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1 Introduction

The AdS/CFT correspondence is a remarkable equivalence between quantum gauge and
gravity theories. In its simplest form it posits a strong/weak duality between superstring
theories on AdSg41 X Mg_g, where Mg_4 is a (9— d)-dimensional compact space, and
d-dimensional Conformal Field Theories (CFTs) on the boundary of AdSgy; [1-3]. This
conjecture has inspired important advances in our understanding of quantum gravity and
Quantum Field Theory (QFT). An intriguing feature of the AdS/CFT duality is the emer-
gence of integrable structures in the 't Hooft, or planar, limit [4] of certain classes of dual
theories. The prototypical example is the case of type IIB strings on AdSs x S° and the
dual N' = 4 Supersymmetric Yang-Mills (SYM) theory, see [5, 6] for a review. Following
the discovery of the ABJM Chern-Simons theory [7], integrability was found also to un-
derpin the duality between this CFT and Type IIA string theory on AdS; x CP? in the
planar limit.! The key role of integrability in providing a quantitative handle on both
the AdS;/CFT, and AdS,/CFT3 dualities is rather striking. It hints very strongly that,
for certain classes of dual pairs, integrability provides the right set of tools with which to
investigate the AdS/CFT correspondence. As a result, identifying other dual pairs where
integrable methods may be applicable is an important challenge in developing a detailed
understanding of the AdS/CFT correspondence.

Another set of classes where integrability emerges are strings on AdS3 x M7 back-
grounds with 16 real supersymmetries. The AdS3;/CFT2 correspondence is a particularly
important example of gauge/string duality. Historically, gravity on AdSs gave rise to
an early example of holography [9]. The gravity theory was found to have an (infinite-
dimensional) conformal symmetry on the boundary whose central charge could be calcu-
lated. Further, black hole solutions could be constructed in the gravitational theory [10, 11]
and their entropy was understood using holography [12]. Moreover, the D1-D5 brane sys-
tem, whose near-horizon limit gives rise to the AdS3/CFTy correspondence, has played
a central role in the string theory derivation of the black-hole entropy formula [13]. At
low energy, such a brane construction gives rise to a 1 + 1 dimensional supersymmetric
Yang-Mills theory with matter multiples in the fundamental and adjoint representations,
adding new features with respect to N'=4 SYM and ABJM theories.

In the context of string theory, it is natural to first consider AdSs backgrounds with
maximal supersymmetry. Such backgrounds have 16 real supersymmetries and come in
two distinct types. String theory on AdSz x S* x T* gives rise to the small N' = (4,4)
superconformal algebra [1, 14],? while string theory on AdSs x S x S3 x S! leads to the large
N = (4,4) superconformal algebra [15]. Both types of backgrounds can be supported by a
mixture of Ramond-Ramond (R-R) and Neveu-Schwarz-Neveu-Schwarz (NS-NS) fluxes. In
the case of pure NS-NS flux, much progress was made by studying the worldsheet theory
with two-dimensional CFT techniques [16-22]. These results can be mapped onto the

!See [8] for a review and a more complete list of references.
2String theory on AdSs x S* x K3 also leads to a small N = (4, 4) superconformal algebra. From the point
of view adopted in this paper this background can be viewed as a blow-up of an orbifold of AdSs x S? x T*.



D1-D5 system via S duality,® which however acts in a non-perturbative and non-planar
way. It is then natural to ask if backgrounds involving R-R fluxes can be studied more
directly [23]. In particular, developing a quantitative understanding of the pure R-R string
theory is essential in understanding generic unprotected properties of the D1-D5 system,
and a starting point to tackling more general AdSs/CFTy dualities.

With this motivation in mind, it was realised that the equations of motion of type
IT string theory on the pure R-R background are integrable [24]* and that this extends
to mixed fluxes as well [26]. This prompted an extensive investigation of the quantum
integrability properties of these backgrounds [24, 25, 27-48], mainly by means of the S-
matrix approach that proved successful in the case of AdS5/CFTy, see also [49] for a review.

A new feature of the AdSs backgrounds is the presence of massless fundamental
excitations on the worldsheet. Because massless modes are notoriously difficult to in-
corporate into integrability constructions [50-52], this presented an early challenge to
fully understanding the AdS3/CFTs correspondence using integrable methods. On the
other hand, massive S-matrices and Bethe ansatz equations of AdSz x S* x T* [34, 35]
and AdSz x S3 x S3 x S! [32, 33] are relatively well-understood in the pure R-R case;” the
giant magnon associated to the massive modes was also understood some time ago [56, 57].
In [31] massless modes were incorporated in the weakly-coupled spin-chain picture. On the
string side, only very recently it has been shown how massless modes can be included in
the classical integrability machinery [58]. Both of these results demonstrate that the real
intricacies involved in understanding massless modes occur away from the weakly-coupled
string and spin-chain regimes.

The aim of this paper is to present in detail how massless excitations can be included
in the non-perturbative integrability picture, and how the non-perturbative asymptotic
worldsheet S matrix for all fundamental particles can be found in the case of pure R-R
AdS3 x S% x T background. These results were first presented in [59].

Our analysis starts from the determination of the off-shell symmetry algebra A of the
theory. Before light-cone gauge fixing, the symmetries of AdSz x S? x T* are given by
the AdSz x S? superisometries® psu(1,1]2);, @ psu(1,1|2)x together with the T* isometries.
Fixing light-cone gauge breaks some of these symmetries, and in particular halves the
supersymmetries. We are interested in the symmetry generators that are linearly realised
after gauge fixing, as the S matrix will have to commute with them. Such generators will
sit in A, together with some additional central charges which are expected from the case
of AdS5xS° [60-62]. We will determine the form of these and find, as it should be, that they
have a non-trivial action only on states that do not satisfy the level-matching constraint (i.e.

3In fact, S duality acts on mixed-flux background by swapping R-R with NS-NS fluxes.

“Integrable structures were also recently found from studying the Gubser-Klebanov-Polyakov “spinning
string” [25].

®The S matrix for mixed R-R and NS-NS fluxes has also been studied [42, 43], but remains somewhat
more puzzling, see [44]. Other integrable aspects of the mixed flux backgrounds have been investigated
in [53-55].

SThe two copies of psu(1,1|2) carry labels “L” (left) and “R” (right) corresponding to chiralities in the
dual CFTs.



off shell). Once the off-shell algebra of the theory is determined we will use it to constrain
the non-perturbative 2 — 2 S matrix, which will then satisfy the Yang-Baxter equation.

Unlike what happened in AdS5/CFT4 [60-62], we cannot use the coset action [24, 63—
65] for our calculations. The coset action requires the use of a particular kappa gauge [24],
which does not allow for a straightforward quantization of the massless modes; see [28] for
a discussion of the coset kappa gauge. We will therefore work with the Green-Schwarz ac-
tion [66], in light-cone gauge. Furthermore, we take the decompactification limit, whereby
the world-sheet cylinder becomes a plane and the asymptotic states can be defined. It is
interesting to note that our results give an example of integrability where the fermionic
degrees of freedom do not enter the dynamics through a coset action; similar observa-
tions have recently been made in integrable AdS backgrounds which preserve even less
supersymmetry [67].

In this way, we are able to establish the off-shell symmetry algebra, including the
non-linear momentum-dependent central extension reminiscent of [61]. As expected, the
light-cone-gauge worldsheet theory is non-relativistic. Massive and massless excitations
will then have periodic dispersion relations, with the energy of the latter being linear in
the momentum for small values of it. Using these results, the two-body S matrix will follow
immediately by symmetry arguments, and is fixed up to some dressing factors, for which
crossing equations can be written down. As expected, the massive-sector S matrix of [34],
including the crossing-invariant dressing factors of [35] can be consistently embedded in
the full S matrix of the present paper.

This paper is structured as follows. In section 2 we consider the type IIB superstring
action for AdSs x S? x T in light-cone gauge, and derive its conserved supercurrents. This
is done at leading order in the fermions and at subleading order in the bosons. In section 3
we study the symmetry algebra A and the representations that emerge from the super-
current analysis. We find three short irreducible representations of the centrally extended
psu(1]1)*@so(4) algebra:” two massive representations of dimension four, and one massless
one of dimension eight. In section 4 we deform the representations found perturbatively in
order to reproduce the correct non-linear central extension and shortening condition. We
also comment on the possibility of quantum corrections to the massless dispersion relation,
arguing that they would break part of A. Using those exact representations, in section 5 we
construct an invariant S matrix for all of the superstring’s excitations, including the mass-
less ones, up to some dressing factors which we constrain by crossing symmetry. We con-
clude in section 6. We relegate the more technical aspects of our results to the appendices.

2 The off-shell symmetry algebra of superstrings on AdSs x S*® x T*

In this section we compute the algebra A of off-shell symmetries for classical Type IIB
superstring theory on AdSs x S3 x T#. At first sight it may appear that the natural setting
for this would be the coset action [24, 63—65], since one can use the algebraic structure of

"The symbol @ here and later indicates the direct sum of vector spaces, and not necessarily of (su-
per)algebras. To avoid introducing non-standard notation we will always explicitly detail the non-vanishing
(anti-)commutation relations of the (super)algebras considered.



the coset to facilitate the computations. The coset action is obtained from a Green-Schwarz
action [66] by fully fixing the kappa symmetry to the so-called coset gauge. While it is use-
ful in the study of the classical integrability of this theory, the coset gauge leads to a kinetic
term for the massless fermions which contains no quadratic piece. As a result, computing
A using Poisson brackets is not straightforward in the coset gauge. Instead, we will per-
form the calculations using the Green-Schwarz action in the BMN light-cone kappa gauge.
Explicit expressions up to quartic order in fermions have been recently found [68], but we
will only work up to quadratic order in fermions and so will use the component action [69].

This section is divided into four parts. In section 2.1 we find the Killing spinors of the
background in the metric (2.1). In section 2.2 we write down explicitly the action for Type
IIB superstrings on AdSz x S® x T4, both before and after imposing the kappa gauge along
the BMN light-cone coordinates. In section 2.3 we write down the super-currents for the
A charges and in section 2.4 we compute the off-shell algebra A of the classical theory. In
appendix A we establish our conventions.

2.1 Killing spinors for type IIB supergravity on AdS3 x S3 x T4

In this sub-section we construct the Killing spinors for type IIB supergravity on AdSs X
S? x T*. Expressions for these are well-known in the literature [70, 71]. We adapt these
well-known calculations to the metric

ds® = ds}gs, + dsgs + dX;dX;, (2.1)
where
_ Yityi 1 2
ds?s = +| — 2~ | do?* + | —— | (dy2 + dy? 2.2
Sgs =+ T ygzyz »”+ - ygzyz (dy3 + dyy) (2.2)
and ey 1 )
+
2 _ 1 2 2 2
dSAdS3 - (1 B 2%1‘275 ) dt + (1 B Z%jl‘iz% ) (dz1 + dZZ) y (23)

since this metric is well suited for expansion around the BMN ground state.
The ten-dimensional Killing spinor equations of Type IIB supergravity on AdS3 x S3 x
T* with R-R flux are
1 1
Dyt + ﬂFEmel =0, Dye? — ﬂFEmaz =0, (2.4)

where the covariant derivative is given by

Dyl = (am + jl<pm> el (2.5)
and the R-R field strength by
P =TABCE, o = 6(I012 4 1345), (2.6)
As is shown in more detail in appendix C, these equations are solved by

el = Ms[l), , g2 = Me%, (2.7)



where 56 are constant 9+1 dimensional Majorana-Weyl spinors,® which further satisfy

1 1

5(1 4 7012345y T — 5(1 + F012345)56 =0. (2.8)
The matrices M and M depend on the AdS3 x S® coordinates and for later convenience
we seperate out the dependence on t and ¢ from the other coordinates by writing

M = MoM;, M = My'M;?, (2.9)
where
1 1 1,
My = 1— —z T2 ) (1 — g T3 ),
\/1 423y (1 4 v 2" 27
( ! )( + 77 )
| . . (2.10)
Myt = 14 -0 ) (14 ST ),
\/ I 2™ 2%
(1—=2) (1 +254)
and
M, = efé(tF12+¢>F34)7 M7= e T3(tT2 4o T34 (2.11)

2.2 Type IIB superstring action on AdS; x S% x T*

In this sub-section we write down the action for Type IIB superstring action on AdSs x S x
T%. In section 2.2.1 we begin by introducing a set of bosonic vielbeins, particularly adapted
to the analysis in the remainder of this section, and expressing the bosonic equations of
motion in terms of these. In section 2.2.2 we write down the action to quadratic order in
fermions. By picking suitably defined fermionic fields, our action realises the 16 unbroken
supersymmetries of the background via linear shifts of the massive fermionic fields. In
section 2.2.3 we write down the BMN light-cone kappa gauge-fixed action to quadratic
order in fermions. Just as was done in [72], we find it useful to redefine the fermions further
so that they are neutral under the u(1) charges associated with ¢ and ¢ translations. The
action is then re-expressed in first-order formalism and fully gauge-fixed in the uniform
light-cone gauge in section 2.2.4.

2.2.1 A suitable vielbein and bosonic equations of motion

The Lagrangian for the bosonic sigma model is given by

Ly = —%’YQBEaAEBBUABa (2.12)
where E,4 = E,,40,X™ denotes the pullback of the vielbein. Lp is invariant under
SO(1,9) rotations in tangent space. As a result, all vielbeins that describe the same metric
will lead to the same bosonic equations of motion, up to field redefinitions. Nevertheless,
picking a suitable vielbein may reduce substantially the computational complexity of the
analysis. Since we will be working with the metric (2.1), one seemingly natural choice is to

80ur spinor and gamma matrix conventions are given in appendix B.



pick diagonal vielbeins E,,4 given in equations (C.1) and (C.13). It turns out that, for the
purpose of understanding the realisation of supersymmetry in the Green-Schwarz action, it
is instead more conventient to use vielbeins KmA and KmA, which are related to the E,,*
by orthogonal transformations

Knt = MA3E, B, K,4=M"BE,". (2.13)

The matrices M and M are defined in equations (C.26), (C.17) and (C.5). They follow
from considering bilinears formed out of the Killing spinors €/, (cf. equation (C.25)). As a
result, as shown in equations (C.11) and (C.20), K,,” and K,,” satisfy the Killing vector
equation (C.10) and generate the s0(2,2) @ s0(4) = sl(2) @ sl(2) & su(2) & su(2) isometry
algebra of AdS3 x S3.

The bosonic equations of motion that follow from Lp are

1
= NaB [aa(yaﬁEmAEnBﬁﬁX”) - 27a58m(EnAEkB)8aX”85Xk}

1 2.14
= 5P [—2 (wrapBEn™ + wnapELY) By + nABEmAanEkB] Do X" 05 X" (2.14)

+ 04 En EyP00(v*P05X™),

where in the second line we have used the fact that E,,4 is covariantly constant. For a
generic vielbein the first term above is nonvanishing. However, the vielbeins K, and K,
satisfy the Killing vector equation which makes it vanish, see (C.9). Hence the equations
of motion written in terms of the worldsheet pullbacks KQA and K,4 are simply

du (VP K5ty =0, (VP K5 =0. (2.15)

This form of the equations of motion is not only particularly simple, but will prove to be
very useful in analysing the supersymmetries of string theory on this background.

2.2.2 Green-Schwarz action before kappa gauge fixing

In this sub-section we write down the Green-Schwarz action for a superstring propagating in
AdS3 x S? x T* up to quadratic order in fermions and construct supercharges preserving the
non-gauge-fixed action. The Green-Schwarz action for Type IIB superstrings in a generic
supergravity background was constructed in terms of superfields in [66], and explicit expres-
sions in terms of fields are known to quadratic [69] and quartic order [68] in the fermions.
We will perform a field redefinition of the conventional fermions [69] so that the 16 real
supersymmetries of this background are realised as linear shifts of the massive fermions.”

The Green-Schwarz Lagrangian can be written as

L=Lgp+ Lin + Lwz. (2.16)

°In a background described by a super-coset conventional fermions [69] correspond to picking the super-
coset element g = gy, og9ferm — €€ for example appendix B in [24]. The field redefinition we perform would
amount to picking a super-coset element of the form g = gformghos- Such changes of variable were discussed
in the context of the maximally supersymmetric type IIB plane-wave background in [73].



The bosonic Lagrangian Lp was discussed in the previous sub-section. We have split the
fermionic Lagrangian into two terms: a term dependent on the worldsheet metric, Ly;,, and
the Wess-Zumino term Lwz. In the background we are considering, the former term is [69]
. Bz 1
Lin = —iy*0,F,, (5UDﬁ + 240§JFE,8>9J, (2.17)
where 0; = G}FO and we have redefined the fermions compared to Cveti¢, Lii, Pope and
Stelle [69]

01+ 0 0, — 0
01 cLps = 1\/5 2 02 cLps = 1\/5 2, (2.18)
so that they enter diagonally in Lyi,.
Next we define new fermions 19?E which are related to 67 by
1 - 1 .
91 _ 5(1 + F012345)M191F + 5(1 o F012345)M19I’
1 1 (2.19)
92 — 5(1 + F012345)M19;— + 5(1 o F012345)M192_,

where the matrices M and M were given in (2.9). Inserting this into the Lagrangian and

using the relations in appendix C we find

Lign = —i7*? |07 K o007 + 20§ Ba007 + 0F K 0597
(2.20)
1 q ora o 6, b
- §U§J19}LF01219j(KaK[b377ab + EaEgnab)

The definitions of the vielbeins appearing above are given in equations (2.13) and (C.27).
The Lagrangian Lg + Ly, is invariant under the supersymmetry transformations

807 =er, 897 =0, 6K, =—igl?0,07, 0E,=0, (2.21)

where in the above equation the index A =0,...,5. By imposing the Majorana condition

on the fermions this gives us the expected 16 real supersymmetries of the background.

We now consider the Wess-Zumino term?

Dz =+ (02 (Da+ 5 FES )+ 0B (Do - 3. FE J0) (222

After introducing the rotated fermions we find
Lz = +ie*? <192—M1M17(aam9; + 205 M M E 9597 + 03 M~ MK 0597
+ T MM K 0595 + 207 MM E L0505 + 07 M~ MK 40505
- %ﬁ;M—lM(ﬁ(&m + By Bp)TO29f (229)

N
+ 5191“M’1M(Kai(5 + Eaﬁﬁ)rmﬁ;).

10We set €77 = +1.



This term is also invariant to quadratic order in the fermions under the supersymmetry
transformations (2.21). To see this we can use the identity

P00 (M~ MK 5)(1 — 10124 = o (2.24)

to show that
P95 M MK 40507 = P97 M MK 40505 (2.25)

up to a total derivative. In appendix D we prove (2.24). Together with an obvious extension
of the above argument to expressions involving K instead of K, the Lagrangian Lywyz can
therefore be written in a form where ¥, only appears with a partial derivative acting on
it, making the symmetry under shifts of that fermion manifest.

2.2.3 Neutral fermions and the kappa gauge-fixed action

In this sub-section we impose the BMN light-cone kappa gauge on the Lagrangian obtained
in the previous sub-section. In addition, we will further redefine the fermions. Recall
that the tangent space rotations (2.19) introduced in the previous section were useful
for obtaining the supersymmetry transformations before fixing kappa gauge. However,
KA and K,,”, and therefore also the fermions U7 7, transform nontrivially under shifts
of the coordinates ¢ and ¢. When imposing uniform light-cone gauge it is useful to work
with fermions that are uncharged under these shifts [72], which motivates the further re-
definition of the fermions.!!

To perform this field redefinition, recall that the rotation matrices M and M can be
written in terms of the matrices My and M; (see equation (2.9)), where M) is independent
of t and ¢ while M; only depends on those two coordinates. In order to have fermions that
are uncharged under shifts of ¢t and ¢ one needs to multiply the fermions 19{5 by Mt_1 and
the fermions 1935 with M;. In other words, we define

1 1
0= =(1+ F012345)M0X1 +-(1- F012345)M0771

2 2 (2.26)
92 — 2(1 + F012345)M0 X + 2( _ F012345)M(;1772-

We also need to perform the corresponding rotation on the vielbeins defining new vielbeins
F and E,

K=M71'EM, K=MFEM™" (2.27)
The components of the inverse vielbeins can easily be read off from equations (C.7)

and (C.19) by dropping the first ¢- and ¢-dependent factor.
It is useful to introduce light-cone coordinates

B — %(EE’ +EY,  at— %(qﬁj:t). (2.28)

This leads to
- L5 0 - + L5 0
Ef =E_ = §(E¢ +E)), E,=E = §(E¢ - E)). (2.29)

11 a super-coset background this redefinition amounts to picking a coset representative of the form

9 = gt,69fermIbos’» Where gp o involves the (eight) bosonic coordinates transverse to ¢ and ¢.



The light-cone components of the tangent space metric are given by
+— —+ 1
=TT =g e =0 = 2 (2.30)
The bosonic Lagrangian then takes the form
1 o o
Lp= —§7a5 (4ESfE; + ELE; + ELES). (2.31)
We will work in the BMN light-cone kappa gauge
1
'ty =0, 'ty =0, I+ = 5(r5 +£1Y). (2.32)

The kappa gauge-fixed Lagrangian then takes the form

Lyin = —2i7*? (mEiTaﬁm — 77111012771}-:ijaﬁﬂfr + T EXT ™ 0gma + el 2o B O™

WE

E2ESnap + ELE) — 4137;0/333—)

. 1
+x1Ef T 05x1 — 4X1F012X1<
0

A

i

S 1 e o B

+32EI T 95x0 + 4X2r012x2< E2ESnap + ELE} — 4B 0pa >)
A,B=0

(2.33)

Lwyg = +ie®P <ﬁ2EaM365n1 + ﬁzEaM3F12n1853:+
—1—771133,1]\40_285772 — ﬁll*eaM()_QF12n285:r+
+X2EQM385X1 — XQEQM5P12X185{II7 — %)ZQ(EQEB + EQEQ)M(?FOHM
31 Ba My 2052 + X1 Fo My 2T 2\ 00520~ + %X1<EQE5 + B Eg) My T2,
+2x2 B0 M20gm + 2X2 B0 M3T 210527

+2x1 B0 My 295ms — 2X1EQM02F1277285:C+). (2.34)

2.2.4 First-order action and uniform light-cone gauge

To fix the bosonic gauge we will impose uniform light-cone gauge [74]. The simplest way
to introduce this gauge is to rewrite the action in a first-order formalism by introducing

coordinates M 55
= —. 2.35
PM = 537 (2.35)
From the definition of the light-cone coordinates 2+ we then have
P+ =Ds+pi,  P- =D~ Pt (2.36)
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The isometries generated by shifts in ¢ and ¢ lead to the conservation of the energy E and
angular momentum J

+r +r
E= / do py, J = +/ do pg, (2.37)
—-r -r
where —r < o < r denotes the range of o. For the light-cone momenta we then find
+r +r
P+:/ dopy =J —F, P_:/ dop_=J+E. (2.38)
—r —r

The uniform light-cone gauge fixing is now obtained by setting!?
=7,  p_.=2 (2.39)

To make the origin of various expressions more clear we generally still write out factors of
p_, unless this clutters our formulae excessively. In any case, the correct factors of p_ can
be restored from dimensional considerations.

To see how this gauge works let us consider the bosonic first-order action, which takes

the form
+r . ) 701 1
SB = /_T do dr <p+a'c+ —|—p_a'c_ +p1'.fl +pi.i'l + WCI + 270002>, (240)
where
Cy =pya™ +pa” + pia*+ pit’ (2.41)
and

Cy =G pipy +2GT pip_ + G p_p_ + Gpip; + Gpp; (2.42)

+ G dTaT +2G 22T + G2 4 Gyl + Gyt '
The equations of motion for the worldsheet metric leads to the Virasoro constraints C; = 0
and Cy = 0. Since 27 = 0 we can solve the first constraint by

/I — 1 /1 /9
T = —p—(péxi—i—pixz) . (2.43)

Inserting this into the expression for C'y we can solve the second constraint for p,. The

gauge-fixed action can then be written as'3
Sp = / do (piii + pixt — HB), (2.44)
-Tr
with

12The integrals in (2.37) and (2.38) that yields our charges are normalised as in (2.4) of [5], but our
definition of the light-cone momentum p_ is different and later we impose p— = 2 rather than p_ = 1.
Here we only consider string states with zero winding number. For more general states the gauge fixing
condition becomes zt = 7 + %%ma, where m is the integer winding number along the angle ¢.

13We have omitted the total derivative term p_a~.
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For the transverse fields we impose periodic boundary conditions'* zi(+r) = 2¢(—r) and
2’ (+r) = 2*(—r). Since we further assume there is no winding along the angle ¢, we find
that a physical state should satisfy the level matching condition

+r

Ax” =x (+r)—x (-r) = / dox™ =0. (2.46)
-Tr

The gauge-fixed action is invariant under worldsheet translations, which leads to the con-

servation of the worldsheet momentum

Pws = — / do (piz* + piz') = p_ Az (2.47)
T

From the level matching constraint we then find that a physical string in the zero winding

sector has to have vanishing total worldsheet momentum

Pws = 0. (2.48)

In order to study the worldsheet S matrix we need to be able to create well-defined
asymptotic states to scatter. To do this we will from now on work in the decompactification
limit by sending the parameter r, which gives the circumference of the worldsheet cylinder,
to infinity. Note that after gauge fixing, the light-cone momentum P_ is given by

+r

P_ = / dop_ =A4r. (2.49)
T

Hence, in the large-r limit the light-cone momentum becomes infinite.

By imposing periodic boundary conditions on the T coordinates z* we are ignoring
winding modes on the torus. This is justified since we study local properties of the field
theory on the worldsheet and work in the decompactification limit. If we begin with a
string state in the zero winding sector and act on the state with a symmetry generator
that acts locally, there is no way to obtain a state with non-zero winding. Similarly, the
scattering of two excitations without any winding will not result in non-trivial winding of
the out-going states. In the zero-winding sector the u(1)? shift isometries of the T* are
supplemented by an so(4) symmetry, which we will discuss in the next subsection and will
play an important role in A when we will use it to constrain the S matrix.

It is furthermore possible to check that, as long as we are in the decompactified theory
with P_ = oo, the light-cone Hamiltonian takes the same form in any sector with finite
winding on T, This indicates that the S matrix that we will find by this treatment should
be valid in any winding sector, and should not depend on the moduli of T#. The depen-
dence of the spectrum on winding numbers and torus moduli should then manifest itself
only at the level of the Bethe-Yang equations, as it happens in the case of orbifolds, see
e.g. [75, 76] for a review.

M Here we also ignore possible winding modes along the T* directions. See below for a further discussion
of these modes.
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2.2.5 Gauge-fixed action with so0(4); @ so(4)2 bispinor fermions

The fermions appearing in the action (2.33), (2.34) are 32-component 9+1-dimensional
spinors. However, these spinors satisfy a number of projections: the 9+41-dimensional
Weyl projection, the kappa gauge condition (2.32) as well as equation (2.26). Because of
these, writing the fermions as 32 component spinors is rather redundant. In this sub-section
we will write down the fully gauge-fixed action in terms of non-redundant physical spinors.

As aresult of the above projections, the physical spinors n; and y are in fact bispinors
of s0(4)1 @ s0(4)2 C s0(8), with s0(8) corresponding to rotations transverse to light-cone
directions. The algebras s0(4); and so(4)a correspond to rotations along the non-light-cone
AdS3 x S? and T*, directions, respectively.!> While the latter algebra remains unbroken
by the background, so(4); is in fact broken to s0(2) @ s0(2), as can be already seen in the
plane-wave limit [77, 78]. We will see this breaking in the Lagrangian we write down in this
subsection. Nevertheless, it is still convenient to express the fermionic fields that enter the
Lagrangian as bispinors of s0(4); @ s0(4)2. We will use the indices a, a (respectively, a, a)
to denote the positive and negative chirality so(4); (s0(4)2) spinors. Further, we introduce
gamma matrices, 4¢ with i = 1,2,3,4 and 7, i = 6,7,8,9 for s0(4); and s0(4)2 . We write

these matrices as'®

(’Ayg)%@ _ ((;Yio)ab ('YZO)‘ZB> ’ (%i)adbl} _ ((7:@'0)% (TZ))“B) ’ (2.50)

with the Clebsch-Gordan coefficients for the decomposition of two so(4) Weyl spinors of
opposite chirality given by

’71 = +03, ’72 = —u1, ’73 = t+o3, ’74 = t+o1, ’72 = +(7l>T7

) . 2.51
7% = 40y, 71 = 409, 8 = 403, 79 = 441, Fl= (). (251)

The notation introduced above is purposefully reminiscent of the light-cone gauge in flat
space [79] but our exact conventions are slightly different to, for example, those in [80].
The matrices 4% and 7 satisfy the Clifford algebra relations

{3442} = +204, (39" = +t34 7, (252
{#,#7} = —26, (7)) = —st's71, '
where t = s = 03 ® 09. We also introduce
ij\a 1 ix] Jxi\a ij\a 1 i~] jziNa
()% = 5 ("5 = 239", (79)% = S (77 = T7)%, 2.53)
2.53
e 1 . 1
(7)% = 5 (37 = 399%)%, (7)) = S (F'r? =77,

5In the next section we will write the T* part of this algebra as so(4)2 = su(2)e ® s5u(2)o.

16The matrices 4% introduced here should not be confused with the three dimensional gamma matrices
for AdS3 and S? used to express the Killing spinors in section 2.1 and in appendix B to construct the ten
dimensional gamma matrices. Since the two types of matrices never appear in the same setting we hope
that the meaning of v is clear from the context it appears in.
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so that the Lorentz generators take the form

i I)/Q 0 Lii Tij 0

Some useful relations involving these gamma matrices are collected in appendix E.

In order to obtain compact expressions for the gauge-fixed action we find it necessary to
perform a change of basis on the gamma matrices presented in appendix B. These matrices
are written as tensor products of five 2 x 2 matrices. Our change of basis takes the form

mi ®@ma @ m3 & my @ms — n1 Qng @ng @ ng @ ns (2.55)
with
ny =mi, no ® ng :P(m3®m4)P*1, ng Q@ ny = mo Q@ ms, (2.56)
and
0100
0010
P = . (2.57)
0001
1000

With this change of basis, s0(4); and s0(4)2 act non-trivially only on ng ® ng and ny ® ns,
respectively, while the 9+1-dimensional Weyl projection acts only on ny. The kappa gauge-
fixed spinors satisfy

F1234 F6789 F1234

X1 = +XI, X1 = +XI, nr=-nr, %9 = —nr. (2.58)

Since the action of T''?3% and T'678 reduces to 4'2* and 7™ when acting on 77 and x;
we see that x; and n; carry indices

(02, (. (2.59)

Having introduced this notation we can now re-write Ly, in equation (2.33) as'’

Liin = —2iv*? | ETi0sm + Ef20sm2 + EXx105x1 + EX X205z

1 - A B i i Pt —\_- 34 (260)
- 1 Z a Eﬂ NAB + EaEﬂ —4E7 8B;U X177~ X1

+ = < Z E{;‘EgnAB + E&Eﬁ — 4E§85x_>922734>(2] .
A,B=0

"Tn appendix F we summarise the relations between the I'* and the 4% and #° that are useful in obtaining
the following expressions.
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Above, we have suppressed the spinor indices for compactness and defined

77] = (77[> 6ba,eba XI - (XI) ebaeba (261)

Re-writing Ly in equation (2.34) in terms of s0(4); and s0(4)2 bispinors one arrives at a
longer expression which we have relegated to appendix G.

The above Lagrangian still depends on the worldsheet metric. As discussed above, one
way to complete the light-cone gauge fixing is to go to first-order formalism and solve the
Virasoro constraints. Alternatively we can impose the condition p_ = 2 by solving for the
worldsheet metric. Doing this we find that to the relevant order the metric is diagonal

with components

1 1 2 2
1 =14 5 =) + (P H)E + 4P+ - (- ),

n ; (2.62)
Y =414 (7 =) + (P )+ P P+ (2 - w)?),

The derivatives of the nondynamic field £~ can then be found from the Virasoro constraints.

2.3 Supercurrents

In section 2.2.2 we wrote down an action which realised linearly all 16 supersymmetries
of our background. However, half of the supervariations (2.21) are incompatible with the
BMN light-cone kappa gauge choice (2.32). This is a well known aspect of the light-cone
gauge formalism [81] — it implies that such supervariations have to be combined with a
compensating kappa transformation in order to preserve the gauge choice (2.32). The eight
supercharges that commute with the Hamiltonian and form the fermionic part of A are
associated with variations of precisely of this form.

Since kappa gauge transformations are known explicitly [66], it is in principal possible
to find expression for such compensating kappa gauge transformations. The procedure is
however computationally involved. To simplify matters, we will write down the supercur-
rents corresponding to the A supercharges to first order in fermions and third order in the
transverse bosons. When computing the algebra A later in this section we will only need
these expressions.

For notational convenience, we split the full supercurrent into parts involving only

massless fields, only massive fields and a part involving a mix of massive and massless fields,

an = j?,massless + j}l,massive + j?,mixed? I= 17 2. (263)

The supercurrents are given by

T 4z i34~ 14,34 ~1
J1,massless — € 7 (IL‘ YT X1 Xy T X2)
wl . (2.64)

T —x~ 1,34 ~1 11, 34 ~1
J2,massless — € 7 (x YT X2 T T Xl)
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. — .34 1
Tmixea =€ < — (22 =y (@ x + T ) + 2yl F y,

2
| ; , 1, . /
g B2t =gy e + 4 (37 + )2 -y )
) (2.65)
. e A34
Jomixed =€ ° 7 ( 5(2 — ) (@ F e + 2P X)) + 2yl a3y
1., 1 .
— g d (24— y )y iyt — Z(x +22) (2 — ot )73472772)
. — 34 . ’ . .
M omassive = €777 (( L gBytm + (224 yh) 3yt — (£ yl)vlnz), 0
=34 i ¥ . . . . ’q ’i . °
Fmassive = €7 (3= gyt — (214 gt — (2= vt ).
.o —~34 ()
J1,massless = +I 7 <$173472X - 951’7347'5(2)
Yo —x= 34 1i 34~ 7.34~1 (267)
J2 massless — —€ 7 (J:‘ YT X2 — T VT Xl)
. —.34 1
]imixed =—e 7 <+ 5(22 - yz)(xl’YMTZXl 3327347'ZX2) + 2* y 901734’7”7' X2
1 P .
+ 5 (2t = gy + 4(932 +27) (2 — yl)v‘”"‘vﬁ??z),
| (2.68)
. _—A34
9 mixed = —€ 7 <+ 5(22 — ) (@ P F e — 2T + 2lylaty My F
1 (o 34, 1 i
54 (= — )yt — 4(36 + %) (25 — Y1)y i
' o P o A
Fmassive = —€7 7 (2= gy = (= gt — (2 + v ™),
.o —x— 34 G iy i iN_ 34 i (2.69)
J2 massive = 7 ( Dvine — (25— g5y m + (25 + yh)y ’rm)-

Above, for the massive part of the supercurrents we have only written down the lowest-
order-in-bosons expression since it will be all we need later on. For compactness we have
also suppressed all spinor indices; re-instating these we have, for example,

YHF 1 = (PN % (F) ()P (2.70)

Using the equations of motion, which are presented in appendix H, we have checked that
the currents satisfy the equation

0rj1 + 0547 =0, (2.711)
and hence are conserved.

2.4 The A algebra

In this sub-section we will compute the algebra A. Our computation will be done in a field
expansion discussed below. In particular, we will work to leading order in fermions and
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sub-leading order in bosons. This is the same order to which the corresponding algebra
was computed for Type IIB strings on AdSs x S° [61]. Before describing the details of the
computations, let us pause briefly to make two general observations.

Firstly, on-shell A reduces to psu(1|1)* extended by the Hamiltonian and a central
angular momentum and by the torus isometries. This is simply the part of superisometries
of the classical string theory on AdSs x S* x T* that commutes with the Hamiltonian,
and amounts to psu(1|1)* @ u(1)? @ so(4). The important consistency check then is to see
that when going off-shell, by relaxing the level-matching condition, the algebra becomes
centrally extended in just the right way. In other words, the Poisson bracket between two
different supercharges should result in an expression of the form

QU™ (@)} = —ice®, (2.72)

where the matrix on the right-hand side can be decomposed into the two central charges
extending the symmetry algebra.

Secondly, we note that the massive (y;, z; and n7) and the massless fields (x; and xr)
each form a consistent closed sector of the equations of motion of the theory. In the classical
theory the massive sector is isomorphic to a closed sub-sector of the Type IIB string on
AdS5xS°.18 As aresult, the off-shell computation of A in the massive sub-sector is identical
to the computation performed in [61] and so we will not repeat it here. Instead, we will
perform two types of computations that are new to Type IIB strings on AdSz x S3 x T4,
In section 2.4.1 we restrict to the massless sector of the theory and compute the off-shell
algebra A; as anticipated in the previous paragraph, we explicitly see that on-shell the
algebra does indeed reduce to psu(1]/1)* @ u(1)2. In section 2.4.3, we compute, off-shell, in
the full massive and massless theory the relation (2.72).

We only determine the part of the central charges that depend on the bosonic fields.
Since the central charges have to vanish for zero total worldsheet momentum this is enough
to reconstruct the full charges. As we will see, the momentum dependence of the central
charges comes in through the nonlocal and nondynamic field z~. To capture this depen-
dence we employ a “hybrid” expansion similar to what was used in AdSs x S® in [61]. This
means that we expand the action in the transverse fields to quadratic order in fermions
and quartic order in the transverse bosons, but keep any explicit factors of z~ unexpanded.
This allows us to capture the full momentum dependence of the central charges. It is worth
noting at this point that central extensions of the on-shell algebra of this kind had been
studied for the plane-wave limit of AdS3 x S x T* in [77].

The fermions in the Lagrangian (2.60) and (G.6) do not have a canonical kinetic term
and so will not have a conventional Poisson bracket. It is possible to further redefine the
fermionic fields order by order in the field expansion to correct this. However, for our
purpose it will be simpler to work with the non-canonical Poisson bracket for the fermions
that follows from the Lagrangian (2.60) and (G.6). The Poisson bracket of the fermions n;
and 7 is presented below.

8This is a consequence of the fact that the kappa gauge-fixed massive sector of Type IIB strings on
AdSs x 8% x T* can be described in terms of a super-coset. In turn it is easy to see that that super-coset
is a sub-super-coset of the kappa gauge-fixed Type IIB strings on AdSs x S°.
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2.4.1 The massless sub-sector

As we have noted above, the equations of motion of our system are such that it is consistent
to set the transverse massive excitations to zero. In this sub-section we focus on computing
A in the purely massless sector. This sector turns out to have a number of simplifying
features compared to the full theory and so serves as a good warm-up exercise. We will
therefore repeat some of the steps discussed above in more detail. What is more, this sector
is not described by a semi-symmetric space coset and so understanding how it enters the
integrable machinery is one of the central results of this paper. The massless part of the
gauge fixed Lagrangian is given by

m 1 _ . .
LSB ) — —570‘5 (48ax+85x + aaazlaﬁx’>

) _ 1 _ . .
Ll(c?:l) = —2iy*’ <X13aX18ﬁ$+ - 40?‘])([’734)(]8041'%85332), (2.73)
1 g o
Ligy = —2ie*” <U}JX1804XJ85$+ + 6[J1XI’734TU XJOax g2’ )

The massless parts of the supercurrents were given in equations (2.64) and (2.67). Notice
that to this order in fermions the supercurrents do not contain a term cubic in the bosons,
and are in fact the same as they would be in flat space.'” The non-linear terms in the
equations of motion for the fermions are exactly cancelled by the nonlocal exponential part
of the supercurrents.

We now want to calculate the algebra A obtained by taking Poisson brackets between
the supercharges obtained from the currents. To do this we write the action in first-order
formalism. The conjugate momenta of the bosonic fields are given by

0S
= = —29%95a T,
0S _ . 08— L1
P+ =55 = —27% 052~ — 20y x10px1 + 2i07;X1X (2.74)
58S . ) B . ) 3 .. .
Pi=55= —% 052" + i 0l v X g0’ — dersxuy T x4
Inserting this into the Lagrangian we get
. s 1
L(m) — p_.f_ —|—pr7/ + ip_)Z[X[ + WCI + wcg, (275)
with the constraints given by
Cy =p-&~ 4 pit’ +ip_XIX1,
Co = pp— + pipi + &% — 2ip_op ;Xixs +i07 X7 X (pipi — £°) (2.76)

+ 2ier X1y T X pit;.

19We expect this to be only true because we are working to lowest order in fermions. There does not
appear to be an obvious reason for the term quartic in fermions in the action to vanish. Such a term would
likely lead to corrections to the supercurrents that are cubic in fermions. Such terms are however absent
in the free theory.
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By solving the constraint C; = 0 we obtain

/I — 1 / . — /
r = _]Tpil'i — UXIXI - (2.77)
Up to quadratic order in the fermions the massless Hamiltonian density H™) = —p4 is

given by

1 ! . — ’
H = — (pipi + &2 — 2ip_ot ;XX
p- (2.78)
+ oy iy g pip — X2) + 2ier iy X pit;) -

From the kinetic term of the action we can read off the (canonical) Poisson brackets

[#(0),pi(0")] = 8id(0 — o),

B
bb ¢ ab_ab (2:79)
(0™ (@), () (@)},, = —g—ees(o o).
Using results from appendix J one can check that the supercharge densities
Q) = et (pﬁiX1 — alji?im) = 7" Qf) , (2.80)
Qy = (#'F'x1 — pit'x2) = e e Q? (2.81)
both lead to conserved charges
T
Qr = / doQr,  [Qi,H™] =[QeH™] =0. (2.82)
y PB PB
Next we note that up to integrating by parts®®
q i 1 b / . _
{(ng))gaa (Q?))bb}PB = —i-ﬂe@eab (pz-pz- + 22 — 21p_a}JXIXJ> . (2.83)

The last term in the expression in the bracket is exactly the quadratic Hamiltonian in the
massless sector. So up to quadratic order in excitations we find

! e +34z7\a +434z=\b _ed_abqy(m)
{(@)as, (@u)y} | = +5 do (e )% (e ) aeedH

= J oo (2.84)
= 4~ ebeabpr(m)
5 .

Similarly we can calculate the commutator between two different supercharges

. : L N
{(QP)yad, (Qf))bb}PB = (p_pix - XIXI>€b6 b

Py i
= iz e®eab,

(2.85)

20Here it is useful to note the identities (E.2).
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At quadratic order we then find

(@ @2, =i [ (e

—00

ot .
_ _% / = do 8, (€+2734x*7346)a7b6ab

— (+2v34x*(+oo) e+2v34w*(foo))29(,y

—00

3¢y cab (2.86)

5( et 27¥a (—oo ) Q(6+2734Am_ . 1)£d(,y346)db eab
l( c

+2y%4 ™ (—o0 ) (J;%VMPWS _ 1)2 (7346)@6(11}.

Hence, the central charge takes the form?!

C= %(e“pws - 1), (2.87)

with ¢ = exp(+2iz~(—00)). This is exactly the form found in [61] for AdS; x S, which as
we argued coincides with what we must have in our massive sector, as can be seen by an
appropriate truncation of the supercoset [49].

To summarize, in this sub-section we have worked in the massless subsector of the full
string theory. We have constructed the supercharges and hamiltonian of the theory in the
first-order formalism and have shown that they satisfy the commutation relations of A.
We have also found that in the off-shell theory the central extension C' takes precisely the
form expected for A.

2.4.2 Fermionic Poisson brackets

Having found the central charges of A in the massless sector we now want to perform
the same calculation again but now including both massive and massless fields. To the
order that we will be working in, we only need the dependence of the central charges
on the bosonic fields. As explained below, we will in fact only need to consider terms
up to quadratic order in both the massless and massive fields, so that the only bosonic
quartic terms that we will be interested in contain fields of both masses. Each term in
the supercharges contains at least one fermionic field. Since we are only interested in the
bosonic field dependence of the central charge, we only need the contribution from the
Poisson bracket of two supercharges that comes from the Poisson bracket between two
fermions. Any other term will be higher order in fermions.

Since we only need to calculate Poisson brackets between fermionic fields, we do not
need to introduce canonical momenta for the bosons. The kinetic terms for the fermions is
quite complicated which leads to an involved Poisson structure. We relegate the calculation
to appendix I and simply state the non-zero Poisson brackets here

{m,m} = —1(1 + Aqp)ee, {m,m} = — Azee, {m,x2} = — A

21The Poisson bracket between the charges Q1 and Q2 contains both the charge C' and its conjugate C.
In section 3 we will write the full algebra A in a more convenient form. Here we report the expression
corresponding to the charge C.
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7 7
{772,772}PB = —1(1 + Ago)ee, {772,X1}PB = _1A23667
7 7
{XLXl}PB = —1(1 + Asz)ee, {X1,X2}PB = —1A3466,
7
{x2, X2}PB = —1(1 + Ayg)ee. (2.88)

The bi-spinor valued matrices A;; are given in equation (I.6) and we have suppressed the

bispinor indices in the above so as not to over-clutter the notation.??

2.4.3 Computing the central charge C in the full theory

To establish the off-shell symmetry algebra of Type IIB string theory on AdSs x S? x T4
we need to check whether the commutation relation (2.72) holds in the full theory. Above,
we have demonstrated such a relation in the massless sector of the theory (that is, when
massive fields are turned off). Since, as we argued, a similar calculation for the massive
sector follows directly from [61], all that we need to worry about now are the mixed-
mass terms. In this sub-section, we will indeed establish (2.72) by taking into account
mixed-mass terms the supercharges expanded to linear order in fermions and cubic order
in bosons. To this order we will be showing that such a relation holds with the central
charge C' taken to zeroth order in fermions and quartic order in bosons.

Using the Poisson brackets given in equation (2.88), we find the Poisson bracket be-
tween two supercharges

/ do do’ {7 (), 55(c")} =—— / do et (2 A gyt i d)ee
PB p,
+(z -2 —y-9)v*ee) (2.89)
+ % / do (92 + 2yl e .
The details of the calculation are given in appendix K. The last line above is a total
derivative and can be dropped with a suitable choice of boundary conditions. By par-

tially integrating the second line and again dropping the total derivative we find that the
remaining integrand is proportional to

/ . / . / /I — . / . U . / 1 . !
Fod4g-y+i-t+ (22 —yHe :z-z+y'y+x-x—§(z2—y2)(x-x), (2.90)

up to terms that are quartic in the massive fields. The last expression is equal to —p_z~

22The reader should note that the epsilon symbols appearing in the Poisson brackets carry different kinds
of indices depending on which particular fermions’ Poisson bracket one is computing.

— 21 —



and SO We may write
dO' dO'/ i g o O'/ = —‘FZ dO'@ 27341‘7 3/',' €c
1 » J2

PB
=_ % /da Oy (6+2734x7)’)/3466

- _ £(6+2y34m‘(+oo) _ 6+27349ﬂ‘(—<>0))y3466 (2.91)
2
— _ %e+2’y34x’(—oo) (e+2'y34A:L" - 1)’)’3466
— % 21 (200) (1M Pws )P
Hence, the central charge takes the form
C = %(eﬂpws —1), (2.92)

with ( = exp(+2iz~(—00)), in agreement with the expression found the previous sub-
section.

3 Symmetry algebra

In the previous section we have found the off-shell symmetry algebra A for type IIB su-
perstrings on AdSs x S* x T* . We showed that A is given by a central extension of
psu(1|1)* @ so(4)a, where s0(4)y comes from the torus coordinates.??

In this section we will first review how this algebra can be constructed by tensoring
two copies of su(1|1)2, . Then, in subsection 3.2 we will investigate the representations of
A in the near-plane wave limit. This can be read-off from the supercurrents obtained in
section 2.3 but we collect the results here to set up the notation and conventions that we
will use in later sections.

As a preliminary step, it is convenient to rewrite A in components, using the notation
introduced in appendix L. We then find the anti-commutation relations take the form

L 1. . .
{Q.Q,;} = 50% (H+M), {Q.", Q=% C,

. . . . (3.1)
{QRd;QRb} = %6{1{) (H - M)’ {QL(J;QRI)} - 5db67
where we introduced labels “L” and “R” (left and right) for the supercharges in psu(1]1)?.
These are inherited from the superisometry algebra su(1, 1/2),®su(1, 1|2)g, where they refer
to the chirality in the dual CFTs. Note that in the leading-order expansion of appendix L,
the central charges C,C were linear functions of the worldsheet momentum, C = C =
—%P. This is indeed the leading order term in the expansion of the non-linear relation

C=+ (P ) C=-%@™ -, (3.2)

23 As discussed at the end of section 2.2.4, such 50(4)2 is unbroken as long as we are in the decompactifi-
cation limit P_ = oo.
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found in the previous section, cf. (2.92). The so0(4)y subalgebra arising from the torus
directions can be decomposed into s1(2)e @ s1(2),, satisfying

[Jo[zi), Joc'd] = 5bc Jodd - 5d[1 Joéby [Joab7 Jocd] = 5bc Joad - 5da Jocba (33)

The supercharges Qi r are in the fundamental representation of su(2),. Indices are there-
fore raised and lowered by the antisymmetric tensor €*® and its inverse, so that charges
with upper indices transform in the anti-fundamental representation. We then have

. . 1 _; . N
Jea” Qe = 0%Qa — 504'Qe, Pea’ QT = —0,°Q" + 56,°Q°, (34)

where Q is any supercharge in the appropriate representation. All of the generators of the
centrally extended psu(1|1)* commute with su(2),. The u(1) charges of A are therefore
given by the Hamiltonian H, the angular momentum M, two Cartan elements coming from
the two su(2)’s and the central elements C, C.

The centrally extended psu(1|1)* superalgebra appeared already in the study of the
massive sector of the theory in [34], and as discussed there it could be obtained from two
copies of the centrally extended su(1|1)2. In the next subsection we briefly review that
construction.

3.1 From su(1|1)2_ to psu(1]1)3
Let us consider su(1|1);, & su(1|1)g, given by
{QL?QL} =H,, {QRJQR} = Hx. (3-5)

Physically, if we intend to couple these two systems, it is natural to define the positive-
definite combination of the two central charges to be the Hamiltonian, while the other one
will be an angular momentum:

H=H, + Hg, M=H, - Hy. (3.6)
Let us consider a central extension of su(1]|1)? by setting
{QLa QR} =C, {6L7QR} =C. (3-7)
If we now consider a tensor product of two copies of the above algebra, we have

QleQL®17 QL1:6L®17 QL2:1®QL7 QL2:1®QL7

Qu=Qr®1l, Q/=Qr®l, Qu=10Q:, Q=18Qy )
and for the central elements
H!'=H ®1, H’=1®H:, Cl=Col, C’=1®C, 59)
H!=H,®1, H.” =1® Hg, C'=Cw®1, C’=1%C. '
If we now identify the central charges as
H'=H? H!'=H2 cl=c? c'=c (3.10)

and consequently drop the indices 1,2, we are left precisely with (3.1). Constructing

2

‘. as described above will be particularly

psu(1|1)?, as a tensor product of two su(1[1)

useful in the study of its representations below [34, 49].
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3.2 Representations in the near-plane-wave limit

We expect the fundamental excitations of the GS string to transform in two distinct (not
necessarily irreducible) representations of A, for massive and massless particles,?* with the

corresponding modules having the same dimension. This constrains the dimension of the
4

ce. C Athat may appear. Since long representations are at least

representations of psu(1|1)
sixteen-dimensional, our representations must instead be short, i.e. they must satisfy the
shortening condition [32, 34]

H H, =CC, (3.11)

which can be recast in the form of a dispersion relation

H?=M?+4CC, (3.12)
in which the eigenvalues of M play the role of a mass term.?

In section 2.3 we obtained the representation of A in terms of the fields. In order
study it more easily, it is useful to go to momentum-space and introduce oscillators. It will
be enough to consider the leading-order in the field expansion of the supercharges, which
coincides with the leading order in a near-plane-wave [77] or BMN expansion [82].

Let us introduce bosonic creation and annihilation operators, that schematically take
the form

al(p) ~ diaw m) X — iP)et®?
(p) /W( (p,m) X —iP)e™7,

do ' (3.13)
a(p) ~ /(w(p, m) X +iP)e "7,
Vew(p,m)
where w(p, m) is the dispersion, and fermionic ones
T do ; =\ +ipo
d'(p) = | ——=——==(f(p.m)n —ig(p,m)n)e ™",
Vw(p,m)
(3.14)
—ipo

do . _
d(p)~/m(f(p,m)nﬂg(p,m)n)e :

where f(p,m), g(p,m) are wavefunction parameters. We will have eight such pairs of
operators for bosons and eight for fermions, whose precise form is given in appendix L. We
can use them to construct the module of the representation, which is then given by the
eight massive states

‘ZL’R> = aI,RZ |0> ’ ‘YL7R> = aI,Ry |O> ’ ‘nLd> = deT |0> ) |77R('z> = d:rad |0> ’ (315)
and the eight massless ones

%) = at0),  Ix%) =d*t0), X" =d""|0). (3.16)

24This follows from the fact that the Hamiltonian H takes different values on massless and massive
excitations.
25Recall that the central charges C, C are functions of the momentum p and vanish at p = 0.

— 24 —



Since at this order all excitations are relativistic, we have

w(p,m) =V m2 +p27 f(pa m) = Wa g(p7 m) = ﬁf)ﬂl)a (317)

see also equations (L.15)—(L.18). Note that equations (3.17) depend on the eigenvalue m
of M, which can take value +1 for massive excitations and 0 for massless ones. It will be
convenient to denote w, = w(p, £1), &, = w(p,0), and similarly for f and g.

In terms of the ladder operators the supercharges take a very transparent form, whence
their action can be easily read off:

QLd = /dp [(dLaTaLy + Edb aizdLi))fp + (aJl[{ydRa + Edb di{i)aRz)gp
+ (¢ dlay, +a*tda) 7).
| | (3.18)
Qua = / dp |(dhyany — €43 0} fy + (alydia — €5 41 Tar2)g,

+ (daTada — €ub aimTCZa> gp:| )

where we suppressed the dependence of af, a and df, d on the momentum p. Similarly, the
Hamiltonian H and the angular momentum M read

H-= / dp[(aizam + aiyaLy + deTde + aTRZaRZ + aLyaRy + deTdRa) wp
+ (a} 0% + dd, + d"Td,) @], (3.19)
M=/d T T dde' _ (AT T dde-
p[(aLzaLz + apyQry + dy, La) — (ARrs0gz + ORyOry + Ar R.a)]-

This sixteen-dimensional module will split in several irreducible ones, which we will
describe below one by one. We can label them by the eigenvalue of the angular momen-
tum M.

3.2.1 Left representation

One representation of dimension four (two bosons and two fermions) has eigenvalue +1
under M, and consists only of excitations labelled “L”. These correspond to half of the
transverse modes on AdSs; x S3, and it can be represented as in the left panel of figure 1.
This is a bi-fundamental representation of psu(1|1)2 , supplemented by the action of su(2),

on the fermions. In particular, the fermions are in the fundamental representation
S . 1 i
oo 1) = =0, ") + 505" In") (3.20)

It is interesting to see what happens if we consider the representation on-shell, i.e.
(since we are dealing with a single-particle representation) at zero momentum. Observing
that one of the fermion wave-function parameters vanishes then, g,—o = 0, greatly simplifies
the action of the supercharges (3.18). In fact, only left supercharges act non-trivially. For
this reason we call this representation left, which explains the name of the corresponding
excitations, which then can be thought of as left-movers in the dual CFTs. Of course this
is only true for an on-shell one-particle state — generally, all states are charged under the
whole psu(1]1)2, .
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Q2, Q¢ Qr1, Qr1 Qr1, QL1 Qg
|Z") [YH)

Figure 1. The left and right psu(1|1)#, multiplets consists of two bosons Y& ZL® and of two

c.e.

fermions nLd’R, corresponding to transverse directions on AdSs x S®. The fermions carry an index @
of the fundamental representation of su(2)s. Note that off-shell any excitation is charged under
all supercharges, whereas on-shell left (respectively right) excitations are charged only under left
(respectively right) supercharges. We indicate the supercharges whose action corresponds to the
outermost arrows of the diagram. The innermost ones follow by Hermitian conjugation.

3.2.2 Right representation

We have a similar representation with eigenvalue —1 under M, which is depicted in the right
panel of figure 1, and consists of “R” excitations. This is again a bi-fundamental representa-
tion, closely resembling the left one. We see however that if we take the S excitation |Y'*) to
be the highest weight state in the left-representation, we must take the AdSs excitation |Z%)
to be the highest weight state here. The reason is that we cannot take e.g. Q,' and Qg1 to
be both lowering operators, if we want the central charge C to be non-vanishing. Instead,
we should take e.g. Q,! and Q. This in turn forces the choice of different highest weight
states in the two representations. The fermions 1%, are in the anti-fundamental of su(2),.

In the same way as earlier, taking the representation to be on-shell makes it charged
under the right supercharges only.

3.2.3 Massless representation

We expect the remaining eight particles (four bosons and four fermions) to be all massless,

at least in this semi-classical analysis. This is indeed the case, and we can check that the
4

massless particles arrange themselves into two irreducible representations of psu(1]1); .,

both with fermionic highest weight states, see figure 2. Additionally, note that these
representations seem to be left by the argument above. This should be taken with a pinch of
salt, because we are considering the situation when the eigenvalue of M precisely vanishes,
which as we will see makes the left and right representations practically equivalent.

We have to take the action of s0(4)2 into account. Under this, all of the torus bosons

4

c.. modules

are obviously charged. In our su(2) decomposition we see that the two psu(1|1)
are rotated one into another by the action of s1(2),. We then conclude that the massless

particles transform into a single irreducible representation of the symmetry algebra A.
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a ) N a ) N
Q. Qg QL2, Qr2 Q' Qy QL2, Qr2
T J 1721 DI Fal I712) JJ* 722)
Q.2, Q7 QuL1, Qr1 Q;2,QZ Qu1,Qr1

J

4

c.e.

Figure 2. The eight massless excitations form two psu(1|1)2, multiplets. The four bosons T4%
are charged both under su(2), and su(2),, while the four fermions x%, x¥* are in the fundamental
representation of su(2), only. Again we indicate the charges whose action corresponds to the
outermost arrows of the diagram, while the innermost ones follow by Hermitian conjugation. Note
how su(2), relates the two psu(1]1)?

<. modules, yielding a single irreducible representation of A,
denoted by a box.

4 Exact representations

In the previous section we constructed representations of A that are valid in the near-
plane-wave limit, when C = C = —%P. On the other hand, we know that instead C # C
should be non-linear functions of the world-sheet momentum P given by equation (3.2). In
this section, we will show that the representations of section 3.2 can be deformed in such a
way so as to satisfy (3.2) together with the shortening condition (3.12) without resorting
to any perturbative expansions.

To do this, it will be sufficient to suitably deform the representation parameters wp, fp
and gp. In fact, since the Hamiltonian follows from the central charges, w, will be fixed in
terms of the fermion wave-function parameters. In order to find the central charges C #
C, which will now be complex and conjugate to each other, we must introduce complex
representation coefficients. Hence, f, will be replaced by a,, or its conjugate a,, and g, by b,
or Bp. These will also suitably depend on the mass m. When expanded in the near-BMN
limit, a, and @, reduce to f, (or f, if m = 0) while b, and b, to g, (or g,).

We will proceed as follows. Since the representations of A discussed above must in par-

ticular be bi-fundamental representations of psu(1|1)2. , and these can be obtained [32, 49]
2

S In subsec-

we will focus on these first.
2

c.e.

from fundamental representations of su(1|1)
tion 4.1 we will construct the most general su(1|1)z, short fundamental representations.
In subsections 4.2 and 4.3 we will show how from these we can find massive and mass-
less psu(1[1)2

o representations, respectively, and comment on their properties. Then in

subsection 4.4 we write down the deformed representation parameters a,, b, for the massive
and massless case, and finally in subsection 4.5 we will rule out quantum corrections to the
massless dispersion relation by a symmetry argument.
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4.1 Short representations of su(1]1)2

In [32] short representations of the centrally extended psu(1]1);, & psu(1|1)g algebra were
considered. Denoting a boson and fermion excitation of definite momentum p by |¢;) , [¥;)
respectively, the fundamental representation g, is given by

QL|¢>:a W’) QL|¢;>:07

y QL|¢p> =0, QL|¢;> :dp’¢;>a 41

Qs l9j) =0, Qu [v) = bpl}) -y
QR|¢p> :B |9 > Qn|¢;> =0.

Our choice of the representation coefficients ensures that the left- and right-Hamiltonians
are positive definite. Furthermore, when we reduce to a one-particle on-shell representa-
tion, it must be by,—¢ = l_)pzo = 0. In this sense, this representation is a left one.

We can consider a right representation gz. The module consists of two excitations |¢y)
and [¢) transforming as

Qe [dp) = ap [1hy) , Qr [¥y) =0,

QR|¢p> :0 QR |¢p> :EL ‘¢p> 4.9
Qv |0)) =0, Qu[vy) = by |9}) -

QL|¢p> :B | > QL |¢p> = 0.

Comparing with (4.1), we see that the two representations are related by exchanging the
labels L++R.
It we will also be useful to consider a representation gy,

Q. [V5) = a, [4L) Q. |0%) =0,

o : N |1’f’3> - Q @? — 1@3) (4.3)
QR|¢p> :07 QR|¢p> :bp|¢p>>
Qulof) =bplék),  Qaléh) =o.

This representation differs from g, by the choice of the highest weight state, which is
fermionic here rather than bosonic. In a similar way, one can construct a gy representa-
tion. It is easy to check that any short representation of psu(1[1)2, for which H has real
eigenvalues takes the form of one of o, or, 0., 0r- We will use graded tensor products of
these representations to construct short representations of psu(1|1)2 .

4.2 psu(1|1)?_ representations for massive excitations

We now want to take the massive near-plane-wave representations discussed in section 3.2
and deform them in such a way as to reproduce the non-linear relation (3.2). We will then
see how these can indeed be thought of as coming from the tensor product of suitable pairs

of the su(1]1)2, representations that we just constructed.

c.e.
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If we restrict to on-shell one-particle states, only left (respectively right) supercharges
have a non-trivial action on left (respectively right) excitations, of the form

Q. |VE) = ap [, Q) = e ay|ZY)
Qua | Z) = —eqp 1), Qua ") = 8,0 a, 1Y),
(4.4)
Qua V) = e ap 1Y) Qua ) = 6.0 ay | Z5) |
Q|78 = ap ), Q& %) = —®a, v,

where we anticipated the tensor-product structure in the formula label. Off shell, by virtue
of the central extension this is supplemented by the action of left supercharges on right-

moving states and vice-versa:

Q. |Z8) = by [ty Yy =~ b, |V
Qua |Y) = ey by [15), Qua lni®) = 6,25, 125,
(4.5)
Qua | Z5) = —eg by [ Qua %) = 6,26, V1),
QYY) = by Ini® Qi nhy = €b, |25

4.2.1 Bi-fundamental structure

The above left and right psu(1|1)* representations can be constructed by tensoring the
fundamental representation of (4.1), (4.2). To this end, it is sufficient to identify the
excitations as

Yi=¢"@g¢", gt =9ytede = ¢t @yt Zt =y @9y,

(4.6)
Vi=¢ e, ni=yieet,  nh=¢"eyt,  ZF=y eyt

where indices have been appropriately raised and lowered. The left psu(1]|1)* module is
then isomorphic to g, ® g, while the right one to gr ® 0x.

4.2.2 Left-right symmetry

It is clear that consistency with the string theory picture requires considering both the
left and right representations.?® On the other hand, “left” and “right” are just labels that
can be swapped without affecting the description. This results in a Zo left-right symmetry
(LR-symmetry) [32, 34, 49]. In particular, this relates left and right massive excitations as

YV YR, 7 «—— 7%, L (4.7)

which is compatible with (L.23).

26 As we will see, this is also required if we want the worlsheet theory to be crossing-invariant.
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4.3 psu(1]|1)?_ representations for massless excitations

Similarly to the previous subsection, we now deform the massless near-plane-wave rep-
resentations and show how they also enjoy a tensor-product structure. We know that
massless bosons transform in the fundamental representation of both su(2), and su(2)o,
while fermions are singlets of su(2), and are in the fundamental of su(2),. All these in-
dices correspond to the fundamental representation of equation (3.20). The action of the
supercharges on the massless excitations is

Q. TP = efba, 38 , Q. x2) = ap | T,
QuilTY) = —eu@p T, QualTl™) = 8,a, 1x%)

(oL ® 5L)€B2 : (4.8)
Qua |0 = 8,70, X2 Qua [T = —ezbp I T2
QX% = by |1y, QT2 = ¢, |X5).

Masslessness of the excitations is encoded in the fact that they are annihilated by M, which
due to the shortening condition (3.12) plays the role of mass. This results in a constraint
on the representation coefficients

|a10|2 = |bp|2~ (4.9)
4.3.1 Bi-fundamental structure

The above representation of A can be constructed out of two bi-fundamental psu(1[1)2
representations. To see this we note that the massless excitations can be re-written as

T = (pheyh)t, Xt = (@t el xt=("edh)!, T =(po¢")’,  (4.10)
where the two copies are labelled by an su(2), index a = 1,2. Note that we used two
modules of the form (g, ® 01.) ® (0. ® 01.), in agreement with the fact that for massless
representations the highest weight state is fermionic.

4.3.2 Equivalent descriptions

It may appear strange that massless excitations come from left representations only. Ac-
tually, there are several ways to obtain the massless excitations out of tensor product of

su(1]1)? modules. Let us introduce rescaled excitations?”
~ ap | b
=R, ) = 2, (411)
p p
which gives the following action of the supercharges
Q. [T3") = —e"by [X5) QL Ixp) =0, T,
— Qua IXp) = by 1157 Qua [T5) = 6,6y |X5) -
(or ® 0r)%?|: . . . (4.12)
Qra |T;;)a> = 5abap |X;> ) Qra |XZ> = €pp |T;im> )
Qi Ixp) =ap T3, QT = =™y |Xp) |

27 As we will see in the next subsection, the ratio ‘;—p appearing here is essentially the sign of the momentum,
p
due to the massless condition (4.9).
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where we used (4.9). Thanks to this change of basis, we can identify a different tensor
product structure, given by

Tio=(WR@9Y) , Xa= (0209, xa= @ ®d"),, Ta=(s"®"),. (4.13)

This amounts to considering two modules of the form (g ® gr) ® (0r ® 0r), i-€. to obtain
the massless representation out of the massless limit of two right modules, rather than of
two left ones. Yet another possibility is to perform the rescaling (4.11) only on one of

the psu(1]1)2, representations, for instance setting

- - - Gp |~ b
p p

on the fermions. In this way, the massless modules have the form (g, ® g1) ® (0r ® 0r),
where the former term in the direct sum corresponds to a = 1 and the latter to a = 2.
The conclusion is that any of the two psu(1]1)* modules describing the massless exci-
tations can be equivalently taken to be right or left, up to an inessential change of basis.?®
Therefore, we can think of our representation as coming from any of these choices depending

on what is most convenient, as we will discuss in the next subsection.

4.3.3 Left-right symmetry

We have seen that the massive sector should be invariant under exchanging the “left” and
“right” labels. This imposes a discrete symmetry on the S matrix in that sector [32, 34].
When we include massless excitations and consider two-particle states as it is necessary for
the S matrix, a consistency condition arises. One should give a prescription on how the
massless excitations transform when exchanging L<*R in the massive sector.

Let us start from the case where the massless excitations are in the representation
(o ® 01.) ® (0r ® 0r). Then, a natural extension of LR symmetry is exchanging the L and
R labels in the massless sector too. Following the discussion of the previous subsection,
it is clear that those labels are somewhat artificial, because the left and right massless
representation are in fact equivalent.

In what follows we will find it more convenient to describe massless excitations using
the (oL ® 01) @ (oL ® o1.) representation. This is because the action of the su(2), raising and
lowering operators is simpler in this case (in the mixed case, one finds additional factors
of ap/b,). Even in this case, we can consistently implement LR symmetry, by combining
the previous prescription with the change of basis (4.14), see also equation (L.24). This
gives the prescription

. N b ap |~
T ¢ T}, IR 6=+ 2 ) WD e~ 2R, (A1)
P P
where we suppressed the momentum label on the excitations for clarity. Note that the
symmetry now depends on the momentum of the particles through the combination Z—;.
We will comment on the interpretation of these ubiquitous coefficients in the next section.

28This is true only when (4.9) holds, which is not surprising: if that is not the case, left and right
representations have opposite, non-vanishing charge under M and therefore cannot be equivalent.
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4.4 Representation coefficients

The representations we constructed can be labelled by the values of the central charges,
in terms of which the representation coefficients a,, b, and their conjugates must be deter-
mined. There are essentially two independent charges: the angular momentum M, whose
absolute value plays the role of the mass, and the central charge C (together with its
conjugate C). Their eigenvalues on a one-particle off shell representation are

M‘Xp> :m’Xp>> C‘Xp> :Cp‘Xp>7 6|Xp> :Cp|Xp>a (4.16)

In section 2 we have found their expressions in terms of the momentum p and the coupling
constant h to be

Cp=h=(e? -1)¢, (4.17)

+1 massive )
m = ,
0 massless 2

where we explicitly extracted the dependence on the coupling constant h, and ¢ = €%
characterizes the representation. From the shortening condition (3.12) we immediately

find the dispersion relation

E, = \/m2 + 4h? sin? g . (4.18)

For m? = 1, this dispersion relation, strongly reminiscent of the AdSs x S° case [83],
was first found in this context from the study of giant magnons on AdSz x S* [57]. The
parametrisation

ap=mpe’S, @y =mpe PR by = =BT,y = —ReT (419)
p p

np:ep/‘lwg(:cp —x;), (4.20)

satisfies equation (4.16) if the Zhukovski parameters z* satisfy

with

1 1 2 ot
i gy o L2y (1.21)
zp Zp h Zp

As for the value of £, as discussed at length in [62] we can take it to vanish on the one-particle
representation, but it plays an important role in the multi-particle ones. When constructing
the two-particle representation out of the tensor product of two one-particle ones, we see
that to reproduce the correct value of the central charges we cannot take & = & = 0 for
both of the constituent particles. In fact, imposing that on a two-particle state C gives

C XX = h%(e“pl*m) 1) KA (4.22)

we see that the parameter £ must be non-vanishing in one of the representations, resulting
in a non-trivial coproduct [84-86]. We solve this condition by setting

§&1=0, 522%. (4.23)
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We see that the case m = 1 does not introduce any new feature with respect to the
treatment of [34]. However, at m = 0 something new happens already at the level of the
representation parameters, in terms of the non-analyticities

Ep:2h‘sing

, x,ff — T3P sign(sin g) ) (4.24)

This is typical in a theory featuring massless excitations, and naturally leads to distinguish
left- and right-movers on the worldsheet. Indeed the combination

Zf - —sign(sin g) : (4.25)
which appears in the formulation of (target-space) left-right symmetry or in the action of
the su(2), raising and lowering operators, shows that excitations have different transfor-
mation properties depending on the sign of their momentum. A way to consistently get
rid of the non-analyticities is to treat worldsheet left- and right-movers as two genuinely
different species of particles, with dispersion

[an}

<
<

o NIR

’ (4.26)

5, = {Eleft = +2hsin® <p
Eright = _2hSin§ -5 <p

poln

If we take both massless psu(1]1)? . modules to be in the representation o, ®gy,, we find that
worldsheet left-movers (respectively right-movers) transform in a definite representation
of su(2),. On the other hand, by virtue of (4.15), the LR symmetry transformation also
swaps worldsheet left- and right-moving fermions. In the representation g, ® or, instead,
the situation is reversed as can be seen from (4.11). LR symmetry preserves the worldsheet

chirality, while su(2), rotates worldsheet left- and right-moving fermions into each other.

4.5 Corrections to the massless dispersion relation

As we have seen in the previous section (see for example equation (4.26)), the massless
modes have rather different properties to the massive ones. One may wonder whether the
massless modes could receive corrections which would give them masses in the quantum
theory. Even in integrable theories, it may happen that quantum corrections dress the par-
ticle with a mass,?” and it is interesting to investigate whether this can be the case here. As
we are about to show, this is impossible unless part of the so(4)9 invariance is also broken.

We have seen that the massless module is constructed out of two bi-fundamental
psu(1|1)?, ones. Each of them can be equivalently left (L) or right (R), giving the possi-
bilities

LL: (0. ® 01) ® (0. ® o), RR: (0r ® 0r) © (08 @ 0r),

~ N B N (4.27)
LR: (0 ® 01.) ® (0r ® 0r), RL: (0r ® 0r) ® (01 ® 01.)-

However, only when the representation coefficients satisfy |a12)| = |by|?, all of these cases are
equivalent, up to a rescaling of the basis vectors. If we think of deforming the representa-
tions to switch on a mass € > 0 (coming from e.g. quantum corrections), these four choices

29 A prototypical example being the Gross-Neveu model [87].
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will no longer be equivalent, and will lead to different deformations, which we will consider
separately. The non-vanishing masses will appear in particular in the matrix representation
of M. This will read either

+14 O 0 0
0 -1, O 0

LL/RR: M = ) (4.28)
0 0 %14 O
0 O 0 Zely
where we used a block form and the + signs correspond to LL/RR, or
+14 0 0 0
0 -14 O 0
LR/RL: M = 4 (4.29)

0 0 =£els O
0 O 0 TFely

In this notation each block corresponds to a bi-fundamental representation, with the two
upper blocks being the massive left and right representations of [34].

We can immediately establish that the choice of (4.28) is incompatible with crossing
invariance. In fact, charge conjugation will flip the sign of all the u(1) charges, see also
equation (5.42) below. Therefore, a necessary condition for crossing invariance is that each
representation appears together with its conjugate, which is indeed the case in the massive
sector, as one can easily read-off from the first two diagonal entries of M above. This is
not the case when we choose to deform the LL (or RR) representation for £ > 0: both
representations will have positive (or negative) eigenvalues of modulus €. On the other
hand, the choice of equation (4.29) is compatible with crossing symmetry, but does not
respect the so(4) invariance. In fact, all of the supercharges should commute with su(2),,
and therefore so should M. But su(2), rotates the two mass-¢ representations into each
other, so that its raising and lowering operators cannot commute with M when € # 0. This
also clearly shows how both obstructions disappear at € = 0.

5 S matrix

In the previous section we have constructed the representations of A valid for arbitrary
values of the momentum and of the coupling constant h, as long as we are in the decom-
pactification limit. The mere fact that the two-particle S matrix should commute with the
off-shell symmetry algebra will allow us to fix it almost completely, up to a small number

of functions — the dressing factors.
2

In subsection 5.1 we recall the construction of the su(1|1)z,

invariant S matrices of [32].
By tensoring these in a suitable way, in subsection 5.2 we obtain the A-invariant S matrix
up to the dressing factors. In subsection 5.3 we show that these dressing factors can in
turn be constrained by unitarity. In subsection 5.4 we show that the S matrix satisfies the
Yang-Baxter equation, and therefore can be used to define an integrable theory. Finally,

in subsection 5.5, we constrain the dressing factors by crossing symmetry.
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The S matrix scattering two fundamental particles is an operator — in fact, a finite-
dimensional matrix — that relates in- and out-states. Schematically,

S |Xlgzn)y§zn)> _ |y(§OUt)Xp(OUt)> (5'1)

where outgoing momenta are permuted. Due to the presence of massless excitations, defin-
ing a scattering matrix may appear problematic. In the familiar relativistic case, the
equivalent of the dispersion relation (4.26) is linear in p. Therefore, the group velocity of
a wave-packet is

OFE
8—; = Z+const, (5.2)

i.e., massless relativistic particles move at a constant velocity — the speed of light. Particles

Urel =

with the same worldsheet chirality then cannot scatter, regardless of the value of their
momentum.?’ In the case of interest to the present paper however, factorised massless
scattering appears to be simpler than in the relativistic case. In fact, from equation (4.26)
we find the group velocity

Unon-rel = £ h cos (g) (5.3)

We see then that massless excitations of different momenta have different velocity, so that
we can expect them to scatter in the usual way. It could be interesting to investigate
the near-plane-wave limit of our S matrix, in which the theory becomes approximately
relativistic.

The two-particle S matrix has to satisfy a number of consistency conditions. The
first requirement, is that S commutes with all the generators of A acting on two-particle
excitations

3(12) (p,q) Q(12) (p,q) = Q(12) (¢,p) 5(12) (p,q)- (5.4)

Additionally, braiding unitarity is the requirement that acting twice with the S matrix is
equivalent to acting with the identity operator

5(12) (¢,p) 5(12) (r,q) =1 (5.5)
and physical unitarity demands that S is unitary as a matrix
8(12) (p,q) (3(12) (p, Q))T =1 (5.6)

Furthermore, as we will see our S matrix will satisfy the Yang-Baxter equation, meaning
that it can consistently be used to define multi-particle scattering. In what follows, it will
be useful to define, by means of the permutation matrix II,

S=1IIS, (5.7)
which then satisfies

S(lz)(P, q) Q(lz)(P, q) = Q(Ql)(Qap) S(lz)(% q), S(21)(q,p) S(12)(p7 q) =1 (5.8)

3ONevertheless, in the relativistic case, a formal treatment of factorised scattering matrices is still possi-
ble [50-52, 88]. To this end, it is necessary to introduce appropriate rapidity variables and take suitable
limits of them.
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Conservation of energy and of the other central charges implies that the scattering can
be broken down in several sectors, consistently with our discussion of the representations.
We naturally find purely massive scattering, which is the one that was already discussed
in [34], purely massless scattering, and finally mized massive-massless scattering. In each
of these parts we will construct the S matrix as one that describes the scattering of suitable
su(11)e,
first consider suitable su(1|1)2
the full S matrix.

modules. In fact, in view of our discussion of these modules, it is convenient to
invariant S matrices that will serve as building blocks of

c.e.
5.1 The su(1|1)? _ invariant S matrices

In section 4.1 we constructed the short representations of psu(1|1)2, namely o, or, 01, O
The scattering of these leads to distinct S matrices. We start by discussing the case in
which both excitations are left ones, which allows for four different S matrices:

S bpeg) = Apg|64¢5) S™ |oyptbg) = Byg |vg ) + Cpg 1645)

5.9
Sk yly = FELjplyly S™ [PLgL) = DL [ghypl) + BLL [LgL) (59)
S| QLoL) = —FE: |ghgk) | SUE|GLygL) = DEL [L@L) — ELL |gLyLy (5.10)
SUE[PEly = — ALk [pEapLy SUE[PLPL) = BEE |glapk) — CLL L) |
S |ghok) = BL:|ghk) — OL [plyly S |ghply = AL |LgL) (5.11)
SUE [lal) = — DL [JLyL) + ELE |gLL) ST Lgly = —FL |ghyly
S |QLok) = DL |gLoL) + BLE[plgl) S |Ghply = —FEE [ylgh) | (5.12)

S™ [Ppaby) = —Byy [W5y) — Cpy |05 S ydy) = Ape |65y
As indicated by their labels, the S matrices above scatter particles in the representations
0L ® 0L, 0L ® 0L, 0L ® 0p and g, ® or,.. The four S matrices are related by simple changes of
bases. Their different structures account for the fact that a pair of highest- or lowest-weight
states should scatter diagonally.

The ratios By /Apy, Cog/Apgs -+ Fpg'/Apg are fixed by (5.4). However, that linear
relation allows for an arbitrary prefactor in each S matrix. Such prefactors, until we take
non-linear constraints such as unitarity and crossing symmetry into account, are merely
a matter of convention. The explicit parametrisation of the S-matrix element is given in
appendix M, with a convention that slightly differs from the original one of [32].

When the two excitations do not have the same LR flavor we find S-matrices such as

SUR|phpRy = ALR|GR LY + BER [yRyly S" |opibg) = Cpg g 0p) - (5.13)
S gpt) = B [aiby) + Fogt |05 dy) S ¥py) = Dyq 194%5) »
S |Gy de) = Apg |6g05) + Byg gy S™ bpig) = Cpq [¥G95) (5.14)

SRL ‘w;{wq> ERL ‘w wp> + FRL ’¢q¢p> SRL |,(/}II){¢L> DRL ‘¢LwR>
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SER |é11;¢g> _ DLR ’¢R¢p> SER ‘&;d}q) _ELR W (Z)L) FLR ‘(bRwL)

o T (5.15)
S [hps) = —Cpit [y S [y o) = + AL |95dy) — Bya [vidy)
S gy dy) = +Cpy By y) S| gpaby) = + Ay [y én) — By |5 (5.16)
S [hpby) = =Dy [05p) S \ndy) = —Epy |0gn) + Foy [05e)) -

The S matrices above scatter particles in the representations o, ® or, 0r ® o1 and g, ® 0g,
0r ® 0. The former pair was one of the main results of [32], while the latter corresponds
to the so-called second central extension in appendix D in the same reference. Note that
we could write down four more S matrices corresponding to scattering processes where one
of the excitations is in the representation gz. We will not be needing their explicit form,
which in any case follows from similar changes of bases. The S-matrix elements obey a
constraint due to left-right symmetry, which simply reads

ARL — ALR, BRL — BLR, CRL — CLR,

(5.17)
DRL — DLR’ ERL — ELR, FRL — FLR.

The explicit expression of these S-matrix elements is also given in appendix M. The case
where we scatter particles in the representations gg ® or, 0r ® 0r, etc. follows from equa-
tions (5.9)—(5.12) by LR symmetry.

5.2 The S matrix from a tensor product

As discussed in section 4, the excitations of the AdS3 x S* x T* superstring transform
in four bi-fundamental representations of psu(1]1)2, , two massive (o, ® o and g ® or)
and two massless ones (both of the form g, ® g;,). The corresponding S matrices can be
obtained from graded tensor products of the ones introduced in the previous section, which
takes the general form

Spsu(11)t = Sau(11)2 @ Seu(11)2; (5.18)
up to a prefactor. The tensor product @ is graded, i.e. it takes into account the signs
arising from fermion permutations

(A@B) N = (~awavtevac AKE BIGK (5.19)
where the symbol € is one for fermions and zero for bosons. We collect explicit expres-
sions for the graded tensor products used in the construction of the S-matrix blocks in
appendix N. Each of the psu(1|1)2,-invariant blocks that we obtain in this way should
be multiplied by a (dressing) scalar factor. A priori these may all differ, but as we will
see some of those are in fact related by additional symmetries, namely left-right symmetry
and su(2),. To describe these blocks it is convenient to split the S matrix in three sectors:
massive, massless, and mixed-mass. Schematically

S“ Soo
S = 5.20
< Soo Soo ) ? ( )
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where S*® scatters two massive particles, S°° scatters two massless ones, and the remaining
blocks describe mixed-mass scattering.?!

Below, we will construct the S matrix block by block, having particular care to keep
track of the number of independent scalar factor that we should allow for. We will come
back to those factors at the end of the discussion.

5.2.1 Massive sector (ee)

In the massive sector, the psu(1|1)?, modules are o, ®g; and gr®og, which we labelled
“left” and “right” depending on their eigenvalues under M. The S matrix that scatters
two left-modules is then

left - left: S““ ¢ S'“*. (5.21)

In a similar way, the matrix scattering a left excitation with a right one is
left - right: S“F & S"F. (5.22)

These two matrices can in principle be multiplied by two arbitrary scalar factors containing
the dressing factors, which we call o*® and *® respectively. The two remaining blocks (RR
and RL) can be obtained in a similar way, and moreover are related to the LL and LR
blocks by left-right symmetry. In particular, this symmetry constrains the RR and RL
scalar factors in terms of o®® and o°°.

The massive fermions are also charged under su(2),. It is easy to see that invariance
under such transformations is guaranteed by the tensor product structure, so that no
additional requirement should be imposed on S®*. Therefore, the massive sector of our
S matrix is given precisely by the matrix proposed in [34], and schematically reads

o*° SLL®SLL 5°° SRL®SRL
s( ) (5:23)

o°° SLR®SLR o SRR®SRR
5.2.2 Mixed-mass sector (eo and oe)

In the mixed-mass sector we scatter one massive particle with one massless one, or vice
versa. Let us focus on the former possibility. Massive excitations are given by o,®g;, or
0r®or, while massless ones consist of two identical modules®? of the form o, ®g;, which
together form a doublet of su(2),. Let us consider first the case where the massive particles
have left flavor. Then we find two blocks (one for each g, ®p;, module), each of the form

massive (left) - massless: S"* @ S"F. (5.24)

The relative coefficient between the blocks is fixed by su(2), action.

31The use of the o and o symbols here to denote massive and massless excitations respectively is remi-
niscent of the notation introduced for the algebras su(2)e and su(2).. In fact, only massive fermions are
charged under su(2),, and all massless excitations are charged under su(2)..

32Recall that we could equivalently (up to a change of basis) obtain either or both of these two modules
from the massless limit of o ®o1 or pr®pr. For definiteness, we take the former representation for all
massless particles.
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If instead we started from a right massive particle, we would have found two blocks of
the form
massive (right) - massless: S®" & S, (5.25)

which again form a doublet of su(2)..

The two pairs of blocks of (5.24) and (5.25) are related to each other by left-right
symmetry. Therefore, we are left only with a single undetermined scalar factor for the
scattering of a massive particle with a massless one, i.e. for the whole S*°. We denote the
corresponding dressing phase as ¢*°, and we have

§* — % [(SLL@SLi) ® (sRL@sRi)]@Z. (5.26)

If we now consider the scattering of a massless particle with a massive one, analogous
considerations yield the S°® up to a dressing factor ¢°°,

S — 5o [(SLL@S“) ® (SLR@SiR)}@Q . (5.27)

5.2.3 Massless sector (0o0)

We are left with the scattering of massless particles, each transforming in two copies of
4

c.e.

0.®p.. Constructing the S matrix for these psu(1|1); . modules would lead to 16 seemingly
unrelated blocks. However, each of the modules is part of a su(2), doublet. As a result,
the blocks must arrange themselves in an su(2), covariant expression. In other words we

may decompose S°° as

Seu(2) ® (S™ & S™), (5.28)
and the su(2) invariant S matrix takes the familiar form3?
Seu2) (P q) = ! (TT+ Gpq1) (5.29)
sU ) 1+ Spq Pq )

in terms of the permutation operator II and of an undetermined function g,, which we will
constrain later. The action of S, ) can be represented in a block matrix form, whereby
the whole S°° takes the form

StE&SHE 0 0 0
S cQii 1 & QIE
0 [ Sres™ g StesST 0 (5.30)
1 ~ =& < ~ = .
0 1+<pq SLL®SLL lfgpq SLL ®SLL (3 3
0 0 0 S @S

up to an overall coeflicient containing the dressing factor ¢°°.

5.2.4 Normalisation of the sectors

Before moving on to discuss the non-linear constraints on the S matrix it is convenient to
fix its normalisation. There is some arbitrariness in doing so because, as we mentioned,
any of the blocks discussed above can be multiplied by an arbitrary prefactor.

33Recall that in our notation the matrices S do not permute the excitations, cf. equation (5.7).

-39 —



Here we chose these prefactors in such a way as to reproduce scattering elements
that are compatible with perturbative results (in the massive sector, where there exists a
proposal for the dressing factors [35]) and make their symmetry properties as manifest as
possible. In particular, we dictate the form of the following boson-boson processes

TR
YEYHS|iyy = 2 e T T 0wy
q p p q x; x(—]‘r x;‘_mq— 1— +1_ (0'..)2,
E (5.31)
1 1 :
Ry L L vR :El—ﬂi_xq_l_ﬂ?;zq_ 1_1513_ 1
<Yqu‘S|YpYZJ>:x7—x7+1_ T ] 1 [—ee\2’
p q $;CC; Tp Tq (qu)
-l L\
. . o -z 1
<T;a YpL‘ S |Y;)L T;a) — — mplxq — mplxq 5,
1 —— 1 - (o.oo)
Tp Tq Tp Tq pq (5 32)
-l L\ '
. . B e e 1
L Ly )T T, T
Yy LOSIL Y =\ —— 11— oen)”
x;xj{ Tp Tq Pq
. . . . 1
(T3 T3\ S [T3 T) = — . (5.33)
(qu)

In the massive sector, this is the same normalisation used in [34, 35]. The necessary
prefactors by which the formulae of appendix M must be multiplied are given in appendix O.

5.3 Physical and braiding unitarity

We have already mentioned that braiding and physical unitarity are necessary properties
for the self-consistency of our construction. It is easy to see that they result in (mild)
constrains on the five scalar factors, i.e.

1 1

oo oo\ ¥ ~00 _ (~e@\* oo __ oo\ * __
Ogp = (qu) = e’ Ip = (qu) = Zee’ Ip T (qu) = oo
9pq 9pq 9pq (5.34)
0_.0_(0_00)*_ 1 O_oo_(o_oo)*_ 1
qp rq - oo* ) qp ra - o®° ’
Pq rq

together with a constrain on the undetermined function ¢, appearing in the su(2) S matrix,
*
Sap = (Spa)” = —Spa» (5.35)
where * denotes complex conjugation.

5.4 The Yang-Baxter equation

A necessary condition for our S matrix to describe an integrable system is that the Yang-
Baxter equation (YBE) holds. In a matrix language, this is a cubic equation on a three-

particle vector space

1®S(p,q) -Sp,r)®1-108(q,7) =8(¢,r)®@1-1S(p,r)-S(p,q) @ 1. (5.36)
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Since our S matrix decomposes into a tensor-product structure, so does the Yang-
Baxter equation, which therefore can be checked directly for the fundamental S-matrices of
section 5.1 together with the su(2) S matrix of section 5.2. While the former automatically
satisfy the YBE, the latter in general does not. In fact, it is well known from the study
of the Heisenberg model that, for the su(2)-invariant S matrix (5.29) to be integrable, the
relative coefficient between the identity and the permutation operator cannot be arbitrary.
In our normalisation, the YBE imposes

§(p, Q) —§(p,’l“) +<(Q7T) =0. (537)
Therefore, ¢,, must be the difference of two appropriately defined rapidities,
s(p,q) = Z.(wp - wq)a (5.38)

which together with equation (5.33) implies that w(p) is real.

5.5 Crossing invariance

Another natural requirement on our S-martrix is crossing invariance [89]. The crossing
transformation involves analytic continuation of the S matrix to an unphysical channel, so
that momentum and energy flip signs

p— —p, Wp = —Wp - (5.39)

In string-theory discussions of crossing it is useful to introduce a complex variable z that
takes values in a “rapidity torus”,>* so that the dispersion relations are uniformised [35, 49,
89, 90]. The analytic continuation amounts to z — z+wsa, where ws is half of the imaginary
period of the torus. In terms of the Zhukovski parameters 2+ and of the function 7 this gives
5 (2 +wy) = %, n(z + we) = Ln(z) (5.40)

7+ (2) 7t (2)

In order to impose crossing symmetry on the S matrix, one needs to find the matrix %),
that implements the crossing transformation on the one-particle states. In general %), is
momentum dependent and it turns out that we will need this dependence for massless
fermions. The charge conjugation matrix ¢, acts on the su(2) charges as

J,0= 6,3, Ja' = %36, (5.41)

and flips the sign of the central charges, giving in particular
H=-¢,H%¢ ', M=-¢M¢%," (5.42)
while for the supercharges one has
Q2+ w2)* = —e 2PE(2) Q1 (2) €
Qua(z +w2)™ =~ 27%(2) Qua(2) €~ (2), (5.43)
Qra(z +wo)™ = —eT2P€(2) Qua(z) € ( .
Q. (24 wo)st = —eTap €(z)

34In this sub-section we use z to denote this rapidity. We trust this causes no confusion with z; used to
denote the tranverse AdSs massive boson fields used in other sections of this paper.
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Here %' denotes supertransposition, defined as Q%' = Q' Y. The diagonal matrix ¥ is the
fermion-sign matrix, taking values +1, —1 on bosons and fermions respectively.

If we work in the basis

{YL,T]Ll, 77L2’ ZL} @ {YR, nR1’ T]RQ, ZR} @ {T117T217T127T22} EB {%17><17 227X2}7 (544)

then the matrix for the crossing transformation can be written as®®

Cp = ® o | - (5.45)

The crossing equations can be derived in a standard way [5, 49] and are most simply

expressed in terms of the matrix S, and read

% (2p) ® 1S (2, + wn, 24) - g—l(zp) ®1-S(zp,2) =11,

1 (5.46)
1®C " (2g) S (2p, 2g —wa) - 1@ C(29) - S(2py 2¢) = 1@ 1.

In fact, taking the symmetry properties of the scalar factors into account, it will be suf-
ficient to consider the crossing equation in either variable, e.g. the first. Such a matrix
equation automatically yields a left-hand side which is proportional to the identity matrix,
and constrains the normalisation of certain products of S-matrix elements to be one. In
appendix P we write down such constraints in components. They are equivalent to the

following equations for the scalar factors

2
— —_ +12 1 —_—
(o3)? (o) = (2] ) ot
e g ) (wp —wg)(wp —xf) 1= 5=
Tp Tq
VOO 2y OO
(0_2.)2 (5_00)2 _ qu x;x; zpzg ) Tp T g
Pq pq oF L \2 o — g
(1 - x;xq_)
ot T — T 1-— %
(0_20)2 (0_00)2:717 p q xpl‘q’
P P4 e gflﬁ
b 5.48
+ 0+ 1= % ( )
( 00)2 ( O.)Q_wixp .Z'q Tp Lq
9pq Tpq T R o R

+ —
Tp Tq

35The solution for %p is not unique, due to the fact that we are dealing with several irreducible represen-
tations of the symmetry algebra. Nevertheless the crossing equations that we will derive do not depend on

this ambiguity.
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0o\ 2 oo\ 2 Spq — 1 1- x;rlaz[; 1- xglx;
(Uﬁq) (qu) = c 1_ 1 7__1_ (5.49)
P efag zp g
Spg = Spq — 1, (5.50)

where we indicate the crossed momenta by a bar,
P =p(z + ws). (5.51)

The equations in (5.47) are the crossing equations for the scalar factors in the massive
sector. They were already derived in [34] and a solution to them was proposed in [35].
Equation (5.49) contraints the scalar factor of the massless sector, while (5.48) gives the
crossing equations for massive-massless and massless-massive scalar factors. Finally, if we
use the fact that the scalar factor ¢, is given by the difference of two rapidities as in equa-
tion (5.38), we have that its crossing symmetry simply amounts to the well-known equation

w(p) = w(p) +i. (5.52)

6 Discussion and outlook

In this paper we have given a detailed exposition of the results announced in [59]. We
have found the symmetries of type IIB AdS3 x S? x T* superstrings with R-R flux from
the light-cone gauge-fixed action, and illustrated how they can be used to fix the exact
non-perturbative worldsheet S matrix up to five crossing-symmetric dressing factors. We
have also written down the crossing relations that these dressing factors satisfy.

Our results provide a comprehensive framework for investigating the AdS3/CFTy cor-
respondence using integrability tools. In particular, we have shown how to include the
massless modes into the non-perturbative worldsheet S matrix of the theory, thus solving
this long-standing obstacle.

The next natural step in this investigation is to determine the form of such factors: so
far, a proposal [35] exists only for the ones related to scattering processes in the massive
sector, i.e. ¢*® and o*°. Finding the remaining factors will likely require new insights into
the analytic structure of the rapidity curve for massless excitations, as well as guidance
from perturbative calculations [40].

Another interesting direction would be to write down the Bethe-Yang equations de-
scribing the asymptotic spectrum and thereby extending the results presented for the mas-
sive modes in [34] to the complete theory. While diagonalising the S matrix is a relatively
straightforward task, it would be very interesting to see how the asymptotic N' = (4,4)
symmetry is realised on the spectrum. It will be particularly interesting to see how the
AFS phase [91] generalises to the massless modes setting and how the semi-classical fea-
tures such as finite gap equations [92, 93] or Landau-Lifshitz equations [94-99] emerge in
this setting. The former would then need to be compared to the recent proposal for the
finite-gap equations of [58].

Since the massless dispersion relation is reminiscent of the ones of giant magnons [83],
it is natural to look for similar classical solitonic solution in the massless sector. It appears

— 43 —



however that such solutions cannot be straightforwardly constructed only out of bosonic
fields, as the related equations of motions are essentially free.

Additionally, note that our description is valid even in the presence of non-trivial wind-
ing on the torus because we are in the strict decompactification limit. At the level of the
Bethe-Yang equations we should instead be able to distinguish the winding sectors and
torus moduli. It would also be very interesting if a similar set of Bethe ansatz equations
could be extracted from the dual CFT, perhaps by techniques similar to the ones described
in [29]. Further, given the advances in the thermodynamical Bethe Ansatz/quantum spec-
tral curve program [100-107], it would be interesting to see how massless modes will appear
in that setting.

Let us remark that the methods presented here should be applicable to more general
cases. One is the AdS3 x S? x S3 x S! background, which is also classically integrable [24]
and whose massive-sector S matrix and Bethe-Yang equations were found in refs. [32, 33].
While this case is somewhat more complicated than the AdSs x S® x T% one — the dual
CFT is still to be precisely identified [108, 109] — the presence of so-called large N = (4, 4)
symmetry yields a rich algebraic structure, which was fruitfully employed in the study of
higher spin theories [110].

It would also be interesting to consider the case where AdS3 backgrounds are supported
by a mixture of R-R and NS-NS fluxes. These are also classically integrable [26], and
interpolate between the pure R-R superstrings described here and supersymmetric WZW
models [20-22]. Recently, considerable effort was put into studying the massive sector of
the mixed-flux AdS3 x S? x T* background, both in terms of their world-sheet S matrix [42,
43, 48] and by semi-classical techniques [44, 47]. The study of their off-shell symmetries
and representations could shed new light on the structure of the massive sector and of the
massless one, which at this time remains quite obscure.

Finally, the prospect of studying deformations and orbifolds of these backgrounds —
as it was done for AdSs x S°, see e.g. [75, 76] for a review — is extremely appealing,
as they include BTZ-like black-hole backgrounds [10], and also appear to be classically
integrable [111, 112]. This may allow to put, for the first time, an integrability handle on
string theory in black-hole backgrounds.

We are confident that we will witness significant progress in these directions in the
near future, and we hope to report on some of these topics soon.
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A Index conventions

In this appendix we collect our index conventions. Indices «,(,... = 7,0 are used for
worldsheet coordinates. Indices m,n,... = 0,...,9 are used for spacetime coordinates;
the coordinates m = 0,5 will form the light-cone directions and are denoted as ¢ and
¢, respectively. Indices A, B,... = 0,...,9 are used for s0(1,9) tangent indices. Indices
1,J,...=1,2 denote the two sets of spacetime spinors.

We will often write expressions in s0(4); x s0(4)2 notation. so(4); corresponds to
rotations along the AdSs x S3 directions transverse to the light-cone directions ¢ and ¢.
This is not a symmetry of the theory; nevertheless it will be useful to write the theory
in terms of this algebra. so(4)y corresponds to rotations along T¢. Underlined indices

will always refer to so(4);. Indices a,b,... = 1,2 and a4, b,...=1,2 are used for the two
Weyl spinors of so(4);, while 4,j,... = 1,...,4 are used for the vector of so(4);. Further,
throughout the paper 7,j,... = 1,2 will denote the two directions of AdS3 transverse

to t; the corresponding coordinates will be denoted as z;, with the understanding that
z3 = 24 = 0. Similarly, 4,j,... = 3,4 will denote the two directions of Sz transverse to
¢; the corresponding coordinates will be denoted as y;, with y; = yo = 0. By a slight
abuse of notation we will sometimes write expressions like eﬁzﬁazj or eﬁyﬁayj with the
understanding that B B

€21002j = 210022 — 220021, €2Yi0ayj = y30ays — y10ays - (A1)
Indices a,b,... = 1,2 and @,b,... = 1,2 are used for the two Weyl spinors of s0(4)y while
iyJy... =6,...,9 are used for the vector of so(4);. We raise and lower the spinor indices

using epsilon symbols which we normalize by

e? = —€19 = +1. (AQ)

B Spinor and gamma matrix conventions

For AdS3 and S* we consider the three-dimensional gamma matrices

V' =—ios, Y'=01, Y¥=02 =01, Y*=02, 7’ =03 (B.1)

We further define
’YG =01, 77 =02, ’YS = 03. (B2)

36Qur conventions are the same as those of [24], except for the definition of 4° and ~?.
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The ten-dimensional gamma matrices are then given by

M=40®0m7'91 @1, A=0,1,2,
M=t ®001 9y*®@ 1, A=34,5,

B.3
M=45®0301 @1 4%, A=6,7,8, (B:3)
M=—rnelel o1 @1 .
We then have
= -1 ®03800300350 1,
M"? = 4oemeleol®l,
P =tinenel®l®l,
MBS - L 19melele®l, (B.4)
M= _ 101000001,
M -t eaelelel,
[—T0I2456789 _ 400l lelel.
The gamma matrices satisfy
@Yt = ATt T = —crieTt, (1) = +Br4B71, (B.5)
where
T = —ioy ® 03 ® 09 @ 09 @ 03, C =19, B=-T"T. (B.6)
It is useful to note the relations
T'T =C'C =B'B=1, B! =TCT,
Th = —T = +T*, Ccl=_Cc=1c', B'=+B=1B
T = -0, C=—-i01Q0Q0301x1,
B=4031® 0 ® 0y @ g9 = —T117,
BTB' =T*.
(B.7)
The Majorana spinors satisfy the conditions
0* =B, 0=01C=0T. (B.8)
For all gamma matrices we define the antisymmetric product by
1
A1 AgA, TPA 1) AR Apn
A1A2 _EZ(,DF WA ... [ (B.9)

‘eSS,

where the sum runs over all permutations of the indices and (—1)" denotes the signature of

the permutation. Similar expressions are used for the three-dimensional gamma matrices

74 as well as for the s0(4) gamma matrices introduced in section 2.2.5.
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C Killing spinors and a preferred choice of vielbeins

In this appendix we collect some of the computational details that are useful for the calcu-
lation of Killing spinors done in section 2.1. We begin by presenting solutions of the Killing
spinor equation on S® and AdSz and, using these, we construct Killing spinors in the full
AdS3 x S x T* geometry. In parallel with this construction, we also introduce a particular
choice of vielbeins for the geometries in question. Such a choice is of course in some sense
arbitrary and can be gauged away. However, many of the detailed computations performed

in this paper simplify significantly in this frame.

Killing spinors on S3. The S® metric (2.2) can be written in terms of a diagonal
dreibein®”

1
1+y§f"% 0 0
0 —%— 0
EnA = £ (C.1)
1_y§+yi
0 0 e
14 YAt
and the spin connection
_ Ya
1 Z i
= - 3 0 0
Wys AB = 5 =+ 1+ygzyi )
0 0 0
0 +—=2
1 , 1+ y%Zyi
_ | _ 3
Wy, AB = 9 1+y?2)1_y3 0 01, (CQ)
0 0 0
Y3
0 0 + T
4
Ya
woap=| 0 0
_ Y3 _ Y4 0 !
1+y§:yi 1+y§1yi
The S? Killing spinors satisfy [71]
1 i
Omigs + JwimYaBNG + 5 Em 408713 = 0. (C.3)

These equations are solved by
5 1 13 14 _id .5 N
s = <1 — 7 — ") e T g = Mgen,
. . _ (C.4)
Y3 3 Y4 4> €+%

/1+y§1’yi 2 2
B = —— <1+ v+
fm ot (14
VA2 2 2

where 776 are constant spinors with two complex components.

5 1 _ 77 1
7 770=Ms3770,

3"We denote the tangent space directions for S with A = 3,4, 5.
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Let us consider the first of these solutions. We note that
MG" ya Mgs En* = qaMABE,", MG ya Mg En® = ya M pE,"”,  (C5)

where MAE and MAB are orthogonal matrices. Using these matrices we can introduce
new dreibeins, obtained by a rotation in tangent space

K} =MABE,B,  K,*=M"BE,". (C.6)

The components of the inverse dreibein are given by a fairly compact expression and can
be written in the factorized form

2 2
14 ¥~%  ysya __ Ya
+cos¢ +sing 0 4 2 1—@
>omo_ | y2—y2
i R N e ik
4
+y4 —Y3 1 7
2 2 :
14+ %"%  ysya Y4
+cos¢p —sing 0 4 2 YAt
. . 2,2
K™ = —|—s(1)ngb —l—c(())sqb(l) +% 1_?/342/4 _1 3§3+y§
B At
—Ya +Y3 1
Like all vielbeins, the K,” are covariantly constant
DK, A = 0K, = T8 KA + 0, g K2 = 0. (C.8)

Here, W, 4p is the spin connection in the rotated tangent space. KA and @pap further
satisfy the relation
O KP4+ 0n K2 =0, (C.9)

which is not true for generic vielbeins and spin-connections. Equations (C.8) and (C.9)

together give the relation

DK + Dy Ky = 0, Ky + 0, Kt — 2T KA = 0. (C.10)

This is the Killing vector equation; similar equations hold for K,4.
The vectors K, and K,,* together generate the so(4) = su(2) @ su(2) isometry
algebra of S3,

(K4, Kp] = +2e45° Ke, [Ka,Kp] = —2e4p°Kc, [Ka,Kp]=0. (C.11)

Killing spinors on AdSz. We consider the AdSs metric

22422\ 2 2
2 1+ 14 2 2 1 2 2
dsAdSS = — IW dt + W (dzl + dZQ), (012)
— 12 — =12
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with the diagonal dreibein3®

2
1+z1+22
172%:1_25 0 O
_itEs
1
O O 1 Z%ZZ%
and the spin connection
_ 21 _ z2
0 L TA
Z1
Wt AB = +1_z%+z§ 0 0 )
4
4
+1_Z%2+Z§ 0 0
4
0 0 0
22
Wz1 AB = % 0 0 +1—7Z%ZZ% ) (C14)
zZ
0 - 172%24_2% 0
4
0 0 0
110 0 ——
W2y AB = 5 1—721422
0 +—3— 0
1_z1+z2
4
The AdSs Killing spinors satisfy [70, 71]
1 1
Oa€hds, T 7o YABEAds; + §EaA'7AUZ'{J€1{dS3 =0, (C.15)
These equations have the solutions
. 1 Z1 Z2 t.0 -
E}msg B ey <1 - E’Yl - 272) ™27 ey = Mads, €,
1 2%
7
C.16
2 1 Bl 1 %2 2\ 140 2 Y 2 ( )
EAdS3 - 1+7’}/ +7’}/ e 2 GOEMAC[SSEO,
1— Z%+Z§ 2 2
7]

where E(I) are constant spinors.

Like we did for the S* we introduce matrices M g and M4p

Mﬁsg) YA Maas, EpyA =74 MABE,,B, MX§S3 va Maas, E,yA =~v4 M*BE, B,
(C.17)
These matrices are orthogonal with respect to a metric of signature (—1,41,+1). The
rotated dreibeins are defined by

Kn2 = MA5E B, Kpn* = MABE,”, (C.18)

38For AdS; we denote the tangent space directions A = 0,1, 2.
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are their inverses can be written in components as

+1 +29 —2Z1
A 1 0 0 Lz 1_ 223 gz
K4™ =10 +cost +sint 1+ﬁ 4 2 ,
. 2_ .2
0 —sint +cost _1+j%1+z§ _% 14 zl4z2
! (C.19)
+1 —22 +21
1 0 0 22 1 zf—z% Z122
~ m o __ oo - z2+z2 - 4 - 2
K ™= |0 +4cost —sint 1471172
0 +sint +cost + 521+Z2 _azmoopg z?;z?
1+ 14 2

Like in the S? case these dreibeins are Killing vectors satisfying the so(2,2) = s[(2) @ s1(2)
algebra

(K4, Kp] = +2e4p° Ke, (K4, Kp| = —2e45° Ke, [Ka,Kg] = 0. (C.20)

Killing spinors on AdS3 X S3 x T4. The above constructions of Killing spinors on
AdS3 and S? can readily be used to show that the spinors (2.7) satisfy the Killing spinor
equations (2.4). Writing the Killing spinors in the penta-spinor notation used to define the

1 0\ . N ~ (1 0
51_<O>®<1>®6}%d83®né3®wé_M (O>®<1>®eé®né®wé

1 0\ . . (1 0
52:(O)@a(l)@eidsg@ngg@wg:M (O>®<1>®e§®ng®w§

where 66, ?76 and wé are constant two-component spinors. In this basis, the matrices M

gamma matrices in appendix B, we have

Y

(C.21)

Y

and M are given by
M=101® Mpgs, ® Mgs ©1, M =1®1® Mpgs, ® Mgs 1, (C.22)
and satisfy
MT =M1, MT=MT'T, MTC=Mm1T° MTTO=nr"117, (C.23)

One can easily check that the Killing spinors ¢ are chiral in the 5+1 and 9+1 dimensional

sense
}(1 012845 T _ 1(1 0123456789y 1 _ ) (C.24)

2 2
Again we introduce orthogonal matrices MAB and MAB satisfying
M7TTAM =18 Mmpt,  MTAM =T MpA. (C.25)

These matrices are block diagonal,

M= MAds3 &5 MSS & 14, M= MAds3 @ MSS o1y, (C.26)
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and are used in equation (2.13) to define a preferred set of vielbeins KA and K,,* used in
much of the paper. The tangent space rotations above only affect the AdSs x S? directions
A=0,...,5 but leave the T* directions i = 6, ...,9 untouched. It is therefore convenient
to introduce the contractions

5 5
Em = Z EmAF/b J%m = Z KmAFAa
A=0 A=0
; - (C.27)
E‘m = ZEmle; Km = Z KmAFAa
1=6 A=0

of the various vielbeins in the two subspaces. We also sometimes use EmA to denote the
A =06,...,9 componentes of the vielbein.

After performing the tangent space rotations we find new spin connections w,, 4p and
WmAB, and corresponding covariant derivatives ﬁm and D,, satisfying

. N N N 1 N 1
Dp=M"1Dy M=M"! (am + 4wgBrAB)M = O + Zw;‘lBrAB, (C.28)

and similar for D,,. The spin connections can be written as

iﬂzfm _ _ily(m(rmz 4+ 7345 _ i(rmz LTV
1 1 012 | 1345y , 1,012 | 1345 (0.29)
which leads to
1 1 N 1 .
O+ b+ 5 FEm = N1 (00 = (B + En)T2(14 T0595) )72
(C.30)

am + i‘/}m - iFEm = M<am + %(Km + Em)rou(l + F012345)>M1'

D Proof of the identity (2.24)
To prove the identity (2.24) we write
B0, (MNEK 5) (1 — TO12345) — 0B, xma,X™ [8m (M*IEHM)} (1—012845)  (D.1)

The expression in the square brackets is antisymmetrized in m and n. By multiplying it
from the left and the right by M and M1 we get

MOy, (M EyM)M ™ = 8, B,y + (MO, M) By + Epyyy (MO, M), (D.2)

Using the relations

1 1o, - S [ vl
7 = zMﬁmM‘l + Mo, M~ = 1M¢mM—1 + MOy, M™! (D.3)
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we find

W10y (M BN VT = 03 By 4 (BB + Bty

—iM(ﬁ[ kn]M_ —fMi([m(,ﬁ M

(D.4)

The first term on the right-hand side can be shown to be zero using the covariant constancy
of the vielbein. Using the expressions for the spin connection in section C we can check
that the second term is proportional to the projector (1 4 I'°123456)  Hence the expression
appearing in (2.24) vanishes.
E Useful identities for so(4) gamma matrices
The following identities involving blocks of the s0(4) gamma matrices 4% and 7 are useful
VL = 464 4 44, TiF = U 7Y

iy

Find = 451 4 Aid, Fipd = il 4 il

VALAE = ikl + 5ok — 5T 4 §iknE

,y#y ,7 — _Eijl~ + 51] ~k 6%2—{—6&’?2’ (El)
VAL = gkl — silsik 4 GRLGH 4 (bl _ gkimat o 5ikaRL _ §ilytk 4 gELy
Yyl ghigt = glhsh — silstk 4 MG — el 4 eklmyt, 4 sikal _ silyik 4 ghLy
7~_k: ij kal 5sz] + (Sk]
We also use the relations
(%i)aaﬁab(%j)i)b _ _5ij6d6 + ( ]) dedi)7 (%i)da (,7~_i>6b _ +2€d6€ab- (E2)

F Relations between I'* and s0(4); @ s0(4), gamma matrices

Let us relate the action on the fermions of the ten dimensional gamma matrices of ap-
pendix B with the action of the s0(4); $s0(4)2 gamma matrices introduced in section 2.2.5.
The chiral spinors 7; and x have eigenvalue +1 under T'0123456789  Here we write the action
of the gamma matrices that preserve this chirality. Performing the change of basis (2.55)
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we find the decomposition

M= - 03® 1 ®01®0’2®0’2—>—<+6 O>®<+€ 0)

0 +e 0 +e
TT!' = +ios ® 1 ® 03 ® 09 ® 09 — —i O +6’y ® e o ,
0 0 +e
TF2:—U3®]I®]]_®O'2®O'2—)—Z O +€’Y ® +60 )
0 0 e
TF3:+03®03®02®U3®U2_>_Z< " +B’Y>®<"B€ —O€>’
TI‘4:+Z'03®03®02®]1®02_>_Z< O’Y>®<"B€ —Oe>’
(F.1)
+e 0 +e 0
TF5:—03®03®02®01®02—>+<06€>®< ee>’

TF6:—03®01®02®02®03—>—1

TF8:+03®01®02®02®01—>—1

0
TT" = —io3 @01 R0 @02 ® 1 — —i <+6V 0~34> ®

_.9
1T = +i1 ®02<§§>02<§§>02<X>02—>—’L<+€y 0~34>®< O~9 6T>’
0 —ey

where the matrix T is the transpose intertwiner defined in appendix B, and the arrows

indicate the change of basis as well as a restriction to the upper left 16 x 16 block. The

symbol € represents the antisymmetric tensor. We further find

and

+ey3t 0 0
TF012=—03®11®02®02®02—>+< v ~34)®<+6 )

0 —ey 0 He
F.2
345 +ey*t 0 +e 0 "
TI™ = —03® 03 R 09 R 09 ® 09 — + 34 | ® )
0 —€y 0 —e

M= _ 1010000301 540301 11,
9 = 403003010101 5+1 ®1 ®o3® 1, (F.3)
P=_1®0R0R0391 540301 Qo3 1.
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It is also useful to note that

M2 - 414291,

I — 444 @™ fori=1,2, j = 3,4,
- 4% 01,

' — -1+

(F.4)

G Lwgz in so(4); @ so(4), components

In this appendix we write down the expression for Ly in terms of s0(4); ®s0(4)2 bispinors
introduced in section 2.2.5. In order to do this notice first that the matrix My, when written
after the basis change (2.55), is of the form

My =1o®mg® 14, (Gl)

where myg is a 4 x 4 matrix. In other words it acts non-trivially only on so(4);. Explicitly
we find

B 1 ez [0 4y ety [0 4y
m°_¢<1—af><1+y:><l : <0>><1 2 (wo)) 62

and it is also useful to note

(1+5) (1= ) —clieblayyyy _ (143 ) i+ (1= ) i
A 0 (=)0 2)
" — (1420 eliyy;— (1= )iy (145) (1 1) +elielayy iy | (G-3)
(1-22) (1+%) (1-2) (1+15)

The above matrices are written in block form, with the blocks having the same index
structure as that given in equation (2.50). Using this block structure we define

(mg)% (mg)
m%z( 2 2)b . (G.4)
0/ b
It is straightforward to check that

. (_(m§)‘?b —<m§)7b> _ (G.5)

Equipped with these observations, it is now straightforward though laborious to express
Lz given in equation (2.34), in terms of s0(4); @ so0(4)2 bispinor fermions,

Lwz = B <2iE$ﬁ2m%85n1 + 2Z'EA‘;_T_]1’I7L(2)65772 + QiEJ)ZQm%aBXl + QiE;_legaﬁXQ

+ > (BEmAmidsma — EinaAmiosm + Eixay misxi — BLx1v'miosxa)
i=1,2
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+ Y (ELmA mgdsm — ExmA miosne + Eixay midsxi — Bixav'miosxs)
i=3,4

—2E}, (x2v*'mr' 0sm — xav**mir 0am2)
—2(Efxamdy*xe — Ef xamdy*x1) 052~
- 22(E+771m3734?72 - E+772mo’Y 771)5’5$+
+ (Bix2vimiy* x1 + Eixavimdy* x2) sz~

- Z (BLipAmda ™ m + EEmAimiaine) ogat
i=1,2

+ > (BimAmgy* . + ELmy'mgy* ) 0ga™
i—3,4

— 2}, (o' mg7* rim + xiy* gy ring) 0pa™
+ %EQEZ; (x2v**'mgTx1 — x17* mgT x2) O™
— 2E] Eg xoy*'mix1 + 26E Eg xav* moxe
+2(ES Bixoy' 3 mdx1 — ETEbxiv' 4 mix2)

LBt B mix, — Eéﬁéxlv”vg“m%m))- (G.6)

[\

In some terms in the above expressions we have written out the sums over indices ¢ = 1,2
and ¢ = 3,4 separately. In all terms where there are no explicit summation there is an
implicit summation over the indices 4,5 = 1,...,4 and i,j = 6,...,9. As expected, many
of the terms above break the s0(4); explicitly.

H Equations of motion

In this appendix we write down the bosonic and fermionic equations of motion for the
physical fields of the fully gauge-fixed theory to leading order in fermionic fields and sub-
leading order in bosonic fields. The bosonic equations of motion are

éizé'i—zé+(z2—y2)§i+(2z Z—y- —Y-UZ

zi (H.1)

1 ,
+2(y — P - 247 —@? - 2?

)%
Gi=0i—vyi+ =)+ (= 2=2y 0hi+2- 20

1 . / /
+§(z2+z — 224207 4+ %+ 2%y (H.2)
sez»=a'cz-+<z2—y%ﬁ<z-z’—y-y>mi+<z-z—y-y>aa+---. (13)

The fermionic equations of motion are

2m = — 2ﬁ2 - 2’?34771 + eﬁ(zzz"i — Y l)ﬁl + (y . y’ oz b (ylzl 2 ll):Yﬂ) ?72
+ (2 = Y)TAT X — (20 — )BT X2
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+ (2 = 9)2i — (2 — ga)di + (20 — y')iﬂ?’“)&%ixz o (H.4)

2 = = 211 + 29 — € zzz] l)ﬁ (y-y—z-z+ (%Z/l — i /1):}’2) m
+ (47 = 2% = (B +9:) (2 — )ﬁ ) - (y Y=z 2+ (2y — i) V)i
— (2 = y)TAT X1+ (20— y) A"

_((_yZ)éz_<l_g}z)x7,_( yz) 2,3/34)"2%)(1_}__” (H5)
AX1 = = Ao + 260 (ys — 20)di7 e — 2(% 2i) iyl + 2(3/1 — 2) & T
+l(zdy —yity)xa + (B + 97+ 22— 27 —

Z/’Q _y — 5 )734X1

/ 1 17 .« ! . !/ / ! y ~ ./ . ! 17
+ 27+ Sl — ki) + (v — 20 + AV = (g + Zi)r ) xe

+2(y° = 2% — (2 — v (35 — 9)7V* ") X2
+ -yt z—2(uy; + Z/jyz‘)VQ)’Y?’A‘Xz +- (H.6)
Axs = — 4x1 + 269 (y; — 2) i Tim + 2(yl -~ zz)m T — 2(y; — 2) AT

— €zt —yig)Xe — (@ + 97+ 27 —2® — 7 — 2 — y2 — 257 X2

! 1 ) . ! . ! ! ! o~ . ! . / 32
Q(W 734 Yt 26%@1 = &%) — (i — 20) (Y5 + 27T — (a2 + 295)7" ) xa
+2(y° - — i) (% yl)v Y5 )X1
(y +z 2(22.@] + ijz) )’Y X1+ - (H.7)

I Poisson bracket for n; and x;r

In this appendix we compute the Poisson brackets for n; and x7. To do this let us write
all the terms in the action that have a 7-derivative acting on the fermions up to quadratic
order in transverse bosons. Keeping only the terms up to the order in the number of fields
that we require, Ly, gives rise to two such terms

1
_QWOO (mEJrF n + X1E+I‘ Xl) ~ 2@(771771 + Xle) (1 + 2(6 z,z] — Y y,y])) ( )
I.1
3 3 1
=207 (BT + Xo BT T X2) & 2i(iins + XaXo) (1 = (222 — €uiy)).

From Lywy we get additional terms

—it By My 21 ~ +imm 7> 2 (2 - £ =y - ) — im 3> 5200 (200 + 249;),
—ifp Ee My iy ~ —ifp 7™ i (2 - £ — y - ) + i3 501 (2585 + 240;). (1.2)
—ix1Bo My Yo, ~ —ixiv* o (z - 24y - §) — iy e (= —é;yi% '
—ixaEo My X1, ~ +ixey* X1 (2 - £ +y - 9) + ixer* VX (2 — Zav)
as well as terms that mix massless and massive fields,
—im Eo My *Xo = —imA'F Xa (21 — yo) ',
—i By M X1 ~ +iﬁzﬁ%i>§1(zz — g, (L3)
—ix1 B, My % ~ —ixieritiin(zi — i)',

—ixo By M0 = +ixoyiriin (z — yi)i'.
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These terms can be diagonalised by a field redefinition. Let us introduce a new set of

spinors ¥,, a=1,...,4 by

1 1 1 1
m =1+ §A1a¢a7 N2 = P2 + §A2a¢a7 X1 =3+ §A3a”¢a, X2 = P4 + §A4a¢a-

The kinetic term then take the canonical form

2i¢a€€¢aa

provided the coefficients A, are chosen as

1. . .
+A1 = Aoy = +A33 = —Ay = —ieﬂ(z@zl — Yilj),

+A12 = —A = —5734(2 A=y y) + 2Lz, + fiyg),

1 ! ! > a !/ /
+A3 = —Agz = +§734(Z Z+y-y)+ *734’7Q(Zzyi — ZiY;),
Az = Ag1 = Aoy = Ayp =0,

1. ,
4 A= —Agg = —1—5717'1(2’1 — i) T4,

1, ,
+A41 = —A32 = —i’yi’rl(zi — yl)xl
It is useful to note that the coefficients satisfy
Aap = (EG)A{;a(ﬁE).

The fermions 1, have canonical Poisson brackets

7
{¢a’ wb}PB = _Eéabee‘

(L4)

(L5)

(1.6)

(L7)

(L8)

The Poisson brackets for the n; and x; then follow immediately and are given in equa-

tion (2.88).

J Some Poisson brackets used in section 2.4.1

To calculate the Poisson bracket between the exponential factor in @ and H we need the

e (@) 2 ()] =+ [ dsd(s)3(s — o)
s oo
— —i—%:ﬁz(a')@(a _ o),
(@) 40, =+ [ 5o (955~ )
=+ H(0)0(0 o) — 4 (o")i(0 — o),
(@), == | dsni)dids =)

= —i—pl_]si(al)@(a —0d')— pl_pi(a)5(a —a),
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where ©(c) is the standard step function. Using these relations we find

_ 1 , 1 /
+7(0) 5020 + 0], =+ 300 [((0) + £()) Ol ~ )]
1_ 20 1 120 / (J'2)
—p—Q(p (o) +x (a))é(a—a)
For the Poisson bracket between the Hamiltonian and the quadratic supercharge we note
~i ]- / / ~7;
[pi(o)T'x1(0), §x2(0')]PB = —2;(0")7"x1(0)056 (0 — o),
: ~i 1 ~i
[£:(0) 7 x2(0), 5p*(0)] = +pi(0) Fx2(0)050(0 = o),
~i / / / i ~i/ / / (J.3)
pi(o)™xa (o) xalo)eexa(o)] = =5 =pi(0) 7 Xa(07)o(o = o),
~i / i ~1
[pi(0)7*x1 (o), XQ(U,)€€X1(U/)]PB = +2]T_pi(0')7' x2(0")0y10(0 — o),
and )
~q ¢ ~%
i x1 (v exa] = ——piy* 7 x1,
PB p_
/ ~i 7/ / "’Z’
7% (@™ol = —— 8™ x,
B ; B (J.4)
[Pk X1, xa(er™) (er)xa] = —ﬂpw?"‘%kf” X2,
/o~ i { / ~k__1j
(257" X2, X2(e7*") (e7 Dl = —ﬁwwg%kT Txa-

We also collect here some formulas that are useful in deriving equation (2.82). First,
note that for a constant o

_ 2 — 1 o~ ~1
e** (U)[QQ(U)v H]PB =+ p—@a(e(m (xiT X1 — PiT X2))

_i azx 114,34
2

e (pit'y* + ap_z7) (27 x1 — piT'Xx2) (J.5)

1 - / ~7 ! o~
+ ™ (PP + 7)Y (piF v — 2T xe)

and
_ 1 ) » .
Qo (o)[e™ (@), H]PB =— p—zeo‘z (”)a(pQ(a) -+ :L'2(a))(pi’y34T’X1 — ;7' X2)- (J.6)
Putting this together we find, up to total derivatives of expressions that vanish at +oo,
- 2 [T -, L .
[e** Qo H] =-— 2/ do e pzt (3t — a)(z; 7 x1 — piT Xx2)
PB P )
(J.7)
1o fhee (12 24 (.34 ~i 1~
- p2/ doe® (2% 4+ p°)(v"" — a)(piT'x1 — TiT'X2)-
— J—o0

Hence, if we set
a=~4 (J.8)

the expression e** Qs gives a conserved charge.
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K Derivation of equation (2.89)

In this appendix we give the details of the how equation (2.89) is derived. The various
terms in {j1,7j2} are given by, up to terms quartic in the transverse fields
PB

2ip— {jl,massless; j2,massless}PB ~ 42z - 1/'66
+ EU (ZzZ] yzyi):ki:ﬁje%ije
(z-2+y-9) (@2 — 22y ee

(zid — %iy;)(@°

12\ 1j 34
-z )Vify €e,

/‘\
\s,

— (2 — Gk e e

Q
|

Qip, {]1 ,massless» j2,massive}PB

/—\

= 4:)(% + y)did 7yl e T e

(20 — yi) (%) — 9;)°7* 75 ee,

Q

2ip—{jl,massivea j2,massless}PB ( Zi — yl)(zl - yl')é:i:tﬂiﬁi'y?"le%ifje

5 (2 v (25 — yy)dadn ™yl er re

(I A [\3\)—!'4;"—‘1\3"—‘ M‘,_.[\DM—![\D — M‘HL\DM—A[\DM—A MM_;[\DM—‘[\DM—‘

(2 — 90) () — y)) TV 51y ee,

Q
|

2ip—{j1,massiveaj2,mixed}PB (z}i - yz)( y])a: x’yﬁ ")/ 66
(K.1)

(zi + vi) (2 — y5) - 275517 ee

_l’_

(4 — 09 (25 — y;) (& + £2)y"5Ly e,

2ip_ {jl,mixedij,massive}PB ~ ( Zi — yl)(zl — yl)x . fi’}’34’71’7i€6

A

— i) (2 + )i - 27y 51y ee

— ) (%5 — 1) (@ + %)y 5 ee,

+
A,&
/—\

22 — y?) iz e e

22

2ip— {jl,masslessa j2,mixed }PB
+ 2y iy LeT T €,
. . . - M. I~
21p—{]1,mixeda]Q,massless}PB ~ + (22 -y )xiﬂjieTabf
- Zzyl.%l'il“j’yﬂe’lzZTje,
. . . . / . /
2ip_ {]1,massive>]2,massive}PB ~ 4 2(Z 24y y)ee

+2(z-2—y- )y e



2Z.pf{j1,mixedajZmixed}PB ~ 0.
Putting this together we find
2ip_{j1,j2}PB = 2t ((z A4 gy+io e+ (-2 —y-y)yHee

’ ’ .. _ 34 —
— (ziy; + z~y-)'y34'yﬂee)e T
T (K.2)

= etr™e” (2(2 Ay y i 2)ee+ 60(22 — y2)734ee

o 80 (Zgyi)'}/:m’}/gﬁe) 67734:10_ .

L Oscillator algebra

As a preliminary step to facilitate the study of non-perturbative representations, let us
rewrite the supercurrents in components and expand them in terms of oscillators in a
momentum-basis. In this way, it will be easier to read off the form of the representations,
and to deform their dependence on the momentum. In order to elucidate the structure of
the representations it will be sufficient to consider their leading order in a field expansion.

We introduce complex coordinates
Z:—Zg—i-izl, Z:—Zz—izl, Y:—yg—iy4, Y:—y3+iy4,(L.1)

and the corresponding conjugate momenta Pz, P; and Py, Py so that the variables satisfy

canonical commutation relations

[Z(01), Pz(02)] = [Z(01), Pz(02)] = i6(01 — 02),

” , (L.2)
[Y (1), Py (02)] = [Y(01), Py(02)] = i (01 — 02).

Similarly, for T# coordinates we introduce
X2 = _go4izg, XM =ag+ixg, XY =gg—iar, X®=z¢+izr, (L.3)
and canonical momenta satisfying
(X (o), Py (02)] = i5db 3% (01 — 02) . (L.4)

It will also be useful to expand the fermions in components. For the massive ones we have
() = (T ) e (e ) )
e—im/4 77L1 _e—im/4 77L2 ’ etim/4 ’F}Rl _etin/4 ﬁRQ ) .
where we introduced a rotation of e*™/4 for later convenience. Similarly, we have

+im/4o _ptim/dg _p—im/4,, 1 —im/4,, 2
(Xl)ga _ e 7”/4X+12 e 7”/4X+21 7 (XQ)QG _ €+m/4 z(_ e+i7r/4 z(_ . (L6)
€ X+ ¢ X+ € X-2 —¢ X-1
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On the right-hand side of the above expressions for n; (respectively x;) the indices 1,2
correspond to the unbroken su(2), (respectively su(2),), and complex conjugation is indi-
cated by a bar. We write superscript s1(2), indices for left massive fermions and subscript
indices for right massive fermions (the opposite for their conjugates) because they trans-
form in the fundamental and anti-fundamental representations, respectively. The canonical
anti-commutation relations take the form

{a(01), .l (02)} = (32(01) ma(o2)} = 8,7 6(01 — 02),

L.7
{(X+a(01), X% (02)} = {X-a(01), X" (02)} = 6,” 6(01 — 02), (-7

Using these expressions, we can write the leading order expression of the charges,
recalling that we take e'? = —ej9 = +1,

1. .
— 56abeaX_f Z'(Xaa)/ —a> ’
(L.8)
R =€ 4° / do <2PZnRa — zZ'nLd + 1 Znra + €4 <2Py77Rb — Y’an + Yan>
+ lp a s Xba ! =
B aaX— Zeab( ) X+a |5
while their Hermitian conjugates can be found directly by
QLEL = (QL[I)T’ QR(I = (QRd)T- (Lg)

The identification with the supercharges in (2.63) goes as follows

Q. =—-(Q)", Q=(Q)*” Qu=(Q2)" Qu=(@)", (L.10)

where for simplicity we have written Q; = [ do j7.
We can now introduce ladder operators satisfying canonical (anti-)commutation rela-
tions. Let us define the wavefunction parameters

_ _ Jw(p,m) +|m| _ P
w(p,m) = \/m; f(p,m) = - 9 g(p,m) = —Wa (L.11)

satisfying
w(p,m) = f(p,m)* +g(p,m)>,  |m| = f(p,m)* — g(p,m)?, (L.12)
and the short-hand notation

wp =w(p,£1) fp=f(p,£1), gp =g(p,£1),

) i : (L.13)
wp:w(p70>v fp:f(pao)a gP:g(pa(])'
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Then, for the massive bosons we have

CLLz(p) = 127r/d(jp <pr+ ;p> e—z‘pa7
ar:(p) = 127r / d(; (pr + ;PZ> —ipo
(L.14)
ary(p) = \/12? / djp (wp}_/ + ;p_> e
ary(p) = \/12? / d;) <wa + ;Py> e~
while for the massive fermions
dra(p) = +6:;;4 j(;p €ab (fp an —igp ﬁRi)> e P
(L.15)

6-ﬁ-z‘7r/4 do
V 2 \/Wp

The corresponding creation operators are found by taking the complex conjugate of the

—ipo

de(p) = - edb (fp rb — igp ﬁLi)) €

above expressions, and raising and lowering the su(2) indices by the tensor e, yielding

[al . (p1), ar 2 (p2)] = [ak . (p1), an - (p2)] = 6(p1 — p2)
[al (1), any (2)] = [aky(p1), any(p2)] = (p1 — p2), (L.16)
{dT(p), dyy(p2)} = {d]; (p1), dyf (p2)} = 6, 6(p1 — po) -

For the massless bosons we have

e~ P, (L.17)

oaald) = = [ G (%K + 5P

and for the massless fermions

B i7r/4 do 5 )
d, ( o — 10 €q b e P9,
(p) \/ﬁ \/7 pr+ gp bX ) L s
J etim/4 do B ive ( ’ )
a - €q ) .
(p) \/ﬂ \/7 (fp bX+ gp X )
The commutators for the creation and annihilation operators are then
[aaa(p1)7a (pQ)] a a (pl p2) ? (ng)

{d"M (1), db(p2)} = {d “T(p1), dy(p2)} = 6," 5(p1 — p2) -

We define states by acting with the creation operators on the vacuum. We have eight

massive excitations

1Z9%Y = af oo [0),  [YERY =al o, 10), [ =diT[0),  |mma) =dl,[0), (L.20)
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and eight massless ones
7% = a®tjo), %) =dTj0), X% =d""|0). (L.21)

The same notation is used in the main text for the states on which the non-perturbative

S matrix acts.

Finally, the supercharges in terms of ladder operators take the form

Q' = /dp [(deTaLy +e®al.d) fp+ (abydid + d;ba‘“)gp
+ <€db JaTaba + adaTda) fp:| 3
. . (L.22)
Qra = /dp [(dJrr{aGRy ~ €ab al{zde)fp + (alyde ~ €ab dLbTaLZ)gP

+ (daTaaa — € ai’aToZa> gp] .

Note that these supercharges are manifestly covariant under s0(4)s = su(2)e @ su(2),, and
furthermore enjoy a discrete “left/right” symmetry under

Ay < Qrss ALy < Agy, dg > d, (L.23)
and
Qg —— a%%, d, s + 240 dy +— —@oia, (L.24)
9p
p

where we also used the fact that f2 = g

M Parametrisation of su(1|1)? ~S-matrix elements

2

‘.. invariant S-matrix elements. We

Here we give an explicit parametrisation of the su(1|1)
use the Zhukovski variables introduced in equation (4.21). In the left-left sector we have

o\ et —
ALL_]. BLL_ P p q
pg — pq ¥ - >
x Ty — T
P P q
1/2 1/2
— ot - _ o+ + - -
o — Tp Lq Lg —%q Mp DUt — Tq Tp —Xq (M.1)
pq + .~ - + 0 pg - - +7 ’
Tp Tq Tp — Tq Mg Zq Tp — Tq
1/2
— _ gt - + -
v Tp " Tp Mg o _ (T Tp — g
2 E— F o pg g — T
Lp — Xq Tlp Tp Lq Tp — Tq
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while in the left-right sector

1/2 1
m+ / ]. - :v+x_
ALR' — p P *q CLR = 1
Pq po 1— 1 > pq )
» =
Tp Tq
1/2 1/2 1
: = ot + ot 1-—
BLR — 2 [Ty Ty "Ip"lg 1 DLR — Tp %q _ mpag (M.2)
P T T, + = — .+ r pg - - T :
Tp Tgq Tpg 1 — —=—= Tp Tgq = —=—=
q p*q
1/2 1/2 1
. + o+ + 1— —
FLR — 2t (xp Lq > TIpTlq 1 ELR _ (xq ) _ wpmg
pa - + . +7_ 1 > pg o N —
Tp Tq TpTq 1 o Tq 1 e

Note that for convenience we normalise these S-matrices in a different way from what was
done in [32]. In particular, in order to satisfy unitarity one would need to multiply them
by an appropriate scalar factor.

N Explicit form of the S-matrix elements

For the reader’s convenience we write the explicit form of the S matrix in the different
sectors. To this end, we introduce the graded tensor product ® for the matrices S so that

up to prefactors

Spau(1]1)* ~ Ssu(11)2 @ Ssu(1]1)25 (N.1)

defined by

(A@B) i = (—1yorevtesen Al BIK, . (N.2)

Since S and S differ by a permutation matrix, their commutators with (super-)charges are
implemented by different formulas, see (5.4) and (5.8) for a comparison. This also explains
why we need to define a graded tensor product that differs from the one defined in (5.19)
for the case of S.

N.1 The mixed-mass sector

In the following we write the S matrix in the case of a massive excitation that scatters
with a massless excitation. We write only the matrix part of it. These elements need to be
multiplied by the appropriate scalar factors introduced in (O.1). In the case of left massive
excitations that scatter with massless excitations transforming in the o;, ® gy, representation
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of psu(1|1)2, we find

SRS | Zy T
SLL®SL£ |}/;7Lqua>
SLL®SLIZ ‘7715(1552>
SLL®SL£ ‘77;5ng>
SRS | Z5XS)
SLL®SLE |Y1;JLXZ>
SRS | ZG)
SLE ®SL£ |YpL5</Z>

LL & oLL [, Larb
SRS Ty

_ LL LL 0 L LL LL |~a, La
- qu qu ’TqaaZp> B qu qu ’Xgnpa> )

LL RLL ‘ L LL YLL La
+ ququ |T;aYp ) — qucpq |X;npa> )

LL pLL |~a, La LL YLL 0 L
+ Foy Bpg IXqmp®) + Fpg Cpg 114 2Z5)

LL LL La LL 77LL q L
B ququ ‘Xgnpa> + ququ ‘T;QYP > )

. LL LL |~a 7L
=+ Fpy Fpy X Zp) »

_ LL fLL L
=+ APQAPQ XZYP > ’

_ LL LL L LL LL | L LL LL . Q Li)
=+ Dy Dy IXgZy) + Epg By IXqYy) + Dpg Epg €44 1 T515°)

~ ra, Lb
=+ BU B IRSYS) + CHCR X3 Z8) + B ot g ITi0i7)

— 4 DLLpLL |T;a77;b> — ELLOLL |T(§)a,,711;d>

g Ppg g ~pq
LL ~LL _ab . a oL LL pLL _ab |~ay L
+ Dy Cpg € IXgZy) + Epg Bpg € IXgYy, ) -

When we scatter a right excitation with a massless one we can write the S-matrix elements

as39

RL & QRL | 7RG
St @St | Zh i

)
SRL®SR£ |YpRT;La>
SRL®SRE ’775an>
SRL®SRi |77;l}d5€g>
R A
SRL®SRi |Y;7R5<'g>
SRS | ZENe)
SRL®SRIZ ‘}/ZDRXZ>

SRL ®SRIZ |n§aT(§a>

LR LR ‘ R LR 77LR Ra
B qu qu ‘T;azp> +qu qu ‘Xgnpa

)

LR LR aay R LR LR |a, Ra
+ Apy Cpg [T3Yp') — By Cpg [Xgmp) »

)

)

)

— DAL [G?) + DB 17323
)

_ LR LR |a, Ra LR LR 0 R
- +qu Cpq Xgnpa> B qu Opq |T;GY;J )

=+ DD IGZ4) -
_—|—CLRCLR‘~GYR> )
- pa —pq X‘I p />

_ LR 77LR | ~a 7R LR 7LR R LR LR _ . |7aa, Rb
=+ Epg By IXgZy) — Fpg Fog IXGYy) + Fog Epg €44 115157

_ LR ALR R LR LR | o R LR ALR . q Rb
=+ Ay Ay ‘XZY;) ) — By Byg ’XgZp> — By Apg €4 ‘T;anp )5

= B T AR T

Pq * pq
LR LR _Gb |~a 7R LR 77LR _Gb [ av/R
B qu qu € XqZp) +ququ € |XqY;D >

After taking into account a proper normalisation (see (O.1)), the S-matrix elements for
left-massless and right-massless scattering can be related by LR symmetry. In order to
do so one needs to implement it on massive and massless excitations as in equations (4.7)

and (4.15).

39To be rigorous we should write the right massive fermion with a lower su(2) index, since the identification
with right psu(1|1)? representations is correctly implemented only in that case, see equation (4.6). To write
the S matrix we decide to raise this index with €*® to have a better notation.
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N.2 The massless sector

We write the non-vanishing entries of the two-particle S matrix in the massless sector.
First we focus on the structure fixed by the psu(1|1)? invariance. For this reason we omit
the indices corresponding to su(2)o.

i 1mmd b 0 b b a
SUQSHTY T, ) = — Cro B |Tg T, ) + B Din | T, Ty )

+ € (Cpg Dpg 1XaXe) + Brg By XeXs))

LL & oLL 1~ LL 77LL |~ A LL 77LL o~
SRS T Xg) = = By Fog IXgTy ) = Cog Fpg 1T X,)

LL & oLL |~ ' LL LL 1~ LL 77LL |~ '
SRS |X;DT;> _qu qu ‘T; Xp> _qu qu ’XqT; >7

SLL®SIZIZ |T1;'z Xq>

LL 7LL 0 LL 7LL A
B ququ |Xqu§l > B Cqupq |T; Xp)?

SHESTE T ) = — FEED T3 ) — FAAES T ). o
SHeSH XpXq) = = ApqApq [XoXp) »
SRSt XpXq) = = ApgApg IXgXp) »
SES R, X) = — Dot Dt [xyXp) — Ept Bt 1% — Epy Dy | T T3 )
SES™ [x,Xy) = = Dot Dyt [XyXp) — Epi B 1 X,) + Epy Dy | T4 T ).
The structure fixed by the su(2), symmetry is as follows
Suc ) = 1 (s + 19520, (N6)

where we use X, ), X', )’ to denote any of the excitations that appear above. The anti-

symmetric function g, is further discussed in section 5.4. The full S matrix in the massless
4

c.e.

sector is then found by combining the structures fixed by psu(1|1);, and su(2), and multi-
plying each element by the scalar factor as in (O.1). This S matrix automatically satisfies

the LR-symmetry, where this is implemented on massless excitations as in (4.15).

O Normalization of S-matrix elements

In order to obtain the normalisation of section 5.2.4 we can can multiply each block of the
S matrix by the following prefactors

e P

LL. RR: xi xi Tp — g Tp Tq 1
y T — T _ - 71_ _1 w2’
Tp Tq Lp Tq 1 J:;,ra:q (qu)
B (0.1)

xl—]’— 1= Tp Tqg 2 1

LR, RL ) T G
q z;mq (UPQ)
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—1/2 1
ﬂ?; ! Tp Tq 1
°0 : — ¢
— 1 pq 25
Tp 1— —/— (O-oo)
x)xy Pq
N2 (1o L\ .
e - Tq _ TpTq o
. x; 1 _ +]_ _ pq (O_O.)27
)z, Pq
1/2
Ty mg Ty —rg 1
°° R + 2
woag ) w =g (o)
where we defined /o
E——
C Tp Tq
pq = 1
1— L
ey zg

P Crossing equations for the S-matrix elements

(0.2)

(0.3)

For completeness we present the crossing equations also in terms of the S-matrix elements.

To obtain simpler expressions we choose to focus on processes involving the highest weight
states of the left, right and massless modules, which are enough to constrain all of the dress-
ing factors. We then rewrite the crossing equations in terms of these scattering processes

and the ones with the conjugates of the highest weight states.
For example, in the massive sector we can consider

A.. — <YqL}/;)L| 8 ’YPL}/;]L> , BOO — <YqL}/;)R| S |}/;)R1/;1L>,

Pq — pqa —
Ang =23V |S 1Yy 25), By = (Zg Yy |S IV, 2,

The two crossing equations are then equivalent to imposing

A B — 1’ Aooggo -1

Pq~Pq T Pq~Pq T

Similarly, in the mixed-mass sector one can look at the processes

Apg = 0GYp IS IYXg) s By = (Y, IS 1Y'xg)
Apy = YOl SIGYe) s Byg = (Vg Xap| S [Xap¥y)

and obtain the corresponding crossing equations by imposing

ABr =1, A=

To conclude, in the massless sector we can choose

v = XOGISIXoXG) s Bpg = (XgXapl SIXapXy) »
and rewrite the crossing equations for o,¢ and wj, as
00100 __
ApgBpq = 1.
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