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Abstract

We write down the supermembrane actions for M-theory backgrounds dual to general
N = 2 four-dimensional superconformal field theories. The actions are given to all orders
in fermions and are in a particular xk-gauge. When an extra U(1) isometry is present our
actions reduce to k-gauge fixed Green-Schwarz actions for the corresponding Type ITA

backgrounds.
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1 Introduction

N = 2 supersymmetric Yang-Mills (SYM) theories have played an important role in under-
standing the non-perturbative behaviour of gauge theories in four-dimensions [I]. Gaiotto [2]
has provided a construction of a very large family of four-dimensional N = 2 superconformal
field theories(SCFTs) using Riemann surfaces with suitable punctures. Dual M-theory space-
times for these gauge theories were written down by Gaiotto and Maldacena (GM) [3]. These
solutions are closely related to the solutions investigated in [4] and [5] and were found using
techniques first applied to ' = 1 backgrounds in [6]. The GM solution contains an AdS; factor,
an S? and an S' which geometrically encode the bosonic symmetries of the N=2 superconformal
algebra SU(2,2|2). The three factors have different relative warpings which are functions of
the three remaining coordinates y, x1 , o, with the S! being in addition fibred over these three
coordinates. The full solution is determined by a single function D(y, z1, x2) which satisfies the
three dimensional Toda equation

2D+ 02,D+02e” =0. (1.1)

For each N' = 2 SCFT described by a Riemann surface with punctures, GM provide a set
of boundary conditions which D has to satisfy. The Riemann surface of the gauge theory
corresponds to the x; , 9 coordinates in M-theory. The Toda equation (L)) appears, in general,
to be hard to solve. However, under the assumption of an extra U(1) symmetry in the z;, 23
plane it reduces to a Laplace equation [7]. General solutions to the Laplace equation with GM
boundary conditions were found in [8], while [9] proposed more general boundary conditions

relevant to the gauge/string duality.

In this paper we write down the explicit form of the Bergshoeff-Sezgin-Townsend (BST)
action [10] for supermembranes in the GM background in a particular x-gauge. i The BST
action [I0] is written in any background and has k-symmetry. For a generic background,
knowing the spacetime bosonic fields is not sufficient to write down the BST action; one needs
to know the full supergeometry. For maximally supersymmetric backgrounds, it was found
that the supergeometry is quite simple [11, 12, [13] (see also [14, [15]) and the action can be
written down explicitly [13, 16, 17, [I8]. For general backgrounds the supergeometry will be
quite involved and finding an explicit form of the BST action to all orders in fermions seems a
technically difficult problem. In this paper we find a k-gauge in which the GM supergeometry

simplifies considerably, allowing us to write down explicit expressions for the BST action.

This paper is organised as follows. In section 2] we set our notation, review the superfield

LOur action, like the GM spacetime, depends implicitly on the function D.



formulation of 11-dimensional supergravity, the BST supermembrane action and the GM so-
lution. In section B we write down a k-gauge and show that in this gauge W, the four-form
superfield of 11-dimensional supergravity, is O(6°) in superspace. This feature of the proposed
r-gauge simplifies considerably the torsion constraints and allows us to write down explicit
expressions for the supervielbein and superconnection, which can be then be inserted into the
BST action. We then present our conclusions and include appendices on our gamma-matrix

and superalgebra conventions.

2 Setting the notation - a lightning review

In this section we set our notation by reviewing some aspects of 11-dimensional supergravity,
the BST action and the GM solution. Since much of this material is very well known, we will

be brief, and refer the reader to the literature for more details.

2.1 11-dimensional supergravity in superspace

11-dimensional superspace is given by the 43-component vector
78 = (x*,07), (2.1)

where A = 1,...,43, p =0,...,10, o = 1,...,32 are curved indices. 11-dimensional super-
gravity [19] is described in superspace by W, a 4-form superfield [20] 21], whose equation of
motion is

(P! D)y W5 (X, 6) = 0. (2.2)

Above, r,8,--- = 0,...,10 and a,b,--- = 1,...,32 are tangent-space indices. The lowest
superspace component of W,.g,, is F.4., the 4-form field-strength of 11-dimensional supergravity.
The next two orders of the superfield are the gravitino field-strength and the supersymmetric

variation of the gravitino field-strength

(DaWT’stu(Xa 9))|9=0 = 6(F[r8Dt¢u})a(X) ’ (23)
8(Da(ﬁ[r¢8])b> |9=0 = (RTsmn(X)an + 4[Trt1t2t3t4 ) TSU1U2u3u4]Ft1t2t3t4 (X)Fu1UQU3u4 (X)

+8T[st1t2t3t4br}Ft1t2t3t4 (X))ab7 (2.4)
where "hat’ denotes supercovariant derivatives, and
1 1
Trstuv _ _Frstuv . _F[stu vr ) 25
144 8 (2:5)



W contains only physical fields of the theory, and the supertorsion and supercurvature can be

written exclusively in terms of W and its (first and second order) derivatives [20] 21]

T:s = (fb:T;s:0>
1
;b = i(rorr)abv
1
TT{IS - _E(Pturo)bQDaWT’stu>
1
T;r - §Wpstu(Trp8tu)ca ) (26)
an;n — (FOSmnt1t2t3t4)abWt1t2t3t4 ;
R,™ = _é ((C°r"I"T° D), W, ™, — (T T TO D), W,",
‘l‘(FOFSFTtFOD)aWTtmn) ’
1 ns a
Rmnbc = _ﬁ(r Fo)b DcDaWrsmn - 2(T[mt1t2t3t4Dn])bc
_[Tmt1t2t3t4 ) Tnuwzuguﬂcht1t2t3t4WU1U2U3U4 : (27)

The following combination of gamma matrices appears above
irt1t2t3t4t5t6 _|_1
72 3

These constraints arise from the identification of general coordinate and local supersymme-

Stitatstatste

ol pllaiste] (2.8)

try transformations in spacetime with general coordinate transformations in superspace [22].
Together with the equation of motion (2.2I), they imply the Bianchi identities and the field

equations of 11-dimensional supergravity.

The supervielbein E4 and affine connection 2} define the supertorsion
Tip = (=) " ELEL (DB — (-)M D, EY), (2.9)
and Lie-algebra valued supercurvature
Rag™ = (<)MP BAB (0,07 — (-)V 0,05 + (0 — (1) 0 )n.) . (210)

The supercurvature R,5" can be extended to a tensor R 5" by defining

1
RABCd = ZRZSB(Frs)Cda and RABCS = RABTb = O. (2.11)

In principle, one can use these equations, together with equations ([2.6) and ([2.1), to obtain
the supervielbein and affine connection from W, order-by-order in 6. In practice, however, this
is technically challenging, and explicit expressions do not exist beyond the O(6?) terms for

general backgrounds.



2.2 The BST supermembrane action

Given a supergeometry specified by the supervielbeine E4 and four-form W,,,, which satisfy
equations (2.2)), (2.6) and (2.7), Bergshoeff, Sezgin and Townsend postulated the following

action for a supermembrane coupled to this supergeometry

1 g
Spst = B /d30'v _Q(QZJEZE;’UM - 1) + /d4aW, (2.12)

where o¢, for i = 1,2, 3, are the membrane world-volume coordinates and
EA = 0,7 Ey. (2.13)

The cosmological constant term ensures that the worldvolume metric satisfies the embedding
equation [23]

95 = E{Ejna =T . (2.14)
The action (2I2) contains the integral of W = EMEA2 BAs pAW, \ oo, the pull-back of
the four-form superfield onto a four-dimensional manifold whose boundary is the membrane
worldvolume. This term is analogous to the formulation of the WZ term of the Green-Schwarz

superstring [24] action as an integral over a three-form [25]. The BST action is invariant under
r-transformations [24] 26] of the form [10]

0.E" = 0,
6.BT = (1+D)"st,
0ngi; = 2(X;5 — ginkk) ; (2.15)

where k is a 32-component Majorana spinor and a world-volume scalar, and
6. Bt = 6. ZMEY,
a V. "9 ijk pr s a
re, = TMEZ. E2EL (D)%

1 T S a
X; —Ze,-’ﬁ’fz E; E;,(Trs)ab 6, E" E

]

1 _
+§mbE,‘;1 (T)ab B gig (TP 1, T" gy + 61, T 1)) +1i 45 5 . (2.16)

2.3 The GM solution

Let us summarise the M-theory solutions discussed by GM [2]. In this paper we will not

be explicitly interested in the boundary conditions that D satisfies, but rather in the formal
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expressions of spacetime fields on D. As a result, most of the formulas below can be found
already (after a suitable change of signature) in [4] and [5]. The M-theory solution dual to an
N=2 SCFT is

ds?, = k52 (4d$§1d35 + yze_Gxdﬁg + dsi)

4 0y D
ds? = w(dx +)? — yT[dyZ + e (daf + dz3)]
oD
y(l - yayD) ’

1
v, = 562‘]'8]‘1)
G4 = /<LF2 A\ ng
Fy, = 2(dt+v)A d(y?’e_G;\) +2y(1 — y26_6’~\)dv — 0,ePdxy A dzy (2.17)

where D = D(y, z1, x2) satisfies the Toda equation (LTI).

The LLM and GM solutions were found by analysing the Killing Spinor Equations (KSE).
This method was originally developed for AdS; backgrounds preserving N' = 1 supersymme-
try [6]. We briefly recall some of the key features here. In 11-dimensional supergravity the

supersymmetry variation of the gravitino is

50y = (Du(@) + T2 By )€ (2.18)
where
. (- - N
Wyrs = Wyrs + 5(%%% - %%% + %%@Dr) ) (2'19)
Frupopsps = Fluipopsps — 37&[#1%2#3@%4} : (2.20)

In general, the Killing spinors 7 of a supersymmetric solution of 11-dimensional supergrav-
ity satisfy the KSE, which follow from the vanishing of the supersymmetry variation of the
gravitino

0 = 0ym = Dy + T "™ Fy onana ] s (2.21)

To write down the LLM Killing spinors, we follow the gamma-matrix conventions of [4]

[m=0,1,2,3,4 P0123.4 g T =56 — 1 @ g2 @7,
Fm=7,8,9,10 = 1 ® 1 ® /71,2,3,47
o= *®9%, =41, (2.22)

2Since we are only interested in bosonic solutions, we set all fermions on the r.h.s. to zero.



where v1234 and p%1%34 are SO(4) and SO(1,4) gamma-matrices, respectively. Above, the
AdSs directions are m = 0, 1,2, 3,4 and the S? directions are m = 5,6. In this spinor-basis,
the Killing spinors of the LLM and GM solutions were found to be [4],

N = Yags, ® M2, (2.23)

where 1445, is the AdSs Killing spinor (which has 4 complex components) and ¢ is

§=1—1Y)x+®e (2.24)

Above, 4 = iv"y®, x4 is an S? Killing spinor (which has 2 complex components) H and € is a

four-component spinor which is given by
e =72, (2.25)
WhereH ¢ is related to the coordinate y via [6]
y = e*sin(, (2.26)
and the spinor € satisfies the projections
(1—iy*)eE=0, (1—iy*)E=0. (2.27)

Notice that the Killing spinors depend on the AdSs and S? coordinates. The dependence on
the S' coordinate is obtained in [4]. The Killing spinors also depend on the coordinates vy, x;,

but only through the specific combination { = ((y, z1, x2).

As expected, the Killing spinors 1 have 8 complex (or 16 real) independent components,
since the GM backgrounds preserve 16 real supersymmetries. We will find it convenient to
define the projector I which projects a generic 32-component 11-dimensional Dirac spinor ¥

onto the 16-dimensional Killing spinor n
n=T0. (2.28)

The explicit form of II follows from equations (223)-(225)

1
8 cos(

1

(1 — po67s010) (e_igrg(l (1 + Fm)€_igr9) (1 + Do078910) (2.29)

3We refer the reader to equation (F.10) of [4] for its explicit definition.
4When comparing the above to expressions in Appendix F of [4], the reader should note the following. In [4]

the authors are interested in a Wick-rotated version of the solution we are reviewing here. As a result, they use
superscripts 0,1, 2,3 on the gamma matrices corresponding to the four directions transverse to S? and AdSs
(or more properly S° in the Wick rotated setting of [4]). In our setting these four dimensions have a Euclidean,

rather than Minkowski, signature and it is more natural to label the gamma matrices with a superscript 1,2, 3, 4.
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and one can easily check that 112 = II. In fact, spinors in 11-dimensional supergravity are
Majorana, and a bit of care must be taken when implementing this condition on the Killing
spinors 1 which are not Majorana. H Ultimately, projecting onto Majorana Killing spinors that
enter the torsion constraints reviewed above, is not done by the projector II, but rather by a
related projector II given by

II=1II+BI"B™, (2.30)

where B satisfies
(I'"y* = BI™B™*, (2.31)

with * denoting complex conjugation. One can check that II is compatible with the Majorana

condition
BIl = 1I"B* (2.32)

which explicitly is

1 ¢1789 C1789
n = 1ay — 5678910 ( ST (1. T10y,5T ) 1 5678910
4cos§( 32 ) e (13 )e ( 32 T )
1
= Zoor? (cos (1o — IO — sin (T°010)
1 _£F5610 56789 _ £F5610
= 2 ]_ — F 2 . 233
2 cos Ce ( 32 ) € ( )

It is easy to check that IT? = IT . Since II projects a general spinor ¥ onto a spinor that satisfies

the KSE, the supersymmetry variation of IIW vanishes
d-(ITyp) = 0. (2.34)

This identity will play an important role in our choice of xk gauge.

3 The BST action in a suitable r-gauge

In order to write down an explicit form of the BST action in a given supergravity background,
one first has to know the complete 6 expansion of the superfield W. One can then insert this
into the supertorsion and supercurvature constraints (2.6) and (Z7) and, in principle, work
out the supervielbein order-by-order in #. A major simplification was found to occur in the
maximally supersymmetric backgrounds AdS; x S™ and AdS; x S* [12]; it was observed that
the superfield W was supercovariant

DaW =0. (3.1)

°T am grateful to Dan Waldram for a detailed discussion of this.
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This simplifies considerably the constraints (Z.6]) and ([27), allowing for a straightforward al-
gebraic derivation of the supervielbein and affine connection [I3]. One can also show [I8] that
this derivation agrees with the superalgebra based expressions for the supervielbein and affine
connection [I7]. Recall that, to show that W is supercovariant for these backgrounds, one
need only show that its O(6) and O(#?) components are zero [I2]. The former is trivially
zero since this is a bosonic background (see equation (23))), the latter is proportional to the

supersymmetry variation of the field-strength of the gravitino (see equation (2.4]))

W|O(02)term ~ 5&(b[u¢u}) = D[uéawu] . (32)

Since these backgrounds are maximally supersymmetric the KSE is satisfied for all spinors, and

S0
00, =0, (3.3)

thus showing that the O(6?) term is zero for the maximally supersymmetric backgrounds. One
can confirm this with a straightforward explicit calculation [12] by plugging in the supergravity
solution explicitly into equation (2.4)).

From this argument we see immediately that for backgrounds that are not maximally super-
symmetric the O(6?) term has to be non-zero: if it were zero we would conclude that the KSE
would be satisfied for all spinors - but that can only be true of the maximally supersymmetric
solutions. So it appears that for non-maximally supersymmetric backgrounds extracting the
supergeometry from the torsion constraints is a daunting task. However, our goal is not so
much the supergeometry, as the BST action. As reviewed in the previous section, the BST
action has k-symmetry, and our claim is that with the right x-gauge choice one can write down
an explicit form for the action. Choosing a suitable k-gauge has also been useful in writing

down explicit string theory actions in certain backgrounds [27, 2§].

Picking a k-gauge effectively restricts the superspace coordinates 6 to a 16-dimensional
subspace. In the GM backgrounds there is a natural x-gauge choice dictated by the Killing

spinors namely we pick the 16 fermions 6, that satisfy
1o, = 0., (3.4)

where the projection IT was defined in equation ([2.33]) above. This is the so-called Killing spinor
gauge, which has appeared in other settings in the past [29] [30, 28]. Using equations (2.34)
and (B.2) one can now show that the O(6?) component of the superfield W is zero. H In other

6The background is bosonic, so the O(f) term in the expansion of W is trivially zero; see equation ([Z3).



words, in the k-gauge ([B.4]), W is supercovariant, and the supertorsion and supercurvature

constraints simplify considerably
T" = dE" — E*Q)' = —E“(I"°T") , E",
1
Ta = dEa o ZQSt(Fst)abEb — ET(Tr81S2SSS4)abW31525334Eb7

1 1
RSt = dQ” — QTt/\Qts = §Et1Et2Rt1t2m + 5Ea(FOSTSt1t2t3t4)abVthzmmEb : (35)

These conditions have the same form as the constrains for the maximally supersymmetric
backgrounds, albeit now with the fermions restricted to a sixteen-dimensional subspace by the
r-gauge ([B4). By rescaling the 6 coordinates [13]

60— to, (3.6)

for some generic c-number ¢, one can arrive at a series of first-order in ¢ differential equations

which can be solved given the ”initial conditions” [13]
E%i—p =0, E"|i—o = dX"E,"(X), Ei—o = dX"w,"*(X). (3.7)

A comprehensive derivation of the solution to this problem is given in [I3] (18] and we simply

quote the final resultEl

8
E* = Z%M”Deﬁ,

“—~ (2n+1)!
2 1
E" = dX'e, (X)+2 ZO meg(ror’w")ab(mﬁ)b :
i 1
Qe = quwHTS(X> B mez(FOSTStthtSMMn)ab(Deﬁ)bthtztsm ) (38)
n=0 ’
where
Mab — 2W81828384(FOTT818283849H)a(eﬁrorr)b
1
_E(Frten)awslsgsgszl (QHFOSrtslszs:;&;)b )
0 = =B, 9(X), (3.9)
and .
Db = (d+ q0- T+ BTy y500)6 (3.10)

7As a result of the Grassmann nature of the fermionic variables all of the sums terminate at a finite order.
The order at which they terminate is half of the maximally supersymmetric cases - since here we only have 16

real fermionic degrees of freedom.
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The above expression for the supervielbeine can then be inserted into equation (ZI2]) to give
the action for a supermembrane in a GM background in the x-gauge (34). One may compare
the action obtained in this way from the quadratic-order in fermions action [11] upon fixing of
the k-gauge ([B.4]). We have done such a comparison for the Maldacena-Nunez background and
found complete agreement up to quadratic order in fermions. Since the expressions are quite

lengthy and not very illuminating we do not include them here.

4 Conclusions

In this note we have derived an explicit, all-order in fermions, action for supermembranes in
GM spacetimes in a particular k-gauge. Membranes moving in such spacetimes are conjectured
to be dual to N/ = 2 four-dimensional gauge theories. As such, knowing the dual membrane

action is an important step in understanding these gauge/string dualities.

General solutions to the Toda equation (1) with GM boundary conditions are not known.
If one assumes the presence of a U(1) isometry amongst the x;, the Toda equation reduces to
a Laplace equation [7] and the boundary value problem can be solved in this case for the GM
boundary conditions [§]. Reducing M-theory on this circle, one obtains Type IIA string theory
backgrounds which are believed to be the string theory duals of AV = 2 four-dimensional gauge
theories. In [9] more general boundary conditions have been proposed, to encode the near-
horizon limit of NS5-brane positions. A common feature of all these Type ITA backgrounds is
the presence of regions of spacetime in which the dilaton field is large. Under the assumption of
a U(1) isometry, the BST supermembrane action has been shown to reduce to a Green-Schwarz
action on the KK-reduced spacetime [31I]. An explicit dictionary exists for re-writing the 11-
dimensional supervielbein in terms of 10-dimensional supervielbeine which can then be inserted
into the GS actions [31]; an explicit discussion of the dilaton couplings can be found in [32].
It is straightforward to apply these general formulas to our expressions (B.8) and in this way

obtain k-gauge-fixed superstring actions for the backgrounds constructed in [8], [@].

It would be interesting to investigate these superstring actions in more detail, by for example
identifying (classically) closed subsectors analogous to the ones found in [33] 34]. Another
interesting question would be to investigate the integrability of such superstring actions. For
general solutions of the Toda or Laplace equation we do not expect integrability to be present.

However, one may wonder whether certain special solutions lead to integrable string actions. In

8We remind the reader that in the x-gauge ([3.4) the super-four-form W does not receive any higher-order 6
corrections.
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view of the results [35], it would also be interesting to see under what circumstances integrable
sub-sectors exist for these string actions, for example in analogy with the ones found in [33] [34].
Given recent progress in obtaining quartic order in fermions string actions [36], it would be
interesting to apply these results to match our expressions. Finally, we note that the methods
used here to obtain supergeometries and corresponding membrane and string actions in a
suitable xk-gauge should be applicable to other backgrounds preserving 16 real supersymmetries.
So, for example, if one were able to circumvent the no-go result of [37] and find Type IIB
solutions with A/ = 2 supersymmetry and an AdS5 factor, it would then be possible to obtain
the relevant string actions using methods similar to the ones we have described here.
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A 11-dimensional gamma matrices

We will use the following conventions for the 32 x 32 gamma matrices.
0 = i ®q7, I =~ @A T2 = ~2 @7
I’ = ¥4, T'=4'09,
=50 — 1, @02 @A, =800 _ g 1234
o=@y, = (A.11)
It will be particularly useful for us to consider
N T =29 o? B =@,
7= olel, =081, (A.12)

We define the matrices B, C' and T" in the conventional way

(I'"™)* = BI"B™, (™t = 11771, (Tt = -crmct, (A.13)

12



where *, ¥, T are complex conjugation, transpose and hermitian conjugation, respectively. The

matrices defined above satisfy
.BB>i< = 132, TTt - —132, CCT - 132 . (A14)

Note in particular that the first of the above identities allows one to impose the Majorana

condition. In the explicit basis (A.12) above these matrices are
B =Tr°rere, C=1°, T = BI?, (A.15)

In our explicit basis we have
T=-il,Qe®XeRo>De. (A.16)

B Some superalgebras

We collect here some information about the commutation relations of superalgebras OSp(1, 7|4),
OSp(1,7]2) and SU(2,2[2).

B.1 The OSp(1,7|4) algebra

Recall that the OSp(1, 7|4) super-algebra relations are

[PA, PB:| — JAB ’ [PA 7 JBC:| _ T]ABPC - T]ACPB ’ (B17>
[JAB JOP] = pBOJAP &3 terms, I, I¥F] = /KT 43 terms,  (B.18)
Qs 7] = Q™ [Quar PY) = 5@ (B.19)

[Quar 1) = —3Qus()a. (B.20)
{Qasr Qi) = (0™ )uglagd ™ = 2i(tp™) e P = 2ityyir") s " (B.21)

Above, nP = diag(—1,1,1,1,1,1,1),a =1...8 is a Dirac SO(1,7) spinor index, & =
1...41is a Dirac SO(5) spinor index, A, B = 0,...,6 is a SO(1,7) vector index and I,J =
1,...,5is a SO(5) vector index. Above

1
Y =0 =), (B.22)

with an explicit basis of ¥/ given in equation (A.I2) above. The matrices p* satisfy
{p*, p"} =207, (B.23)
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and

1
7 = 50" = pp").
An explicit basis is given by
P = e o=l ®od, 2=t eat

p3 _ 73®0,37 p4=74®0'3, p5,6:14®01,2'
The matrices ¢ and # are defined via

(o) =~ () =y

The matrices tp?, tp? and t are anti-symmetric, while ¢ and ¢/ are symmetric.

explicit basis we are using ¢ and ¢ can be written as
b=~  t=ppp=iws®.
The supercharges satisfy the reality condition
(Qaa)" = ba%aBQgg,
where b and b are defined via
(PN =" () =0y
and in our basis
b=p', b=1.
In the basis we are using we have the following useful identity
B=b®b.
The reality condition (B.28)) is consistent since
b'h=—1s, bbh=—1,.
It is sometimes useful to write the I7 as
pPi=11" and 17

where 7,5 = 1,2, 3,4. Some useful identities involving the p and v matrices are

2(pa)altp™)ie — (pan) a(tp™®)i, = 8t,;08 — 8taedy |
(v alin') sy = 4500 + 4fasdd,

(B.24)

(B.25)

(B.26)

In the

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)
(B.35)

Using these identities one can, for example, check that the Jacobi identity [@, {Q, Q}] + ...

is satisfied.
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B.2 The SU(2,2|2) algebra

Recall that the SU(2,2|2) super-algebra relations are

[p;x pB| —
[jfxé’jéf): _

[QX jAB] _

ac )

0% M%) -

ao )

{Qfav Ql};/ﬁ} =

[}3,4’ jéé] _ ABpC _ pACHB.

nBéJAD + 3 terms, [Mij , Mkl] = &R M+ 3 terms,

1 i - 1 -
_§Qg¢(x(7AB)ba> |:QaXo¢ ; PAi| = §€XYQ?);(7A)ba )
1 1
_§Q§ﬁ(aw>ﬁav [nglv P} = §€XY }z/ou

1Y (F7A8) sy eag JAB — 2i6%Y (54) yeas PP

—QT;EXYtNGb(EO'ij)aﬁMU + 2i(5XYt~ab€a5P .

(B.36)

(B.37)
(B.38)

(B.39)

(B.40)

Above, B = diag(—1,1,1,1,1), a =1 ... 4 is a Dirac SO(1,4) spinor index, o = 1, 2 is
a Dirac SO(3) spinor index, A, B = 0,...,4 is a SO(1,4) vector index and i,j = 1,2,3 is a

SO(3) vector index. Above, the 4 matrices are conventional SO(1,4) gamma matrices which

we will take to be

V=i,

while ¢ is defined as

and in our basis is

In fact, £ is We also define

(32) a3 e =
(Ya5) a(t7* P )e =

—fbcdff — 2£ab5£l + 21?(1653 ,
At 6% + 4t 4,67

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)
(B.46)

where the indices A, B are lowered with the Minkowski metric 755. Using these identities, as

well as equation

one can check that the Jacobi identity [Q, {Q, Q}] +. ..

the reality condition

(015) a(tp™) 5y = 2€a50] + 260,03,

(Qaa)* - BabeaﬁQbﬁ>

15

(B.47)

is satisfied. The supercharges satisfy

(B.48)



where b is defined by
(7 = b3t (B.49)

In our basis we can take
b= -5, (B.50)

The reality condition (B.48]) is consistent since

[;*ZN) == —14 y e = —12 . (B51)

C Projecting the OSp(1,7|4) super-algebra

Let us consider a number of projectors on the spinors ) and work out what the resulting
sub-algebra of OSp(1,7|4) is.

C.1 LLM Projections
Let us decompose the OSp(1,7|4) bispinor (s4 in the LLM fashion as

Qdd = Qaa’a’om (052)

where the subscript @ = 0,...,4 is an SO(1,4) Dirac spinor index, ' = 1,2 and o/ = 1,2. The
LLM Killing spinors can be constructed by a projection operator that acts only on the ¢’ and
o indices. It also is dressed by an extra exponential factor. For simplicity we first consider

projections without such an exponential factor.

C.1.1 LLM projections without exponential dressing phase

Consider the projection

1

1
Hgé) = 2(132 + F56789) = 5(132 + 14 X 0'3 X 0'2 & 12) . (C53)

This projection is compatible with the Majorana condition, and it projects out half of the

fermionic supercharges. The remaining charges can be written as

~ x— 1 . .
ix_l = 5 (Qa,a’:l,a’:l,a + ZQa,a’:l,a’:Za + ZQa,a’:2,a’:1,a + Qa,a’:2,a’:2,a> )

~ x— 1 .
aXa_2 5 (ZQa,a’:La’:l,a - Qa,a’:l,a’:2,a + Qa,a’:2,a’:1,o¢ - ZQa,a’:2,a’:2,o¢) . (054)
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We have written things in this suggestive way, since the @ will turn out to satisfy the SU(2, 2|2)
algebra. To see this it is useful to decompose the spinors in equation (B:21]) as in equation (C.52)

{Qaa ) Qbﬁ} - (~’S/AB)ab€a’b’5a’B’€aB JAB + 2(£§A)ab5a’b’5a’ﬁ’€aﬁ JA5 + 22’(EKS/A)abgglb/(sa’B’eaBJAG
—2(5’7 )abai,b,éazgzeagPA + QEQbOg’/b/(sa/g/EaBPS + Qifabﬁ,bﬁa/g/eaﬁPﬁ
+27,tab0'a/b/(5a/g/ Eaﬁ J56 _'_ 4£ab03/b/(72/5/ 60{5145
+2£ab€a/b/6alﬁl (EOJ])QB[’U - 4£ab0-3/b/0-3/6/ (Eai)aﬁl4j + 4fab0’§/b/0’é/5/ (Eai)aBISj .
(C.55)

Above, by a slight abuse of notation, we decompose the superscripts A = (A,5,6) and [ =
(i,4,5), where A = 0,1,...,4 and i = 1,2,3. The projection Hf) acts only on the primed

subscripts, and given the above decomposition it is easy to show that

{ aa ’ Qbﬁ} = _EXY<£:YAB)ab€aﬁjAB - 2i5XY<£~A)ab€aﬁPA + QEX tab(EO' ) ﬁM]
—25 abEQQP (C56)
where
P=J%421%  Mi=[9, JAB=gAB pA=pA (C.57)

C.1.2 LLM projections with exponential dressing phase

Consider now the full LLM projector

S 567910

14y + F56789) o3

€ 1567910
I = -3 (

1

56
1 .
= 56_%14@)03@01@02 (132 +1,®00 0% ® 12) 5118000 80 (C.58)

as given in equation (2.33]). The supercharges preserved by the projection can be written as

cosh((/2) _ :
Dy a,a'=1.0'= a+l a,a’=1,0/=2,«x +1 a,a’'=2,0/= a_l' a,a’=2,0/=2,«
QW (Q , 1, 1, Q , 1, 2, Q § 2, 1, Q , 2, 2, )
smh((/?)
2\/cosh Ca
A X=2 cosh((/2) . .
—F———— (W =1,0/'=1,00 — Wa,a/=1,0/= a_'_ a,a'=2,0/=1,a — "Wa,a=2,a'=2,a
aa QM(Q, Lo=ta — Qaa=t,0=20 T Qua=20=1,0 = Qaw=20=2,)

_sinh((/2 :
2& €ap (ZQaa '=1,a/=2,8 — Qa,a’:l,a’:l,ﬁ - Qa,a’:2,a’=2,ﬁ + ZQa,a’:Za’:l,ﬁ) .

(C.59)

=
a0
Il

B (Qa a’=1,a/=2,3 + ZQa a’=1,a/=1,8 — iQa,a’:2,a’:2,B - Qa,a’:2,a’:1,ﬁ) )
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Using the decomposition (C.5E) we can show that the supercharges given in equation (C59)
satisfy equation (CE@]) with the identification

P = J®4o%sech( + 2% tanh¢, JAB=gAB ~ pA=pd
M = sech (I + tanh (1", M? = sech (I** — tanh (1%, M = 1" .(C.60)
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