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Abstract

The inverse of the (additive) generator of an Archimedean copula is a strictly decreas-
ing and convex function, while utility functions (applying to risk averse decision makers)
are nondecreasing and concave. This provides a basis for deriving an inverse generator of
an Archimedean copula from a utility function. If we derive the inverse of the generator
from the utility function, there is a link between the magnitude of measures of risk attitude
(like the very common Arrow-Pratt coefficient of absolute risk aversion) and the strength
of dependence featured by the corresponding Archimedean copula. Some new copula fam-
ilies are derived, and their properties are discussed. A numerical example about modelling
dependence of coupled lives is included.
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1 Introduction

This paper combines two key concepts in the actuarial domain, namely dependence - here spec-
ified through Archimedean copulas that are well known for their mathematical tractability -
and risk aversion featured by the very common utility functions. Archimedean copulas are



constructed using a one-dimensional function, the generator, which is strictly decreasing and
convex. The same applies to the inverse of the generator. Utility functions, on the other hand,
are nondecreasing (decision makers prefer more to less) and concave (decision makers are risk
averse). Therefore, an affine transformation of a utility function, with sign changed, could act
as a generator for an Archimedean copula or its inverse, subject to some additional conditions.
Applying this methodology can lead to copula families that are either new or well known.

In Spreeuw (2010), the generator of an Archimedean copula is derived from a utility function,
leading to some new Archimedean copulas. Relationships are established between, on the one
hand, the direction of risk aversion reflected by the utility function (such as Decreasing Absolute
Risk Aversion) and, on the other hand, the type of dependence featured by the family of copulas
derived (such as Stochastic Increasing).

This paper takes the alternative route of deriving the inverse of a generator from a utility
function. The contributions in this paper are two-fold. Firstly, following a round of research
in relevant literature on economics and decision theory, examples are given of Archimedean
copulas generated in this way. Some of the copula families derived from utility functions are
new, to the best of our knowledge. These families can be found in Subsections 4.2 and 4.3 and
Section 5. Secondly, relationships are explored between properties and quantities of a utility
function on the one hand, and type and strength of dependence induced by the Archimedean
copula generated from it on the other hand. Several of these properties and quantities of utility
functions are well established in the literature and can help when choosing the most appropriate
Archimedean copula family. Key measures of risk attitude are the coefficient of absolute risk
aversion and the coefficient of relative risk aversion (both defined in Arrow, 1971, and Pratt,
1964). Both the direction and size of these quantities are usually being discussed in articles
introducing (new) utility functions. It will be argued in this paper that information about the
utility function and its associated coefficient of relative risk aversion can help to choose the most
appropriate copula function.

Section 2 gives a brief definition of generators of Archimedean copulas. It also lists the
aforementioned Arrow-Pratt measures of absolute and relative risk aversion.

In Section 3 we express the inverse of the generator in terms of the utility function. Unlike
the approach in Spreeuw (2010), relationships between the two functions are in terms of the
strengths of risk attitude (rather than its direction) and the strength of dependence (rather
than its type). This is shown in a variety of ways. After deriving a generic interpretation of
the output of an Archimedean copula as a certainty equivalent, we establish the relationship
between order in risk aversion of the utility function and the appropriate order of Left Tail
Decreasing /Right Tail Increasing of the corresponding copula. We then define a concept of risk
attitude, reflecting an agent’s happiness of attaining an absolute level of wealth 1. This notion is
new, although related to some other concepts of risk attitude as appeared in the literature. We
will show the straightforward relationship between this measure of risk aversion and Kendall’s
coefficient of concordance (Kendall’s tau), being a widely celebrated measure of dependence.
Finally, a link is demonstrated between Oakes’ (1989) cross ratio function (a standard measure



of time-dependent association) of the derived copula and the coefficient of relative risk aversion
of the underlying utility function.

Section 4 gives a list of potentially desirable properties of a copula family, subsequently
comparing them against some copulas derived from well known utility families. Section 5 is de-
voted to a flexible three-parameter family, encompassing many common one- and two-parameter
classes as special cases. Its properties are compared with the class introduced in Genest et al.
(1998), which, to the best of our knowledge, is the only other three-parameter Archimedean
family that has appeared in the literature. The case for using such multiparameter families
has been made in a recent paper by Yilmaz and Lawless (2011), where new methodologies of
inference for copula parameters and model assessment are considered.

A numerical example about mortality of coupled lives, illustrating some of the connections
derived, is found in Section 6. Conclusions are presented in Section 7.

2 Archimedean copulas and utility functions

2.1 Archimedean copula

We define C (-, -) to be a 2-dimensional copula. An Archimedean copula can be specified as:

Cy (vi,v2) = ¢ <<P[71] (v1) + 71 (U2)> , 0<wv,ve <1, (1)

with ¢, the generator, continuous, strictly decreasing and convex, ¢ (0) = 1 and ¢ (s) = 0 for
s > s* for some nonnegative s*. The generator is strict if lim 5,00 (s) = 0 (so s* = 00), and
non-strict if s* is finite. The function @[~ is defined as the generalized inverse of :

1 [ ol(s) for 0<s<1
@l ](8)_{ s* for  s=0

Remark 1 [t is essential to be clear about the definition of the generator of an Archimedean
copula. In some literature about Archimedean copulas, the generator is defined in terms of gp[_l]
rather than ¢ (“inverse operator outside, rather than inside, the brackets”). However, to be
consistent with the convention in Spreevw (2010), we prefer the notation above, also adopted by
e.g. McNeil and Neslehovd (2009) and Miiller and Scarsini (2005). So for instance, the function
s+ exp [—s] is used as generator for the independence copula, rather than s +— —log]s].

In some of the next sections we will be using the concepts of LTD (Left Tail Decreasing)
and RTT (Right Tail Increasing), as well as LTI (Left Tail Increasing) and RTD (Right Tail
Decreasing), which all stem from Esary and Proschan (1972). The definitions of LTD and RTI
are given below.

Definition 2 Xj is LTD in X; < Pr[Xs < 9 |X1 < 21] is nonincreasing in x1 for all x.



Definition 3 Xj is RTI in X1 < Pr[Xs > x9 | X1 > 1] is nondecreasing in x1 for all zs.

The definitions of LTI and RTD follow by changing “nonincreasing” in “nondecreasing” and
vice versa.

2.2 Utility functions

A continuous function v : Iy —1Is, with I1 and Is being subsets of R, is a utility function featuring
risk aversion if it is nondecreasing and concave. In this paper we will assume 1) to be strictly
increasing on s with s € I.

Assuming that ¢ is twice continuously differentiable on I; (a property applying to most
common utility functions), very common measures of risk perception in utility theory are the
Arrow-Pratt coefficients of absolute risk aversion and relative risk aversion. The former has
been defined by Arrow (1971) and Pratt (1964) as

" (5
W' (s)

(the subscript ¢ in AR, indicates that the degree of absolute risk aversion is related to the
utility function), whereas the latter is specified by the same authors as

RRy () = -2 AR, (s), sen. (3)

U(s)

<

ARw (S) = — >0, sel, (2)

3 Deriving the inverse of the generator from the utility function

We assume 1 to be well defined on the interval [0, 1] and finite on (0,1]. The function — is
strictly decreasing and convex. This does not mean that — could serve as a generator or inverse
generator of an Archimedean copula, since in general the additional requirement of ¥ (1) = 0 is
not satisfied. A valid inverse generator is therefore accomplished by

P =p1) =9 @), 0<v<l (4)
The generator is then
¢ (s) =max [~ (¥ (1) —s),0], ()
being strict if limgjg ¢ (s) = —o0, i.e. if the utility function has a subsistence level of zero.

Remark 4 Note that the inverse generator obtained is the same for any affine transformation
of the utility function The inverse generator corresponding to the utility function u(v) = a +
B (v) with o and B real and B strictly positive is still o[~ as in (4), since inverse generators
are determined up to a positive constant multiplier. This is an appealing property since affine



transformations of utility functions representing cardinal utility are indistinguishable from an
economic point of view. The argumentation does not apply to utility functions representing
only ordinal utility where all monotone increasing transformations (including nonlinear ones)
represent the same utility. Note, however, that in this paper we impose the common constraint
of concavity on the utility function.

Remark 5 The utility function being twice continuously differentiable implies that the derived
Archimedean generator is twice continuously differentiable as well. The latter condition is not
necessary for defining a copula although the inverse generators of most common Archimedean
copulas have this property.

In the remainder of this section, we will explore the relationship between magnitudes of risk
aversion and dependence from several angles. First, Subsection 3.1 establishes a generic link
between the value of an Archimedean copula and the certainty equivalent of the underlying
utility function. In Subsection 3.2, it is shown that an order in the absolute risk aversion of
two utility functions is equivalent to a Left Tail Decreasing (LTD)/Right Tail Increasing (RTI)
order between the corresponding copulas as defined in Avérous and Dortet-Bernadet (2000).
Subsection 3.3 focuses on Kendall’s function and Kendall’s tau as measures of dependence and
defines a compatible - and new - notion of risk aversion. Finally, Subsection 3.4 demonstrates
the equivalence between RR, and Oakes’ cross ratio function, which is a common measure of
time-dependent association.

It will transpire that in all approaches, higher risk aversion of the utility function is translated
into greater dependence of the derived copula.

3.1 Archimedean copula as certainty equivalent

In one respect, expressing the inverse of the generator (rather than the generator itself) in terms
of the utility function seems to be a more natural approach, since this establishes a link between
an Archimedean copula and the Expected Utility framework that will be demonstrated now.
Consider an individual with initial wealth equal to zero who considers participating in a lottery
X without stake which would net him an amount of z; with probability m; > 0,7 € {1,2}. Then
the expected utility due to the lottery would be

2
Zm@b ().
=1

Define y to be the certainty equivalent of this lottery. The individual would be indifferent
between receiving that amount y with certainty and participating in the lottery. This satisfies
the equation

2
U(y) =D mi (i), (6)
=1



which, solving for y, gives
2
y=9¢" (Z it (%)) : (7)
i=1

Due to Jensen’s inequality, people who are risk averse (i.e. have a concave utility function) would
2

require a certainty equivalent to be smaller than the expected payoff of Z m;xq. Consider two
i=1
utility functions 1, and 15, with corresponding certainty equivalents y; and y2 as in (7). Pratt
(1964) shows that y; > y2 for any lottery is equivalent to 1y o w;l being concave, or ; o 15 !
being convex, and equivalent to ARy, (s) < ARy, (s) for all s.
Now assume that X can only take values between 0 and 1. It follows that y € [0,1]. From
(6), we have

which is equivalent to
2 2
() = i (@) =l (i),
i=1 i=1

with v; such that mpl=1 (2;) = 71 (v;), i € {1,2}. Note that v; can be interpreted as the
certainty equivalent of a lottery paying an amount x; with probability m; and 1 with probability
1 — m;. We have that x; € [0,1] implies v; € [0, 1], while for a strict generator, equivalent to
lim, |0 9 (s) = —o0, i.e. a subsistence level of 0, z; = 0 = v; =0, i € {1,2}. This leads to

2
y=¢ (Z Pl (Uz‘)) ,
=1

which looks like a typical expression for an Archimedean copula. Hence the joint distribution
has an interpretation as certainty equivalent within the Expected Utility framework.

3.2 Risk aversion and LTD/RTI order

The above suggests that the greater the risk aversion represented by the underlying utility, the
more positive the dependence of the Archimedean copula. We now show that this is indeed
the case. We need the notion of LTD order of copulas (and RTT order of the survival copula
counterparts). Its definition, due to Avérous and Dortet-Bernadet (2000) follows below.

Definition 6 Let F' and G be two joint distribution functions of two random variables X and
Y with respective copulae C1 and Cy. Then F precedes G in LTD-order, notation F' <pprp G



or C1 <prp Co if and only if, for all z < o', and all 0 < u < 1, Gy (u) < Fyy (u), where
Fpy = Fy o F71 with F, being the conditional distribution function of Y given X < x and
F 1 is an appropriate inverse function of F,. Likewise, F' precedes G in RTI-order, notation
F <grr G or Cy <grr Ca, if and only if, for all z < 2', and all 0 < u < 1, Gy (u) < Fopp (u),
where Fyy = Fay 0 F;l with F,, being the conditional distribution function of Y given X > x
and F;l 18 an appropriate inverse function of F,.

(-1]

Let cp[l_l} and ¢y ' be inverse generators concerned derived from ¢, and 5. We have that

oy Vopy () = oy (1) =y (max [15 (¥, (1) — 2),0))
_ { $1 (1) = ¢y (05" (g (1) =) for @ <4y (1) — 92 (0)
Py (1) — 11 (0) for x> 1)y (1) — 15 (0).

0 o1y (@) _ o -1l A CIORD)
Now gzv1002 (2) = Gyt and for o < vz (1) %[(0?’ et 02 (1) = T, )
-1

Hence %¢1 otpy ! () is increasing in z if and only if 6%901 0 g (x) is decreasing in z. It follows
that 1, o ¢5* being convex - and therefore ARy, (s) > ARy, (s) - is equivalent to go[l_l} 0 Py
being concave which is exactly the property for an Archimedean copula C, being smaller in

LTD-order than C,,, as shown in Avérous and Dortet-Bernadet (2000, 2004).

3.3 “Happiness of Attaining Wealth 1” and PKD-order

Next, we need the notions of Kendall’s function and ordering of copulae in PKD sense. The
definition is given below.

Definition 7 Let C 1 denote a copula with inverse generator g0£ ], i€ {1,2}. Then C
precedes C S n PKD sense, notation C -1 <PKD qu 1y if K(p1 g (v) > KSO2 1 (v) for all
v e [0,1] wzth

o)

(o) @)

The copula with the generator as obtained in (4) leads to the following specification of
Kendall’s function:
(1) =9 (v)

W () 9)

The second term of the right hand side of above equation has an economic interpretation.
Consider an individual with current wealth v € [0,1] who is exposed to a lottery that would
change his wealth to 1 with probability p and leave his wealth unchanged with probability 1 — p.

K, (v) =v— , ie{l,2},ve0,1]. (8)

K@[q] (v) =v+



Under the expected utility axiom, the certainty equivalent of this lottery as a function of p,
denoted by ¢ (p), is given by

Y(v+cep)=0=p ¢ +pp (). (10)

Now assume that p is small, and therefore ¢ (p) is small, so that, using a first order Taylor
expansion around v, ¥ (v + ¢ (p)) & ¥ (v) + ¢ (p) ¥’ (v). Substituting into (10) gives

(1) =9 ()

)
So approximately, the certainty equivalent of the given lottery is a product of the probability of
win and the second term of (9) that is actually a measure of the individual’s attitude towards
the lottery. We will coin it “Happiness of Attaining Wealth 1”7 (H A1 in short). This notion of
risk attitude is new, to the best of our knowledge, although it is closely related to the concepts
of a) “Happiness of Win” as in Li (2010) (who considers winning a fixed amount rather than
achieving a fixed higher level of wealth), b) "Asymptotic Risk Aversion" as in Jones-Lee (1980)
(where terminal wealth is infinity rather than one), and c) "Fear of Ruin" as in Aumann and
Kurz (1977) and Foncel and Treich (2005) (where losses rather than gains are considered with
terminal wealth zero (i.e. ruin) rather than one).

From (8) we observe that C, <prp C,, if and only if

(1] [—1]
901 (U) > _ (102 (U) V'U E [0’ 1]’

Y e (@ e

c(p)~p

which is equivalent to

Y1 (1) =9 (v) _ Pa(1) =ty (v)
HAly, (v) = > = HAly, (v) Yvel0,1].
. W) v () v
In words: C,, exhibiting stronger dependence in PKD-sense than C,, is equivalent to the
underlying utility function having smaller HAl. Note that Kendall’s tau, denoted by 7, can be
expressed as

1
[-1]
e (v) /
—1+4/—dv—1—4 HA1l, (v) dv,
T'IZJ ((‘0[_1])/(1)_,'_) I "Z’( )

clearly showing that this measure of concordance is decreasing as a function of H Al integrated
from 0 to 1.

v=0

Remark 8 From Nelsen (2006) we know that the Fréchet upper bound arises as a limiting case
when =1 (v) /(tp[*”)/ (vT) tends to zero for each v € [0,1] as the copula parameter attains
the value concerned. This implies that comonotonicity is equivalent to HA1 being equal to zero.



]

Remark 9 Clp[—l] preceding C(p[fl] in LTD sense, i.e. concavity of go[fl o g is equivalent
1 2

!/ !
to <<p[fl]) /(g0[21]> being nondecreasing which, as shown in Nelsen (2006) and Genest and
MacKay (1986) is a sufficient condition for the same order of copulae in PKD sense. On the
other hand, an order in ARy implies an order in "Fear of Ruin" or an order in "Asymptotic
Risk Aversion”, as shown in Foncel and Treich (2005). To summarize, in some way there is
consistency between the results in Subsection 3.2 and those in this Subsection.

3.4 Qakes’ cross ratio function and relative risk aversion

A key measure of time-dependent association is given by the cross-ratio function defined in
Oakes (1989). It can be expressed in terms of the generator as:

CRIv = (L8 e(s) Cwelol.
R[v] < 7 (5) >s—@[—u<y) € [0,1]

From Avérous and Dortet-Bernadet (2004) and Colangelo et al. (2006) we know that LTD/RTI
(LTI/RTD) of a copula is equivalent to ¢ (s) ¢ (s) > (<) (¢’ (s))?, which in turn is equivalent
to CR[v] > (<) 1. Oakes (1989) shows that C'R can also be specified in terms of the inverse
generator:

(o1 (v))”
(o1 (v))"

Substituting (4) in the expression above gives
CR[] = RRy (v), vel0,1],

with RRy, as defined in (3). It follows that LTD/RTI (LTI/RTD) is equivalent to relative risk
aversion uniformly being greater (smaller) than one. Note that the independence copula is
characterized by C'R constant and equal to one and therefore matches the logarithmic utility
function 1. We also observe that in biostatistical applications the argument v of the cross-
ratio function is usually a multivariate survival probability which is decreasing as a function
of duration. This means that v = 1 corresponds to time zero and C'R [v] is usually plotted as
a function of 1 — v rather than v. It follows that a cross-ratio function decreasing in time is
equivalent to relative risk aversion increasing in wealth and vice versa.

CRv| = —v ve|0,1]. (11)

4 Extracting key information from the utility function and rel-
ative risk aversion

Suppose that a copula modeler comes across a utility function 9 in the literature, with additional
information about risk aversion reported through AR, and RR,, and wants to find out if the



corresponding copula is suitable for a given data set. In this Section, we elaborate on some
possibly desirable properties of a candidate copula and indicate how ¢ or RR,, can provide the
key information required to make an informed judgment.

1.

Comprehensive, defined by Nelsen (2006) as covering the entire range of positive as well as
negative dependence, with independence as a special case. Failing that, a copula should for
many applications allow for at least a relevant range of positive dependence, while inclusion
of independence would count as an asset.

From Subsection 3.4, we know that the entire range of positive (negative) dependence is
covered if the parameter space allows RRy (v) to be any value greater (smaller) than one
for any v € [0, 1] with independence equivalent to RRy, (v) =1, v € [0,1] (or equivalently
if the utility class incorporates logarithmic utility as a special case).

. Monotone (positive or negative) ordered in terms of each of its parameters (in order to

ease interpretation of each parameter as its contribution to dependence).

In Subsection 3.2 we established that an order in ARy is equivalent to an LTD/RTI order
of the corresponding copulas. It suffices to find out if RR; is monotone in each of its
parameters (since an order in ARy, is essentially the same as an order in RRy).

. Positive or negative dependence for a clearly defined subset of the parameters.

Subsection 3.4 shows that LTD/RTI (LTI/RTD) is equivalent to RRy > (<) 1 in [0, 1].

. Dependence increasing or decreasing over time, preferably with constant dependence as a

special case. (This could be a relevant feature for survival data. Whether increasing or
decreasing would depend on the application.)

As pointed out in Subsection 3.4, dependence is increasing/decreasing/constant over time
if RRy is decreasing/increasing/constant in [0, 1].

. Strict inverse generator (in order to end up with a well defined copula density function, en-

abling pseudomazimumlikelihood. This would be particularly compelling for more than two
parameters, where estimation by “inversion of Kendall’s tau" or “inversion of Spearman’s
rho" would not work).

From the beginning of Section 3 we know this to be the case if ¢ has a subsistence level
of zero.

Remark 10 If a) ¥ has an alternative finite subsistence level, say S, and/or b) 1 is not well
defined everywhere on (0, 1], we can derive a copula from the transformed utility function u (v) =
P (S + pv) with an appropriate choice for 5 > 0.

Next, we present two examples of Archimedean generators that are derived using (4). The
first two examples are based on very elementary utility functions. The third concerns a rich
family that is commonly applied.

10



4.1 Constant Relative Risk Aversion (CRRA)

Utility functions featuring CRRA, i.e. RRy, (v) =+, v > 0,v € [0,1], are given in summarized
format as 1 (v) = v!177 /(1 — ) for v > 0 and ~y # 1 with the special case ¥ (v) = Inv for v — 1.
The family clearly satisfies criteria 1. to 3., while 5. is satisfied for v > 1. Dependence is clearly
constant over time. We get !~ (v) = (1 —v'77) /(1 —~) which is the Clayton family. This is
no surprise since Clayton is the only copula family with constant cross-ratio function (see Oakes,
1989).

4.2 Constant Absolute Risk Aversion (CARA)

Constant Absolute Risk Aversion (CARA) means ARy (v) = 7, and therefore RRy (v) =
yu, v > 0,v € [0,1]. It follows that criterion 1. is met except that independence is not
included. Criterion 2. is clearly met. Regarding criterion 3., the family is LTI/RTD for
v < 1 but not LTD/RTI, and dependence is decreasing over time. The generator 1l (v) =
exp [—yv] — exp [—7] is not strict, so parameter estimation would be by “inversion of Kendall’s

tau" or “inversion of Spearman’s rho" with Kendall’s tau equal to ((fy —2)? —4exp [—’y]) y2.

4.3 The HARA family

This family (Hyperbolic Absolute Risk Aversion), which contains several one-parameter utility
functions as special cases, has been introduced in Merton (1971). It is specified as:

ws)—l‘—”( i +5>7- 5> 0y ¢ {0,1};—— +6>0; §=1ify= —o00
,y 1_,)/ ) 7/7 ? )1_7 i /7 .

As shown in Merton (1971), this utility function has relative risk aversion coefficient

(1-9)s
By () = 35—y

which is increasing in 7y for v > 1 and decreasing in v for v < 1. Furthermore, it is decreasing
in . Therefore, this family satisfies criterion 2. Note that criterion 1 is satisfied as well, with
independence arising for 6 = v = 0. Regarding criterion 3, LTI/RTD requires § > ~/(y —1)
while there is LTD/RTT only if § = 0 and v < 0. Concerning criterion 4, RRy, (s) is increasing
in s and therefore dependence is decreasing over time, except when § = 0.

Given that the utility function must be well-defined for s = 0, § > 0 is required, with strict
inequality for v > 1. Depending on the value of ~, this leads to the following distinct families:

(5(7_1 _U)W—l for v>1

o7l (v) = o\
+6(1—
’y(l—(%%) ) for v<1

11



Note that v = 2 gives rise to a generator derived from the well known quadratic utility function.
For v = 1, we get the Fréchet lower bound, the CARA copula as in Subsection 4.2 - with
parameter 6! - is attained for v — oo, while - for 4 > 1 - Family 4.2.2 of Nelsen (2006)
is included as a special case for § = (y — 1)71. For v — 0, we get Family 4.2.7 of Nelsen
(2006), while, with v < 1, 6 = 0 leads to CRRA (Clayton) as shown above. There is lower tail
dependence with coefficient 27 for § = 0 and ~v < 0, otherwise there is no tail dependence.

This family is quite rich and flexible, but criterion 5 of strictness is only satisfied for § = 0
(Clayton) which limits the scope for applications somewhat.

5 Conniffe’s Flexible Three Parameter family

For this Flexible Three Parameter (FTP) family, due to Conniffe (2007) we have the specification

PN
w(s):l{1—<l—’yes 5 1>7}, €e>0;0,y<1.
€

The coefficient of relative risk aversion as given in Conniffe (2007) is

(1-7)c¢
TR -

RR¢(U): +1-6,

which covers the entire range [0, c0) for any v (so positive and negative dependence) while it is
constant at 1 for e.g. 7 =1 and d. So criterion 1 is satisfied. Furthermore, RR; is increasing
in € and decreasing in v and d. It follows that criterion 2 is satisfied as well. As for criterion
3, LTD/RTTI is equivalent to § < 0 while RTD/LTI requires § > (1 —+) ¢ > 0. Concerning
criterion 4, this family allows for both IRRA (i.e. dependence decreasing over time) and DRRA
(i.e. dependence increasing over time), applying for 6 > —vye (0 < —7ve).

Since ¥ (1) = 0, we get

ol (v) = <1—76U55_1>% —1. (12)

To ensure that the generator is properly defined for v € (0,1], i.e. 1 — e (05 - 1) 51>0,a
few further constraints need to be imposed. First of all, at least one of the two conditions v > 0
and § > 0 needs to be met. Secondly, for the combination v < 0 and é > 0 the inequality
|y| €67 <1 is to be satisfied. Strictness of the generator (criterion 5) is obtained for § < 0.
So we have a family satisfying all five criteria listed in Section 4. This family can also be
considered as truly rich in the sense that it contains a lot of one-parameter families from Nelsen
(2006), as well as some two-parameter families from Joe (1997). Table 1 lists the special cases
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One and two Obtained for Subfamilies
parameter families

Clayton el0ory=1
Gumbel-Hougaard e—ooand d — 0
Clayton’s exterior power € — 00 BBL1 of Joe (1997) if 6 < 0
extension 4.2.2 of Nelsen (2006) for § =1
4.2.12 of Nelsen (2006) for § = —1
4.2.14 of Nelsen (2006) for § = —v
4.2.15 of Nelsen (2006) for § =~
Saha (1993), Xie (2000) v —0 BB2 of Joe (1997) if § < 0
4.2.19 of Nelsen (2006) for § = —1
4.2.20 of Nelsen (2006) for § = —e
BB9 of Joe (1997), §—0 4.2.13 of Nelsen (2006) for v = e~ !

Hougaard (1986)

Table 1: Special cases of the Archimedean family derived from Conniffe’s FTP.

arising from this family. Three two-parameter families are considered here. For e — oo, (12)

reduces to )
_ 1—v0\7
dw=(5E) vz

being Clayton’s exterior power extension, while for v — 0 we get the generator derived from the
utility family by Saha (1993) and Xie (2000):

o _
o7 (v) = exp [—ev 3 1] -1

Finally, (12) with 6 — 0 leads to BB9 of Joe (1997), which is essentially the same as the inverse
of the generalized Laplace transform introduced in Hougaard (1986), i.e.

(—1] —(1— 1
e (v) =1 —velnv)" — 1,
requiring v > 0 and ¢ > 0.

Note that Gumbel-Hougaard is part of both Clayton’s exterior power extension (6 — 0) and
BB9/Hougaard (e — 00), while the full Clayton family is part of both Clayton’s exterior power
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extension (7 = 1) and the Saha/Xie family (e | 0). Furthermore, the "positive dependence part"
of Clayton is also part of the Saha/Xie family (6 — 0) and BB9 (y — 0).

For 0 = 1 we get some families already discussed in the previous example. Here, v = —e¢
is Clayton (positive dependence only).

Several other one- and two parameter families can be extracted from this three-parameter
class. For instance, v — 0 and § = 1 is the CARA family considered in Subsection 4.2.

This family has only upper tail dependence for infinite €, with coefficient 2 — 27. The lower
tail dependence coefficient (for § < 0) is 27 .

We will now compare this class with the one introduced by Genest et al. (1998), which, to
the best of our knowledge, is the only three-parameter copula of Archimedean type that has
appeared in the literature so far, and is specified as

-1

(1 _~\B
(p[—ll(v):ln{%}, a>0,0>1,0<y<1. (13)

Independence is obtained for o | 0, 8 | 1 or vy | 0. Genest et al. (1998) give the combinations
of parameter values leading to the very common one-parameter classes of Clayton, Gumbel-
Hougaard and Frank. The two-parameter family BB8 of Joe (1997) is obtained as a special case
by letting o« = 1. Then the one-parameter families of a) Joe and b) Frank are obtained by a)
v=1and b) f— oo, with(=1—(1— fy)ﬁ kept constant.

So, unlike the copula class developed from Conniffe (2007), this family contains the widely
used Frank copula. Frank’s copula is unique in the sense that it is the only Archimedean copula
featuring radial symmetry (i.e. the rotated Frank copula is equivalent to Frank itself) and if
one believes this phenomenon to be present in the data, the inclusion of Frank as a special case
would definitely count as an advantage. Frank is also frequently employed as a prototype of a
copula without tail dependence, when compared to e.g. Clayton (lower tail dependence in case
of positive dependence) and Gumbel-Hougaard (upper tail dependence). However, Family 4.2.13
of Nelsen (2006) (which covers the whole range of positive dependence, including independence),
which is included in the Conniffe family, does not feature tail dependence either (and other ex-
amples could possibly be invented as well). A third advantage of Frank is its comprehensiveness:
it reaches all the degrees of positive and negative dependence including independence. Finally,
Frank’s generator is strict, even for negative dependence. It should be noted, however, that
negative dependence is not included in the Genest et al. family in (13).

The Joe copula is not included in the Conniffe family either. On the other hand, as can be
worked out from Table 1, Conniffe incorporates nine single parameter entries in the table by
Nelsen (2006) (seven of which correspond to strict generators) and three two-parameter classes
discussed by Joe (1997). Most of these types are not a member of Genest et al.’s family.

An interesting comparison between the two families can also be made in terms of time-
dependent association and so called conditional copulae. This analysis can be useful for any
applications involving survival models, including joint life insurance (as in the numerical example
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in Section 6) and credit risk. Consider two variables of remaining lifetime, denoted by 77 and
T5. Let the joint survival distribution be given in terms of a survival copula C

S(tl,tg) = Pr [Tl >t1, 1o > tg] = C(Pr [Tl > tl] ,Pr [TQ > tg]), t1,to > 0.

Now consider the conditional survival probability Pr [T} > s1,T > so| 71 > t1,T> > to] with
s1 > t1 and s9 > t9. It can be written in a copula expression in terms of the marginal conditional
survival probabilities:

Pr[T1 > 51,15 > 82|T1 >t1, 1o > tQ]
= C, (Pr [Tl > S |T1 > t1, 15 > tg] , Pr [Tg > S9 |T1 >t1, 1o > tz]),

with C, being the conditional copula, clearly depending on ¢ and to. If C' is Archimedean with
inverse generator !~ (v), v € [0,1], then C, is also Archimedean with generator

o (@) =T v S (1, 12)} — (S (11, 12)}

This result is obtained in Sungur (2002), Charpentier (2003) and Spreecuw (2006).

The class by Genest et al. has the nice property that the conditional copula remains in the
same class. More precisely, the joint survival distribution, conditionally on T} > t; and 15 > to
has the same copula except that the parameter v is updated to v- {S (t1,t2)}*. In the limit, i.e.
for 1 — oo and to — oo, this parameter reduces to zero, implying independence.

So the limiting copula in this case is always the independence copula, except for the special
case of Clayton. The Conniffe family, on the other hand, does in general not have such a tractable
expression of the generator of the conditional copula. However, the limiting copula can be of
various types, while association (in terms of the cross-ratio function) can also be increasing in
time. One example is the 4.2.20 copula by Nelsen (2006) which has been discussed in Spreeuw
(2006) and applied to a data set of annuity contracts on two lives by Luciano et al. (2008) and
Lopez (2012). We will come across this copula in the numerical example in the next section.

In conclusion, the answer to the question which copula family is to be preferred depends on
the application and the data, but it seems that in many cases the Conniffe family with inverse
generator as in (12) is to be considered as at least a worthwhile alternative when compared with
the family introduced in Genest et al. (2008) with inverse generator as in (13).

6 Numerical example

The numerical application in this Section builds on the example about modelling dependence
of coupled lives as in Luciano et al. (2008) by involving additional Archimedean copulas as
considered in this paper. We follow exactly the same procedure of modeling and calibration as in
Luciano et al. (2008) but apply it to different data, although still being a sample - characterized
as a generation - from the same large data set of annuitants from a Canadian insurer. It concerns
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the generation of males born between January 1st, 1900, and December 31st, 1913, and those
of females born between January 1st, 1903, and December 31st, 1916. Compared to Luciano et
al., this generation was born on average seven years earlier. There are 786 couples with both
males born in 1900-1913 and females born in 1903-1916, which is significantly less than the 3,931
couples in Luciano et al. (2008). However, this drawback is compensated by the substantially
smaller degree of right censoring due to the higher ages (proportionally fewer lives survived to
the end of the period of investigation).

The joint survival function of two remaining lifetimes 7" (male, age x at the start of the
observation) and T, yf (female, age y at the start of the observation) is given in terms of a survival
copula Cyy as

Siy(5,8) = Clny (ST(5), L (1)):

In this setup, the lives are coupled at the time when they get observed (rather than at birth,
as in e.g. Frees et al., 1996), just like in Carriere (2000). Using a modified version of the
procedure by Wang and Wells (2000), the performance of a candidate Archimedeall copula is

judged on the basis of distance between the empirical Kendall function, denoted by K, and
]

zy)»

the theoretical Kendall function, denoted by K</JH] where go[afl is the inverse generator of
0

(zy)’
the copula concerned with [ being the parameter estimate minimizing the distance between
K (2y) and K@H](Iy). The distance or error is defined under the L? norm (so in the usual

0

quadratic sense). Therefore

1 2
error (@%—1] (a’;y)) = /{ (K@Ll](xy) (v) = Kn(ay) (v)) dv,
with . )
0 = arg ngn/5 (K@%l](xy) (v) = Kp(ay) (v)) dv.

Given that the data are right censored, the lower bound £ is greater than zero. In this example
it is taken to be the smallest value for which K, ) is positive:

£ = min{u : I?n(my) (v) > O} )

In our example, this value is 0.04 which is less than the 0.23 applying to the data in Luciano et al.
(2008), demonstrating the lighter censoring. The empirical Kendall function has been derived
from Dabrowska’s nonparametric estimator of the joint survival function (see Dabrowska, 1988).
As an additional check, the pseudomaximumlikelihood (PML) procedure as in Genest et al.
(1995) - with as input rescaled Kaplan Meier estimates of the marginal survival functions in
order to accommodate censoring - has been employed for each candidate copula.

Apart from the five one parameter families as in Luciano et al. (2008) - namely Clayton,
Gumbel Hougaard, Frank, 4.2.20 Nelsen and Special - we will consider the three parameter types
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Copula Error (p[:” (zy) Pseudo Maximum

0
Loglikelihood (AIC)

Clayton 1.173 —251.573 (0.6427)
Gumbel Hougaard  3.061 —250.542 (0.6401)
Frank 2.846 —250.597 (0.6402)
4.2.20 Nelsen 0.938 —251.965 (0.6437)
Special 1.077 —257.494 (0.6437)
BBS8 Joe (1997) 2.871 —249.693 (0.6404)
Genest et al. (1998) 1.134 —249.581 (0.6427)
BB1 Joe (1997) 1.172 —248.457 (0.6373)
BB2 Joe (1997) 0.923 —251.573 (0.6452)
BB9 Joe (1997) 1.173 —249.235 (0.6452)
Conniffe’s FTP 0.923 —248.107 (0.6389)

Table 2: Results additional copulas.

Conniffe’s FTP and Genest et al. (1998), as well as their special cases of BB1, BB2, and BB9Y,
and BBS respectively. The results are given in Table 2. Akaike’s Information Criterion (AIC)
has been added in parentheses.

When considering distance (column 2), Conniffe’s FTP effectively reduces to BB2, which
performs best. In terms of pure PML value (column 3), Conniffe’s FTP gives the best fit of all,
although when adjusted for the number of parameters involved, BB1 could be preferred. The
family 4.2.20 Nelsen which came out as a winner in Luciano et al. (2008) gives a good fit when
minimum distance is used as criterion, but does not perform so well when looking at PML.

To conclude, while it is not so clear whether dependence between couples is to be increasing
or decreasing over time, this example shows that Conniffe’s FTP - containing both BB1 and
BB2 as special cases - is worthwhile to be considered as a candidate copula. In this specific case
it outperforms the Genest et al. (2008) family.

Remark 11 As an alternative example of application in insurance, one could think of credit
risk, where dependence between credits - in terms of time until default - can be increasing as
well as decreasing over time. In addition, the default rate of obligors who are still in force could
depend on the time elapsed since default of one or more other obligors, though perhaps not in a
way stmilar to coupled lives.
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7 Conclusions

In this paper, we have derived an Archimedean copula from a utility function in two different
ways, which permits to determine the magnitude of dependence featured by the copula. Ordering
copulas by means of the notion of “Happiness of Attaining Wealth 1”7 (H A1) and the very
common Arrow-Pratt coefficient of relative risk aversion is straightforward. Relative risk aversion
is a key measure that also gives information about the presence or absence of the properties Left
Tail Decreasing or Right Tail Increasing, while it is directly related to Oakes’ cross ratio function.
The three-parameter Archimedean copula model derived from the Flexible Three Parameter
utility function by Conniffe (2007) is versatile and seems suited for many applications.

The connections identified are particularly useful for new utility families appearing in the
literature. Information provided about risk aversion pertaining to such utility functions - usually
reported at least through the coefficients of absolute and relative risk aversion - enable the
actuary, risk manager or anyone adopting a copula model to judge on the appropriateness of
the derived copula family. Suitable applications seem to apply in particular to risks with a time
dimension, such as insurance contracts on two lives and credit risk.

This paper has focused on extracting copulae from utility functions. One could take the
opposite route by deriving utility functions from Archimedean generators. We will leave this as
a topic for future research.
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