativity.
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Proceeding as we did in the previous section, here we compute the charged moments of the partial
transpose in a bosonic and a fermionic theory, starting with single-particle states and generalising
the result to excitations containing many quasiparticles. In the fermionic case, we discuss how to
modify the algebra of twist operators and fermionic fields and, as a byproduct, we perform a simpler

derivation valid for free fermions in any dimension.

3.3.1 Single bosonic excitation

We consider now a bosonic QFT, described by its algebra of local observables A, acting on the
Hilbert space H, and |0) € H is the ground state of the theory. We then consider the replica version of
this theory, consisting of n non-interacting copies of the same model. The algebra of observables is now
denoted by A", so that Z, becomes an internal (global) symmetry, which includes cyclic permutation
symmetry among copies [58, 59, 187, 188]. We also assume that the QFT carries an additional global
U(1) symmetry. This procedure allows us to introduce a set of twist operators, supported on extended
spacial regions, which mix cyclic permutation and internal U (1) symmetries, and generalise the notion

of composite twist fields of 1+1D QFT [19, 107, 117, 156-158].

Let 07(x) € A" be a local bosonic field of the j-th replica (j = 1,...,n) with U(1) charge ko. We
consider a region A, and we associate to the twist operator T'{ which satisfies equations (2.120). That
is, the action of T'§ is non-trivial only in the region A, where it consists of a replica shift j — j +1
followed by the insertion of a U(1) flux between the n-th and the first copy. The operator T is
sufficient for the computation of moments of the RDM in case of a spacial bipartition. However, here

we need to define a conjugate twist operator Tjj{ so that

o e~ 2miRoadi 1 OI-1(x)TY x € A,
203 ) — (3.43)
Ol(x)T§ x¢ A,

and we can identify Tj‘ = (Tj‘)T. These operators will now allow us to develop a field-theoretic
formulation of the symmetry-resolved negativity and its moments. Let A and B be two
non-complementary connected regions which share at most a boundary, |¥) € H a zero-density state
and payup its RDM over AU B. In 1+1D QFT one can interpret the moments of the partial
transpose as functions over a n-sheeted Riemann surface with two branch-cuts in A and B,
connecting the replicas in two opposite directions [182]. A similar construction in the presence of
fluxes has been proposed in [96, 120]. In analogy with the works above, we establish the following
relation between the charged moments and the twist operators:
O [TATRv)"

T (ol )i n) = ST .
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where |W)" represents the replicated version of the state |¥).

Following the construction of the previous chapter, we consider a one-particle excitation of fixed

momentum p and charge +1, which is created by a field O acting on the ground state as
) = O(p)|0). (3.45)
Here O(p) is the Fourier transform of O(x)

O(p) = /M dze P> O(x), (3.46)

and M is the whole space, which, for simplicity, we take to be a d-dimensional torus. We note that
OT(—p) = [O(p)]" which will be important for later computations. Our aim, as in the previous section,

is to compute the ratio of charged moments, which up to a normalisation constant is given by

e WA TR M)

= (3.47)
"(O[T3T30)"
We define the projection of O(p) over a generic region A as the restricted integral
Oalp) = / dze P*O(x), (3.48)
A
then we can write
MEWTETE[ W) 0[(0N)" (=p) ... (ON! (-p)T{TEO (p) ... O"(P)|0)" (3.49)

m(EMw)n »(0[(0N)*(=p) ... (ON)}(=p)O'(p)...O"(p)|0)"

We point out that bosonic creation operators, whether on the same or on different copies, commute

with each other, therefore the order of a string of operators O7(p) is irrelevant. We now observe that
O'(p) = O%(p) + O%(p) + OL(p), (3.50)

which, when inserted into (3.49), leads to a large numbers of terms both in the numerator and the
denominator. The key idea is that in the infinite volume limit many of these terms are subleading and
the leading contribution is the one which reproduces the expected result. We now present the details

of the calculation.

Employing the exchange relations (2.120) and (3.43), we can bring all the bosonic fields O’(p) to
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the left of 74T in (3.49). This gives

010 (=p) ... (O) (=p)TATEO (p) ... O"(p)|0)" =
010N (=p) ... (0N (=p)(O%(p) + O (P)e > + OL(P)) - - - X (3.51)

(O4(p)e*™ + O~ (p) + O&(p))TATH|0)",

where the phases are attached only to the fields (’)}4 and O%. To proceed with the evaluation of the
expectation value, we focus on the large-volume behavior. In the previous chapter, we argued that
the leading terms come from the contractions of fields belonging to the same replica, which amount

to the following formal replacement inside the correlation function:

(ON4 (=p)O%(P) = (0(O1) ]y, (=P)O% (P)10) o Viarar, (3.52)

with A, A” C M generic spacial regions. Proportionality to the volume is valid in the large-volume
limit and the proportionality constant can in principle be absorbed in the normalisation of the field O
and does not affect the final result. We remarked in Section 2.4 that the accuracy of the approximation
(3.52) is supported when the correlation length or the de Broglie length (represented by |p|~!) are
significantly smaller than the size of the subsystem. This condition is an essential requirement for the
excited states we aim to describe. In this regime, the vacuum expectation value of the twist operators

also factors out:

"OI(ON)" (=p)... (0N (=p)(Oi(p) + O (P)e ™ + Og:(p)) -+ x
(O4(p)e™™ + O + Of(p) TATE|0)" ~

010N (=p)... (0N (=p)(O4(p) + O (P)e > + O (P)) -+ X
(O4(P)e®™ + OF ™ (p) + O&(p))|0)" x "(0|TFTH|0)",

(3.53)

which means that the charge moments of the ground state factor out and will subsequently be cancelled
in the ratio (3.47). While the formula above is already a large-volume approximation, when the sums
are expanded and each individual term considered, many terms that are subleading for large volume

still appear. To make things clear, consider the terms
(0[(O1)*(=p) ... (ON)' (=p)Oi(p) ... Oh(P)O4(P)[0)"e*™* =~ Ve ™™, (3.54)

and

HOION (=p)... (0N (=p)O%(P)Ok(P) ... OF (p)[0)"e ™ = Vige 2™ (3.55)

These are the terms that generate the highest powers in the volume of regions A and B respectively.

Among the other terms that are generated, the leading ones at large volume are those containing a

100



Michele Mazzoni

string of operators O7(p) and their daggered versions all inserted at different replicas, just as in the
examples above. If that is not the case, there is at least a pair of operators that can not be contracted

as in (3.52) and the term is subleading.

We now proceed with the systematic evaluation and counting of all the leading terms generated in

the expansion (3.53). We introduce the following notation to identify each term
(A1...Ay) = "0](ON)"(=p)... (O (—p)O% (p) ... O (P)|O)", (3.56)

where A; € {A,B,C} and j; € {1,...,n},Vi=1,...,n. We observe that, once the sequence of regions

(A1 ... A,) is identified, the sequence of replica indices (ji ... Jy) is fixed unambiguously, as in fact

i+1, ifA;=A
ji=1S1i, if A, =C (3.57)

i—1, ifA; =B

hence the choice of notation above. Moreover, due to the contraction rules discussed above, only
the terms for which (ji...jn) = (o(1),...,0(n)), with o a permutation of the indices {1,...,n}
are non-vanishing. As a consequence, one can show (See Appendix 3.A.1) that the only possible

non-vanishing terms fit into one of these two categories:

e Either (4;...4,)=(A...A)or (A;...A,) = (B...B), the two cases which have been already
discussed in equations (3.54), (3.55),

e Or, whenever A appears in (A4;...A,), it has to be followed by B. Similarly, if B appears in
(A1...A,), then it has to be preceded by A.

We focus on the second set of terms. It is convenient to split this into two additional subsets, which

we call type-I and type-I1

[ ] Type-I: (Al e An) = (B A2 e An,1 A) N

o Type-II: (A;...A,) with A} # B, A, # A.

Thus, each string in both these subsets contains a number k > 0 of pairs AB and n — 2k C’s, and
according to (3.52) each of them will yield a term proportional to (VAVB)kVéL—%. Due to the balance
of A’s and B’s there is no phase present in these terms (no o dependence). We now just need to count

how many strings of each type we have.

Among the strings of type-I, there is always at least one pair AB and there are at most [n/2] — 1

additional pairs AB that can be present. The number of such strings is precisely (a proof is given in
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3.A.2):
—k-1
(” ) for k=0,...[n/2]. (3.58)
k—1
Similarly, one can show that the number of type-II strings consisting of & pairs of consecutive A and
B is:
n—=k
( k > for k=0,...[n/2]. (3.59)

In summary,

"0[(O1)*(=p) ... (O (—=p)(O%(p) + Ok(p)e 2™ + OL(p)) - - - x
(O4 ()™ + O} ()™ + O (p))|0)" =~

]
. , —k
R T <” ) (VaVi)* (V)" 2,

(3.60)

n—k k
k=0

where we used the identity

<n;k>+<n;le>:n”_k<";k> (3.61)

The denominator in (3.49) can be fully contracted and yields V" (up to a non-universal normalisation
constant). Therefore, when properly normalised, the ratio (3.47) becomes a function of the variables

r4,rp and r defined in (3.12) and we we obtain

MEW TR Tge ) (0jo)"
O (O[T Tgl0)"
. ‘ H n (n—k
= rﬁezma + T%e—%”a + < ) (TATB)an_m€ ) (3.62)

n—k k
k=0

REL(TAa rB,T; Oé) =

which is the main result of this section. Note that although this formula looks different from (3.14),

they are in fact equivalent. That is

2

<T+\/7’2+4TATB>”+<T\/T2+4TATB>n 3] n (nk:
2

)(TATB)kTHZk. (3.63)

This relation was used in [116, 144] without a proof. The proof is indeed quite involved, and can be
performed using properties of the generalised Lucas’ polynomials. This is presented in Appendix 3.B.1,
where we also derive two interesting corollaries. The equality (3.63) is particularly interesting because
it shows that the result is always a polynomial in integer powers of r4,rg,r for n positive, even or
odd. However, its analytic continuation from n even to n = 1 does contain a square root, as seen in

(3.15).
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3.3.2 Single fermionic excitation

Let us consider a theory for which the algebra A contains fermionic observables. In other words,
we assume that A is a Zo-graded algebra (superalgebra) generated by bosonic/fermionic fields, which
are even/odd with respect to the Zs fermionic parity. Here, to generalise properly the twist operator
construction, one must take care of the fermionic nature of the fields. Indeed, two such fields sitting

at distinct points, say W(x) and ¥(x') will now anticommute
U(x)¥(x') = -0 (x")¥(x). (3.64)

Moreover, when the replica construction is performed, we require that fermionic fields on distinct

replicas also anticommute

U (x) 07 (%) = — 07" (x) W (x). (3.65)
As a result, the algebra of the replica theory A™ is not a conventional tensor product.

As before, we assume that an additional U(1) symmetry is present in the theory. Let A be a spacial
region, and we associate to it a twist operator T'{ which shifts the replica index and appends a U(1)

flux to the field. The natural generalisation of (2.120) for a fermionic field ¥ of charge ry is:

A (—1) (= Din 2minwadin it (x)TY  x € A,
TOw (x) = (3.66)

W(x)TY x ¢ A.

We point out that the only difference with respect to (2.120) is the presence of an additional flux
(—=1)"~! between the n-th and the first replica, a factor that was already introduced in [162] and
employed for instance in [20] in the calculation of the vacuum expectation value (VEV) of the Ising
twist field. A derivation of (3.66) for & = 0 in 141D using the coherent state representation of

fermionic density matrices can be found in [182].

For fermionic theories we need to define another twist operator which implements explicitly the
fermionic partial transposition, and from now on we only consider n even. It has been shown in [182]
that the effect of the partial transposition on the fermions gives rise to an additional insertion of a
flux (—1) among any pair of consecutive replicas, in addition to the usual replica shift. To implement

this construction, we define a twist operator T 'V satisfying

~ ' —(-1)(7171)5].’16727”;'%‘1’&6].’1 \Iljfl(x)jz'ﬁé X € A7
W(x)T¢ x¢ A

We are now ready to compute the ratio of charged moments, along the same lines of the previous
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computation. Namely, given a fermionic field ¥(x) with U(1) charge +1, we consider the state
[w) = w(p)lo), (3.68)

and its replicated version

()" = ol(p)... ¥"(p)|0). (3.69)

Given two regions A and B defined as in the previous section, we express the ratio of charged moments

of the partial transpose also in this case as (up to a normalisation constant)

e OITATE W)

o (3.70)
O[TRTg|0)"
We then expand the expectation value of the twist operators as follows:
"IN (=p) ... (TH) (=p)(Y4(p) + VE(p)e >™* + Ui (p)) - - X
(Wl (p)e”™™ — Ui (p)e®™* + WE(p))THTH|0)" =~ 3.71)

HO[(E)™(=p) ... (TN (=p)(¥A(P) + U (P)e*™ + Ui (p)) - - x

(—Wh(p)e”™ — Wi (p) + TE(p))[0)" x "(0|T4TH|0)".

As in the bosonic case, many terms are generated from the expansion of the above expression, and
we can apply similar considerations as to which of these terms are leading and which are sub-leading
in the large-volume limit. However, since the fermionic fields anticommute, we need to pay attention
to the order of the fields. For example, following the notation (3.56), the term (A A...A) can be

evaluated to

O[T (—p) ... (TN (—p)TL(p) ... UL (p)|0)(—e2™i) =

nO|(TH(=p) ... (TN (—p) T ()T (p)... U (p)|0) €™ ~ e2miayn,

(3.72)

where Wl (p) has been recast in the first position after crossing n — 1 (odd) fermions, thus acquiring

an additional phase —1. Similarly, it is easy to show that
0[N (—p) ... (T (—p)¥L(p)... UL H(P)|0)"(—e 2™) Ve 2, (3.73)

In general, each term of the expansion is weighted with a phase which arises from the commutation
relations between twist operators and fermions and from those between fermions and fermions. This

is the crucial difference with respect to the calculation presented for the boson. We can summarise
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the total contribution to the phase for a generic term?”

(A1... Ay) = "0](¥H)"(—p)... (¥ (=)W (p)... ¥} (p)|O)", (3.74)
as follows:

o If j, =1 and A, = A there is a —e?>™® phase. Similarly, if j; = 1, and A; = B, there is a

contribution of —e 27,

e In addition to the previous phase, an additional —1 is present for each B which appears in the

string (Ay ... Ap). This is due to the fermionic partial transposition over B.

e Once the contraction is performed, there is a sign coming from the order of the fields. Given
(J1 --- gn) =(0(1)...0(n)), with ¢ a permutation of the replica indices, one can show that the

sign appearing after the contraction is sign(o).

Having suitably modified the definition of the twist operators for the fermion, the phase of each term
appearing in (3.71) is the same as the one for the corresponding term in (3.53), leading to the same

result for fermions and bosons. To see this, let us first analyse a term of type-I:
(A1,...,A,) = (B,As,..., Ap_1, A). (3.75)

The phases coming from the last A and the first B cancel each other. Let A;41 = B: then this must
be preceded by A; = A. The resulting replica indices at the corresponding positions are j;11 = i
and j; = ¢+ 1. In other words, there is an exchange of the replica indices 7 and ¢ + 1, which changes
the sign of the permutation o and it contributes as —1 after the contraction, but it is compensated
by the —1 due to the presence of a B. Similar considerations apply straightforwardly to the strings
of type-II. Putting everything together, the same formula (3.14) is obtained again, which is the final
result. We emphasise that this derivation relies on the assumption that n is even, something that was

not necessary for a single bosonic excitation.

3.3.2.1 Single fermionic excitation via replica diagonalisation

In this section, we show that the result just derived for fermions in full generality can also be
obtained via replica diagonalisation in the free case in 14+1D. This is essentially the procedure employed
in Section 2 of the previous chapter, but the twist operator approach, together with the simple
assumptions on the large-volume behaviour of the OPE, allows us to bypass the lengthy form factor
calculations. The key observation is that, as show in Ref. [182], the fermionic partial transpose of a

Gaussian state is still Gaussian. This allows to simplify the analysis of the replica theory, reducing it

2given a sequence (A; ... Ay,), the indices j; are fixed by (3.57) also for the fermion.
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to a single-replica model in the presence of proper fluxes. For instance, given a Gaussian state and its

RDM, and taking again n even, one can show that the following factorisation [182] holds:

n—1

2 . . .
<|p |n 2mic(Qa—Qp) ) = H Tr (pAuBSW(QA—QB)-H‘FQB) . (3‘76)

n—1

bp=— 2

Each term appearing inside the product is a single-copy charged partition function with fluxes along
A and B. Thus, we can evaluate the ratio of charged moments of the partial transpose as a product
of ratios of single-copy correlators of twist operators, the only difference being that now we need to

shift the flux a in T'F:

n—1

. Tr (PAUBeQM(zﬂ) (Qa- QB)JF“TQB) =

H \I/’TCH_‘DT a— p+ |‘I/>
2mi(atp)

o Tr (PAUB,Oe 2 (Qa—QB) +z7rQB> 7%1 O]TX+pTBa P+2|0>
(3.77)

Ri(ra,re,ryo) =

where the twist operators are defined by (3.66) with n = 1 and the proportionality constant is fixed

by normalising the state. A similar calculation as in the previous sections for a one-particle states

gives
ot a0ty
(4T, 2!\11(1)>:<0\‘PT(D)TATB “U(p)|0) =
Tio —2mia o —at3
(O () (Wa (p)e™ — W (p)e™ > + We(p))THT" [0 ~ (3.78)
(OTST, "2 |0) (Vae?™@ — Vige™2mio 1 V),
so that:
= (1) |ra+pr—a=P+3 o (1) oz
<\I/ ‘Ta pT 2’\11 > <0|0> 2mi(a+p) _ 27mi(atp)
i-i—p Eia—ml (wOwmy [T (ae™ " —rpem™ " 40). (379)
p=—"T71 <0|TA TB 2’0> p=—"T71

This product can be shown yet again to be equal to (3.14), although the proof requires some

mathematical identities that we present in Appendix (3.B.2).

3.3.3 Bosonic state with multiple distinct excitations

Consider now a k-particle bosonic state where all particles have the same (unitary) charge and
momentum p. In order to ensure the presence of U(1) symmetry we consider the complex free boson,
described by a field O which satisfies Wick’s theorem in the vacuum state. We thus describe the
excited state as

[w®)) = (O(p))*|0). (3.80)
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Before entering the core of the computation in the replica model, it is convenient to slightly modify

the definition (2.120) of the twist operators as follows

4 e WO (x)TY x € A,
T$O! (x) = (3.81)

OI(x)Ty x¢ A.

This amounts to distributing the total flux e>™

in equal part among all copies, rather than inserting
it between the n-th and the first replica only. The expectation values are not affected by this choice,
which is however computationally useful. An analogous fractionalisation will be considered for TX.

We can now evaluate

MBSty o] (01" ()" (0N (=) T4TE (0" ()" (0" @) 0" 4 o)
LR L) O] (ON"(=p)" ... (ONL(=p))" (OL(p))" ... (O (@) 0}

The denominator, required to ensure normalisation, can be computed using Wick’s theorem, which

gives the expectation value as a sum over the possible contractions:

k

ol (O (-p) " (0 () (O ). (")) 0" =

i (3.83)
[0 ((©N)(=p)) (O@)*10)]" = V™ (k)"

The numerator in (3.82) can be manipulated in a way analogous to the single-particle state, now

using the exchange relation (3.81) :

k

"ol (O (p) " ((OY (-p)) TTE (O (0)" . (©"(0))" 10)" =

ol (01 (-p) " (0 (-p) " (Q4@) + Op(p)e* +OLp)) - x

(Ok(p)esz“ + O (p)e T + og(p))kTgfgw ~ (3.84)
ol (0 (-p) " (N (-p)) " (O4(@)E + Op(p)e 5 + 0L(p)) - x

(O4(P)™ + 05 p)e 5 + 0p(p)) [0} x MOITTH0)"

The evaluation of the previous expression in the general case is a hard combinatorial task, but many
crucial features are already apparent. Namely, it is clear that 3™* terms are generated simply from
the expansion of all the products. Each of these terms is a string containing nk daggered operators
(0T (—p), where every j € {1,...,n} appears exactly k times, followed by nk operators Oi&i (p):
to have a non vanishing expectation value, also in these latter operators every j € {1,...,n} must
appear exactly k£ times. Each of the non vanishing terms can then be evaluated via Wick’s theorem
and will give rise to precisely (k!)" identical contractions, thus canceling the combinatorial factor in

2mia

Eq. (3.83). Moreover, whenever the restriction of (’)il(p) over the region A appears, a factor Ve =
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2mia

is present after the Wick contraction; similarly, a factor Vge™ n» appears with every B and a factor

Vo for every C'. Putting everything together, we can infer the general structure

(0] ((OT)n(_p)>k o ((OT)l(_p))k ((’)i(p)e%m/” + O (p)e2mia/n | Oé(p))k ceex
. . k
(Oh()e™™e/m 4+ O p)e 2o/ + Op(p)) 10)" = (3.85)

k k k—ka—k 2mia(k A —kp)
(K)" D Clasa VA VE? (Vo)™ ha ko,
kakp

so that the expectation value is a homogeneous polynomial of degree nk in V4, Vp, Ve, and Cy, 1, is

a combinatorial coefficient. Thus, generalising (3.62), the ratio of charged moments is:

"EOTS TR o)
n<\1}(1)|\II(1)>n n<0|TjT§|0>n

Ry (.5, 750) =
2mia(k 4 —kpg)
— Z Ck;A7k;B7ﬂAkATBkB7ﬂnk_kA_kB€4ﬁA B ’ (3.86)
kakp
valid as usual in the infinite volume limit. The closed formula for the combinatorial coefficient C ,
at any k and n is difficult to obtain by this method, but it has been obtained earlier for simpler qubit
states. Indeed, The numbers C},, 1, are nothing but the coefficients A, 4 in (3.18). Rather then giving

a complete proof of this claim, in the next section we study in detail a simple example.

3.3.3.1 An example: k=n=2

Let us consider the example n = 2 and k = 2 to get an idea of how the combinatorics of (3.85)

works in this case. First, we define the symbol
k k. .
(5 4y =m0 (@0 (=p)) - ((OD(=p)) O% (p)... O%r D))" (3.87)

Among the strings which are generated, we only keep those for which any replica index j appears
exactly k times among (j1 ... jnk), as all others will vanish after Wick contractions. For n = k = 2 the
length of the strings above is nk = 4. We notice that, unlike the case of a single excitation, the indices
Ji in (3.87) are not uniquely fixed by the corresponding A;’s: in particular, there may be different
permutations of the A;’s corresponding to the same sequence of j;’s. For any given string, there are

others that can be obtained via the following permutations of the A; indices:

(Al A2 Ag A4) — (A2 A1 A3 A4), (Al AQ A3 A4) — (Al A2 A4 Ag), (3 88)
(Al A2 A3 A4) — (A3 A4 A1 AQ),

corresponding to a swap of the two operators in the first copy, a swap of the two operators in the

second copy and to a cyclic permutation of the copies respectively. All these terms contribute equally.
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Furthermore, as noticed in the previous section, each non-vanishing string yields a combinatorial
factor (k!)™ = 4. These considerations allow us to slightly simplify the combinatorial counting, and
we only list the terms coming from strings up to the transformations generated by Eq. (3.88), taking
care of the degeneracy for each representative distinct string. Up to the combinatorial factors, the

contributing terms are:

2mia

o (AAAA):ityields (Vae 2

).

2mic

e (B B B B): it yields (Vge™ "2 ).

e (A AB B)and (A B A B): they yield 6ViV3.

2mic

o (BAAA): it yields 4(Vae 2

_ 2mia

2)_

)?(Vge
e (A B B B): it yields 4(Vge™2m/2)3(V,2mie/2),
e (AC BC): it yields 8V4AVEVZ.

e (CCC Q) it yields V2

2mia

e (AC ACQ): it yields 4V2(Vae 2 )2

_ 2mia

e (B C BCQ): it yields 4V2(Vge™ "2 )%

Putting all these pieces together and diving the result by (3.83), we obtain

4 Amia +T4B6—47rza 2T

R%(T‘A,T‘B,T‘;Oé) =rje —2mia

+ 61415 + 4rirge + 4rrae

(3.89)
2

8rarpr? + rt + drdr2e?mio 4 4Ly 2mia
This result is consistent with the one obtained from a direct evaluation of the right hand side of (3.17)

forn=2k=2.

3.4 Numerics

In this section, we present numerical results for a 1D lattice Fermi gas, the same model we already
considered in Section 2.5.1. In particular, we consider the ground state at vanishing chemical potential,
which is a Fermi sea and has critical features. This Fermi sea is then excited through the insertion of
an additional particle above the Fermi energy at large momentum. We aim to compute the ratio of
charged moments for a state of a single excitation and show the validity of result (3.14) numerically.
Agreement with the latter confirms the claim made earlier in this chapter and in the previous one,
namely that while the ground state exhibits theory-dependent, highly non-trivial behavior (in this

case, captured by a free fermion CFT [120]), the contribution given by the excitation is universal.
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3.4.1 The method

Let us consider a Fermi chain of length L described by the fermionic operators {f;, f; Yi=t1,..L

satisfying the standard anticommutation relations

(¥ =Ly =0, {1y =0 (3.90)

We choose a Gaussian state with a given number of particles and consider its correlation matrix,

denoted by

Let us further define the L x L covariance matrix
I'=1-2C. (3.92)

Given any two disjoint spacial subsystems A and B, of length ¢4, ¢p respectively, the restriction of "

over AUB is a (€4 +{p) X (€4 + £p) matrix defined by

Faa Tag
Tau = , (3.93)

I'pa TI'Bp

Following [189] one can show that, if paup is the RDM for this system, the fermionic partial
transposition piﬁ p is Gaussian. Moreover, since in general pljﬁ p 1s not Hermitian, it is convenient to
introduce a matrix p* defined as

X _ (PigB)(PiﬁB)T (3.94)
Tr(phup) ’
From the definition of partial time-reversal transposition, it is possible to show [190] that p* has unit

trace. If one interprets p* as an unphysical mixed state of AU B, its associated covariance matrix is®

(See [189, 191])
2 Taa 0

M p= ——5— : (3.95)
- 1+ FE&UB 0 —I'pp

One can then express the even charged moments of the partially transposed RDM in terms of the

eigenvalues of I'yup and T’} 5 as (See also [120])

B 1-T% 5\ 2 o (14T%5)\2
IOgTI' (mﬁLBjB’neQm,a(QA—QB)) :T‘I‘]og(( 2AUB> 627rw¢+< +2AUB> )

n 1+Taus\’ 1-Taus\’
=Trl —_— —_— .
—|—2 rog(( 5 > =+ 5

3Strictly speaking, the correlation matrix is unitarily equivalent to the one in Eq. (3.95), as shown in [190]. However,
this is not important for our purpose, as we are interested on its spectrum only.

(3.96)
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We stress that Eq. (3.96) makes sense also if n is not an even integer, and it naturally provides the

analytic continuation over n for the even charged moments.
3.4.2 Lattice Fermi gas
For our numerics we take the Hamiltonian of a lattice free Fermi gas on a ring of length L
H:_lzﬂ f.+fo. ) (3.97)
9 L j+1J7 jJi+1
J
Its ground state is a Fermi sea, with Fermi momentum kp = /2, and its correlation matrix is

. sinkp(j — 7
CO(JJ/) = <f}fj’>0 = % (3-98)
L sin =

We then consider the excited state obtained via the insertion of a particle at momentum

ksz-i-g—%a (3.99)
above the Fermi sea, whose correlation matrix is
1 y us ™ : -/
C(G.4') = Coli, ') + e r 320770, (3.100)

Notice that this state differs from the particle-hole excitation considered in 2.5.1. While the specific
choice of k is irrelevant for our purpose, it is important to require that k — kg is finite in the

thermodynamic limit. We then consider the subsystems

A=A{1,...,04}, B={la+1,...,04+ B}, (3.101)

and we fix the size of AU B to be half the subsystem size:

ba+0lp 1
= —. 3.102
7 5 (3.102)
Finally, by using (3.96) we evaluate numerically the difference of charged Rényi negativities
Tr <|p1]}53 ‘ne2Wia(QA_QB)>
En(a) — Eno(a) :=log (3.103)

Tr <|P§53,O|"€2MO‘@A7QB)> ’

for some values of the flux « as a function of r4 = £4/L, and we compare it with the prediction (3.14)
(with rp =¥€p/L =1/2—r4). In figures 3.1 and 3.2 we show the results for a chain of length L = 400

and given values of n and «, while varying the value of r4 from 0 to 1/2. We consider also non-even
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,:(r"“‘“ \
0.5' I/ ™
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Figure 3.1 Difference of (uncharged, a = 0) Rényi negativities for the one-particle state at n =
0.5,1,2. Note that although we derived equation (3.14) for n even via the replica approach, we can
analytically continue the latter to any value of n. The theoretical results are the dashed lines, and the
numerical values are the dots.

values of n, and we compare the numerics with the analytic continuation (over the even integers) of
our predictions. The agreement between the numerical results and equation (3.14) is good, even if
there are small discrepancies for small values of £4 or {5 (corresponding to r4 ~ 0 and r4 ~ 0.5) due

to finite-size effects which vanish in the large-volume limit.

3.5 Concluding remarks

In this chapter we concluded the investigation of U(1) symmetry-resolved entanglement measures in
zero-density excited states. Zero-density here means that volume is taken to infinity, while the number
of excitations above the ground state (which may be trivial, as for a qubit state, or highly non-trivial as
in QFT) is kept fixed and finite. The results presented in this chapter and in the previous one extend
work on entanglement measures for zero-density excited states carried out in [114-116, 144]. Other
important contributions to this research field are [146, 148-150, 152, 192, 193]. In line with the results
of the previous chapter for the Rényi entropies, we expected and indeed found that the contribution of
a finite number of excitations to the symmetry-resolved (logarithmic) negativity is given by a simple
formula, a polynomial on the variables r4,rp and r = 1 —r4 — rp, which represent the relative sizes of
two subsystems A and B and their complement, respectively. For the symmetry-resolved moments of
the negativity, this polynomial depends also on a parameter « related to the internal U(1) symmetry
of the theory. The formulae that we obtained generalise the results for the uncharged moments in a
simple way and are consistent with numerical results. However, some of the methods that we have

employed to obtain these results are quite new and have potential for further use.

The method of twist operators, suggested by the computation of entanglement measures in
d-dimensional free bosonic theories [144], was introduced in the previous chapter and here we

provided a very non-trivial check of its validity. From this method alone, we can claim that our
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Figure 3.2 Difference of charged Rényi negativities for the one-particle state at flux a =
0.1,0.2,0.3,0.4 and n = 1,2 evaluated numerically (dots) versus the analytical predictions (3.14)
(dashed lines). The left (right) panels show the real (imaginary) part of &,(a) — &, 0(). The size of
the chain is L = 400, and we plot the results as functions of r4 € (0,1/2).

formulae should be valid in any dimensionality and in the presence of short-range interactions as
well. Compared to a computation based on branch-point twist fields for free QFT, as performed for
the negativity in [116], the use of twist operators captures the same universal result through a
significantly simpler computation. A further application of twist operators and one of the most
interesting and novel results of this chapter is the fact these operators can be easily adapted to treat
particles with both fermionic and bosonic statistics. In particular, it has been known for some time
that the negativity of fermionic theories requires a redefinition of the operation of partial
transposition [181, 182]. Here we find that, first, this redefinition is easy to implement in the context
of twist operators and, second, that once implemented it leads to a result which is the same as for
bosons. This ties in well with the idea that the universal part of the entanglement associated with

these types of excitation has a semiclassical interpretation (as recently explored in [152]), thus the

statistics of excitations plays no role at leading order in the large-volume expansion.

Looking ahead, there are many directions to explore in relation to the role of quasiparticle
excitations in the context of symmetry-resolved entanglement measures. Via twist operators, any

new measures of charged entanglement should be computable by a suitable redefinition of the
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operators. In particular, a quantum distance such as the relative entropy [113] can be computed to
detect a difference in the entanglement content of zero-density states which have the same
symmetry-resolved entropy and/or negativity. The symmetry-resolved relative entropy of excited

states in 141D CFT was studied in [97].

Equally interesting would be the investigation of the crossover from low- to high-energy states in
CFT, from the model-dependent predictions of [154] to the sort of universal results obtained in [1, 2,
114-116, 144] and here. The results of [154] apply to low-lying excited states of CFT, whereas the
universal formulae obtained for zero-density excited states apply for large momentum/energy. This
suggests that there must be a crossover between these two behaviours, which could be understood

using CF'T arguments.

Finally, twist operators seem to be a promising approach to computing entanglement measures in
limiting cases where many details of the interaction can be neglected, i.e. the semiclassical limit. A
field where these ideas can be applied is that of out-of-equilibrium protocols [136, 194]. In this context,
characterising the entanglement growth for free or interacting theories in any dimension via the twist
operator approach constitutes an interesting challenge. For some protocols, such as a global quench,
we expect that the linear growth of entanglement may be captured by a semiclassical approximation

of correlation functions, similar to what we considered in this chapter and in the previous one.

3.A Combinatorics

3.A.1 Non-vanishing strings

Here, we show which terms in (3.53) give rise to non-vanishing contractions in the large-volume
limit, following the notation introduced in (3.56). As noted after equation (3.56), the strings that
produce leading powers of the volume are those where the sequence of indices (ji,...,7n) IS a

permutation (o(1),...,0(n)), and the j; are further constrained by (3.57).

Now suppose that A; = A for one value of i. this means that j; = ¢ + 1 and thus it can be either
Ji+1 =t + 2, which fixes A;11 = A or j;+1 = i, which fixes A;11 = B. In the first case the fact that
A; = Ajy1 = A selects all the other A; = A, while in the second case we simply have a pair AB.
Analogously, we can start with A; = B, j; = ¢ — 1. Now the two possibilities are j;_1 = ¢, that is
A;—1 = A and thus again we have a pair AB, or j;—1 = ¢ — 2, that is A;_; = B and thus A; = B for
every i¢. To summarise, there are only three possibilities: A; = A for every i, A; = B for every ¢, and

finally whenever A; = A, A;+1 = B. This is the claim presented after equation (3.57).
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3.A.2 Combinatorial counting of strings

In this appendix we count the number of non-vanishing strings

(Ar... A, (3.104)

(B A;...... An_1 A). (3.105)

The number of strings that satisfy the constraints derived in Section (3.3.1) is given by all the possible
ways one can insert sequences of C’s among any pair of A’s and B’s. In other words, the generic string
will look like

(BCC...CABCC...... C A), (3.106)

where k sequences of C’s of length {z;},=; 1 are present, and z; > 0 are integer numbers. As the

length of the total string is n, the {z;},=1, j satisfy the following constraint
x1+ -+ =n—2k. (3.107)

We now make use of a remarkable mathematical result, namely that the number of non-negative

integer solutions of x1 4+ -+ + zp = n, that is the number of non-negative integer partitions of n

n+k—1

n ) [195]. As a consequence, the number of type-I strings satisfying the previous

(”;f;l). (3.108)

Similarly, we consider now the type-II strings, having the following structure

into k parts is (

constraints is

(CC...CABCC...... C). (3.109)

In this case, when there are k pairs of consecutive A’s and B’s, there are k+ 1 sequences of consecutive

C’s. Thus, we now have to count the number of non-negative integer solutions of
1+ -+ T =n — 2k, (3.110)

which is

<"’kk). (3.111)
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Summing up the contribution of both type of strings, we get precisely

<n;le>+<n;k> (3.112)

as the total number of strings containing k pairs of consecutive A’s and B’s, and this proves the result
(3.60). We notice that in type-I strings there is always at least one pair of consecutive A’s and B’s,
given by A, = A and A; = B. Then, if K = 0 in (3.108) there are no strings satisfying the constraints,

which is compatible with the convention (”:11) = 0.

As a final remark, we stress that the problem of counting the number of type-I and type-II strings
containing k pairs of consecutive A’s and B’s is identical to the problem mentioned after equation
(3.42), namely counting the number of sequences (ki,...,k,) with k; € {0,1} and k;+1 = 0 whenever
ki = 0.

3.B Mathematical identities

3.B.1 Generalised Lucas polynomials and a proof of equation (3.63)

In this appendix we prove the identity (3.63) by taking advantage of some properties of generalised

Lucas polynomials. These are polynomials V(z,y) defined by the recurrence relation [196, 197]:
Vn+2(£7 y) = .%'Vn+1(flf, y) + yVn(xa y) , neE NO'} (3113)

the first two polynomials being Vp(z,y) = 2, Vi(z,y) = x. The proof of (3.63) is based on the fact
that the two sides of the equation are precisely two equivalent closed formulae for the n-th Lucas

polynomial, with x = r, y = r4rp. In fact, we will now prove the following two statements:

1. For all integers n > 0, one has a generalised Binet formula

+ /22 +4
Va@wy)=at+ g0, a= TV TY g

— /244
z—z—i—y. (3.114)

2

This is immediate to prove, as (3.113) holds by inspection for n = 0, n = 1 and furthermore
a? = za + vy, B? = 2B + y, which implies that a"*? = za"t! + ya™ and "2 = 2" + yp".
This means that o™ + 5™ satisfies the relation (3.113) for all n > 0.

2. For all integers n > 1 another explicit formula for V,,(z,y) is given by

[n/2]
n (n—=Fk\ ,_
Vol(z,y) = Z p— k( i >m” 2y (3.115)
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We prove this by showing again that the recurrence relation is satisfied. For n =1, n = 2 it is
immediate to see that this reproduces the correct polynomials. For n > 3, we can make use of

the identity

n n—=k n—1 n—k—1 n—2 n—k—1

= _— 3.116
n—k( k ) n—k—l( k )+n—k—1( k—1 )’ ( )
and we adopt the convention that (Z) =0if k > nor k < 0. Let us now consider n = 2m, the

case of n odd being completely analogous. If n = 2m, [n/2] = m, [(n—1)/2] = [(n—2)/2] = m—1.
From (3.115) and (3.116) we have

o2m [2m—k\ o,

k=0
= 2m—1 2m—1—k\ opm1_ok k
_xZQm—l—k< k >x Y

k=0

= 2m 2 (2m—1—k\ o, on &
+yz < o >x2 2oy =1, (3.117)

The first sum in the right-hand side vanishes if k = m, so that this term is zV,,_1(z,y). The
second sum on the other hand vanishes if £ = 0, so we can shift the summation variable and we

see that this term reproduces yV,,_o(z,y). Hence the recurrence relation is proved.

Equation (3.63) follows from the identity of expressions (3.114) and (3.115), and it has two interesting
implications. The first one comes from a direct expansion of the Binet formula using the binomial

theorem:

|
(] 2j~2kg2k k _ 1nn/2]] n—2kg2k, k
B g Q) EE (D

j=0 k=0 J=0 k=0
[n/2] [n/2] n\ [ [n/2] [n/2]

_ 21—n xn—2k22kyk Z <2j> <k> _ Z 21 n+2k Z ( > ( > " Qkyk7 (3118)
k=0 j=k k=0
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where in the last line we rearranged the sums over j and k. This quantity equals (3.115), which implies

the non-trivial combinatorial identity:

n n—=k 1 2%k /2] n j
— ol-n+
n_k< L >_2 ]Zk(2‘]><k> (3.119)

To the best of our knowledge, this identity was only proved for n odd in [196].

The other interesting implication is obtained for x = y = 1. In this case, the Lucas polynomials

(3.113) reduce to the Lucas numbers:
L,=L, 1+ L, o, n>2, (3120)

with Ly = 2, Ly = 1. The recurrence formula is the same defining the Fibonacci sequence, except
for the different initial values. Equation (3.114) with x = y = 1 gives a closed formula for the Lucas

numbers, and thus we have, for n > 1:

/2] n n
S (5 () e

k=0

The quantity on the right-hand side is ¢™ + (1 — ¢)™, with ¢ the golden ratio, and it is always a
positive integer. On the other hand, the quantity on the left hand side is the number of non-vanishing
strings of type-I and type-II (out of a total of 3™ possible strings) obtained via the contraction methods

discussed in Section 3.3.

3.B.2 Product formulae

Here we point out two useful identities which are employed to obtain the free fermion result in

Subsection 3.3.2.1. The first relation, which is immediate to check, is:

n—1
2

H (z+ eyy) =z"+y", neN, (3.122)

pP=—"5
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where the product is performed over p integer (resp. semi-integer) when n is odd (resp. even). A
consequence of this identity is:

n—1
2 2mip _ 2mip
H (ke ™n +ye n +2)
p=—"5+
n—1
) EEEEE T o ) PO VR VI
n—1 21" 21‘
p=—n=1

:ajn

(g ()

R (z— \/22—4yx>n+ <z+ 22—4y:1:>n
2 2 .

Finally, the equation above can be employed to evaluate

n—1
p=——=5"

n n
_ miagn | p~2miagn (r + r22+ 41~Ar3> n <—7‘ + r; + 4’!“A’I“B> . (3.123)

valid if n is an even integer *.

Tt is important here that n is even, as (—rp)"

S, ¢}

=TB.
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CHAPTER

FOUR

TWO-POINT FUNCTION OF COMPOSITE TWIST FIELDS IN THE
DISORDERED PHASE OF THE ISING FIELD THEORY

All standard measures of bipartite entanglement in one-dimensional QFT can be expressed in terms of
correlators of the branch-point twist fields (BPTF) T and 7. These are symmetry fields associated to
cyclic permutation symmetry in a replica theory and having the smallest conformal dimension at the
critical point. As seen in the previous chapters, the composite twist fields (CTF), typically of higher
dimension, play a role in the study of symmetry-resolved measures of entanglement. In this chapter,
based on [4], we give an exact expression for the two-point function of a CTF that arises in the Ising
field theory. In doing so we extend the techniques originally developed for the standard BPTF in free
theories as well as an existing computation [107] of the same two-point function which focussed on the
leading large-distance contribution. We study the ground state two-point function of the composite
twist field 7, and its conjugate 72 At criticality, this field can be defined as the leading field in the
operator product expansion of 7 and the disorder field . We find a general formula for the logarithm
of (T,(0)T,(£)) and for (the derivative of) its analytic continuation to positive real replica numbers

greater than 1. We check our formula for consistency by showing that at short distances it exactly

reproduces the expected conformal dimension

4.1 Introduction

It is well known that the 1+1D Ising field theory, obtained as the continuum limit of the quantum
Ising chain, is described near the critical point by the action of a free Majorana fermion [60, 61, 74,
198]:

§= [ 4xdz (06 (:) + HEIOIE) + mi(EU() (4.1)
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where 1, 1 are the two components of the Majorana field ¥ and the sign of the mass term indicates
whether the theory is in the ordered or in the disordered phase (the critical point being at m = 0).
This theory has an internal Z, symmetry, as the action is invariant under ¥ — —W. This symmetry
is associated to the order operator o (the spin field) and the disorder operator p (disorder operator),
which are semi-local with respect to the fermion field ¥, so that the three fields can be characterised

by their mutual equal-time exchange relations [60, 61, 81]:

o(y)¥(z) y>uz —nY)¥(z) y>u
Y(z)o(y) = and  W(z)u(y) = : (4.2)
o(y)¥(z) y<w py)v(z) y<w
In the replica version of the theory, the fields above acquire an index {uj,0;, ¥;} with j =1,...,n,

running over the copy numbers. The resulting model possesses a larger amount of symmetry, as
the Z9 symmetry on each copy is now enhanced with symmetry under the exchange of any copies.
As discussed in Section 1.2, the latter symmetry plays a fundamental role in computations of the

entanglement entropy and other measures of entanglement [11, 12, 20].

In [20] the branch-point twist fields 7 and its conjugate T were defined as the symmetry fields
associated with cyclic permutation symmetry of copies in a replica theory. These fields too are
characterised by their exchange relations with respect to the fermions, which are identical to those in
(1.26):

Wi(x)T (y) = TV y>o and W, (2)T(y) = TW¥j-1(z) y>=

. (4.3)
TWY(z) y<wz Ty)Y(z) y<wz

for j =1,...,n and n+ 1 = 1. These relations can be written for any 1+1D QFT, however, in the
context of massive integrable theories they provide -together with the two-body scattering matrix-
all the information needed to compute correlation functions and matrix elements of 7. These
computations have now been carried out for many theories and entanglement measures (see e.g. [63,
117, 199, 200]) revealing many new insights into the universal properties of entanglement at

near-critical points.

In recent years, it has been shown that also the fields resulting from the conformal OPE of T
with other fields of the Ising field theory can be of interest in the context of entanglement [19, 94,
156158, 201]. In particular, the correlation functions of the leading field in the OPE of 7 and i B
denoted by 7,,, are related to the Zs-resolved entanglement entropy [19, 94, 107]. 7, satisfies exchange

relations which combine those for 7 and p as seen above:

W () Tiy) = ‘Z(y)‘l”f“(”’”) y>w —?w)%_mx) y>z

and \I/](x)ﬁ(y) =
(Y¥(z) y<uz
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The computation of the symmetry-resolved entanglement provides strong motivation to study
correlators of 7, and this is the focus of the present chapter. Using techniques of integrable QFT, we
find an exact analytic expression for the (logarithm of the) two-point function (7,(0)7,(¢)) in the
disordered phase of the model. The applications of such a result in the context of entanglement will
not be discussed here, but they follow quite straightforwardly from existing literature. In particular,
the form factors of 7, and the leading contribution to its two-point function were computed in [107].
The present work is an extension of those results to include higher particle contributions and to show
how non-trivial resummation identities allow for relatively simple closed formulae for all correlation

function cumulants.

Correlation functions of composite twist fields have been studied in a number of works both for
the Ising field theory and other, interacting models. Most of these results build upon the form factor
program for the matrix elements of 7 [20] and its extension to composite twist fields [107]. In [105, 123,
124] free theories were studied, whereas interacting IQFTs such as the Ising and sinh-Gordon models
(both with discrete Zo symmetry), the sine-Gordon model (with continuous U(1) symmetry) and the
3-state Potts model (with discrete Z3 symmetry) were studied in [106, 107] and [108], respectively. It
is also possible to study composite twist fields where 7 is composed with a local field not associated
with an internal symmetry. Such composite fields are associated with cyclic permutation symmetry
too and have a conformal dimension which is distinct from that of 7. In particular, for theories
whose UV fixed point is described by a non-unitary CFT, it is possible to construct composite twist
fields whose dimension is lower than that of 7 and they play a critical role in describing the usual
measures of entanglement [158]. This happens for instance for the Lee-Yang theory both at and away
from criticality. The form factors and two-point functions of the BPTF and CTF for this theory were
studied in [201]. The expectation values of composite twist fields involving the energy field in the

Ising field theory were studied in [156, 157].

The structure of this chapter is as follows: In Section 4.2 we review form factor results for the order
and disorder fields in the Ising field theory as well as for 7 and 7,. We then present the cumulant
expansion of two-point functions and introduce an example of the type of convergence issues that
arise in the cumulant expansion of (7,(0)7,(¢))/(T.)%. In Section 4.3 we find closed formulae for all
higher cumulants, leading to a close-form expression for the two-point function. In Section 4.4 we test
this expression by obtaining the exact conformal dimension of 7, from resummation of leading terms
in the short-distance expansion of the cumulants. We show that the normalised two-point function
(T (0)T,.(0))/(T,)? is in fact proportional to the normalised two-point function (u(0)u(£))/(u)?, thus
it factorises into n-dependent and n-independent parts. In Section 4.5 we show how to analytically
continue the cumulant expansion from n integer and greater than 1 to n real. This allows us to write

a formula for the n-derivative of the two-point function at n = 1, a quantity that typically plays a
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role in entanglement measures. We conclude in Section 4.6.

4.2 Field content of the Ising model and form factors

The correlation functions and form factors of the fields o, i1 in the disordered phase can be obtained
via form factor bootstrap [77, 78] and were studied in the seminal papers [62, 81]. Form factors of
descendent fields (in the CFT sense) of the energy field ¢ were studied in [80] and shown to match
in number and spin the field content of the corresponding Verma module in the underlying Ising
CFT. Starting from the relations (4.2) the form factor equations can be written and solved for matrix
elements of o, ;1 and these were found to take an extremely simple form [62], namely (the factor ¥ is

needed to satisfy the kinematic residue equation):

9. .
Féuk:(ela SRR 92]6) = Zk<:u> H tanh ga (45)
1<i<j<2k
Fgi1(01,...,0041) = " Ff H tanh %, (4.6)
1<i<j<2k+1

with 0;; := 6; — 0; and (u) and F{ normalisation constants which can be identified with the vacuum
expectation value of 1 and the one-particle form factor of o, respectively. In general, as discussed in
Section 1.2, form factors are characterised by a set of quantum numbers specifying the particle types
in the asymptotic state, but in the Ising model there is a single particle type so these do not need to be
specified. For the field p the products above can be rewritten as a Pfaffian of a 2k x 2k antisymmetric
matrix A with entries A;; = tanh % In particular this means that the vacuum expectation value of p
is non-vanishing, whereas it is vanishing for ¢. This is a consequence of the fact that in the disordered
phase the field o (1) is odd (even) with respect to the Zs action on the the fermion field, which creates
the asymptotic states, and hence o (p) will have a non vanishing correlator only with an odd (even)

number of particles.

The form factors of the BPTFs 7 and 7 in the (replica) Ising model have been known for some

time [20, 63] and due to the free nature of the model they can also be expressed in terms of a Pfaffian
T11...1
F,, (01,...,09;n) = (T)P{(K), Pf(K) = Vdet K, (4.7)

where n labels the number of replicas,

sin 7 sinh 92% ) o
i —0i; im0, 5 ; i’ with 4,5 =1,...,2F, (48)
2n sinh (”En ”) sinh <m;_7n”) sinh o

Kij = k(0ij) =

and the superindices 11... 1 indicate that all particles are in the same copy 1. From this representation
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we also see that all form factors are functions of rapidity differences only, a property that holds for all
spinless fields in relativistic QFT. The two-particle form factor is simply FQT ‘11(91, Oo;n) = (T)k(012).
Form factors for particles in copies ji ... jor can be obtained from the above using the standard form

factor equations presented in [20]
Tljrwd Tl g1 —1 jr—1 . . .
Fglt 0y, Ogin) = By 0003 m), for i > o > o (4.9)

with
07 := 0 + 2mij. (4.10)

The form factors of the composite twist field 7, where first obtained in [107] and have again the

Pfaffian structure typical of the Ising model, that is

EJ 01, o) = (T)PEW), (4.11)
with )
sin ~ sinh 22
Wi i=w(liy) = N e i (4.12)
2n sinh ( o ”) sinh (#) sinh o

As we can see, this function differs from k() above only because n is replaced by n/2 in the minimal
part of the form factor (i.e. the part that does not contain kinematic poles). However, this small

change leads to some important differences, the main one being the asymptotic properties

7
lim k(9) = d li 0) = +— 4.1
Jm k(6) =0,  and - lim w() =<7, (4.13)
as well as
lim k(0) = 0, and lim w(#) = itanh Q (4.14)
n—1 n—1 2

Note that the last equality simply shows that the two-particle form factor of 7, reduces to that of
for n = 1, as expected. This extends to higher-particle form factors too. It is known from the study of
many models and arguments such as those presented in [202] that the asymptotics of two particle form
factors should be related to the value of a one-particle form factor. This is a consequence of so-called
cluster decomposition in momentum space. In simple theories, as assumed in [202], this one-particle
form factor would be that of the same field. However, in the Ising model, due to Zy symmetry there
is a mixing between form factors of y and o and also those of 7, (defined as the composition of 7 and
> .0;) and T, in such a way that:

J
lim w(f) = +72, (4.15)

0—*oco

|1

where 7 := F} 7" is the one-particle form factor of 7, which by relativistic invariance does not depend
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on #. Combining (4.15) with (4.13) we have that
Toltiz _ g2 _ 1
|Fy70 | = |7* = e (4.16)

Higher form factors of 7, can also be related to Pfaffians by employing a more general version of the

cluster decomposition property. Namely

lim <7;L> 2k+2(91""792k+2; ) = TF2k+1(91,...,92k+1;n). (417)

Ok 42—00
Note that the prefactor (7,) ! ensures that when k = 0 both sides of the equation become 72. In this
way, the form factors F2k+1(01, ...,09111;n) can be computed systematically and it is easy to show
that they can be written as sums of Pfaffians involving 2k variables. In fact, we can show that

+

T _

2k+1(917-~792k+13 ? Z ]HFT“ (01,...,05,...00411;n), (4.18)
) =

where the sign depends on the position of the variable 6; and can be worked out by counting Wick
contractions. Similarly, the symbol §j means that this variable is removed, hence this is a sum over

2k-particle form factors depending on a subset of the variables {61,...,6;11}. For instance

FJ7(61,02,03n) = 7(w(b12) — w(fi3) + w(6a3))

i
= (FJ* (01, 00:n) — (01, 03:n) + Fy* (02, 05;1)). (4.19)
n

The formula (4.18) is, to the best of our knowledge, new and first presented here. However, this
structure is the same relating the form factors (4.5) and (4.6) of the fields ¢ and o which are obtained

in the limit n = 1, and ultimately relies on the factorisation properties of the tanh function.

In [107] it was also shown that the form factor (4.12) gives the correct conformal dimension of 7,

via the A-sum rule [202]. This dimension is [12, 19, 58, 59, 156]

A 1 . 1 1 1
An = Ay +— - 48 + — i with AT = @ (n — ) , A# = 76 (4.20)

We observe that, since A, = A, it also holds Ay, = A7, .
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4.2.1 Two-point function and cumulant expansion

In this chapter, we are interested in the two-point function of the field 7, in the ground state of

the disordered phase. Our goal is to write down an expansion of the form

log (W> B i‘{” (6:n) " —4A7, log(imt) — K, (4.21)
k=1

where the sum is over functions CZL (¢;n) known as cumulants and K7, is a constant that depends
on the vacuum expectation value (7,). The structure of the right-hand side in the above equation is
dictated by the form of correlators of primary fields in CFT. The cumulant expansion of the two-point
function of the standard BPTF in the ground state of the free massive boson was performed in [117],
and we borrow ideas from that work. The cumulants are multiple integrals of linear combinations of

products of form factors. More precisely, we have the following structure

1 i o0 o0 o k _
CZIL (5, n) = m Z / d91 e / dek h?'jlm]k (01, s ,Qk, n)e_mg Zi:l cosh 91, (422)
jlv"'vjkzl - -

where the functions hf'j 1Tk (01, ,0k,n) are given in terms of the form factors of the field involved,

and j; are the copy numbers. For example:

h}lﬂ]z(el,ez,n) _ <7;>—2‘F27L|31]2(91,92’n)‘

hzj‘b”””“(el,%,93,94,71) = <7L>—2‘FP|11J233]4(91,6’2,03,94,71)‘
—RIH2 g, gy )T gy 0, )
—RI33 9, g )R (0, 0, )

—hJP (9,04, )R] (65, 65, ), (4.23)

and so on, whereas all odd particle terms are zero. Similar formulae can be written for the cumulants
of T, where only odd particle cumulants are non-vanishing. A general diagrammatic construction of
the functions appearing in a cumulant expansion can be found for instance in [203]. For a generic

local field O, it is standard to require that
RV IR (G- 6y) ~ e (4.24)
k 1, » Vk € ) .

as 0; — oco. Given the properties of the form factors presented in the previous section, we see that this
asymptotic behaviour is not satisfied for the cumulants of the two-point function of 7, or indeed for
the cumulants of the two-point function of x as shown in [62]. In fact, the cumulant expansion is still

convergent in both cases, but the leading behaviour for small m¢ is harder to extract than in theories
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where (4.24) holds.

4.2.2 Two-particle contribution

One of the simplest ways to check the validity of the two-point function expansion consists in
recovering the conformal dimension of the field by exact resummation of all terms which are
proportional to log(m¢) for m¢ < 1, that is the first term in (4.21). Let us start by considering the
simplest contribution to the connected part of the two-point function (7,(0)7.(¢))/(T,)?, which has
already been studied in the literature [107]. The first non-vanishing contribution to the cumulant
expansion comes from h;z"j 172 (01,02,n), which is nothing but the normalised squared modulus of the

two-particle form factor. Using (4.9), the latter can be rewritten as

Z ‘Fﬁ‘m (01,02) ‘ —nZ‘Fﬂ“H 01 + 27ij, 62) ‘ = QZUJ —b12) 9{2)- (4.25)
3,j=1 J=0 J=0

Thus we have

C;—H(f,n) _ nZ/ / d01d92 912)) (9{2) efmfcoshﬁfmécoshé’g

- (2:)2 Z / h de((—G)j)w(Hj)K0(2m£coshg), (4.26)
j=0770°

where the second line is obtained by performing a change of variable § = 6, — 65, © = w and using

the integral representation of the Bessel function [91]
o0
Ko(z) = / da e ?coshe, (4.27)
0

The sum over the copy index j was computed in [107] via contour integration and it is given by

i
L

w((—0))w(6) = —i tanh g(w(29 i) + w(20 — i) — (4.28)

n

<.
Il
o

This function tends asymptotically to the value % for |#] — oo. This means that the usual procedure
consisting of expanding the Bessel function for m¢ < 1 and isolating the log(m/) leading term, thus
effectively removing the Bessel function from the integrand in (4.26), now leads to a divergent integral.

However, we can rewrite (4.26) as

oo n—1
Teen) = (22)2 /_Oode ;)w((—e)ﬂ')w(eﬂ')—i Ko(Qmecoshg)
+ (271r)2 /_00 d9K0(2m€COShg). (4.29)
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In this form, the integral in the first line can be approximated for m¢ < 1 by expanding the Bessel
function, giving a leading contribution which is proportional to log(mf), while the integral in the

second line can be computed exactly to

/ df Ko(2mf cosh g) = 2Ko(ml)? st —2(log(m¥))?, (4.30)

—00

so that, in this case, the leading small m/ contribution diverges as (log(m/f))2. Thus, although the
cumulant (4.26) is still well-defined, its leading small m¢ behaviour is now dominated by (log(m/))?
instead of log(m¥). This is a consequence of the property (4.24) not holding in this case. Nonetheless,
terms of order (log(m¥))? should cancel out when including further contributions in the form factor
series as one expects to recover the 1 /7“4ATH behaviour of the two-point function at short distances.
In the next sections we will show that this is indeed the case, providing a way to recover the expected

scaling (4.21) from our cumulant expansion.

4.3 Higher particle contributions: closed formulae

Existing studies of the branch-point twist field two-point function for free fermions [63] and bosons
[117] have revealed that the form of higher cumulants can be considerably simplified. This is because
under sum over particle types and integration over the rapidities, many of the terms in the cumulant
either cancel each other out or can be shown to be identical. In fact, it is possible to show that just
as for the standard BPTF, and for the same reasons already discussed in [63, 117] the cumulants of

the two-point function of 7, take the generic form

i / m@mha]

=1

k-1
x (1) ( Hw 03551 15) )> ( (61%5:) Hw(ﬁzﬂfﬁiw)) : (4.31)

i=1

Tetpm) = —
C2k( 7n) 2k(2ﬂ-) J J =0 [
15--J2k—1=

By using the fact that w(60~7/) = —w((—0)7), we can change the sign of half of the factors in the second

k

line, cancelling out the factor (—1)", so that the integrand becomes:

n—1 k-1
S w2 wOls ) T wlos ) w(—02i041) 17, (4.32)
J1y--sJ2k—1=0 =1

In order to evaluate the integrals (4.31), it is convenient to perform a change of variables whereby we

first change the sign of all the rapidities 6; with ¢ even, without any change in the integration measure.
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Then, defining éij = 0; + 0; the integrand becomes a function of rapidity sums only:

n—1
> w((=0) w7 w0577 . w(bapt S w0737, (4.33)
Jiyesj2k—1=0
We will refer to this as a fully connected sum, meaning that all terms are cyclically “connected” both

at the level of the rapidities and the summation indices.

4.3.1 Recursive formulae

The sum (4.33) can be computed recursively, leading to generalisations of the following result:

i sinh (%Y)

1
ek W VA : —im) — =, (4.34
QCOSh%COSh%[w(m—i—y—Fm)—i—w(z—l—y im)] = (4.34)

n—1
fila,yin) ==Y w((—a) )w(y’) =
7=0

which is presented here for the first time, although the case x = y was obtained in [107] and has

already been reported in (4.28). It is also useful to know that

i
L

w(x?) = itanh g (4.35)

<.
Il
o

A derivation of formulae (4.34), (4.35) and their generalisations to multiple sums (see below) is

presented in Appendix 4.A.

For the branch-point twist field of free fermions and bosons [63, 117] a formula almost identical to
(4.34) also holds, albeit without the term —2X. This term in fact makes the generalisation of (4.34)
to multiple sums more complex for 7, than it is for 7. It can nonetheless be done as follows. Let us

consider, as an example, the next sum in the series, namely a sum of the form

n—1 n—1
> w((=ayw(y P )w(z) =Y filz,y T n)w(). (4.36)
J1,52=0 Jj=0

Repeated use of (4.34) and (4.35) leads to

n—1 .
Z w((—z)M ) w(y ) w(27?) = . (tanhg + tanh% + tanh g) (4.37)
J1:d2=0 "
Fyt
1 cosh (£5H4*2)

4 cosh § cosh & cosh 5

Rw(z+y+z2)+w@+y+z+2in) +w(e+y+2z—2im)].

This special case gives a good indication of the kind of structures that emerge. We observe that the
contribution in the second line of the above expression has exactly the same structure as found for the

BPTF in the free fermion theory [63]. The terms in the first line form a symmetric polynomial on the
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variables tanh §, tanh §, tanh 5. The general structure for higher sums goes as follows. let us define:

. k .
2i(—1)"sinh §
H?ﬁl2cosh%

k+1
2(—1)"! cosh §

2k+1 T
[[;=7 2cosh %

Je(x1, ... wop,n) = Fi(z;n), (4.38)

gr(x1, ..., Topg1,n) == Gr(x;n), (4.39)

where 2 := ) . x; and
Felzin) = f: (2k’“__j1> [w(@=5) + w@ )] (4.40)

Gu(win) = <2:>w<x>+i(k2_kj) (@) + w(z )] (4.41)

with
|x1‘iinoo Fi (x;n) = sgn(x)%ézk_l, |xl‘i£f1OO Gr (x;n) = sgn(m)%QQk, (4.42)

and
Fi (1) = 2% Yicoth g Gr (1) = 22~ L tanh g (4.43)

We can then compute the sum (4.33) to

n—1
>0 wla) el ) e (g

Jise-esJ2k—1=0

n

-1k 32 (2k) 31 Top,
= fr(x1, ..., 20k, n) + ZUQj (tanh ?,...,tanh 7) , (4.44)
§=0

whereas a similar sum involving an even number of indices can be evaluated to

n—1

> wlla)wled ) (e w(agl)
Jise-sJ2=0
(=1)F = (2k+1) 1 Tok+1
= gi(x1,...,Tok11,n) + . Zoazjﬂ <tanh XA ,tanh T) . (4.45)
]:

In both formulae, a](-k) (ai,...,ax) is the elementary symmetric polynomial of order j in k variables,

defined as

k k

a((] )(al,...,ak): 1, and 0](- )(al,...,ak) = Z iy Qi+ ** A - (4.46)

1<i1 <io << <k

Equations (4.44) and (4.45) can be proven by induction in k, following a procedure already employed
for the standard BPTF of the free fermion in [63]. The proofs are presented in Appendix 4.A.
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An interesting property of the formula (4.44) and a consistency check of its validity is the fact that

2

the cumulant expansion of (u(0)u(€))/(u)* is recovered for n = 1. Indeed, from (4.43) it follows that

_ (=1)Ftlcoshi ) Lok
fk‘(mlv..-wak’,l) = W = 20'2 tanh— ,tanhT). (447)

Then, in the limit n — 1 the only term remaining from the sum (4.44) is the symmetric polynomial

oéik) (tanh %!, ..., tanh #2t) which is just the product of its arguments. This exactly reproduces the

cumulant expansion of log(p(0)u(¢)) given in [62], formula (3.12a). Similarly, it can be shown that

i(—1)*sinh £

2k+1 x;
[[;Z] cosh %

. (2k+1) x1 T2k+1
k(1,0 Togy1, 1) = =i( k+lz 2]:1_ 2 ,...,tanhT+). (4.48)

4.3.2 Main result of this section

Putting together the expression (4.31) with the sum formula (4.44), we have the following exact
result for the cumulant expansion of the logarithm of the ground state two-point function of the CTF

7. in the disordered phase of the Ising model:

2k +o00
" —m¥ cosh 6; 2 A A
= 2 ok(2m)2k [H/ df; e hgl] [fk(el%-w792k—12k7012k7n)
k=1 Q i—=1Y —00
1 L k—1 0 é B i
( 02 ( hﬁ .., tanh 2k212k h12k> ' (4.49)
n

We now proceed to test the validity of this expression by examining its leading short-distance behaviour

beyond the two-particle contribution of Section 4.2.2.

4.4 Conformal dimension from the cumulant expansion

The conformal dimension of the field 7, was already recovered by A-sum rule in [107], but the
computation in that case only involved two-particle form factors. Below we provide a more extensive
test of all the form factors by obtaining the conformal dimension from the complete cumulant expansion
(4.49). Each cumulant is expected to contain a leading contribution which is proportional to log mé
whereas other divergent terms should cancel out, so that the overall sum gives (4.21) with dimension

given by (4.20).
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First, let us return to the fully connected sum (4.33) and change variables once more. We define

Ty = é”+1 for i= 1, ce ,2]{,‘ - 1, ok = 9%, (450)
so that:
2k o 2k k R 2k—1 ‘
0; = Z(_l)j_lxja Z‘gi = 29321'71, 012k = Z (—1)a. (4.51)
j=i i=1 i=1 i=1

The Jacobian of the transformation from the 6 variables to the x variables is an upper triangular
matrix with the diagonal terms being all +1, so the measure acquires no extra factor. By applying

this change of variables to (4.33) and expressing the result in the new variables (4.50), we obtain:

n—1 ' ‘ 2k—1 . J2k—1
> w7 (Z <—1>sz~)

Jisesj2k—1=0 1=1
27 sinh (zgczl .rgi_l)

2k—1 i— .
2 cosh (W) H?ﬁ;l 2 cosh (%)

k
Fh (2 > waia ;n)
=1

—1)k k-1 B 2k—1(_1yi-1,.
+ ( n) Zagk) <tanh %,...,tanh xQ; L tanh Lzl (2 )" , (4.52)
=0

with Fj(x;n) the function defined by (4.40). Furthermore, recalling equation (4.47), it is possible to

express the sum over symmetric polynomials in terms of products of hyperbolic functions as

k—1 2k—1 i—1
_ 2kl 1)i-lg,
E aézk) tanh —xl,...,tanh T2k 1,tanh 2z (U7
- 7 2 2 2
7=0
cosh (E’;l xgi_1> 2k—1(_qyi-1,. 2k—1 ,
= ' — tanh Lizi (ST || tanh ., (4.53)
S (—1)ita; | y2k—1 z; 2 -~ 2
cosh { ==t—=—= | [[;Z; " cosh (%) =1

This rewriting will prove useful later on.

4.4.1 Exponential factors

Now let us look at the exponential factors in the integrand of (4.31) and see what they look like

in terms of the new variables x;. From the first relation in (4.51) one has:

2k—1 o 0; — 0o, for i even
Yoy = , (4.54)
j=i 0; + 69, for ¢ odd
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so that
2k 2k—1
Zcosh 0; = cosh Oqy, + Z cosh(6; — Oax + Oa)
i=1 i=1
= cosh 0y, + cosh Oy, ( Z cosh(0; — Oar) + Z cosh(6; + 9%))
ieven iodd
+ sinh 0, < Z sinh(6; — Oap,) — Z sinh(60; + sz)>
ieven iodd

2k—1 2k—1 o 2k—1 ‘ 2k—1 o
= coshxg, |1+ Z cosh Z (—=1)""x; | | + sinhxy Z (—1)"sinh Z (=1)""x; | | . (4.55)

i=1 j=i i=1 j=i

Therefore, since none of the functions in (4.52) depends on zg the integral on this variable can be

carried out by making use of the identity'

+oo
/ dt exp(—Acosht — Bsinht) = 2K, (x/AQ - B?) , forA> B, (4.56)
giving
ee 235728 cosh 6
/ dazope™™ 2= cosh i — QKo(mgdgkfl), (457)
with
2k—1 2k—1 o 2 2k—1 ‘ 2k—1 o 2
o= |1+ ) cosh | D (=1)7a; || — | Y (=1)sinh [ Y (1) || . (4.58)
i=1 j=i i=1 j=i

The mf < 1 expansion of the modified Bessel function is:
Ko(mldap—1) = —logml + log 2 — Indsr—1 — v + o(mldak—1), (4.59)

from which the leading short-distance contributions to the cumulant expansion can be obtained. It is
worth mentioning that one could also resum contributions proportional to the constant term log2 — ~
in (4.59) and those should contribute to the K7,-term in (4.21), that is to the logarithm of (7,). A

similar computation was carried out in [117] for (7)) in the free boson theory.

4.4.2 Short-distance behaviour of the cumulant expansion

Putting together (4.52), (4.53) and (4.57) in (4.31) we can split the cumulant into three
contributions

-
ot (tm) = S (6m) + 2 (0) + ek (0). (4.60)

!This identity is obtained by rewriting Acosht + Bsinht = /A2 — B2 cosh (t +1In,/ ﬁf—g) and then shifting the
integration variable t.
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We will define these contributions as follows. First:
(1) ' _ 2(—1)km —+o00 +o0o
o (m) = TS dzy--- . dwog—1 Ko(mlday—1)
sinh Zf:l To;i—1 R k
X oh1 <i_1 ) ./—"k (2 Z T2;—1 5 ’I’L) s (461)
cosh <Zi1 (;1) xl) szfl cosh (%) i=1

=1

with

Fr(z;n) := Fr(a;n) — Sgn(:ﬂ)%Q%_l. (4.62)

This shift is motivated by the asymptotics (4.42) and ensures that the function F(x;n) goes to zero
for |x| large. This in turn ensures the convergence of the integrals even when the Bessel function is

approximated by its leading short-distance contribution — log(mf).

The next contribution is then a combination of the first term in (4.53) and the term introduced

by the shift (4.62):

) 1 k +oo +o0o
CQk (f) 2k / / dIQk_l Ko(mgdgk_l)

o0
cosh ( | T 1) — sinh (Zle $2z‘—1) sgn(zle 2i—1)

2k—1 P
cosh <Z,_1 (2 1) 1951) H?ﬁ;l cosh (%)

(4.63)

Note that this contribution is n-independent. Finally, the contribution ¢4, (¢) is nothing but the
cumulant of the expansion of (u(0)u(f))/(u)? resulting from the last term (the product of tanh
functions) in (4.53):

(_1)k+1

—+o00 —+o00
ch(0) = k(%)%/—oo diUl"'/_oo dwop—1 Ko(mlday—1)

_ i 2%—1
xtanh (Z?kll(;l) 'z ) Htanh( ) (4.64)

as it indeed coincides with the cumulant presented in [62] when expressed in terms of the variables

(4.50).

4.4.3 Leading contribution to cé? (;m)

In order to evaluate the integral (4.61) we can perform yet another change of variables:

K k-1 2%—1 k1
Y=Y T = Tk =y-—» w1, P (D) Tmi=y-—) a, (4.65)
i=1 i=1 i=1 i=1
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so that, at short distances ), cgg (l;n) ~ —z, log(mf) with

= kQTL’L oo ) . +oo +o0
Z F(dm) 2 /OO dy s1nhyfk(2y;n)/ dl‘r--/ dzop_o

k=1 —0o0 —00
Nk k-1 , It B ,
sech (y Zzgl $211> £[1 sech (332;—1>] [sech (y 22’:1 le) £[1 sech (?)]
> k2m +o0 . .
:Z AT / dy sinhy F,(2y; n)Gr(y), (4.66)

=1

where, exactly as in [63, 117]:

+o0 +o0 Ykl A X oo (2m)klelny
Gr(y) :/ dz;- / dxg—1 [sech (‘y%l) H sech (5) = / d“( co)shk o
i=1 -

(4.67)
The functions G (y) can be evaluated explicitly to
o)1 TSR T H ( +(25)?) for k even
Gily) = 22 z . (4.68)

szl(?i (2j — 1)) for k odd

T
cosh 2

By replacing F(x; n) with Fj(z;n) in (4.61), we have ensured that the integrals (4.66) are convergent
since G2(y)sinhy is asymptotically polynomial in y and ﬁk(2y; n) is exponentially decaying. They

can be evaluated with great precision and fitted to the function

1 1 1 p
=—(n—= — = 4A ! 4.
Zn 12<n n)+4n+z 7.+ 2, (4.69)
with 2/ = —0.217(4). This additional constant should be cancelled by contributions coming from

S(0) + i (0).

Numerical results for z, are shown in Fig. 4.1. It is interesting to observe that there is very good
agreement with the formula (4.69) for n integer and also for n not integer, greater than 2. However
for 1 < n < 2 the numerical data differ from (4.69), suggesting that the analytic continuation of (4.66)
to n = 1 from n real greater than 1 is non-trivial. This is in agreement with results found in [107]

where the limit n — 1 of the two-particle form factor contribution produced a delta-function term.

4.4.4 Leading contribution to céi) (0) + . (0)

We now consider the leading contribution to the second term in the cumulant (4.60). This is
independent of n, and employing the same change of variables as above it is easy to write an

expression which is given by a convergent integral involving the functions Gp(y). Letting
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Figure 4.1 Left: The function z, evaluated numerically through the sum (4.66) for integer values of
n=1,...,10 (red squares) against the formula (4.69) (blue solid line). Right: The same comparison
for n € [1, 3] including non integer values. When evaluating the sum (4.66) numerically we truncate
at some value of k. This value of k is different for each value of n and is chosen so that the sum is
stable up to 5 decimal digits.

>k cé? (0) ~ —2"log(ml), we obtain

" = 2(_1)k oo —y 2
S =Y paeE |, eV Gh) = —0.0326(0), (4.70)
k=1
and we note that

1
2+ 2" = —0.250(0) ~ 1 (4.71)

Remarkably, this value is precisely what we need to recover the correct dimension of the field 7,. This

is because [62]

chk(ﬁ) o~ —ilog(mﬂ), (4.72)
k=1

as this is the sum over cumulants corresponding to the two-point function (u(0)u(¢))/{u)? and u has
dimension 44, = 1/4. Therefore, the overall leading short-distance behaviour of the
(T(0)T,(0))/(T,)? cumulants correctly predicts the conformal dimension (4.20). This highly
non-trivial result provides strong support for the formula (4.49). In addition, the structure of the

cumulants means that we can also write

T.(0)T.(¢ 0) (£
U()H;;(» _ Rt ) LORO) (4.73)

(T (m)?
where R(¢;n) =[], e (6m) 51 () has the property R(¢;1) = 1.

Recalling the observation of Section 4.2.2, namely that the cumulant expansion of 7, posed some
convergence issues, we note that those issues did not feature in the computations of this section. This
is because by writing the cumulant as we have done, all convergence issues have been “hidden” in the

contribution ¢, (¢). Indeed, a naive expansion of the Bessel function in (4.64) leads to a divergent
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integral. Nonetheless, as shown in [62], the short-distance limit of this quantity can be obtained via a

semiclassical approach and it ultimately leads to the expected result (4.72).

4.5 Analytic continuation to n € R=!

All results obtained so far are valid for n € N. This is always the case in the replica picture where
n represents a replica number. However, the entanglement measures that our two-point function
describes are typically defined for generic positive n. Therefore it is useful to write an expression for
the correlation function which is valid for n € RZ!. Let us start by studying the analytic continuation

of the leading short-distance terms.

4.5.1 Analytic continuation of leading short-distance contributions

The plot in figure 4.1 (right) strongly suggests that our formula needs to be analytically continued
in the region 1 < n < 2. A similar problem was addressed in [63, 117], where it was shown that
as n approaches 1 from n > 1 some of the poles of the cumulants will cross or pinch the real line
and provide additional contributions to the cumulant expansion which are non-vanishing for n € R
and need to be added. The correct analytic continuation is obtained when these contributions are
correctly accounted for. The discussion is nearly identical as for the free boson case [117], albeit

involving different functions.

As we have seen, only the contribution CSC) (4;n) to the cumulant is n-dependent. Therefore we

only need to analytically continue the coefficient of the leading short-distance contribution to this
term, that is the quantity z, defined in (4.66). For non-integer n larger than 1, z,, picks up additional
contributions which account for the residues of the poles of ]:_k: (2y;n) that cross the real axis asn — 17.

The sum (4.40) in the function F(2y,n) has poles at’
2yt (25— Vim = (2mn+ 1)ir  and 2y =+ (25— 1)ir = 2mn — 1)ir for m € Z, (4.74)

for every j = 1,..., k. These are due to the kinematic poles of the two-particle form factor (4.12) at

im £+ 0 = 2mniw. Solving the above equation for y gives rise to four families of poles

y1 = (mn+1-—j)im, y2 = (mn — j)im, meEZ, (4.75)

ys = (mn—1+j)inm, ys = (mn + j)im, m e Z, (4.76)

2The twist field approach assumes n integer larger than 1 (since n is a copy number). For that reason it is natural
to look for an analytic continuation to n = 1 from n > 1. However, once found, the analytic continuation is unique and
thus valid for all n.
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with corresponding residues of the function inside the sum (4.66) given by:

, n(-1)F ( 2k—1\ 5 , ,
Ri(k,j,m,n) = Ve . sinh(immn)Gi((nm — j + 1)in), (4.77)

, n(-1)7 [ 2k—-11\ 2 N\
Ro(k,j,m,n) = ~ R b sinh(irmn)Gz((nm — j)im), (4.78)

R3(kajaman) =

n(—1)kJ [ 2k -1 L 9 . ,
A sinh(immn)Gi((nm + j — 1)in), (4.79)

(47r)2k L —j

. n(—l)k+j 2k -1 . . 2 N
Ry(k,j,m,n) = ————o— sinh(irmn)Gz((nm + j)im). (4.80)
k’(471')2 k — ]
These functions are all zero for n integer but they contribute for non-integer n. Let us now investigate

which of these poles cross the real line in the limit n — 1.

Since there are many indices involved, let us start by considering just one example: n = % and up
to k = 2 in the sum (4.66). According to the formula (4.20) 4A7, = 0.236111 in this case but the
numerical evaluation of (4.66), after subtracting the constant 2/, gives the value 0.243211 which slightly
overestimates the result. The disagreement is not simply due to numerical imprecision. The function
F3(2y,4/3) has poles that cross the integration line as n — 4/3. From (4.76) and the definition (4.40)
we see that for k¥ = 1 the sum runs only over the value j = 1. For j = 1 the four families of poles

labeled by the integer m are:

Yy = imnm, y2 = (mn — 1)im, me/Z, (4.81)

ys = imnm, ys = (mn + 1)im, me /7. (4.82)

It is clear that all these poles are always above the real line (for m > 0) or below the real line (for

m < 0), that is they never cross the real line, as n approaches %. Therefore, there is no correction
coming from the k = 1 contribution. Let us consider k = 2. Now j = 1,2. For j = 1 the poles are the

same as above and never cross the real line. For j = 2 we have the following four families:

y1 = i(mn—1)m, y2 = (mn — 2)im, me”Z (4.83)

ys = i(mn+ 1), ya = (mn + 2)im, m € Z. (4.84)

We have already seen above that the poles y; and ys never cross the real line, so we can only have
some contributions from y, and y4. For m > 0 and n positive and large both families of poles are
above the real line. However, for n — % we see that the pole (mn — 2)im crosses the real line for

m = 1. Similarly, for m < 0 and n positive and large all poles are in the lower half plane but the pole
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(mn + 2)im crosses the real line for n — 3 and m = —1.

In summary, there are two poles for j = 2 located at i%. The corresponding residue contributions

are
27mi(Ry(2,2,1,4/3) — Ry4(2,2,—1,4/3)) = —0.00680653. (4.85)

Therefore, the addition of the residua of these two poles improves the estimate of the conformal
dimension from 4A7, = 0.243211 to 4A,, = 0.243211 — 0.00680653 = 0.236404 which is much closer
to the exact value (note that the formula (4.66) gives -4A7,, hence the minus sign of (4.85)). The
addition of poles for higher values of k, and hence of j, will bring this value ever closer to formula

(4.20) as shown in Fig 4.2. In the general n case, in order to fully identify those poles that will cross

0.10
0.08¢ 4t
0.06¢ R

N
0.04; A4
0.02f ™2-a-x«
0.00

Figure 4.2 The function z, evaluated numerically through the sum (4.66) for n € [1, 3] (red squares)
against the formula (4.69) (green dashed line) and its analytically continued values (blue triangles)
given by (4.87).

the real line we find once more four cases:

) — 1
yy:mn+1—35<0 = 1§m<‘7 ,
n
ya:mn—73<0 = 1§m<l,
n
. j—1
ys:mn—1475<0 = ——— <m < -1,
n
yrimn+j<0 = —L<m<-1, (4.86)
n
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This gives the analytically continued values Z,

j—1
o F R in(=1)kti+1 [ 2k —1

k=1j=1 m=1

sinh (imnm) Gz ((nm — j + 1) im)

o~ k [l]*‘D . ;
~— in(=DFIFL 2k -1\ o
+ Z Z TR T . sinh (imnm) G2 ((nm — j) i), (4.87)
k=1j=1 m=1 J
where we used the fact that the residues Ra(k,j,m,n) = —Ry(k,j,m,n) and
Ri(k,j,m,n) = —R3(k,j,m,n) (which produces a factor 2) and are multiplied by a factor 27i as

required by the residue theorem. The shifts ¢, ¢o take the value 1 when n[%] =j—1and n[%] =7,
respectively and are zero otherwise (they can be removed by requiring n to be non-integer). Here the
symbol [.] represents the integer part. Fig. 4.2 shows the same functions as in Fig. 4.1 (right) plus an
additional set of values, which are the analytically continued values of z, (in blue). As we can see

these now agree perfectly with the fit (4.69), even for non-integer n between 1 and 2.

4.5.2 Analytic continuation of the n-derivative

Applications of the correlation function (4.49) in the context of entanglement measures frequently
require the computation of its derivative with respect to n followed by the limit n — 1. As discussed
in [20, 63] and [107] the derivative with respect to n of the function (4.38) has a discontinuity. More
precisely, as n approaches 1 and poles cross the real line, the derivative is not uniformly convergent as a
function of # and this leads to terms involving J-functions. The simplest examples of this phenomenon
are seen for the two-particle contribution to the two-point function of 7 [20] and of 7, [107]. Here
we show how this generalises to the whole cumulant sum. Notice that we only need to consider the
contribution from the function cg}g (4;m) in (4.61) since all other terms are independent of n and so

the derivative is zero. For this term, we actually only need to consider Fy(x;n) as the additional term

in .ﬁ(:ﬂ7 n) version is also n-independent. Thus, we define

T, . d @
Sop(l) = —71L1_>H11 %cgk)(ﬂ;n)
2(—1)k+1; oo “+o0
= 547(473')2]“ / dzy-- / dwog_1 Ko(mgd%—l)

sinh (Zle 1‘22'_1) d k
X 2k—1 rlll_>rr11 % [nfk (2 Z$2i—1 Jl)] . (4.88)

cosh (Zi—l (;1)i1$i> [12%7" cosh (%) i=1
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One way to treat the derivative is to recall the k = 1 result that was derived in [107], namely

d ; sinh d
1%1_>m1 %nfl (x,z,n) = _;cscj:h;% lim %n[w@x +im) + w(2x — im)]
2
_ x _ lg(@, (4.89)

cosh? 5 sinh 2

that is, there is a finite part and a distribution part that accounts for the behaviour around z = 0.
Recall that the function fi(z,y,n) is defined in (4.34). This extends to higher cumulants in similar

ways, so that we can write

sar(£) = sER(0) + s3,(0), (4.90)

where the two contributions represent the finite and J-function contributions. The finite part can be

easily computed by noting that

}Ll—>ml %n sinh 2 F(2z;n) = Zz::hj:’ (4.91)
and therefore
fin (—1)k e oo
Sor(l) = W/—oo dxl---/_oo dzo—1 Ko(mldag—1)
x D1 m2ic . (4.92)

sinh (Zle $2i_1> cosh (W) szifl cosh (%)

The d-function contribution is a generalisation of the k = 1 case seen above and can be obtained by
identical arguments as those presented in [63]. In fact, the result is also identical to formula (4.6) in

[63], that is,
2 k +o00 +o0 k
5 m(=1) / /
S (f) = d$1 e d$2k_1 5( xgl',l)
. k(4m)?* ) o . ;

2k — 2 2K0(2m€d2k,1)
— 2571 -1 i_lxi — xT;
k-1 cosh (Z’l (2 ) > H?il ! cosh (7)

il /+0<> ” Ek:
JR S, dxq -- / dxoy, (5( $2i—1)
2k
k(47[') — 00 i=1

—00

k j—1 2% — 1 ' 1—[2k e—rmcosh(zgil(—l)j_iﬁfi-ﬁ-iﬂq%)
<3 B - (498)
o el A W cosh <2<2—>> [127 cosh (%)
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4.6 Concluding remarks

In this paper we studied the normalised two-point function (7,,(0)7,,(£))/(T,)? of the composite
twist field 7, and its conjugate. The motivation to study this object comes from recent investigations
of symmetry-resolved entanglement entropy in QFTs possessing an internal Zs symmetry [19, 94, 107].
More fundamentally, our work contributes to developing the understanding of correlation functions in
the replica Ising field theory, a theory that contains a large number of symmetry fields or twist fields

which are not present in the standard, non-replicated model.

We employed traditional IQFT techniques, namely the the form factor bootstrap program adapted
to composite twist fields [107], to expand the logarithm of the correlation function into a series of
cumulants. The main result of this chapter consists in deriving closed-form expressions for these
cumulants which result from a number of multiple sum formulae involving the two-particle form

factors of the field 7,, presented in Appendix 4.A.

Employing the cumulant expansion we found the following structure

(Tu(0)Tu(0)) (1)
((O)u(0)) (Tw)?

=R(4;n) with R(;1) =1, (4.94)

where 1 is the disorder field of the Ising field theory, and we provided an explicit expression for R(¢;n).
By exact resummation of leading contributions to the cumulant expansion, we showed that at short
distances this two-point function scales as a power law in r with exponent consistent with the CFT
dimension (4.20). Furthermore, we provided the analytic continuation of our formulae to real replica
number, generalising results found in [107] and [20]. As a byproduct of our investigation, we have also
showed how the form factors of the composite field 7, can be obtained from those of 7, via clustering

in momentum space, in much the same way as the form factors of the fields o and u are related.

As mentioned above, our result has applications in the context of the symmetry-resolved
entanglement entropy and directly leads to a more complete formula for the latter in the Ising
model. We further expect the results of this investigation to apply with some modifications to other
composite fields, at least for free theories, for instance those associated with U(1) symmetry in

doubled free models which were studied in [105, 123, 124].

4.A Summation formulae

In this appendix we derive the identities presented in Section 4.3.1. Let us first prove equations

(4.35) and (4.34), which are both obtained via contour integration. To show (4.35), consider the
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integral in the complex plane:
1

5 Cdzwcot(ﬂz)w(xz), (4.95)
where C is the rectangular contour with vertices —e +iL, —e —iL, n —e —iL, n —e+¢L. The vertical
contributions cancel off because the integrand is invariant under the shift z — z +n. The same holds
for the horizontal contributions in the large L limit, as

lim cotm(t+iL) = Fi, lim w(z™*L) =52 teR, (4.96)

L—oo L—oo n

and therefore the sum of the residues must vanish. Within the integration contour, the function
7 cot(mz) has simple poles at z =0, 1,... n — 1 with unite residue. The kinematic poles of w(x*) are
at z = % — g, Z =N — % — 502, with residue % At both these points, cot(7z) = —itanh 5. Putting

all the pieces together, one has therefore:
. . €T
0= w(z?) — i tanh 5 (4.97)

Using the very same strategy, one can prove (4.34). The integral to evaluate is now

% dz 7 cot(mz)w((—z)*)w(y?), (4.98)
™ Jc

along the same contour C as before. In this case, however, the horizontal contributions do not cancel
off, as
. . 1
lim w((—z)F ) w(y*l) = —=, teR, (4.99)

L—o0 n? ’

and thus the integral evaluates to —% in the large L limit. Summing over the residues of the poles of

7 cot (wz) gives the left-hand side of (4.34), while the kinematic poles are now at z = § + 5%, —3 +

n+ 5 and z = % — 5%, —% +n — 5%, with residues:
z z 1 . z zZ 1 .
Res w((—2)Juw(y") = = w(z +y +in), Res  w((—2))Juw(y’) = m—w(z +y — in),
2+27rz 2+27'r7,
1 1
Res w((—2)uw(y’) = ——w(z+y—ir),  Res w((~2))wly) = ——w(z +y +in).
=11 2m z=n—1_ L 2

By evaluating the cotangent at the kinematic poles and putting all the pieces together, we obtain

_% = ZRes[w cot(mz)w((—xz)*)w(y?)]
sinh (L;ry)

cosh (Z) cosh (2) [w(z 4y +ir) + w(x +y — in))],

n—1 .
= > w2y () + 5
j=0

which is indeed (4.34).
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Using the above results, it is possible to prove (4.44) and (4.45) by induction. It is useful to observe

beforehand that the following expansions hold:

sinh (Zle xz)

[T coshm, Z 02]+1 (tanhxy,...,tanhzy), (4.100)
i=1 i
cosh (Zk )
[, cosha, Z 0'2 (tanhzq, ..., tanhzy). (4.101)
=1 z

Following the procedure employed in [63, 117], we will prove that (4.44) implies (4.45). If (4.44) holds,

than we can shift z9, by —2imp, multiply the left-hand side by a factor w(fngk +1) and sum over p to

obtain:

n—1

S w((—z) ) w(@d ) weg P  w(ehr T w ()
J1ye- 7j2k 1,p=0

n—l k -1 P
2k)
_§ :fk 21, ayl nw(ah, ) +§ E oy < 2 anh ;’C>w(g:§k+1), (4.102)
p=0

]:

Let us focus on the first term in the second line, which yields two contributions due to the presence

of a constant term in the right-hand side of (4.34). Indeed, defining x = Z?ﬁl x;, we obtain:

ka (1,2 m)w(ah, )

n—1

2i(— k ginh %

o (2 -1 ; -
2P — i) +w (277 4+ dm) | w(ad
H3k12008hx Z:;( > ( ) ( )] (2k+1)

: - 4i(—1)*sinh 2 & <2k—1>
=9k \T1y...,T2k+1, 1 X .
* n]_[?lecosh& = k—j
1 Lok
=gk(z1,...,Toks+1,n) ZO'QJ_H tanh ?,...,tanh 7) (4.103)

The emergence of the function g in going from the second to the third line was already proved in
Appendix A of [63]. In going from the third to the fourth line we used the identity (4.100) and
Z§:1 (%f:;) = 22%=2_ We now consider the second term in the second line of (4.102): using the fact

that tanh ? = tanh ¥ and the sum (4.35), we have:

= Py (tanh %, ...,tanh %) tanh % (4.104)

Now we observe that the elementary symmetric polynomial of degree j in k variables can be
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k f— -
decomposed as o*](- )(al, coag) = O'J(- 1)(al, cesap—1) + U](-Iill)(al, ...,ak_1) aj, hence:

kol
—_

[ag?l (tanh %, ...,tanh %) + ng) (tanh %’ ... tanh %) tanh ngﬂ}

x> .
|
= o

. (2k+1) I L2k+1
= A O'2j+1 (tanh ?,.. . ,tanh T) (4105)

J

Thus the sum of (4.103) and (4.104) yields (4.45). In an analogous way it is possible to prove (4.44)
starting from (4.45).
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CHAPTER

FIVE

ENTANGLEMENT ASYMMETRY IN THE ORDERED PHASE OF THE
ISING FIELD THEORY

Global symmetries of quantum many-body systems can be spontaneously broken. Whenever this
mechanism happens, the ground state is degenerate and one encounters an ordered phase. In this
chapter, based on [5], we investigate this phenomenon by examining the entanglement asymmetry of a
region in a one-dimensional many-body system in its ordered phase. This quantity has been recently
introduced in the context of U(1) symmetry breaking, and we extend its definition to encompass
arbitrary finite groups G. We also establish a field-theoretic framework in the replica theory using
twist operators. We explicitly demonstrate our construction in the ordered phase of the Ising field
theory in 141 dimensions, where a Zs symmetry is spontaneously broken, and we employ a form
factor bootstrap approach to characterise a family of composite twist fields. Analytical predictions
are provided for the entanglement asymmetry of an interval in the Ising model as the length of the
interval becomes large. We also propose a general conjecture relating the entanglement asymmetry
and the number of degenerate vacua, which we expect to be valid for a large class of states, and we

prove it explicitly in a simple case.

5.1 Introduction

Symmetry is nowadays considered a cornerstone of modern Physics. Its breaking is responsible for a
plethora of interesting phenomena, such as ferromagnetism [204], superconduction, superfluidity [205].
Spontaneous symmetry breaking is the phenomenon by which a symmetry possessed by a quantum
system, described in terms of its Hamiltonian/Lagrangian or its equations of motion, is not mirrored

by the ground state of the system. For instance, it is very well known that at low-enough temperatures
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some ferromagnetic materials magnetise spontaneously in a given direction, which depends solely on
the way those materials are cooled down. A similar mechanism has been observed at zero temperature
in frustrated quantum systems, e.g. quantum spin chains, where spontaneous symmetry breaking

arises if an external parameter, such as a magnetic field or a chemical potential, is varied [206].

Zero-temperature phases with different symmetries can be separated by a quantum phase transition
[207]. Close to the transition, quantum correlations are dominant, giving rise to a large amount
of entanglement among the regions of the systems. In the last decade, much attention has been
devoted to the relation between symmetries and entanglement [19, 92, 94], especially in the context
of zero-temperature states close to phase transitions, which can be investigated quantitatively via
QFT [104, 124-126]. As a result of this interest, a notion of symmetry-resolved entanglement for
one-dimensional quantum many-body systems was introduced in [19, 92, 94] and further developed in

96, 97, 121, 185, 194, 208).

In contrast, until recently, little research focused on exploring the relationship between symmetry
breaking and entanglement. In [29] a new measure of entanglement, dubbed entanglement
asymmetry, was introduced to probe symmetry breaking in many-body systems. Originally, this
quantity was used in the context of quench dynamics to analyse the restoration of a U(1) symmetry
in a symmetry-breaking state of a quantum spin chain, evolved using a symmetric Hamiltonian
[29-31]. Following these initial works, entanglement asymmetry was investigated in several other
models, as we reviewed in Section 1.3. However, a general framework for the study of entanglement
asymmetry in quantum field theories is still missing. Therefore, the purpose of this work is to apply
the proposed approach of [29] to characterise the spontaneous symmetry-breaking pattern in

equilibrium quantum many-body systems that can be described by 141D QFT.

We initiate this program by giving a definition of entanglement asymmetry that can be applied
to any finite or compact Lie group, extending the construction already provided for U(1) in [29] and
for Zn in [112]. Moreover, we provide a field-theoretic treatment of the one-dimensional quantum
Ising model via form factor bootstrap. Our approach combines the expression of the Rényi entropies
in terms of twist fields via the replica trick [18, 20] and its extension in the presence of additional
Aharonov—-Bohm fluxes [19], which stems from the action of the group and gives rise to composite
(charged) twist fields [157]. A vast literature regarding integrable field theories where similar fields
were considered is present, and we refer the reader to [1-4, 105-108] for further details. However,
most of these works refer to paramagnetic phases of field theories, where a single symmetric vacuum
is present: there, different ways of inserting the same total Aharonov—Bohm flux among the replicas
give rise to the same result (see e.g [105, 107, 108]). An example of this is provided by complex
free theories with U(1) symmetry, in which the flux can be equivalently inserted between the nth

and the first replica or fractionalised and uniformly distributed among all replicas. These distinct
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choices correspond to the insertion of distinct operators, and symmetry-broken states explicitly spot
these differences. This mechanism, which is new to our knowledge, lies at the core of entanglement

asymmetry, as we will show.

Before delving into the main content of this work, we first provide a definition of Rényi entanglement
asymmetry, inspired by [29], which applies to any finite group G. Let us consider a (possibly mixed)
state p of a bipartite system A U A, described by the Hilbert space

H=Hi®Hj (5.1)

We assume that a finite group G acts unitarily on H via a linear map G 3 g — § € End(#H) which
satisfies

G=3a®§s€End(Ha) @ End(Hy). (5.2)

That is, A and A are not mixed by G, which plays the role of a global symmetry for the system (see

also [95]). Given p, we construct the reduced density matrix over A in the usual way as

pai="Try(p). (5.3)

and we aim to understand whether p4 is symmetric under the group G. This is equivalent to asking

whether the equality

pA = dApATL (5.4)

always holds or it is violated for some g € G, thus signaling a breaking of the symmetry. To do so, we

introduce a fictitious density matrix p4 defined as

- 1 . e
pa=1ar D Gapady (5.5)
Gl =2

where |G| denotes the order of the group G. The quantity p4 can be regarded as the symmetrisation
of p4 under the adjoint action of the group (see e.g. a standard textbook in linear representations of

finite groups [209]), as it is easy to show that p4 is symmetric under G:
9ApAGs' = pa, Vg EG. (5.6)

Moreover, it is not difficult to check that

PA = PA iff pA:gApAQZI, VgEG. (5.7)

Therefore, following the logic of [29], it is rather natural to compare the two states p4 and g4 in order
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to probe (spontaneous or explicit) symmetry breaking at the level of the subsystem A. We do so via

the introduction of the Rényi entanglement asymmetry, defined as

1 1
AS,, = 1 log Tr (p'}) — T— log Tr (p%) , (5.8)

—n

that is the difference of Rényi entropies of the two states. Similarly, in the limit n — 1 we get the

difference of von Neumann entropies

ASy = —=Tr(palogpa) + Tr(palogpa), (5.9)

and we refer to AS; as the entanglement asymmetry. We mention that the definitions above can be
generalised to compact Lie groups in a straightforward way [210]. For instance, given the (normalised)

Haar measure [ dg of a compact Lie Group G [209], it is sufficient to replace (5.5) with

pA iz/GdgﬁApA§A71, (5.10)

that is compatible with the original formulation of asymmetry valid for U(1) [29]. While most of the
theory we discuss in this work is unchanged for continuous groups, finite groups are the only relevant
ones in the context of spontaneous symmetry breaking in zero-temperature one-dimensional systems,

due to the Mermin-Wagner theorem[211].

In this work we analyse in detail the Ising field theory [212, 213] in its ferromagnetic phase, probing
the symmetry-breaking pattern
Zy — {1}, (5.11)

via the (Rényi) entanglement asymmetry associated with the group G = Z5. In particular, we consider
one (of the two) spontaneously broken ground states, and we compute the asymmetry of an interval of
size ¢ which is large compared to the correlation length ~ m™! of the model. We do so with a replica
trick, relating the Rényi entanglement asymmetry for n > 2 integer to the expectation values of some
Z5 composite twist fields. We describe systematically the form factors of these fields, and we obtain
analytical results for their correlation functions in the two-particle approximation. The main result

for the Ising QFT can be summarised by the following expression:
AS, ~log2, ml>1, (5.12)

which is valid for any integer n > 2 up to exponentially small corrections which we compute at first

order.

We structure this chapter as follows. In Section 5.2 we provide an explicit construction of the

150



Michele Mazzoni

composite twist operators, valid for finite-dimensional Hilbert spaces, and we relate their expectation
values to the asymmetry of a subsystem. In Section 5.3, we review the scattering properties of the
Ising field theory, and we characterise the form factors of the standard twist field in the ferromagnetic
phase. These form factors are eventually employed in the computation of the Rényi entropies in this
phase. Then, in Section 5.4, the core of our work, we extend our analysis to a family of composite Z4
twist fields. In particular, we focus on those fields with vanishing net Zo flux across the replicas, and
we establish a connection between their form factors and the ones of the standard twist fields. This
analysis allows us to compute the entanglement asymmetry of a large interval. Finally, in Section
5.5 we identify a fundamental mechanism behind the large-volume behavior of the entanglement
asymmetry of arbitrary (clustering) states, and we provide a general conjecture valid for any finite
group G. We leave conclusions and outlook to Section 5.6. Appendix 5.A contains the details of
some two-particle form factor calculations, while in Appendix 5.B we provide some useful bounds on
the Rényi asymmetries for finite groups. Finally, in Appendix 5.C we discuss some results on the

entanglement entropy in the ordered and disordered phase of the transverse-field Ising chain.

5.2 Twist operators and entanglement asymmetry

In this section, following the ideas of [214, 215], we introduce a family of operators in the replica
theory, the twist operators, which allow us to express the entanglement measures of interest as
expectation values. The branch-point twist fields in 1+1D replica theories, together with their
composite versions and their generalisations to higher-dimensional theories, have been widely used
throughout this thesis. However, the point of view we adopt here is slightly different. While in the
previous chapters we defined the twist operators via their equal-time commutation relations with
local fields of the theory, in this chapter we give a rigorous characterisation of these operators for
finite-dimensional Hilbert spaces, extending the analysis of [214, 215] with the additional
introduction of Aharonov-Bohm fluxes arising in the presence of the action of a group G. While the
technical details of our construction do not immediately apply to infinite chains or quantum field
theories, the main important properties are expected to remain valid in the continuum limit, as

explained in [214].

5.2.1 Characterisation of the twist operators

Let us consider a finite-dimensional Hilbert space H describing a bipartition AU A as in (5.1). We
take n copies of the above, so that the total Hilbert space of the replica model is H®". We aim to

define a twist operator T4, associated with a cyclic permutation among the replicas restricted to the
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subsystem A. We do so by requiring that on any factorised state of the replica model
V1, vn) @ 01, Tp) = (R |y)) @ (R21195)),  vg) € Ha,|v;) € Hy, (5.13)
the action of T4 is'
Ta (|v1,v2, .o 0n) @ |01, .oy Un)) i= |Un, U1y v oy Une1) @ U1,y .oy Tp). (5.14)

Physically, T4 implements the permutation j — j + 1 on A, where j is a replica index.

In the presence of a global symmetry associated with a group G, it is possible to “charge”the twist
operator defined above via the action of G. Following the terminology of [19], this corresponds to the
additional insertion of Aharonov—Bohm fluxes between the replicas. The action of G on H, defined
in (5.2), is naturally extended to the replica model H®™. Thus, we can construct a composite twist

}

operator Tjg b9 obtained as the combination of the replica shift 5 — j 4 1 and the insertion of a

flux g; between the jth and the (j + 1)th replicas. We do that by defining
TA 9 = Th o (A ® @ s ®157), (5.15)
from which it follows that
Tjgl’“"g”’} (U1, -y 0n) @ |01, s On)) = Gn.alvn) @ G1,alv1) @ @ |V1,,...,Un), (5.16)

where g; 4 refers to the action of g; restricted to A and 1 is the action of the identity element 1 € G.

An operator is therefore associated to any n-tuple {g1,...,g,} and, in particular, T4 is recovered for

{91,---,g9n} ={1,...,1}.

In the remaining part of this section, we investigate some useful properties of the composite twist
operators. Namely, we relate them to specific traces (charged moments) that appear in the
computation of the Rényi entanglement asymmetry. Then, we show that distinct twist operators can
be related to each other via global unitary transformations induced by the group elements. Finally,

we present the mutual locality relations of twist operators with local observables.

1. Computation of traces. Let p € End(H) be the density matrix of a (possibly mixed) state
and psg = Try ;p. We show that the following identities hold:

Tryen (0" Ta) = Tra, ph, (5.17)

!By linearity this definition allows us to express the action of T4 on any vector in H®".
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Tryen (p®”7jgl7""g"}) = Try, (PAGn,APAGR—1,4 - --PAGLA) - (5.18)

These are relations between the (charged) moments of p4 and the expectation values of the
(composite) twist operators in the replica model. Let us stress that in the left-hand side the
traces are taken over H®", while in the right-hand side the traces are only over one copy of the
subsystem A. Since the first relation is a special case of the second one, obtained when all the

gj = 1, we focus on (5.18).

A straightforward proof can be provided if one picks two orthonormal bases for H,H 7 and
compute the trace in those bases. We denote by |e;),|€;) the generic basis elements of Ha,H 4

in the jth replica respectively, and we simply expand

T (s 70050

= Y et el @ (Ery el o T e, ) @ e )

€1;--:€n
€1,..,€n

= Y (e1lpagn,alen)(ealpain,aler) . (enlpagn-1,alen—1)

€1,-.,€n

=Try, (PAGn,APAGR—1,A - - §2,APAT1A) , (5.19)

which proves equation (5.18).

. Unitary transformations

7:1{91""’9”}, corresponding to

An important observation is that different composite twist operators
different choices of {g1,...,gn}, can be related to each other via global unitary transformations.

Specifically, given h; € G, j = 1,...,n, we show that
7 7 {91,-9n} (3 >\ {91,9n} / -1
(h1 XX hn> 7j4 (h1 XX hn> = 7j4 y 95 = hj+1gjhj . (5.20)

In the relation above, the action of h; is not restricted to the subsystem A. Indeed, the region A
is not affected by the twist operator appearing in Eq. (5.20), and the combined action of h;, h;l

gives the identity on that subsystem.

To prove (5.20) it is sufficient to show that the left- and right-hand side act in the same way on
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factorised vectors of H®™. Therefore, for a given state (5.13) we just compute

~ N ~ N —1
<h1 ® - ® hn) ’7:‘{*‘71"“’9"} (hl R ® hn) U1,y ) @ |01, ..., Up)
= (izl ® - ® l%n) (gn,Aﬁ;ww ® - ® gno1,ah, 1 4lvn1) ® ill_jg\z’)ﬁ R ® B;;wm)
= <B1,Agn,AIA1;’%4|'Un> X ® iLn,Agnfl,Ah;iLAanﬁ) & |'Dla cee ,6n>

—-1 1
g et u @ [0, ), (5.21)

that is an elementary proof of (5.20).

We now discuss a number of remarkable consequences of the above equation. First, the relation

95 = hj gjhj_1 implies that
angh 1 ...91=1 iff guogn1...91=1, (5.22)

regardless of the choice of {h;}. Physically, this means that a twist operator 72{91""’9"} with a
vanishing net Aharonov-Bohm flux accumulated across the replicas is unitarily equivalent via
(5.20) to all and only the other operators 7'1}9,1 ””” 9 with the same property. To characterise
this unitary transformation it is sufficient to show that for any {g}} satisfying g, ... ¢} = 1 there

is a n-tuple {g;} such that

95 = 9j+19; - (5.23)
A solution to (5.23) is indeed
p=L g2=g, =09 - n=0gh1---01 (5.24)

Therefore, with the previous choices of {g;}, {g}}, it holds
(1@ @) Ta (G @@ gy) "t = TR (5.25)

which means that T4 is always unitarily equivalent to a given composite twist operator with a

vanishing net flux.

Finally, we notice that distinct unitary transformations can give rise to the same twist operator,

since equation (5.23) has multiple solutions. For example, it is easy to show that
. ~@n\ —1
(") Ta (9°") " = Ta, (5.26)

for any choice of g € G, which means that the standard twist operator T4 is neutral under

a global unitary transformation. More generally, equation (5.23) has precisely |G| solutions:
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indeed, if {g;} is a solution of (5.23) for a given n-tuple {g}}, then also {g;g} satisfies the same

relation for any g € G.

. Action on local observables

The last properties we show are the commutation relations between the twist operators and
the local observables of the system. This is particularly useful to make an explicit connection
between the construction proposed above and the defining properties of twist operators in QFT
based on the algebra of local observables. Let O € End(#H4) be an observable of the subsystem
A. O can be naturally embedded in the space of observables of the whole system A U A by
mapping it to O ® 15 € End(#). Similarly, we can embed O in the jth replica of the replica
model by defining

0l:=14®...0®...14®15" € End(H®"). (5.27)

J

As a consequence of the definitions, it is not difficult to show that
TAO7 = Oj—HTA, (5.28)

and we say that the twist operator acts as a replica shift j — j + 1 on the observable O of A.

Similarly, one has

T o = (57) 0 () e, (5:29)

Physically, this means that the action of the composite twist operators on a local observable
of A amounts to the usual replica shift followed by the action of the group element g; on O.
Vice versa, local observables of A are not affected by the presence of the twist operators. For

instance, given O € End (H4), and (7 its embedding in the replica model, one easily shows
Thovmdoi = @i oo, (5.30)

Therefore, as expected, the action of the twist operator on A commutes with the observables of

the complement A.

5.2.2 Entanglement asymmetry via twist operators

In this section, we make a connection between the twist operators introduced previously and the

definition of the Rényi entanglement asymmetry in Eq. (5.8). To do so, we characterise the Rényi

asymmetry of a state p € End (H4 ® H 4) for an integer n > 2. First, we recall that (5.17) allows us

to express the Rényi entropy of pa via the twist operator. Then, by making use of the definition of
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pa in Eq. (5.5) and after a change of variable, we obtain

- 1 R A1 A e R .
T (P4) = 1gm Y T (gl,ApAgljgz,ApAggj . -gn,ApAgn,il)
915,90 €G
1 Al Al Al Al -1 (5'31)
= W Z Tr (PA91,A S PAgn—l,APA(Ql,A . -gn—l,A) ) .

9159 _1€G

Here, the second line follows from the change of variable gé- = gj_lng. Notably, the g} are not
independent since they satisfy the constraint [] j g; = 1. This allows us to express Tr(p") as a sum of
|G|"~! terms rather than |G|® terms in the second line. Finally, we employ the property (5.18) and

we express the moments of p4 using the composite twist operators as

1 _
TR = . T (pEmformon-tlar-on-0 7Y (5.32)
| | g15e,9n—1€G

and, eventually, from (5.8) we get

Tr <p®n7jg1,m,gn—1,(91...gn_1)*1}>

1
AS, =log|G| + log Z Tr (07 T)

1—n
G1se-sgn—1€G

(5.33)

We point out that all the possible |G|"~! composite twist operators with a vanishing net

Aharonov-Bohm flux appear explicitly” in the sum in (5.33).

5.3 Form factor program for the twist fields in the Ising

ferromagnetic phase

In this section, our focus is on the integrable QFT of the Ising model in 1+1 dimensions in its
ferromagnetic phase. We aim to provide an explicit characterisation of the twist operators introduced
in Section 5.2 by means of form factor bootstrap. In particular, we consider n replicas of the Ising
model, and we investigate a family of branch-point twist fields (BPTF). This allows us to obtain the
Rényi entropy of the symmetry-broken phase, which is different from the one of the disordered phase

investigated in [20].

Before delving into the details of the Ising model, it is worth making a connection between the
twist operators of Section 5.2 and the BPTF widely used in 14+1D quantum field theories (see e.g.
[18] for CFTs, and [20] for massive integrable QFTs). For any half-line A = (z,00), we regard the

2Namely, the operators appearing in the sum are all and only the ones with zero net flux across all replicas. This
condition is required for the consistency of our construction. Indeed, an operator with a net flux different from zero
would signal that the state has a definite charge value under the symmetry G, but this would in turn imply vanishing
entanglement asymmetry.
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corresponding twist operator as a (semi-local) field inserted at x and we denote it by 7 (z), namely
Tar~T(x), A=(x,00), (5.34)

up to a non-universal proportionality constant that has been neglected. These fields are the building
blocks needed to reconstruct the entanglement properties of any region, and through their insertion
at different points, one can express the twist operator of any union of disjoint intervals [18]. A

paradigmatic example is the case of a single finite interval, where it is possible to express
Ta~ T(O)T(E), A=(0,0), (5.35)

with 7,77 a pair of Hermitian conjugated twist fields. This correspondence was generalised to U(1)

composite twist fields in [2, 3].

Having made the identification (5.34) or (5.35), it is worth noting that the expression for AS,, in
(5.33) is invariant after rescaling of the space coordinate. Indeed, under a transformation z — Az the

twist operators transform with the same scaling dimension d:
7?4 - )\—d7j47 7'14{917---7971717(91a---7gn71)71} — )\—dﬁgl7---7gn—17(91,---797;—1)71}. (536)

This observation is fundamental for quantum field theories in which spontaneous symmetry breaking
occurs, and it can be argued from the fact that the two fields are related by a global unitary
transformation. That is, equation (5.25) implies that the charged and uncharged twist operators
must have the same (UV) scaling dimension. Indeed, in the limit of a small region their correlation
functions are expected to be the same as those computed at the UV critical point. But because the
critical point is invariant under the symmetry group G, these expectation values are equal, and so
must be the scaling dimensions of the two fields. Furthermore, because of equation (5.25), the
normalisation of 74 unambiguously determines the normalisation of 7'121""’9”’1’(gl""’g”*rl.
Consequently, the ratio appearing in (5.33), and therefore the entanglement asymmetry, is universal.

It is important to emphasise that this is not the case for entanglement entropy (see for instance [10,

216]) due to the presence of UV divergences.

Despite the extensive literature existing on twist fields in 141D integrable QFT, the vast majority
of those works [18, 21, 200, 217, 218] focus on the entanglement properties in the the paramagnetic
(disordered) phase only, where a single vacuum is present. However, in the presence of spontaneous
symmetry breaking, multiple vacua are present, and one must be cautious when specifying them.
Moreover, as there might be elementary excitations (kinks) interpolating between different vacua,

analytic continuations in rapidity space may result in a mixing of the corresponding form factors, a
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mechanism that is well understood for the g-state Potts field theory [219], which describes the Ising
model for ¢ = 2. To the best of our knowledge, the consequence of vacuum degeneracy in the context
of entanglement for field theories has not been explored yet. Our objective is to address this gap
by examining the simplest, yet non-trivial case: the Ising model. In particular, in this section we
aim to formulate and solve the form factor bootstrap equations for the standard twist fields in the
ferromagnetic case. These results will be eventually employed to compute the Rényi entropy of a

symmetry-broken ground state.

We first review some basic properties of the massive Ising field theory [60-62, 81, 212, 213], and
then we discuss its n-replica model, where the twist fields arise. The theory can be regarded as a

relevant perturbation of the Ising CFT [166, 198] with Euclidean action®
S = Scrr + )\/dl’dT e(x, 7). (5.37)

Here Scpr is the action at criticality, associated to a CFT with central charge ¢ = 1/2, X\ is a
parameter with the dimension of a mass and e(z,7) is a scalar field of dimension 1 representing an
energy density. Depending on the sign of A, the theory is in its paramagnetic (disordered, A < 0)
or ferromagnetic (ordered, A > 0) phase. We focus on the ferromagnetic phase where spontaneous
symmetry breaking arises, and two degenerate vacua |+), |—) related by Zs symmetry are present. The
elementary excitations above the ground state(s) are multi-kink configurations interpolating between

the two vacua [219]. In particular, a single-particle (kink) state with rapidity 6, denoted by

[ K+ (0)), (5.38)

interpolates between |4) at —oo and |—) at co. To make contact with the quantum Ising chain,
one should regard a one-kink state with definite momentum as the L — oo limit of the plane-wave

superposition:

K (p)) =N Z eI K1 (j)), (5.39)

j=—L+1
where p is the quantised momentum, A is a normalisation factor and |K;_(j)) is the domain wall

created by the lattice disorder operator p; =[] j<i 0; on the state QL |+

(K- ()) = 3 @ |+)i = [H)-p- - @ [+)jm1 © =)~ © | =) (5.40)

In the continuum limit, the momentum p is parametrised by the rapidity as p = msinh 6. In general,

3 After changing coordinates from Euclidean to holomorphic and expressing the energy density in terms of the fermion
field, equation (5.37) reduces to the Majorana action (4.1).
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a configuration with IV kinks has the form

|Ka1az (el)Kazas (02) s KaNaN+1 (91\7)>7 (5'41)

where the indices a; € {+,—} label the vacua and §; € R, j = 1,..., N are the rapidities of the
excitations. We say that the configuration is neutral, or topologically trivial, if oy = ayy1. It is
convenient to identify four topological sectors, labelled by the values of (a1, an+1): physically, these
sectors correspond to different choices of the boundary conditions (i.e. spin up or spin down) at
x = —oo and x = 400, and they can be regarded as constraints for the states interpolating between

them.

The multi-kink configurations are the (asymptotic) excited states of the theory, and their

energy-momentum is

N N
(E,P)= chosh Hj,stinh ;] . (5.42)
=1 =1

Here m = || is the mass of each kink, and it plays the role of inverse correlation length away from
criticality. When two kinks scatter, they acquire a scattering phase e’ = —1 which does not depend
on the rapidity difference, a property ultimately related to the equivalence (see for instance [198])

between the Ising model and free fermionic Majorana field theory™.

For any field O(z) one can define the form factors, i.e. the matrix elements of O between the vacua

and the multi-kink states, as

<:|:|O(0)‘Koc1a2 (el)KOazag (QQ) cee KOcNaN+1 (QN»- (5‘43)

In principle, depending on the field O, there may be several non-vanishing form factors; however, their
number is drastically reduced by topological constraints, as discussed in [219] for the g-state Potts
model. In the Ising field theory, for the order field o only the form factors with neutral states may be

non-vanishing, and they are

<:l:|o-(0)’Kia2 (el)KOéQOéS (92)7 s KaNi(aN»a (5'44)

together with the vacuum expectation values (VEVSs) (£|o(0)|£). In contrast, the disorder field 1(0)

is topologically non-trivial, as it introduces a spin-flip along the half-line [0, +00) that mixes the two

4There are some technical differences between the Ising model and the field theory of free Majorana fermions, which
can be traced back to the presence of distinct spin sectors. However, since this feature does not play any role in this
work, we do not discuss it further.
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- ~ |+
01 62 01 0> 05

Figure 5.1 (Left) Order field o(x): the two-particle form factor (+|o(0)|K4+—_(01)K_4(02)) is shown.
(Right) Disorder field p(z): the three-particle form factor (+|u(0)|K;1_(61)K_+(02)K+_(03)) is
represented. The red line corresponds to a spin-flip exchanging the two vacua. Space is in the
horizontal direction and time in the vertical direction.

vacua, and the form factors which are not ruled out by topological constraints are

(H]1(0)[ Koy (61) Kasas (62) - - - Kayx(0n))- (5.45)

In Figure 5.1 we represent pictorially the form factors of the order and disorder field. While o(x) is a
local field, p(x) is semi-local, and we depict this semi-locality with a red line in Figure 5.1. The locality
properties of the two fields fix the boundary conditions at infinity for incoming states interpolating
with the outgoing vacuum. In particular, only an even/odd number of kinks gives rise to non-vanishing

form factors for o(x), u(x) respectively.

In the next sections, we first extend the analysis above to the twist fields of the replica model,
identifying their topological constraints. Then, via the bootstrap program, we characterise analytically

their non-vanishing form factors, and we give an analytical expression for the two-particle ones.

5.3.1 Standard twist fields

The replica theory of the Ising model in the ordered phase is obtained by taking n decoupled copies
of the model and considering the resulting theory itself as a QFT. The (asymptotic) spectrum of the
replica QFT is expressed in terms of single-replica vacua and kink states, as no correlations are present
between distinct copies. In particular, in the ordered phase, there are 2" degenerate vacua which are

obtained as tensor products of single-replica vacua:
|_|_>®n’ H_>®TL—1 ® |_>a ) ’_>®n' (546)

The excitations can be described via the insertion of kinks in each replica, similarly to what happens

with quasi-particle excitations in the paramagnetic phase (see [20]). Moreover, the scattering matrix

160



Michele Mazzoni

between two kinks at replicas ¢ and j with rapidities 6;, 0; respectively is

-1 i=j
Sij(0; —05) = (5.47)
1 i# 7,
since no interactions between distinct replicas are present. This further implies that two kinks on the

same replica satisfy the Faddeev-Zamolodchikov algebra:

Kig(61)K5s(02) = —Kag(02) K54 (61), (5.48)

which is consistent with the algebra of the scattering kinks in the g-state Potts model [219, 220] for
q=2.

The standard BPTF is as usual introduced as a semi-local field of the replica model implementing
the replica cyclic permutation j — j + 1. In particular, from the commutation relations (5.28), (5.30)

and the identification (5.35) we obtain

Ty = | T w <y (5.49)

O;(y)T (z) otherwise,

for any local field® Oj(x) inserted in the jth replica. In particular, this reproduces the commutation
relation (4.3) between the BPTF and the fermion field in the paramagnetic phase. According to this
commutation relation (see Refs [18, 20]), we say that 7 (x) inserts a branch cut on the semi-infinite
line (z,00), which connects the jth replica with the (j + 1)th. It is important to stress that Eq.
(5.49), rather than unambiguously identifying a single field 7 (z), selects a space of fields with given
monodromy properties (details can be found in [64]). However, we are interested in the lightest fields
satisfying (5.49), which correspond to a deformation of the primary twist fields of CFTs [18]. As seen

in the previous chapters, these are scalar fields with conformal dimension A7 given by (1.27).

In the remaining part of the section, we study the form factors of branch-point twist fields in the
ferromagnetic phase of the Ising model. These are matrix elements of 7, 71 between the multi-kink
state and one of the 2" vacua. For our purposes, the most interesting form factors are the ones with
the vacuum (+|®". However, as we will see, other form factors are generated from the latter using the

bootstrap equations.

®One should be careful about the definition of local fields, and more in general local observables. Here, we just mean
that O belongs to the algebra generated by the fields € (the energy density) and the order operator o. This requirement
is very natural in the lattice counterpart, as it corresponds to the usual notion of locality in the computational basis of
the quantum spin chain.
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5.3.1.1 Zero-particle form factors

The simplest form factor that is expected to be non-vanishing is the VEV

(T (0)]+)®™. (5.50)

We represent it pictorially in Figure 5.2: the n replicas are connected together along the branch cuts
inserted by the twist fields 7 at the origin of space-time, the state |[+)®" (®"(+|) is the incoming
(outgoing) state represented below (above) the origin in each replica. In particular, since the standard
twist fields exchange replicas but do not act as spin-flips, if + is present in the jth replica above
the branch cut, then 4+ has to be present also in the (j + 1)th replica just below the branch cut. In
other words, fixing the boundary condition of the outgoing state at spacial infinity unambiguously
fixes the boundary conditions of the incoming state. Specifically, the boundary conditions at x = —oo
remain the same for both outgoing and incoming states, while the boundary conditions at z = +oo
are connected through a replica shift j — j+ 1. For a similar discussion concerning the (single-replica)

g-state Potts model, we refer the reader to [219].

According to these considerations, it is not difficult to show that the only other non-vanishing

zero-particle form factor is

T (0)] =), (5.51)

Its value can be related to the one of ®*(+|7(0)|+)®™ via a global Z; symmetry. Indeed, let us
consider the global unitary transformation ;o © which generates the Zs symmetry exchanging the two

vacua. In the replica theory, it holds

HE )" = ) e, (5.52)

=

Since the twist field is neutral with respect to the action of the global spin-flip u®™ (see Eq. (5.26)),
this immediately implies that the two zero-particle form factors above are equal: this value is referred
to as

7= O (| T(0)|£)®". (5.53)

5.3.1.2 Vanishing one-particle form factors and further constraints

Here, we show that the one-particle form factors are all vanishing. To do that, it is sufficient to
observe that these form factors are not compatible with the topological constraints arising from the

boundary conditions at spacial infinity.

Notice that the operator u acts as a spin-flip everywhere while the field () acts on the half-line (x, +00). Roughly,
the relation between these operators is (up to a proportionality constant) g o< pu(—o0)u!(400).
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+ + +
Zero-particle T(0)
[ S — [ SpEpp——— [SpEpp— (...)
form factor
+ + +
+ + +

Two-particle
form factor

Figure 5.2 The form factors of the twist field 7(0). Consecutive replicas are connected to each
other via the branch cut, represented by a dashed line starting at x = 0. Top: vacuum expectation
value ®"(+|T(0)|+)®". Bottom: Two-particle form factors ®*(+|T(0)|K4_(61)K_4(02),+,...,+)
with two kinks in the same replica.

Let us consider a generic outgoing vacuum state (o, ..., ap,|, with o = £. If 7(0) interpolates
between a multi-particle incoming state and the vacuum above, we can immediately obtain the
boundary conditions for the incoming state. Indeed, it is easy to show that the boundary conditions
for the latter in the jth replica at * = —oo, © = oo have to be «;, aj_1 respectively. This property
rules out the presence of matrix elements with an odd number of kinks having (ai,...,q,| as

outgoing state, and, in particular, the one-particle form factor.

Further constraints are also implied, and, for the sake of concreteness, we only discuss them for
the outgoing vacuum (+,...,+|. Since + should be present at x = +oo of the incoming state in the
jth replica, only an even number of kinks has to be present for any replica. For example, two-particle
states with two kinks inserted at different replicas have vanishing form factors. It is worth noting that
this property is specific to the ferromagnetic phase of the Ising model, while the same mechanism does

not arise in the paramagnetic one.

5.3.2 Two-particle form factors

The two-particle (or two-kink) form factors of 7 (z) are responsible for the leading corrections to
the saturation value of the Rényi entropy. They are generally non-vanishing, as they are not ruled out
by symmetry or topological constraints, and can be exactly determined via the bootstrap equations.
We perform an analysis similar to the one in [20], where the paramagnetic phase was considered: many
analogies arise due to the same scattering properties in the two phases, but there are also important
conceptual differences stemming from the vacuum degeneracy. The two-kink form factors can be

determined by their monodromy conditions and the residues at their kinematic poles. We shall first
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derive the monodromy equations, and then move to the equations for the kinematic poles.

Let us focus on the following two-kink form factor
Fi (61 — 62) = O (H|T(O)| K- (1) K4 (62), +, ..., +), (5.54)

which depends on the difference 61 — 05 only, due to relativistic invariance. In general, this is expected
to be non-vanishing, since, as argued in Section 5.3.1.2, two kinks are presented in the same replica
(the first). We give a pictorial representation of Fl(?)(Ql —03) in Fig. 5.2. As a consequence of replica
symmetry there is no explicit dependence on the replica j where the pair of kinks is inserted, and we

have

F{Y (01— 03) := C(H|TO)| +, ooy, K (01) K (82), +, .., +) = B (01 — 6o), (5.55)

J

with 7 =1,...,n.

Let us discuss the monodromy equations of Fl(f ) (0). The rapidity shift 8; — 61 + 27 in Eq. (5.54)
has the effect of moving the corresponding kink from the first to the second replica. In addition, the

topological sectors are mixed with each other, and we get

| T(0)| K y— (01 + 270) K (02), +, ..., +)

(e T O Ky (62), Ky (01),+, ..., +). (5.56)

This means that the outgoing vacuum is modified under the above rapidity shift. This is not
particularly surprising, since we already argued in Section 5.3.1.2 that the two-particle form factors

of (+,...,+| with kinks in distinct replicas vanish. Similarly, for j =1,...,n — 1, we have

DT (0)| K (01 + 2mi ) K (B2), +, ..., +)

=(— .o, — e, HTO) K_p(02),—, ..., — Ky (01),+,...,+), (5.57)
—

J J+1

and the kink moves from the first to the (5 + 1)th replica under 6; — 61 4+ 2wij. Under the shift

01 — 01 + 2min, the kink goes back to the first replica, but all the signs are exchanged, namely

T (0)| K- (61 + 2min) K1 (62),+, ..., +)

=M T(0)| K4 (62) K (61),—, ..., —). (5.58)

This expression can be further manipulated by using the Z5 neutrality of the twist fields together with
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the (fermionic) scattering properties (5.48), yielding:

T (0)| Ky (61 + 2min) K1 (62),+, ..., +)

= — O T(0)| K (01) K (02),+,...,4), (5.59)

that is F' 1(?) (0+2inm) = —F 1(?) (#). The monodromy equations thus lead to an anti-periodicity condition

on the fundamental two-kink form factor.

Following closely the arguments in [21], we argue that the form factor Fl(?)(Q) has two kinematic

poles at # = im and 6 = 2win — iw. Their residues are
Resg_in 1) (0) = i, Resg_(an_1yin 31 (0) = —ir, (5.60)

with 7 the vacuum expectation value (5.53). Combining all these results, we conclude that the
monodromy and the bootstrap equations of Fl(f) (0) are the same encountered in the paramagnetic

phase [20]. Therefore, a solution” to these equations can be easily provided:

iT COS (2 )Slnh( )

"~ n sinh (9 ”) sinh (0%”) )

(5.61)

5.3.3 Rényi entropy and its analytic continuation

With the previous results, we can finally present a form-factor expansion for the two-point function
of the twist fields, valid in the limit m¢ > 1. This expansion is then used to obtain the Rényi entropies.

Eventually, we analytically continue the replica index n — 1 to get the entanglement entropy.

Starting from the replica state |[4+)®™, the quantity we need to compute is
Tr (p%"Ta) = " (+[T(0)TT(£)]+)*". (5.62)

We insert a resolution of the identity between the branch-point twist fields and, at the two-particle

approximation, we get

n d@ d9 n —m¥(cos. cos
T (0)TT(0)]+)® mMZ/ g 2 .<j><01—92)y2e {(cosh 61 +cosh ) (5.63)
01>02

In deriving the expression above, we used the fact that the only vacuum that can be connected to ©" (+]|

by 7(0) is |[+)®". Moreover, only pairs of kinks inserted in the same replica j give a non-vanishing

Tt is well known that the bootstrap equations have multiple solutions, but the A-theorem [202] provides a severe
additional constraint. Here, as in [20], the solution with the mildest growth for |#| — co is given. This one is expected
to describe the twist field with the lowest scaling dimension, corresponding to a primary field of the associated CFT.
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contribution in the expansion above.

= @ and after an integration over

By performing the usual change of variable § = 6; — 62, ©
© and a sum over the copy index j, which trivially follows from |Fj(]n)(9)|2 = |F1(?)(9)|2, the above

equation reduces to

“+oo

O |T(0)TT(0)]+)%" ~ |72 + 4% 49 K, (2m€ cosh (Z)) IF™ (0))2. (5.64)

—00

In the large volume limit m¢ — oo the correlation function factorises and the square of the vacuum
expectation value |7|? is recovered: the first non-trivial correction, which decays exponentially to zero

2me

as ~ e ™ comes from the second term of equation (5.64) and is due to the pairs of kinks. This

result should be compared to the (two-particle approximation of) the two-point function obtained in
the paramagnetic phase [20]. The crucial difference is that in the paramagnetic phase form factors

with single-particle excitations inserted in distinct replicas are allowed, which amounts to replacing
n—1
EPOF = D IR (=0 + 2mij)? (5.65)
j=0

in equation (5.64). As we show below, this difference has important consequences in the replica limit

n — 1.

Now, we can finally express the Rényi entropy of an interval in the state |+) as

1
Sn = 7 log " (HT(O) T (O)H)*" +Co

! no [t ANEHONG
T log (1 + 2 /OO dé Ko <2m€ cosh <2>> —E +Cp, (5.66)

where the constant C,, which contains the non-universal twist field normalisation and the

12

short-distance cut-off, will not play any role in the following. In the large mf limit, the support of
the integral in equation (5.66) is localised near # ~ 0, and a saddle-point analysis reveals that the

2ml  While these considerations

two-particle contribution decreases exponentially, scaling as ~ e~
hold for integer values of n > 2, the analytical continuation n — 1 is more subtle, as we explain

below.

(n) 2
Indeed, we observe that the ratio \F1‘17|(29)| does not explicitly depend on the field normalisation, and

it is fixed by bootstrap. Moreover, since for n = 1 the twist field becomes the identity operator [20],
its two-particle form factors vanish. This suggests that under analytic continuation over n, Fl(?)(ﬁ)
converges to zero uniformly in the distributional sense (for 6 real) as n — 1 (see [20]), a property that

(n) ()12
can be explicitly checked from the expression (5.61). Therefore, |F1|1T‘(29)‘ behaves as O((n — 1)?) for

(n—1) small and, accordingly, the two-particle contribution to the von Neumann entropy, obtained as
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the limit n — 1 in equation (5.66), vanishes identically. This circumstance is quite unexpected and, to
the best of our knowledge, it has not been previously observed. Indeed, a two-particle contribution is
always present in the paramagnetic phase of a large class of theories with a single vacuum, as shown

in [21].

Finally, we stress that our analysis does not imply that the entanglement entropy is exactly
independent of £. In fact, it is reasonable to expect a non-vanishing contribution from the four-kink
form factors, thus yielding

S1 ~ const. + O(e~4m). (5.67)

However, the investigation of higher-kink form factors is beyond the purpose of this work.

5.4 Form factors for the composite twist fields and entanglement

asymmetry in the ferromagnetic phase of Ising QFT

In this section, we analyse the Zs composite twist fields that arise in the computation of the
entanglement asymmetry. These are the building blocks used to reconstruct the composite twist

operators introduced in Section 5.2, and, as for the standard twist fields, the correspondence goes as
Tyt L Tloe0 @) A= (2, ), (5.68)

f
7-14{917...,gn} -~ T{gl,...,gn}(o) (T{gl,-‘.,gn}) 0), A=(0,0), (5.69)

and similarly for any union of disjoint intervals. Physically, 719197} (z) introduces a branch cut along
(x,00) which connects the jth and (j+1)th replicas via the additional insertion of an Aharonov—Bohm
flux g;. In particular, to compute the entanglement asymmetry, we only need those composite twist
fields with vanishing net flux (satisfying g, ---g1 = 1). A fundamental observation pointed out in
Section 5.2 is that such composite twist fields can be related to the standard one via global unitary
transformations induced by the symmetry. In particular, given the form factors of 7 (x), the ones
of 719197} () can be easily reconstructed once the action of the symmetry on the multi-particle
states is known. Before entering the core of this section, we recall that Zs composite twist fields with
non-vanishing net flux have been characterised in the paramagnetic phase of the Ising model [4, 107]
and used to compute the symmetry-resolved entanglement entropy: those fields are not related by

global unitary transformations to 7 (z) and the discussion of this section does not apply to them.

Our analysis refers to the ferromagnetic phase of the Ising field theory, where the group is G = Z»

which corresponds to a spin-flip exchanging the two vacua. We parametrise the elements of Zs as

Zy = {1, pu}, (5.70)
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with ;2 = 1, and in the forthcoming discussion, with a slight abuse of notation, we do not distinguish
the elements of Zs from the corresponding unitary operators (i.e. we drop the “hat” notation that we
adopted in Section 5.2). It is easy to show that the n-tuples {g;} with vanishing net flux are the ones
for which an even number of elements p is present. Since |G| = 2, there are 2"~! of those n-tuples

(see Eq. (5.32)), and, for the sake of completeness, we list them explicitly in a few cases

e n=2: {g1,92} can take the values {1,1} and {p, u}.
e n=3: {g1, 92,93} can take the values {1,1,1}, {1, u, u} and its two cyclic permutations.

e n = 4: {g1,92,93,94} can take the values {1,1,1,1}, {u,p, p, 1}, {1, 1,1, u} and its cyclic

permutation, {1, 1, u, u} and its three cyclic permutations.

We first discuss the zero-particle form factors of the composite twist fields. We anticipate that
T191:2923(0) does not interpolate between ®"(+| and any other vacuum (except in the trivial case
{g; = 1}), a property which is crucial for the large-distance behavior of the entanglement asymmetry.
Then, we move to the analysis of the two-particle form factors, providing exact analytical results.
Finally, we collect these results together and give an expression for the Rényi entanglement asymmetry

of a large interval.

5.4.1 Zero-particle form factors

We first recall the relation (5.25) and apply it to the composite twist fields, obtaining

(@@ g) TO) (h @@ gp) ™ = TO9}0), g5 = gy (g))7, (5.71)

which is valid for g, --- g1 = 1. As previously established, the only non-vanishing vacuum expectation
values of T(0) (see Eq. (5.53)) are " (£|T(0)|4)®™. Similarly, thanks to (5.71), the composite twist
fields have only two non-vanishing zero-particle form factors: these are overlaps between the same

vacuum, which however is in general different from |+£)®", as we show below.

If g = 1 or g; = p for every j = 1,...,n in Eq. (5.71), we have Ti91-903(0) = T(0). In all
the other cases, namely if at least two elements of the n-tuple {g;} are different, we get a non-trivial

composite twist field 7'{91""’9"}(33), i.e. at least one of the g; = u. For these non-trivial cases, it holds
© ([ o900 (0) | 1) O = O] (g @ - @ ;) T(0) (g @~ @ gp) " [£)5" =0, (5.72)

since (¢ @ ---® g/,) " |£)®" is always different from |+)®". This is one of the main results we will

need later.

Other vacua have nevertheless non-vanishing amplitudes. Even if the latter do not appear in the
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Figure 5.3 Pictorial representation of the form factor (+, —|7{##}(0)|+, —). The blue dotted arrow
in the top left figure shows that the second replica is reached from the first one when the branch
cut, depicted by a dashed black line, is crossed clockwise. The red line represents the spin-flip, which
exchanges + and —. T km} (0) can be equivalently obtained via global spin-flips acting on 7(0), as
shown in the top right figure. Since the global spin-flip lines commute with the Hamiltonian, they
can be translated and positioned at infinity, so that they act on the ingoing/outgoing states. This
equivalence allows us to establish the relation (4, — |71} (0)|4+, =) = (+, +|T(0) |+, +).

computation of the entanglement asymmetry (because in equation (5.33) we take p = [+)(+]), it is
useful to analyse a simple case explicitly. We consider for n = 2 the twist field 7{##} (0). This is
related to the standard twist field via the transformation (5.71), with {g} = 1,95 = p}. Therefore,
from (5.71) we get

(o, T8 (0) |, ) = (o, [ T(0) |, %), (5.73)

and these are the only non-vanishing vacuum expectation values of T{“’“}(m).

We can interpret this result as follows. If the boundary condition + is chosen in the first replica
for both the outgoing and the incoming states then, due to the spin-flip induced by the field, the
boundary condition — has to be present in the second replica. We represent this mechanism in Figure

5.3, which shows pictorially the relation between 7 (z) and 7%} (z).

5.4.2 Two-particle form factors

The analysis for the two-particle form factors is slightly more involved. In principle, one can just
use the form factors of Section 5.3.2, with vacua as outgoing states and pairs of kinks as incoming ones,
use the relation (5.71) and systematically reconstruct every non-vanishing two-particle form factor.
In practice, this procedure becomes rather cumbersome as the number of composite twist operators

grows exponentially with n. For our purpose, it is more convenient to focus on the outgoing state
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Figure 5.4 Two-particle form factor @4 (+|7{w1m1}(0)[4, K (61), +, K4—(f2)). Since a single kink
K _ is present in the second replica, a spin-flip, depicted as a red line, has to be inserted in the
first replica to get a non-vanishing form factor. Similarly, the presence of a kink in the fourth replica
implies the spin-flip in the third replica.

®n(4+| and the incoming states
|+7"')KJr*(gl)v"')K+*(02)7"'7+>7 (574)

with the kinks Ky _(601), Ky_(62) inserted in the replicas j and j’ respectively and + in every other
replica. We do so as these are the only contributions entering our computation of the entanglement
asymmetry. Then, we investigate which n-tuples {g;} give rise to a non-vanishing form factor of
TA909n} (1) for the states above. We also explicitly assume j # j/ (say j < j'), since, for j = j/, that
is when the two kinks are in the same replica, only the trivial twist field 7(0) can interpolate between
this state and ®"(+|, a case already discussed in Section 5.3.2. Let us now discuss the consequences
of the presence of a single kink K, _ in the jth replica. Since the boundary conditions are + for
x = Foo, a spin-flip has to connect the (j — 1)th and the jth replica. This is the only way to match
the 4+ above the branch cut in the (7 — 1)th replica and the — below the branch cut in the jth one.
Vice versa, if no kinks are present in the jth replica, no spin-flips between the (j — 1)th and the jth
replicas can be present. An example of the mechanism above is shown in Fig. 5.4. As a result, the
only composite twist fields having non-vanishing form factors with two kinks in different replicas are

precisely those with two spin-flips. Namely, the matrix element
®n<+’T(O){1,.“’%.“7#7“.71}|+’ ceey K+_(91), ceey K+—(92)’ ey +>) (575)

with p inserted in the (j — 1)th, (j — 1)th replicas and K _ (1), K;_(62) in the jth and j'th replica
respectively, is non-vanishing. Furthermore, it is not difficult to show that the value of (5.75) is

precisely Fl(?)(Zm'( j'— ) — 01+ 6), and we leave some details to Appendix 5.A.

5.4.3 Entanglement asymmetry

In this section we put together all the results obtained so far and we compute the entanglement
asymmetry of an interval of length ¢ for the state |[+). We focus on the limit m¢ > 1 keeping

only the two-particle contribution. In the two-particle approximation, the only twist fields appearing
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in the computation are the standard twist field 7 (z) and the composite fields with two spin-flips
T ALeosttoeeotin o1} (1) The reason is that the other fields do not have non-vanishing two-particle form

factors with ®"(+|, and their contribution is therefore subleading.

For A = (0,/) and p = [+)(+]| we can write

Z Tr (p®n7:§917-~79n717(g1,~~~,gn71)_1})

917---79n—16{17,u}

—1
_ Z ®n<+|7j91,-~-,9n71,(91,--~,gn71) }H_>®n (5.76)
g1,--9n—1€{1,u}

.I.
2®n<+|T(0)TT(£)‘+>®n+ Z ®n<+|7'{1,---7u7~--7u,-~-,1}(0) (T{lw"vll/v-"vuv-'vl}) (g)|+>®n,
1<j<j'<n
where the spin-flips p are inserted at positions j and j'. In the large-volume limit m¢ — oo the
two-point function of the standard twist field converges to |7|? (the square modulus of the vacuum
expectation value). In contrast, the one of any composite twist field goes to zero exponentially fast
as ~ e 2™ because these fields have vanishing vacuum expectation value and the first non-trivial
contribution comes from the two-particle form factors. Expanding in the basis of the multi-kink states,

we arrive at

®n<+’7';917---7911—17(911---797171)71}‘_'_>®7’L

glwgg;e{l’u} B ([ Ta|1)®" (5.77)
~ 1+ 4L7r2 g/u?dﬁ Ky <2m€ cosh (Z)) ‘FI(IL)(?:T‘; — 9)|2. (5.78)
Finally, we employ the definition of Rényi asymmetry entanglement, and from (5.33) we get
| n 0\ I @rij — 0)
AS,, ~log2 — — log | 1+ p j;/mdﬁ Ky <2m€cosh <2>> = ) (5.79)

an expression valid for any integer n > 2. Before discussing the analytic continuation over n, some
comments are in order. First, the Rényi entanglement asymmetry is a universal quantity as it does not
depend on the normalisation of the twist fields: this is manifest in the appearance of the two-particle
form factor Fl(?)(é?) through its ratio with the VEV only. Moreover, for large m¢, the quantity AS,

approaches its asymptotic value log 2 from below, and this limit is compatible with the inequality
0 < AS, <log|G|, (5.80)

which we expect to have general validity, and we prove in some simple cases in Appendix 5.B. These

conclusions appear to be quite general, as they do not depend on the explicit expression of the
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two-particle form factors in Eq. (5.61): instead, they strongly rely on the fact that the VEV of

composite twist fields vanish, a property which results from topological constraints only.

In order to obtain the entanglement asymmetry we need to take the limit n — 1% of AS,,, which

requires to analytically continue the sum
n—1
S IFY @imj - o), (5.81)
j=1

a task that has been accomplished in [20]. Following the same steps and employing the notation

thereof, we define the function

n—1

i Z " (2rij — 0)2, (5.82)

I1* 3=

and we denote with f(6,n) its analytic continuation from n € N\ {1} to n € [1,00). In [20] it was
shown that

of(0,n) w2

nligh f(@,n) =0, lim = ?5(0), (5.83)

n—1+t on

a relation valid in the distributional sense over real values of 6. Here, we are interested in the sum

n—1 () (gy|2
1 n) o F7 (0
W = T S 1E i - ) = jo) - LA, (5.59)
i=1

namely, the term with 7 = 0 in Eq. (5.82) is not present in our calculation. Since, as we showed in
Section 5.3.3, \Fl(?)(é?)] ~ O((n —1)?), the same properties established above for f(6,n) are valid for

g(0,n), including its analytic continuation. In particular, we have
0g(0 2
lim g(0,n) =0, lim 94(6,n) = 25(9). (5.85)

n—1+ n—1+t on 2

Inserting this result in (5.79) we finally get

AS) =log2 — 1 lim [ df K <2m€ cosh <9>) i(ng(ﬁ, n)) + O(e=1m*)
4 R 2 871

T2 po1+
K0(2m£)

=log2 —
og 3

+0(e™m), (5.86)

that is the main result of this section. As a concluding remark, we observe that from the large-z
asymptotics of the modified Bessel function [91], that is Ko(z) ~ /5;€~*, one immediately sees that
the two-particle contribution to the entanglement asymmetry is exponentially suppressed in the size

of the region.
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5.5 Further generalisations

In this section, we propose a general conjecture regarding the entanglement asymmetry for any
finite group G. We believe that our finding AS, ~ log?2 is not specific to the integrability features
of the Ising field theory, and it mostly relies on the symmetry-breaking pattern Zo — {1} of this
model. We also provide a paradigmatic case in which our conjecture can be proven with elementary

techniques, that is, the case of zero-entanglement states.

Let us first recall that a state p is symmetric under g € G if the following equality holds
p=gpg . (5.87)
Clearly, the set of g € G leaving p invariant is a group itself. Therefore, we define
H:={h e Glp=hph'} CG, (5.88)
and we say that the symmetry-breaking pattern
G — H, (5.89)

arises for the state p. We conjecture that the Rényi asymmetry of a large subsystem A in the state p
is
G|

AS, ~log ik (5.90)

In particular, for the Ising model G = Zo, H = {1} (the trivial group), and our conjecture is compatible
with the main result (5.12) of this paper. In general, |G|/|H| is precisely the number of ground states
(vacua) in the ordered phase of a theory. For example, for the g-state Potts model [219], ¢ distinct
vacua are present and our conjecture (5.90) gives AS,, =~ logg. We remark that equation (5.90) refers

to finite groups only, and it does not apply to the case of U(1) that has been previously studied in
Ref. [29] (see also Appendix 5.B and [210]).

While we do not have a rigorous general proof of (5.90), we think that a few physical hypotheses

should be sufficient to prove it:

e Homogeneity: a finite region A has to encode the global symmetries of the total system, that is

the case for homogeneous systems.

e Short-range correlations: we require that correlations among points of the region A decay fast
enough. This is the case for ground states, and equilibrium states of short-range Hamiltonians.

We believe that this hypothesis is sufficient to prove the existence of a large-volume limit for the
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entanglement asymmetry.

Before discussing an explicit case where the conjecture (5.90) can be proven, we would like to point

out the intuition behind it. Let us first express, for n > 2

Tl‘(ﬁff‘) 1 Z TY(P’A!JlPA cee gnflpA(gl cee gnfl)_l) (5 91)

To(ey) G Tr(o}) ’

where both the index A and the hat have been dropped from the operators for notational convenience.

Whenever g; € H in the sum above, that is

pg; =g;p, Jj=1,...,n—1, (5.92)

one can commute the elements inside the trace in the numerator, obtaining

Tr(pagipa - - - Gn-1p4(g1 - gn-1)"")
Tr(p’})

—1, gjeH. (5.93)

There are precisely |H|"~! ways one can choose such (n — 1)-tuples {g1,...,gn,_1} such that every
gj € H. The other terms in the sum (5.91) are expected to vanish in the large volume limit. Indeed,
if [pa, gj] # 0 the eigenspaces of g; and p, are distinct: in the large volume limit, we expect that the
eigenspaces above are at “generic positions” with respect to each other at large size, leading to a fast
decay of the traces in which ps and g; are inserted consecutively: a related mechanism is known in
the context of free independence between random matrices, and we refer the interested reader to [221]

for a review. The considerations above lead to (5.90) after simple manipulations.

5.5.1 Zero-entanglement states

For zero-entanglement states, the conjecture (5.90) can be proven for any finite group G, as we
show below. While this example may not be a realistic description of physical states with short-range

correlations, it correctly captures the important features we mentioned above.

Let us consider the pure state

p=10...004®][0...0) 4, (5.94)

in which |0) is an on-site configuration belonging to a finite-dimensional Hilbert space. The reduced

density matrix of the state above is

pa=10...0)4 4(0...0], (5.95)

and, since p4 is pure, no entanglement between A and A is present. In particular, this means Tr (p'}) =

1. Let us then assume that a finite group G acts unitarily as a global symmetry of the system. It is
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not difficult to show that the subgroup H that leaves the state invariant is:
H ={h € G s.t |(0|h|0)| =1}, (5.96)
namely |0) and h|0) are proportional through a phase. In contrast, whenever g ¢ H, one has
[(0[g|0)| < 1. (5.97)

By considering a generic n-tuple {g; € G};=1,.n, we can compute
n n
Tr(pagi .. -pagn) = H 4(0...0]g;]0...0)4 = H<O|g]~\0>|‘4|, (5.98)
j=1 J=1

with |A| the number of sites of A. As long as at least one element satisfies g; ¢ H, one has

lim _|(0]g;10)]4! = o, (5.99)
|A]—o0
which trivially implies
lim Tr(pagi...pagn) =0. (5.100)
|A|—o0

On the other hand, for n-tuples of elements of H, equation (5.93) holds. Putting together these results

with (5.91), one finally gets (5.90) for the case of a large subsystem A.

5.6 Concluding remarks

In this paper we generalised the notion of Rényi entanglement asymmetry, first proposed in [29], to
include the action of an arbitrary finite group G, and we characterised its value in the symmetry-broken
ground state of the Ising field theory. In particular, we employed the replica trick to describe the
quantities of interest as expectation values of composite twist operators, and we provided analytical

expressions of their form factors using integrable bootstrap.

In addition, we proposed a general conjecture (5.90), which we expect to hold for a large class of
quantum states and for any finite group G. Remarkably, if our conjecture is correct, the entanglement
asymmetry of a large but finite region becomes a useful tool to “count” the number of ground states

in a spontaneously symmetry-broken phase via a local probe.

Many interesting directions are left to explore. It would be interesting to investigate other
integrable QFTs using the approach we developed in this paper. For instance, the g-state Potts
model in its ferromagnetic phase [219] stands out as the simplest generalisation of the Ising model.

Moreover, one could analyse massless flows [222] in which the symmetry is broken explicitly along
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the renormalisation group flow, and distinct symmetries are present in the IR and UV fixed points.
It may also be worth considering field theories where the symmetry breaking arises due to the
presence of boundary conditions or impurities (see e.g. [223, 224]) and translational invariance is

absent.

Furthermore, the relation between the paramagnetic and the ferromagnetic phase of the Ising
model is, from the point of view of entanglement content, quite puzzling. As we have shown, there
are formal analogies in the form factor bootstrap of the twist fields, but the relation is subtle and,
in general, the entropies are different in the two phases (see Appendix 5.C). It is well-known that
the Kramers-Wannier duality [225], which is nowadays understood in the language of non-invertible
defects [226], relates the ordered and the disordered phase non-locally: this duality might be a good
candidate to explain the relationship between the twist fields in the two phases. In particular, it
would be interesting to understand what is the “dual”’of the entanglement of a region under the

Kramers-Wannier duality.

We also consider the study of low-energy states in the ferromagnetic phase of one-dimensional
quantum systems (i.e. domain walls interpolating between distinct vacua) to be promising. Indeed, it
is not obvious a priori whether the results found in [114-116, 144] for quasi-particles should also hold

for these topological excitations typical of the ordered phase.

Finally, a general, comprehensive proof of conjecture (5.90) is still missing. Recently, its validity
has been rigorously shown for matrix product states (see e.g. [227]) in [210], where the authors
also proposed a generalisation of equation (5.90) for compact Lie groups. However, many physically
relevant states, such as (generalised) Gibbs ensembles or regularised boundary states of CFT [228] are
yet to be studied. Moreover, it would be interesting to understand whether Eq. (5.90) is also valid for
the steady states arising in the long-time dynamics, which is the main motivation behind the original

formulation of the entanglement asymmetry [29].

5.A Two-particle form factors of composite twist fields

In this appendix we show in some simple cases the validity of the relation
O[T (0) oot A KL (01), . Ky (6a), ..., 4) = FP@mi(5 — §) — 01 + 62), (5.101)

which was presented at the end of Section 5.4.2. A proof of the equation above for generic values of
n, 7, j' is easy to obtain by making use of the monodromy equation, global spin-flip invariance and
the algebra (5.48). However, the general mechanism is better highlighted by looking at some explicit

examples.
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Let us consider n = 2, 3,4 and the following fields (see Section 5.2)

Tt (z) = 1o wT(z)(lep) forn=2, (5.102)
T{l’”’”}(x) =(1leleouwT(x)(1®1lepu) forn=a3, (5.103)
Tz =(lepeue NT(@)(lopepel) forn=4. (5.104)

For n = 2 we have

(o, H T 0) | K4 (601), K- (02))

=(+, H (1@ ) T(0)(1 @ p)| Ky (61), K1 (62))
=(+, = T(O)[ K4~ (61), K—1(62))

(= =ITO) K (02 + 2mi) Ky (61), —)

{

=(, +|T ()| K (62 + 27)) K_ (61), +) = F P (2mi + 65 — 01), (5.105)

where we used the monodromy equation for 7 (x) (discussed in Section 5.3) in going from the third to
the fourth line and applied an overall spin-flip transformation to each replica to obtain the last line.

Similar calculations are shown below for n = 3:

o+, TR (0)| Ky - (B2), +, K+ (61))

(1010 p)TO0)1® 1o @)K (62), +, K- (61))

{

{ )

(+, +, = [T(0) | Ky~ (62), +, K+ (61))
(= (

{ (

y—, —|T(0)|K_4+(01 + 4mi) K+ _(01), —, —)

o T (0)| Ky (61 + 4mi) K (62), +, +)

=F(4mi+ 0, — 0) = FD (2mi — 61 + 05). (5.106)
Finally, for n = 4 one has

+,+, +, +‘T{M717“71}(0)|+7 KJr* (91)? =+, KJr* (92)>

(
<+7 +,+, _H(l Qpup® 1)T(0)(1 QU pD 1)|+> KJr*(gl)v -+, K+*(62)>
<+’ T _HT(O)H_’ K_+((91), — K- (92)>

(s HI T O+, K (0 + Ami) K (01), +, +)

=F (47i — 6y + 65). (5.107)
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5.B Useful inequalities

In this appendix, we provide some upper and lower bounds for the Rényi entanglement asymmetry
of finite groups. In particular, we focus on n = 2, leaving some considerations for the other values of

n at the end of this section. The main result, proved below, is
0 < AS; <log|Gl, (5.108)

with ASy =0 iff pg = pa.

We first express ASs, defined in (5.8), as (see also equation (5.33))

Tr (pagpag™™)

ASy = log |G| — log (5.109)
)
Therefore, to bound ASjy it is sufficient to analyse the possible values taken by
Tr -1
Tr (pagpag™) (5.110)

Tr (p%)

-1

as a function of g € G. We observe that, since p4 and gpag~" are both positive semi-definite, one can

easily show that®
-1
Tr (PAQP;XQ ) 5 0,
Tr ()

Furthermore, because the ratio takes the value 1 for ¢ = 1, we can write

Vg € G. (5.111)

Tr (pagpag™?) Tr (pagpag™)
lo ZAPAIPAT )Y g 14 >0, 5.112
2w ) TS e o

which, from equation (5.109), implies ASy < log |G|.

1

To prove ASy > 0, we apply the von Neumann'’s trace inequality [229] to p4 and gpag™", obtaining

Tr (pagpag ™) _ .

) S h (5.113)

and the bound is saturated iff p4 and gpag~! share the same eigenvectors (which means they have to
be equal, as their eigenvalues are always the same). Inserting the result above in equation (5.109), we
obtain

AS; >0, (5.114)

where the equality holds iff ps = gpag~! for any g € G. Therefore, from the definition (5.5), we have

8Given A, B positive semi-definite matrices, one has Tr (AB) = Tr ((\/Z\/E)(\/Z\/E)T) >0
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ASy =0 iff pg = pa, which proves the main result (5.108) of this appendix.

It is worth considering whether comparable strategies can be used to establish the inequality

0 < AS, <log|G| for other values of n. The first issue we encounter is that

Tr (pA . g1pA91_1 '92PA92_1 . -gn—1PA97;—11)

) (5.115)
Tr (o)
is not necessarily real for n > 3. For example, the matrices
10 1(1 1 1(1 4
My = , My=— , Ms=— , (5.116)
0 0 2\1 1 2\-i 1

are positive semi-definite, having 0 and 1 as eigenvalues, but Tr (M MyMs) = 1T+i ¢ R. This implies
that the previous technique, employed for n = 2 to show ASy < log |G|, does not apply directly to

n>3.

On the other hand, we can provide a simple proof of AS,, > 0 valid for any, possibly non-integer,
n > 1. The key idea is that the symmetrised state p4 is generically more mixed (less pure) than pg4,
and, therefore, it has more entropy. More precisely, one can show from (5.5) that the superoperator

®, defined as
P(pa) == pa, (5.117)

is completely positive and trace-preserving (CPT). Then, we use the monotonicity of the sandwiched
Rényi divergence [230], valid for CPT maps, and we apply it directly to p4 and the infinite-temperature
1a

state T As an immediate consequence, we get

AS, >0, n>1. (5.118)

However, with this approach it is not possible to claim that, for a generic value of n, AS,, = 0 implies
PA = PA-

As a last remark, we point out that for a compact Lie group the number of elements is infinite
and the Rényi entanglement asymmetry does not have an upper bound. For instance, in a simple

example analysed in [29], the U(1) asymmetry grows logarithmically in the subsystem size. A detailed

exploration of the entanglement asymmetry for compact Lie groups can be found in [210].
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5.C Exact results for the Rényi entropies via corner transfer matrix

and Kramers-Wannier duality

In this appendix, we review some exact results available for the entanglement of the
transverse-field Ising chain, following closely [231]. Let us consider the quantum one-dimensional

Ising model, described by the Hamiltonian

H:—Z(a oy + ho?), (5.119)

with %, 0% the Pauli matrices at position j. This model displays a quantum critical point at h =1

5295
separating a ferromagnetic phase (h < 1) from a paramagnetic one (h > 1). It is well known that
Kramers-Wannier duality [225] relates the spectra of the Hamiltonian at h and A~!, and, more in
general, local and semi-local observables are mapped into each other by this duality. The same
mechanism is observed in the underlying Ising field theory, where one can relate the paramagnetic and
the ferromagnetic phase at the same value of the mass m. However, as shown in [231], the entropies at
dual points differ explicitly. In particular, the entanglement of the half-chain has been characterised

analytically in the infinite-volume limit via the Corner Transfer Matrix (CTM) method [232]. Here,

we only report and discuss the final result found in [231].

Let us define the parameters
k:=min(h,h™), e=m—-—", (5.120)
with K(z) the complete elliptic integral of the first kind [91]. Then, given

(27 +1)e h>1,
€ = (5.121)

2je h<l,

for j =0,1,... one can express the nth Rényi entropy of the half chain at field h as

Sn(h

1 €N
Z 8y ooy e (5.122)

1—n —|—e_61

Equation (5.120) clearly shows that the value of the parameter ¢ is the same at the dual points h, h~!,
even though the “single-particle eigenvalues”¢; are different.

We emphasise that for h < 1, corresponding to the ferromagnetic phase, the ground state is

degenerate and one should be careful. For instance, the result (5.122) refers to the symmetric ground
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state (often dubbed GHZ state), which in our notation corresponds to

|GHZ) = (+)Y+1-)) - (5.123)

1
V2
To obtain the entropies of the symmetry-broken ground state |+) one has to explicitly remove the

zero-mode j = 0 from the sum in (5.122), as explained in [231], thus getting

o0 —
€;n

14 e~m 1
Sa(h < 1) E a Jt ij - § Hew=ar + € log2, (5.124)
=1

which means that the Rényi entropy of the doubly degenerate state |+) is smaller than that of the
GHZ state (5.122), as one would intuitively expect. Remarkably, in the limit A — 1 one has ¢ — 0
and, accordingly, the Rényi entropy diverges. The origin of this divergence is universal, and it is
traced back to the properties of the underlying CFT (see [231] for further details): in particular, the

divergence is the same if the critical magnetic field h = 1 is approached from above or below.

Discrepancies between dual points can nevertheless be spotted if one takes into account also the
finite terms arising in (5.122) when taking the limit A — 1. In particular, using the results of [231] one
can show that the entropy difference between the paramagnetic phase and the ferromagnetic phase

(in the GHZ state) satisfies

~—

log(2

lim [Sn(h) — Su(h1)] = — : 5.125
T[S, () — 8, (h)] =~ (5.125)
The origin of the constant —% is much more subtle than the log(2) term in (5.124): indeed, the

former appears only close to the critical point, and a full explanation based on the formal analogy
between (5.122) and the thermal entropy of a CFT has been provided in [231] (see also [63] for a

related discussion).

Below, we interpret these results in the language of the Ising field theory. Let us focus on a
given value of the mass m and let |0) be the paramagnetic ground state, |+) the symmetry-broken
ferromagnetic ground state, and |GHZ) the state defined by (5.123). To compute the Rényi entropy
of a given state in the half-infinite chain, say A = (0, c0), we have to evaluate the twist field 7 (0) over
the corresponding replica state. In particular, the difference of Rényi entropy between |GHZ) and |+)

would be just
1 ®n(GHZ|T (0)|GHZ)®"
L—n 5 ST O

= log 2. (5.126)

Here, to obtain (5.126) we only used the definition (5.123) and the fact that the only non-vanishing
VEVs of T(0) over replica vacua are ®™ (+|7(0)|4+)®" = ®™(—|T(0)|—)®" (see Section 5.3). This result
is compatible with (5.124), and reasonably a similar argument can be employed even beyond the field

theoretic regime, when |h — 1| is finite.
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Instead, a different mechanism arises if we try to compare |[4+) and |0). We first notice that the

ratio
BT (0)[4+)="

S OIT ()0 (0127

is dimensionless, i.e. it is a universal number which does not depend on m (the only mass scale).
Moreover, according to the lattice result (5.125) valid near the critical regime where the field theory

is predictive, we expect

B OUE .

so that the difference of entropy between |+) and |0) would be just’

L EHHTO)[ ) log2
1—n B @m0y 2 -

(5.129)

We believe that (5.128) can be proven, once the normalisation of the twist field is fixed, via a form factor
approach similar to that of [63]. We also conjecture that the value of the constant g in Eq. (5.128)
comes precisely from Affleck-Ludwig boundary entropy [233]: however, it is not clear to us whether an
explicit relation between the off-critical paramagnetic/ferromagnetic phases and a boundary CFT can
be provided. We only point out that if (5.128) is correct, then it cannot be a trivial consequence of
the Kramers-Wannier duality, which holds exactly on the lattice, as the relation (5.125) is only valid

close to the critical point.

9Equation (5.125) compares the GHZ state and the paramagnetic ground state. If we take |+) instead of the GHZ
state, we get lim+Sn(h) — Sp(h™Y) = +1e2)
h—1
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The results we presented in this thesis contribute to expand the knowledge in the field of
symmetry-resolved entanglement measures in quantum many-body systems, an area which has been
the object of intense activity in the past five years. One of the main theoretical tools we employed
throughout this work is that of composite twist operators: these are operators that are defined in a
very simple way by means of their algebraic relations with the local observables of a theory in a
generic D-dimensional QFT. In the context of charged zero-density excited states of a QFT, by
making some simple approximations, composite twist operators allow us to reproduce, at leading
order in the system size, the results which can be obtained by form factor calculations and generalise
those to higher-dimensional theories. Furthermore, crucially, we used twist operators to derive a
new, general way of computing entanglement asymmetry in a symmetry-breaking ground state of a
QFT, paving the way for a deeper investigation of entanglement properties in the ordered phase of a

field theory.

Since the notion of symmetry resolution of entanglement was introduced, different techniques have
been employed to establish exact results as well as asymptotic behaviours of the symmetry-resolved
bipartite and multipartite entanglement measures in one-dimensional systems. These include, most
notably, spin chains, conformal field theories, integrable quantum field theories, and quantum cellular
automata. The most prominent result that has emerged from these extensive investigations is the
equipartition of symmetry-resolved entropy at leading order in the system size, that is, the property
that different charge sectors equally contribute to the total entanglement. Our main contribution to
the field of symmetry-resolved entanglement consists in obtaining exact and universal leading-order
results for the U(1) symmetry-resolved entanglement of zero-density excited states in massive QFTs.

Our results exclusively rely on the locality of the excitations, and bridge a significant gap in the
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existing literature. Next-to-leading-order contributions to the entanglement will reveal how the latter
depends on the microscopic details of the theory; however, a perturbative study of the large-volume
limit of entanglement measures generally requires the knowledge of finite-volume form factors, and
the development of a form factor program for non-local fields at finite volume is a challenging and -so

far- virtually untackled task.

Employing a notion of entanglement asymmetry to investigate the properties of symmetry-broken
phases in one-dimensional systems is an idea that made its appearence in the community of quantum
many-body physics very recently. Prior to our work, only few papers had appeared, primarily focussing
on the evolution of U(1) entanglement asymmetry after a quantum quench. In our work, we looked at
the ferromagnetic phase of the Ising field theory to propose an algebraic approach for the computation
of entanglement asymmetry in field theories, based on composite twist operators. Furthermore, we
conjectured a formula for the entanglement asymmetry of a state displaying partial symmetry breaking

which, to the best of our knowledge, was verified in any system studied to date.

We now highlight some research directions that emerge from our work. A first topic that deserves
further investigation is that of entanglement properties of localised quasi-particle excitations. Indeed,
the universality of entanglement entropy (total and symmetry-resolved) of excited states of gapped
theories poses a question: how do we distinguish between states at different energy, from the point
of view of the entanglement content? A possible way to tackle the problem is by looking at relative
entropy as a measure of distinguishability among excited states with the same energy and same
entanglement entropy. Moreover, form factor expansions allows us to obtain finite-volume corrections
to the correlation functions, and beyond leading order the energy of the excitations (as well as the

integrability features of the theory) becomes relevant.

On the other hand, the entanglement entropy of descendant states of a CF'T has been well studied
in the past decade. It is known that the low-lying and the high-lying states in the spectrum have
entropies that depend on the details of the system in functionally different ways. The high-energy
states reproduce, in certain limits, the universal result found in gapped theories. How does this
crossover between the CFT and massive QFT results happens physically? Specific limits can be taken
but a general explanation is missing. Holography may be a key, as high-energy CFT states may be

obtained by looking at (24+1)d in a small coupling regime.

Two physical questions of the utmost relevance can be approached using integrability techniques,
namely: the interplay between symmetries and boundary effects, and the dynamics of entanglement
in QFT. Indeed, on the one hand the twist field and twist operator techniques we developed in [1, 2,
5] pave the way for a study of correlation functions and symmetry-resolved entanglement measures

in theories with boundaries, thus addressing the question of whether -or to which extent- entropy
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equipartition is spoiled by boundary effects. On the other hand, the very same techniques allow us to
investigate what happens to entanglement-related physical observable of a QFT after a quench in the

mass or in other parameters of the theory.

Finally, the entanglement properties specific to the ordered phase of a many-body system are
particularly interesting. In the recent work [8], we observed that the entanglement content of kink-like
excitations in the ferromagnetic phase of the Ising model is not captured by the universal results for
the entanglement of quasi-particle excitations. This is due to the different localisation properties of
domain walls, which induce topological effects. The algebraic framework we developed in [5] and [8]
can be employed for the investigation of entanglement properties in the ordered phase of a QFT, where

excitations can be described by kinks interpolating between vacua.
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