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Abstract

We determine the off-shell symmetry algebra and representations of Type IIB superstring theory on
AdS3 x S3 x T* with mixed R-R and NS-NS three-form flux. We use these to derive the non-perturbative
worldsheet S matrix of fundamental excitations of the superstring theory. Our analysis includes both massive
and massless modes and shows how turning on mixed three-form flux results in an integrable deformation
of the S matrix of the pure R-R theory.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The investigation of the AdS/CFT correspondence [1-3] using integrability techniques has
led to a remarkably successful quantitative description of the 't Hooft, or planar, limit [4] of
certain classes of dual theories. The two best known examples are type IIB strings on AdSs x S°
and the dual A/ = 4 Supersymmetric Yang-Mills (SYM) theory, and type IIA string theory on
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AdS4 x CP? and the dual ABJM Chern—Simons theory [5]." The integrability methods used to
understand these dual pairs can also be extended to their deformations, orbifolds and orientifolds
[9,10], suggesting that other classes of examples of the AdS/CFT correspondence may also be
amenable to this approach.

Superstrings on AdS3 x M7 backgrounds with 16 real supersymmetries [11-15] have been
shown to be classically integrable [15-17], opening the possibility of understanding such
AdS3/CFT; dualities with integrability methods. However, unlike the more supersymmetric
cases mentioned above, such backgrounds have massive and massless worldsheet excitations in
the near-plane-wave limit [18]. While the massive excitations could be investigated [15,19-29]
using more conventional integrability methods developed in the context of AdSs5/CFT4 and
AdS4/CFT3,” massless modes appeared initially to be rather different and difficult to incorporate
fully into the holographic integrability approach. For example, these massless excitations made
it difficult to apply directly some of the integrability methods, such as the finite-gap techniques,
to the non-perturbative theory [15,21]. Initially, progress was made by considering the massless
modes at the weakly-coupled spin-chain point [31] and in the finite-gap equations of classical
string theory [32].

Recently, through the analysis of the off-shell symmetry algebra of the theory and its rep-
resentations, a complete non-perturbative worldsheet S matrix of type IIB superstring theory
AdS;3 x S3 x T¢ supported by R-R flux was constructed [33,34]. This provided a unified de-
scription of massive and massless worldsheet excitations in an integrable framework, where all
worldsheet excitations are non-relativistic and so massless scattering can take place. This allows
one to circumvent the more abstract constructions of massless relativistic S matrices found in the
integrability literature [35-37].

Unlike the higher-dimensional AdS backgrounds, Type IIB string theory on AdS3 x S® x T4
has a large moduli space of parameters and can be supported by a mixture of Neveu—Schwarz—
Neveu—Schwarz (NS-NS) and Ramond-Ramond (R-R) three-form fluxes. The relations between
these backgrounds are governed by U-duality transformations and were analysed extensively in
Ref. [38]. In particular, type IIB S-duality relates AdS; x S x T* backgrounds supported by
different three-form fluxes: the pure R—R flux background can be obtained from the near-horizon
limit of D1- and D5-branes, while backgrounds supported by mixed three-form fluxes involve the
near-horizon limit of NS5-branes and fundamental strings in addition to the D1- and D5-branes.

In the bosonic non-linear sigma model, turning on the NS—-NS three form flux yields a Wess—
Zumino—Witten (WZW) term in the action [39-41]. In units where the AdS radius is one, the
R-R three form F and the NS-NS three form H are given by

F =G(Vol(AdS3) + Vol(S*)),  H =gq(Vol(AdS3) + Vol(S?)), (L.1)
where the coefficients ¢ and g satisfy
@ +qt=1. (1.2)

The parameter ¢ is related to the quantised coupling k of the WZW model

k=g, (1.3)

1 See [6-8] for reviews and a more complete list of references.
2 See also [30] for a review and a more extensive list of references.
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where A is the ’t Hooft coupling, which in turn parameterises the string tension ~/A/27. Note
that since we have> 0 < q < 1, the coupling A/ satisfies /A > k.

If the supersymmetric completions of such AdS3 backgrounds are tractable by integrability,
we will have the exciting possibility of studying families of integrable models with deformation
parameters related to (some of) the string moduli. Indeed, in Ref. [17] the classical superstring
action for the mixed-flux AdS3 x S® x T* backgrounds was shown to be integrable. This led to
rapid progress in understanding the role integrability plays in the massive sector of the theory
[42-46].

In this paper we derive the all-loop asymptotic worldsheet S matrix for all massive and mass-
less fundamental excitations of these AdS3 x S3 x T* backgrounds supported by a mixture of
R-R and NS-NS fluxes. We do this by computing the off-shell symmetry algebra of the theory
and using it to determine the two-body S matrix, which satisfies the Yang—Baxter equation. The
S matrix is fixed up to some dressing factors which cannot be determined by symmetries alone.
These are however constrained by crossing invariance, and we write down their crossing equa-
tions. Our approach allows us to treat the massive and massless modes on the same footing and
shows that the approach used in Refs. [33,34] to tackle massless modes is likely to be applicable
to more general AdS/CFT integrability settings where such modes frequently appear [15,47,48].
When restricted to the massive sector, we find that our S matrix reduces to the one presented in
Refs. [43,44].

This paper is structured as follows. In Section 2 we derive the off-shell symmetry algebra of
the theory from the type IIB superstring action for AdS3 x S* x T* with mixed flux in light-cone
gauge, including the exact form of the off-shell central charges. In Section 3 we present the
representations of the symmetry algebra A that enter the S matrix construction and then deform
these representations in a way that produces the shortening condition for these exact charges. In
Section 4 we use these representations to construct an invariant S matrix for the all worldsheet
excitations of the mixed-flux theories, up to a number of dressing factors which we constrain by
crossing symmetry. We conclude in Section 5. We relegate some more technical details to the
appendices.

2. Superstrings on AdS3 x S3 x T* with mixed three-form flux and their off-shell
symmetry algebra

In this section we write down the fully gauge-fixed action for type IIB superstring theory on
AdS3 x S3 x T* with mixed flux, determine the classical charges of this theory and compute the
off-shell Poisson-bracket algebra A that the charges satisfy.

The coset formulation [17] of type IIB superstring theory on AdS3 x S x T* with mixed
flux is useful in investigating classical integrability of these theories. However, the coset action
which can be obtained from a Green—Schwarz action [49] by fully fixing the kappa symmetry
to the so-called coset kappa gauge [15], does not allow for a straightforward computation of
the Poisson brackets of the symmetries. This is because the massless fermions have non-standard
kinetic terms in the bosonic light-cone gauge. Instead, one needs to work directly with the Green—
Schwarz action [49] in the BMN light-cone kappa gauge. While expressions for this action are
known explicitly up to quartic order in fermions [50], we will only work up to quadratic order in
fermions and so can use the actions written down in Ref. [51].

3 The theory is well defined and supersymmetric when |¢| < 1. For simplicity, we restrict to positive g. A parity
transformation on the worldsheet amounts to ¢ — —¢, and can be used to consider —1 < g < 0.
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We begin by writing down expressions for the Killing spinors of this background in Sec-
tion 2.1. In Section 2.2 we gauge fix the bosonic action of the theory and write down the explicit
expressions for the non-dynamical fields. In Section 2.3 we use the Killing spinors to write down
explicitly the superstring action in a mixed-flux background and impose the BMN light-cone
kappa gauge. In Section 2.4 we write down the Noether currents for the charges that generate the
algebra A and compute the Poisson brackets of these charges off shell in order to determine the
classical algebra.

2.1. Killing spinors of IIB supergravity on AdSz x S> x T* with mixed flux

Expressions for Killing spinors on S” and AdS,, can be found in Refs. [52,53] in a particular
coordinate system. Throughout this paper we will find it useful to work in a different coordi-
nate system — one that is well suited for expansion around the BMN ground state — and so
present the expressions for Killing spinors in this coordinate system below. Explicitly, we take
the AdS3 x S? x T* metric to be

ds® =dsygs, +dsg +dXidX;, 2.1)
where
M2 | 2
dsg, = +(1ﬁ) d¢? + (T) (v +dy}) 2.2)
4+ 143724
and
2 1+ # P 1 PR
ds, 43 = _<1—E) dr-+ <E) (dzy +dz3), (2.3)

where we have indicated the transverse coordinate on AdSs3 and S3 by z1, z2 and y3, ys, respec-
tively. In these coordinates the NS-NS B field is given by

B_ 1 CIZ2 Z(Zldzz/\dt+z2dt/\dz1)+%yz)z(yadMAd(ﬁ—i-mdzb/\dyg).

-7 T3
2.4)
This leads to the NS-NS three form*
1+Z e
H=dB =2q———2—dt ndz) Adza +2g———a—dy3 Adys Adg. (2.5)
(=5 (1453
Hence, the R-R and NS—NS three forms have tangent space components
For2 = F345 =24, Hp12 = H3s5 =2q. (2.6)
The Killing spinor equations take the form
1 1 5 I, -
81 8m+z¢)m +EO’[JFEW+§UIJHW gy =0, (2.7)

4 Note we normalise the volume form of Eq. (1.1) to yield an additional factor of 2, in such a way as to precisely match
the conventions of Ref. [42].



574 T. Lloyd et al. / Nuclear Physics B 891 (2015) 570-612

where £, = Efn‘ I'y are the vielbeins and wy, is the spin-connection, whose explicit components
can be found in Ref. [34] and the fluxes can be written as

Hy = ag AP = 2 (Em (F012 + F345) + (sz + F345)Em), 2.8)
and
F=FapcI*8C = 12(r" + %), (2.9)

As shown in Appendix B, the solutions of the Killing spinor equations (2.7) are

1+g 1—g 1+g 1—gqg
B =y ;qsl—,/quz, §2=\/ erq82+\/ e, (2.10)

where ¢; are the pure R-R background Killing spinors found in Ref. [34]. Recall that these latter
spinors can be written as

el = Mel, e = Me3, (2.11)
where sé are constant (9 4 1)-dimensional Majorana—Weyl spinors, which further satisfy

1 1

S (L TOER)el = — (14 TO2%)eg =0, (2.12)

Explicit expressions for the matrices M and M are given in Egs. (B.7) and (B.8). We will find it
useful to separate the dependence of these matrices on the transverse and light-cone coordinates
of AdS3 x S°

M (i, yist, ) = Mo(zi, y) Mi (2, ),

Mz, yi 1, ) = My @iy y) M (2, ). (2.13)
Below, so as not to over-crowd the notation, we will drop the explicit coordinate dependence and
simply write M, M, MtﬂEl and Moil.

Before ending this subsection we would like to use the matrices M and M to define tangent-
space rotations M 54 and M 4 which will be useful in the following subsections

M'r*m=r®mMg*, M 'r*M=r8mz". (2.14)
These matrices are block diagonal,
M= MAdS3 <) /\;lss @ 14, M= MAds3 < Msa @ 14, (2.15)

and explicit expressions for them can be found in Appendix C of [34].
2.2. The mixed-flux bosonic action and gauge-fixing

In this subsection we write down the bosonic action of the mixed-flux background and im-
pose uniform light-cone gauge [54]. The gauge-fixing determines the non-dynamical fields (x*
and y®?) in terms of the physical degrees of freedom. Below, when computing the symmetry
algebra A, we will work to quartic order in transverse bosons and quadratic order in transverse
fermions. As a result, we will only need explicit expressions for the non-dynamical fields up to
zeroth order in fermions and quadratic order in transverse bosons. The bosonic action is’

5 We suppress the overall string tension /A /27 in the worldsheet action, and only reinsert it in the final result for the
central charge.
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+r
1
Sp=—3 / do (Y Gunda X" 9 X" + € Bypndoa X" 3 X"), (2.16)
—r
where the range of the worldsheet coordinate o is given by —r <o < +r.
Introducing the canonical momenta

pm=—v"CunX" -y ' Gun X" — Bun X" 2.17)

the action can be written in the first order form

—+r o1
sp= [ do(pnx™+ 2 Ci+——C (2.18)
B = O\ Pm W 1 m 2 .
—=r
with
Ci = pmX™ (2.19)
and
Co = G™ o P+ Gran X" X"+ 2G™ B pmn XK + G™ Byt By X< X (2.20)

The constraints C; =0 and C, = 0 are equivalent to the Virasoro constraints

PG X" X" 4+ O Gn XX =0, P0G X" X" — y NG X" X" =0, (2.21)
We want to fix uniform light-cone gauge in which x* =z and p_ is constant, where x* =
%(qﬁ +1).° Solving the Virasoro constraints we find’

o — 1 . . . / / !’

X =—Z(zz—l—yz—i—xz—i—zz+y2—|—x2—12—y2),

/I — 1 . / . / . /

X=—s@hy oy tiex). 2.22)

Using the x* equations of motion we further find that to quadratic order in fields the worldsheet
metric is

2.2
00 SR Y . /
O =1+ > —Eel-i(Zgzl—ygyl)v
q ij, ! /
yOI = Eél’l(Zgzl‘ - YI_')’Z)’
22
et S S PN
yH=tld S - St — ). 229

Note in particular that for ¢ # 0, the worldsheet metric is non-diagonal already at quadratic order
in fields.

6 Uniform light-cone gauge can be fixed without resorting to the first-order formalism, cf. Ref. [42]. There a generalised

gauge choice is fixed by first performing a T-duality transformation, as done for AdSs5 x 3 superstrings in Ref. [55].
7 We have checked that these equations are consistent using the equations of motion for the transverse bosons.
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In the limit where the light-cone momentum

+r
P_= /dcr p—=4r (2.24)
—r
is infinite, the worldsheet becomes decompactified and we are effectively working on a plane
rather than a cylinder. In the transverse directions we impose periodic boundary conditions
x'(—r) = x"(+r) and x*(—r) = x'(+r). Physical closed string states should further be periodic
in the light-cone direction x ~. This leads to the condition
+r
Ax™ =x"(4r) —x‘(—r):/do)é— =0. (2.25)

—r
The quantity Ax~ is directly related to the worldsheet momentum

—+r
Pws = —/da (pix' + pix') =2Ax". (2.26)

—r

Here we have assumed that there is no winding along the ¢ direction. For non-zero winding
number w € Z, the level-matching condition takes the form

Dws = 2T W. (2.27)

However, in the rest of this section we will work at zero winding. Moreover, we are mainly
interested in studying the symmetries of the worldsheet theory when we go off shell by allowing
the worldsheet momentum to take arbitrary values.

2.3. The Green—Schwarz action

In this subsection we describe the gauge-fixing of the Green—Schwarz action in a form that
will be particularly suited to computing .A. This computation requires the action to quadratic
order in fermions, and we give explicit expressions for the action to this order in Appendix C.
The Green—Schwarz action for type IIB superstrings in a general supergravity background was
written down in terms of superfields in Ref. [49] and explicit expressions in an expansion of
fermions up to quadratic [51] and quartic [50] order are known. The Lagrangian can be written
as

L =Lp+ Lgin + Lwz, (2.28)

with the bosonic part, Lp, discussed in the previous subsection. The remaining part of the
Lagrangian is split into two terms: a term dependent on the worldsheet metric, Lyi,, and the
Wess—Zumino term Lwz. Up to quadratic order in fermions these are given by [51]

= 1 1 -
Lyin = —iy*P01F (61]Dﬁ + &%”FE/S + §01”Hﬁ>61’ (29

. = 1 1 ~
Lwz =+ie*?0,0!' ¥, <5JKD,3 + Ea{’(ﬁfﬂ + ga{’(m)e,(. (2.30)
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It is helpful to perform a field re-definition of the fermions so as to end up with fermionic co-
ordinates that are best adapted to the underlying integrable structure. It is easiest to understand
this field redefinition as a combination of two transformations of the fermionic coordinates él
appearing above. Initially we “rotate” the fermions along the /—J index

N -4 - [1+4 -4
01 =, —01 — 67, 6, = 6 0. 2.31
1 5O 702 /) > b+ 70 (2.31)

This ensures that the kinetic term in the Lagrangian is diagonal in terms of the 6;. There are now
two different field redefinitions that are useful to consider for different purposes. The first is to
redefine

.1 _ 012345 o 1 4 [012345
01 =M————v; +MT191+,

L 1= 012345y 012345
Or=M————1, +Mfﬂ2+. (2.32)

In the resulting action, before kappa-gauge fixing, supersymmetry is realised as a shift on the
fermions ;. The expression for the resulting Lagrangian is written down in Egs. (C.3) and (C.4).
However, we will be interested in a (suitably) kappa gauge fixed action, and so we will need to
perform a different field redefinition to the one above. It turns out that a particular kappa gauge
simplifies the computation of the algebra .A. This kappa gauge is the so-called BMN light-cone
kappa gauge for fermions that are neutral with respect to the two U(1)’s associated to shifts
along ¢ and ¢ [56]. As a result, in addition to (2.31), the second redefinition of the fermions we
perform is

91 — %(1 + F012345)M0X1 + %(1 _ F012345)M()771,

1
2
where the matrix M and its inverse are defined in Eq. (B.7). The fermions n; and x; correspond
to the massive and massless fermions, respectively, of the integrable S matrix.

Having defined fermions that are neutral under shifts in # and ¢, we impose the BMN light-
cone kappa gauge

1 _ -

1
Ip=0,  Iy=0, IF=(r°+rv). (2.34)
The resulting light-cone kappa gauged-fixed action is written down in Egs. (C.7) and (C.8).

2.4. The algebra A

In this section we give the algebra A of (super)charges which commute with the Hamiltonian.
As in the case of pure R-R flux the algebra itself is given by®

A=psu(l|D), ®so(4), (2.35)

8 We use the direct sum to denote the sum of the subalgebras as vector spaces. This does not imply that they commute
with each other as will be clear when we write down the full commutation relations in Section 3.
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where the subscript c.e. denotes a four-fold central extension. In Section 2.4.1 we first give the
supercurrents j; that generate the algebra. In Section 2.4.2 we consider the Poisson brackets
of these supercurrents, see that we produce the expected Hamiltonian and compute the central
charges of the algebra. In particular we find that the off-shell central charges are simple rescalings
of the ones of the pure R-R theory. Throughout this section we give explicit results in the main
text to quadratic order in fields, with higher order results given in the appendices. We use a
“hybrid” expansion [57] in which we expand order by order in fermions and transverse bosons,
but keep all factors of the light-cone coordinate x~ exact. This allows us to compute the central
charges exactly in momentum.

2.4.1. Supercurrents
The supercurrents of the algebra A to quadratic order are given by

. . —,,34 o7 .7 [ j i ’q ~
G =ie™ V(= 3y 4+ )y vim = (=3 v @me +qm)
+H Y Ex =Xy MG +ax).

P

Jj3 =ie (£ =3 yim — (4 )y v — (28 = ¥ v @m — qma)

+3 Yy — Xy G — ax2).

-0

J=ie™ T (E = 3 yi@na+ an) + &+ )y i @n +an) — (£ - F)ym

Y

(
+ 3y @Gx2 +ax) — Xy ),
Jj§ =ie (=5 @m —gm) — (& +y)r*vi@m —qm) — (& = Y)yim

+ 1y MG —ax2) — Xy P Ex). (2.36)

In Appendix D we give expressions for the supercurrents to cubic order in transverse bosons and
leading order in fermions. These expressions for the supercurrents are given in terms of fermions
written as bispinors of so0(4); @ s0(4), € so(1, 9),° corresponding to rotations of (z%, y!) and x*,
as defined in Ref. [34]. The Lagrangian of the theory does not preserve so(4)1, which is in fact
broken to s0(2)* corresponding to separate rotations of z' and y. Nevertheless we will find it
useful to write expression in these notation. On the other hand, so(4), is unbroken, and is part
of A in Eq. (2.35). Our conventions for the gamma matrices in these expressions are given in
Eq. (A4).

We have checked that the currents given in Eq. (2.36) and Appendix D satisfy the conservation
equation

d:j; +05j; =0, (2.37)

to the required order using the equations of motion arising from the Lagrangian computed in the
previous section.

9 We have suppressed the corresponding spinor indices. These can easily be put back in; as defined in Appendix A
the fermions carry spinor indices (n 1)‘11’ and (x 1)‘1]’ , while the s0(4) gamma matrices carry indices (y; )4 b (fi)d p and

(3.
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2.4.2. The algebra from the supercurrents

To find the off-shell symmetry algebra we need to compute Poisson brackets of the supercur-
rents, which in turn requires the Poisson brackets of the fermions. Explicit expressions for these
are given in Appendix E. For the Poisson brackets of two charges with the same index we find'"

i
/da do'{jf (o), jT (a’)}PB = +§ / do (H + M)ee,
I -T .T ’ l
/do do'{j3(0). j5(0')}pg = +5/do(H — M)ee. (2.38)
The bosonic Hamiltonian density H is given to quadratic order by
1 i [ o1 rorg /g / / 7 / /
H= E(p,_-p’f +pip' iy x4z iyt —2q€l(zizj + yiv). (2.39)
The full quartic bosonic Hamiltonian can be found in Eq. (D.1). The “mass” term M is given by

M=—eL(pizj+ piyj)) — q(pizt + piy* + pix'). (2.40)

It is important to note that this expression does not receive any corrections at quartic order.
Calculating the Poisson bracket between the two charges with different index we find

/ do do’'{jT (@), j5 (")} pg

1 fa ) - L )

2 .2 o 22
_a(r(ezmz = _Zly1<1+z = )y,._,.)]y%e 241

The total derivative on the second line integrates to zero. The second term in the first line can
be integrated by parts. The result is of higher order in transverse bosons and can therefore be
dropped. Hence, we are left with

[ dodo (5@, 530" fpy =~ et e e 1)y e (2.42)
Hence, we find the central charge
N
c=% M(e”"” —1) (2.43)
2 2w

where we have reintroduced the string tension, and where { = exp(2ix~ (—o00)). This is related
to the central charge of the pure R-R theory by a rescaling by ¢g. It is precisely the fact that C
depends non-linearly on the momentum which imposes a non-local coproduct on the symmetry
algebra, which we will discuss in Section 3.3.3.

3. Symmetry algebra and representations

We have seen that the off-shell symmetry algebra A takes the same form in the mixed-flux
case as it did in the pure-R—R one. Furthermore, in the limit where the NS—NS flux vanishes, we

10 Here € symbols carry appropriate spinor indices, which we have suppressed for brevity.
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expect to recover precisely the same representations that were described in detail in Ref. [34].
For this reason, we begin in Section 3.1 by briefly recalling the representations arising in the
pure-R-R case. Then in Sections 3.2 and 3.3, we describe how these are deformed, first in the
near-plane-wave limit, and then in the full theory. We will see that the deformation can be com-
pletely understood by suitably altering the representation parameters of the pure-R—R case. As
we proceed we will encounter, and comment on, several new features of the mixed-flux back-
ground.

3.1. Overview of the pure-R—R symmetries and representations

The off-shell symmetry algebra .A for type IIB superstrings on the pure-R-R AdS3 x S x T*
background has been found in Ref. [34]. There it was found that A is a central extension of
psu(1]1)* @ so(4),. Writing down the supercharges in components we have

. 1. . .
{Qu.Qu} = 58" M+M),  {QuY, Qey} =57;C,

_ 1 _ _ C
{QRa-,QRb}=56a”(H—M>, {Qua, Qr”} = 8:"C. 3.1)

The supercharges carry labels “L” and “R” corresponding to the left and right labels in the su-
perisometry algebra su(1, 1|12)p, @ su(1, 1|2)r. We also decompose

50(4)2 = su(2)s ® s5u(2)o, (3.2)

so that the massive fermions are charged only under su(2),. The lower and upper dotted in-
dices correspond to the fundamental and anti-fundamental representation of su(2), respectively.
Finally, the central charges on the one-particle representation are

ih : — ih, _;
C=+7 (e —1). C=—g (=1,
p 2
H= m2+4h2sin<5>, M=m, 3.3)

where p is the momentum, m is an angular momentum taking values 1,0 and / is the cou-
pling constant, which is expected to be a so-far undetermined function of the ’t Hooft coupling,
h=h®).

3.1.1. Exact representations for the pure-R—R theory

The fundamental excitations of the theory are 8 bosons and 8 fermions, which arrange them-
selves into three irreducible representations of A. The 4 4+ 4 massive excitations transform in
two irreducible representations, that we call “left” and “right” and depict in Fig. 1. The remain-
ing modes transform in the “massless” representation of .4, depicted in Fig. 2. All these are short

representations of psu(1| l)z‘.e., i.e. they satisfy the shortening condition

H? =M? +4CC. (3.4)

The left representation is four-dimensional and has m = +1. It is an irreducible representation
of psu(1] l)ﬁ.e‘ and it owes its name to the fact that on shell only the left supercharges act non-
trivially on its module. We can write it as
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\_ \_ J
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Fig. 1. The massive excitations and their transformation properties under .A. The left and right panel depict the left and
right representations respectively. The bosons ZL-R are excitations on AdS3 while YR are excitations on S3. Note that
the massive fermions r]L”, nR“ are charged under su(2),. The tensor products below each diagram indicate how each

representation can be obtained from the short fundamental representations of su(1] 1)%'6_ introduced in Section 3.1.3.

Qu[Yp) = ap[n). Q?|n’) = eap| ;).

Quilzy) = —euazlny).  Qualn)’)=silay|vy)

Qra|Zp) = —exbllni’).  Qualny’)=8a"b5|}),

QYh) =ik) Qi) =Bz 3
The representation coefficients a[I; and bII; are such as to reproduce the central charges (3.3)

and b'[; vanishes on shell, i.e., b§=o = (0. We will comment more on the aII; and bII; in the next
subsection.

The right representation is also four-dimensional and has m = —1. It is given by
Q[ Zp) =15 |ny") QU ) = B[ v ),
Quilvy)=eubplny’).  Qualn’) =85} Z}).
QralYR)=cpaplnf’).  Qualnh’)=si"a}|Z})
Qr|ZR)=ay|ny). Qr? |nR0) = —ePaR |¥R). (3.6)

Note that this right representation follows from the previous one by relabelling every-
where L <> R. We will refer to this Z, symmetry as left—right symmetry (LR symmetry).
Finally, the massless representation is eight-dimensional with four bosons 7% and four
fermions x“, x“. This representation has m = 0 and is given by two irreducible representations
of psu(1|1)#, that form a doublet under su(2), C s0(4),. Each of these psu(1|1)#, represen-
tations can equivalently be obtained by using the left or right representations above and taking
a massless limit of the coefficients aII;, bll; or a}}, bg. This is due to the fact that the left and
right representations become isomorphic in the massless limit. For definiteness, let us take the
representation coefficients to be inherited from the left representation. Then we have

QAT ) = ePaplz) Qulxg)=aplTi)
Qui|78) = —€,a5|Th).  Qua|TP)=8:"ak|xg).
Qra| TP = 8:"b5[x2).  Qra|X2) = —e,5b5|72°).
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I 4 ) N
B B [x*) B
Qr2, Qr2 Q' Q! Qr2, Qr2

|T21> o |T12> . |T22>

2Qi Qu1, Qui Q2 Qs Qu1, Qui
IX") IX*)

- / - /

0L ® 0L = 0r ® 0On 0L ® 0L = 0r ® 0On

Fig. 2. The massless excitations transform in two irreducible representations of psu(1] l)ée_, which form a doublet un-

der su(2),. Each of these representation can equivalently be taken to be the massless limit of a left or a right representation
with a fermionic highest-weight state. For definiteness, here we take both of them to be given by left representations.
Below each psu(1|1)? . diagram we indicate how each representation can be obtained from one of two (left or right)
isomorphic tensor products of fundamental su(1]1 )33. representations, see Section 3.1.3.

— . ~1, . — . b . b S~
Qr“[xy) = b |T5°), Qe[ T,) = by | Xp) 3.7
Note also that the highest weight state of the massless representations are fermionic, namely | x¢),

in contrast with the ones of the left and right representations, that are |Y™) and | ZR) respectively.

3.1.2. Representation coefficients for the pure R—R theory
In absence of NS-NS fluxes, the representations coefficients are

a,];:a]l}:npeis’ a;‘:&g:npe_lp/ze—lé7
ph=pR = T2 min2gis o pL_ R T i (3.8)
Xp Xp
with
- Tin,
np =€\ (xp = xf). (3.9)

The equality of the left- and right-representation coefficients in Eq. (3.8) indicates that left-right
symmetry is particularly simple in the pure-R-R case. The Zhukovski variables x* are mass-

p
dependent:
Xt . 1 1 2i
v g+7_g_fz”m, (3.10)
Xp Xp Xp h

In fact, the dependence of the representation parameters on m = %1, 0 is entirely encoded in x,jf.

The phase £ is irrelevant for the one-particle representation, but is instrumental for defining the
two-particle representation, i.e. in order to define a non-trivial coproduct [34], similarly to what
happens for AdSs x S strings [58].

Let us note that while the excitations in the left and right modules have kinematic properties
similar to the one of AdSs x S5 excitations, new features emerge in the massless case. When
m = 0, the Zhukovski variables satisfy the additional constraint

+

X, B =

» (3.11)

1
x‘;'
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Moreover, the vanishing of M imposes that the representation coefficients satisfy
2 2
layR|" =587, atm =0, (3.12)

and the dispersion relation becomes non-analytic,

. (P
sm(5> ’ (3.13)

This last property can be physically interpreted as an indication that left- and right-movers on the
worldsheet should be treated as two different species of particles, similarly to what is done in the
relativistic case.

E(p)=2h

3.1.3. Representations of su(1]1)2
It is useful to introduce the su(1|1)2, algebra, whose anticommutation relations are

— 1
{QL,QL} = §(H+M), {QL, Qr} =C,

_ 1 _ _
{Qr. Qr} = S H-M), {Qu.Qr}=C. (3.14)

The short representations of this algebra are two-dimensional, and have been studied in Ref. [22].
Once again, we have a left representation of,

L L|,L O L) _ sL| 4L
QL|¢p>=ap|I/’p>’ QL|I/IP>=ap|¢p>’
Qrlvy)=05l0k).  Qr|eh)=b5|vp). (3.15)
Similarly, we can consider a right representation gr
R R| R O, | 4R\ _ 7fR[/R
QL|I/IP):bp|¢p)’ QL‘¢p>=bp|l/fp>’
QrloN)=al|vR).  Qrlyy)=ak|eR) (3.16)
Two more representations, which we denote by g1, and gr, can be obtained from the ones above
by exchanging bosons with fermions.
As discussed in detail in Ref. [27], appropriate tensor products of pairs of these representations
are isomorphic to the psu(1|1)# , representations discussed above. In fact, a similar structure will
be present also in the mixed-flux case, and we will exploit it to write down the S matrix.

Let us sketch these isomorphisms. Firstly, note that we can obtain psu(1| 1)‘0‘46. supercharges
from those of the tensor products of su(1]1)2, by setting'!

Q'=QL®l, Q’=18Q., Qri=Qr®1, Qro=1®Qg, (3.17)

and similarly for their conjugates. Clearly then o, ® oL, or ® OR. etc. are representations of
psu(1|1)?, . What is more, one can check that the left representation given in Eq. (3.5) is iso-
morphic to o1, ® o1, while the right one (3.6) is isomorphic to or ® or. As for the two psu(1] 1)2‘.6_
modules that constitute the massless A module, each of them can be given either by o1, ® oL, or
by or ® or. This is consistent with the equivalence of left and right representations when m =0,
and with the fact that the massless modules have fermionic highest-weight states.

The details of the isomorphisms outlined above are reviewed in Appendix F.

11" This tensor-product structure is similar to the one of psu(2|2)§'e', which is the off-shell symmetry algebra of
AdSs x $d superstrings [6,7].
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3.2. Representations in the near-plane-wave limit for the mixed-flux theory

The near-plane-wave limit of the symmetry algebra [18,59] can be read off the explicit ex-
pression of the supercurrents (2.36), truncated at quadratic order in the fields. This yields a
representation on the fields and conjugate momenta X, P, 71, 1, and so on. For our purposes
it is more useful to work in terms of the excitations. To this end, we introduce creation and
annihilation operators in the usual way. For the bosons, we schematically write

af(p)~ (o(p,m, @)X —iP)etP?,

do
/«/w(p,m,q)
al( )N[dia(
P Jotpma

This representation depends on the energy w(p, m, q), which is function of the mass m and on
the flux parameter ¢g. For the fermions we write

n do
I N - 7 "
d'(p) / w(p,m’q)(f(p,m,q)n ig(p,m,q)i)e
do .
X j n)e P
d(p) / w(p’m’q)(f(p,m,q)n+tg(p,m,q)n)e , (3.19)

a)(p,m,q)X—i—iP)e_ip”. (3.18)
+ipo

where we introduced the wave-function parameters f(p, m, g) and g(p, m, g). The creation op-
erators generate the space of fundamental excitations, which as we reviewed consists of sixteen
particles

|Z-R)=af g 100, [YPR)=af gy l0) M) =diT10) [nRa) =dg,l0),
[T4)=a%M0),  [x“)=d"T10),  |X*)=d"T|0). (3.20)

In Appendix G we extract the supercharges from the supercurrents constructed in Section 2,
which indeed gives an algebra of the form (3.1). Furthermore, we rewrite them in terms of oscil-
lators, obtaining

Q= / dp [(dary +e™af_dy ;) F5 + (af dr® + €% d ar.) R
+ (e™d*ay, +a*Td,) ),
Qri = / dp [(dl;daRy — €4 alzzdRB)flf + (azydLa - Gd[,dLb.TaLz)gII;
+ (A a0 — €4a”"d) 2y ), (3:21)

and similarly for their conjugates. Note that we suppressed the dependence of fII,‘ R, f, p» and g];’R,
gp onm and g for ease of notation.

This representation is indeed of the form (3.5)—(3.7) up to fixing the representation coeffi-
cients, and closely resembles near-plane wave limit of the pure-R-R one discussed in Ref. [34].
Note however that wave-function parameters are f[I; *f [lf and g}; #* g,lf, unlike what happened
in the pure-R-R case. This is reflected by the values of the central charges

gp+1 left, VP +(p+q)?  left,
M={gp—1 right H=1Vg@*+(p—q)* right, (3.22)

qp massless, V p? massless,
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while the off-shell central charges take the same form for all representations, and are both real

C=(_:=—%p. (3.23)

This is consistent with the tree-level analysis of symmetries in the massive sector [43] and with
the leading-order massless dispersion relation [18].

3.2.1. Representation coefficients

The wave-function parameters play the role of representation coefficients. In fact, compar-
ing (3.21) with the pure-R-R representations of Section 3.1, we see that the real parameter f),
should be the near-plane-wave limit of a, and a,, while g, should be the limit of b, and b,,.
Therefore, the precise form of f}, and g, will be important in order to fix a,, ap, b, and b p In
the full theory.

Let us begin from the massive representations. We have

- 1+gp + o qp

o=@+ P+’ fy=—F" g§=—ﬁ,

P

R =2 2 R l—gp+ o R qp
=P+ P-a% =t = (3.24)

where the energy is related to the representation parameters by w, = f| [3 + gf). The different sign
in front of the p-linear terms is explained by the necessity of reproducing (3.22), and ultimately is
a consequence of the fact that the NS—NS flux breaks parity invariance. In particular, this implies
that LR symmetry will require a non-trivial map of the representation coefficients too.

For the massless representation we have

- z gp+ o - - qr
wp=dy=yp"  fr=fy=\"5"  H=&=—+ (3.25)

2 2f D
This may appear troubling: we have argued in Section 3.1 that at least at ¢ = 0 massless modes
can be equivalently obtained from the left or right representation, and indeed this seems to be
the case looking at (3.22). However, the values of f, and g, come from a massless limit of flg

and gII;. To see how this is inessential, let us define new massless parameters, now as limit of fllf
R.
and g bt

[ | —ap + & ip

~R __ 2 R __ P ~R __

wp_ P, fp - #7 gp__ﬁ (326)
p

Let us rescale e.g. the massless fermion creation operators in (3.21) as

FL FL
dy — {—'l;da, d" — {—’;d“T,
8p 8p
>R oR
dog — —gTiJu, dt - —gT’;cZ“"", (3.27)
Iy Iy

and note the identities
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7L\2 ~R)\2 ~L\2 7R)\2 L 7R _ -L=R
(F) =) @) =) fify =88, (3.28)
In this way we replace everywhere the parameters f, = f& and g, = g5 with /X and g8, and in
fact obtain the massless limit of a right representation. In summary, also in the mixed-flux case

the massless representation can equivalently be described as a left or a right one, at least in the
near-plane-wave limit. For definiteness, we will adopt the first choice.

3.3. Exact representations for the mixed-flux theory

When we go beyond the near-plane-wave limit, we expect the representations discussed in
the previous subsection to be deformed. In particular, as we have computed in Section 2.4.2, the
off-shell central charges will be non-linear functions of the worldsheet momentum,
ih , _ ih, _.

C=+?(e+’P—1), C:—E(e_’P—l). (3.29)
Here we introduce the mixed-flux coupling constant &2 = h(X, g), which enters as an overall
normalisation of the central charge. In the worldsheet calculation we found that for large /A
g~ A
h(x,q) ~ i. (3.30)
2
However, this relation might receive perturbative and non-perturbative corrections in 1/+/A, anal-
ogously to what happens for string theory in AdS; x CP3 [60,61].!> Note that we have absorbed
a factor g into the definition of /. This makes (3.29) take the same form as in the pure R-R case,
but differs from the conventions of previous literature.

In our discussion of pure-R—R representations at the start of this section the eigenvalue of M
was a real number. However, from the string theory computations of Section 2.4.1 we see that
it should be a function of the total worldsheet momentum P. This may appear surprising as we
expect M to be a quantised angular momentum on a physical state. As we detail in Section 3.3.4,
this can be achieved if we take

M = m + P, (3.31)

where m = %1, 0 depending on which representation we are considering, as in Eq. (3.22). The
constant % is related to the WZW level k by
k _ q«/x

= = . 3.32
2 2 ( )

In this way, using the shortening condition (3.4), we conclude that the all-loop dispersion relation
is

E(p) = \/(m +kp)? +4h2 sin2<§), (3.33)

which for massive particles confirms what was found by the analysis of giant magnons [44—46].
It is interesting to note that in the massless case the dispersion relation is non-analytic also at
k # 0. To make this evident, we write

12 Recently a proposal has been made for the all-loop A-dependence of the function /(1) in AdS4 x CP3 [62].
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4h?sin*(5)

E(p) =%k|p| , atm=0, (3.34)
K> p?

where the square root is analytic when p is in the vicinity of the real line.

3.3.1. Exact representation parameters

We now want to construct three irreducible representations of A that in the limit ¢ — 0 coin-
cide with the pure-R-R ones which we recalled in Section 3.1, and whose near-plane-wave limit
is the one we computed in Section 3.2. To this end, it will be sufficient to suitably deform the
representation coefficients of Egs. (3.5)—(3.7). In particular, we define

ny my
O T L N T IV L N
XL, X,
R R
= 771; 't &Il} = n?e_'p/ze_'é, b? =1L e iP/2e1E bE = ——_f e &
XRp XRp

with

: ih ; ih, _
7),]; = e'p/4,/ > (xL xfp) r;[lj = e’p/4,/ ?(xRp - xl"{p). (3.36)

Here we have introduced two sets of Zhukovski variables x]jfp and xf{tp, which satisfy

+

X . 1 1 2i K
#:e’p, x]j_p_’_T_xL_p_T:w’
Lp Lp TLp h
+ .
X . 1 1 2 —k
Rp _ i X+ — — ¥, - 1 2i(ml —kp) (3.37)
xRp xRP xRI’ h

These equations can be solved by setting

(ml +&p) +/(m| + kp)? + 4h2sin?(§ )

+ — 2

Lp = 2hsin(5)

. Uml=%p)+ [l —kp)? + 4n2sin’(5)

Xip = etap, (3.38)

2hsin(%)
as usual with m = %1, 0. In this way, we reproduce the central charges (3.29)—(3.31) and the
dispersion relation (3.33). It is interesting to note that for the massless modes it is no longer true
that x* = 1/x~. This identity is replaced by
j: 1
pr = T atm =0. (339)
XR )

Owing to this equality, we can check the following identities for the representation coefficients
of the massless representation

2
pp bLbR—apap bf}b‘;, |a},| = b}

that generalise (3.12). Note that it is not true that e.g. |aL|2 |bL|2 atk #£0.

R = |b (3.40)



588 T. Lloyd et al. / Nuclear Physics B 891 (2015) 570-612

3.3.2. Equivalent representations for massless modes

In Eq. (3.7) we chose to describe all massless modes by the massless limit of left representa-
tions. In terms of su(1]1)2 . representations, this corresponds to describing the massless module
as (oL ® 0r.)®2. As discussed in detail in Ref. [34] and as we briefly recalled, equivalent alter-
native description are (or ® 0r)®?, (01, ® 01) ® (0r ® OR) Or (OR ® OR) D (01 ® OL.); all these
representations are isomorphic in the massless limit at £ = 0. Here we expect the same to hold,
as a priori there is no reason to prefer any of these choices to describe massless modes.

Let us perform the redefinition

a ﬁ a ~a _@ >a 3.41
X~ S 1R 2[R Ba)
p p

Using (3.40) in the defining relations (3.7) we find that, as a result, the representation (o, ®
oL)®? is indeed isomorphic to (or ® Or)®2. We can then obtain the mixed cases (o1, ® OL) ®
(0rR ® OR) or (0rR ® OR) & (oL ® OL) by performing the rescaling only on |x2), |¥2) or [x 1), |x1)
respectively. It is also interesting to note that the rescaling coefficient is just a sign:

ay (P
_1; = —sgn[sm<5>:|. (3.42)

3.3.3. Two-particle representations

So far, we have described the action of the symmetries on the one-particle representations. In
order to construct the S matrix, we will also need to consider two-particle representations. These
can be constructed by introducing a deformed coproduct [63], or equivalently by appropriately
picking the phase £ in the one-particle representations [58], ¢f. Eq. (3.35). A way to find such a
coproduct is to require that the central charges C, C vanish on physical two-particle states [58],
so that they should be

S

ih, o, _ ih, .

C(12) = +?(6+1P — ]), C(12) = —7(6 iP_ 1), (3.43)
where P is the total worldsheet momentum,

Plp1,....pn)=(p1+--+p)lp1,..., Pu). (3.44)

This then enforces, in the same way as in Refs. [27,34], that the supercharges are!?

Qi () = Qi (p) @1+t 7 2 QL (),

Qra12)(P,q) =Qra(p) ® 1+ Y Qra(q),

Qui12)(P. ) =Qua(p) ® 1+ Y ® Qi (q).

QR 12 (P ) =i (P @1+ 2 QR (9), (3.45)

where X' is the fermion-sign matrix taking values +1, —1 on bosons and fermions respectively.
Consequently, on the central charges we have

13 qeis possible to pick different coproduct that are related to this one by a momentum-dependent change of the two-
particle basis, as discussed in Ref. [27].
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Can(p,q) =C(p)@1+e71® C(g),

Caz(p.9)=C(p) ®1+¢ 718 C(q), (3.46)
consistently with (3.43), and finally
Hi»=H®1+1®H, Miy=M®@1+1M. (3.47)

Similarly, the coproduct is trivial for the so(4), generators.

3.3.4. A momentum-dependent mass?

It may appear unnatural that M depends on the momentum of the excitations, since in the
algebra of superisometries it had the interpretation of an angular momentum. The resolution of
this apparent contradiction is recalling that M is supposed to be identified with an isometry for a
physical state, i.e., on shell. This means that we should expect M to be integer-valued only when
applied to states that satisfy the level-matching condition (2.27). Let us rewrite (3.31) in term of
the integer level of the WZW term in the string action k = 2% € Z. For a one-particle state we
then have

k
M=ml+ —P. (3.48)
2

A physical state has worldsheet momentum 27w, where w € Z is the winding number. This
shows that M is integer on shell even for states with non-trivial winding.

Note that linearity in the worldsheet momentum P is crucial to extend this property to any
physical multi-particle state. In fact in the off-shell algebra the coproduct of M (3.47) remains
undeformed, so that its action on a multi-particle states is just additive. Any non-linear function
in Eq. (3.48) would have prevented us from rewriting the eigenvalue of M on a multiparticle state
in terms of the fotal worldsheet momentum, which is what is quantised on shell. !4

The quantisation of the angular momentum M explains why we have introduced the two
coupling constants 4 and %, even though they are both proportional to the string tension V)2
to leading order at strong coupling. According to the above discussion, the quantisation of the
momentum-dependent term in the mass follows from the fact that the WZW coupling is integer
valued, a relation that should not get any quantum corrections. The coupling /4, on the other hand,
appears as an overall factor in front of the central charge C and is expected to receive corrections
at higher orders in 1/+/A.

It is also interesting to see how the momentum-dependence is compatible with the other sym-
metries of the theory. In Ref. [34] it was argued that M could not receive quantum correction
without spoiling either the su(2), symmetry or crossing invariance. Let us see how that argu-
ment works in the present setting. Invariance under su(2), dictates that M takes the same value
on both psu(1]1)#, massless modules. If we write M in a block-matrix form, with each block
corresponding to a psu(1/1)?, module,'> we see that this indeed the case:

+1+%p 0 0 0

_ 0 —-14+%p 0 O
M= 0 0 k0 (3.49)

0 0 0 %p

14 9t is interesting to note that the winding number affects the “mass” of excitations, so that e.g. when k =w =1 a
right-moving excitation has the kinematics of a massless one. It would be interesting to understand if this has deeper
implications, which may require analysing in more detail the complete bound-state spectrum of the theory.

15 Respectively, o1, ® 01, 0R ® or and the massless doublet (o1, ® EL)@Z.
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On the other hand, under a crossing transformation it should be possible to map every irreducible
module to some other one for which M has an opposite sign. We can see that at ¥ = 0 this means
sending right to left movers, and massless modes to themselves. If we perform the crossing
transformation at £ > 0 we must account for the fact that p flips sign, i.e.

+1—%p 0 0 0
_ 0 —1—-%kp O 0
M= 0 0 _ip 0 , atcrossed p. (3.50)
0 0 0 —kp

This shows that indeed even at ¥ > 0 one can implement crossing by swapping left and right
movers and sending the massless modes to themselves. The condition for this to be possible is
that the eigenvalue of M in the massless sector is an odd function of P. This in particular rules
out a constant correction to the mass.

These general considerations on the momentum-dependence of M fit together nicely with our
analysis of the x ~-dependence in the supercharges, which constrains the non-local coproduct to
take the form discussed in Section 3.3.3. They are also consistent with the form of the dispersion
relation found by studying semi-classical solutions [44-46] and with the analysis of the possible
spectrum of bound states performed in Ref. [44].

4. S matrix

Our discussion of the S matrix of fundamental particles for the mixed-flux backgrounds will
be based on the one done in Ref. [34] in the pure-R—R case. As we have seen, the particle content
is the same in the two theories, and the symmetry representations of our case of interest are a
deformation of the ones of [34].

We define the S matrix as the operator S¢12)(p, g) acting on the two-particle Hilbert space and
relating in- and out-states as

Sz (p. q)|Xlgin)y;in)> — |y§out)Xlgout)>’ 4.1)

where X ,(,i“), y;"” are two arbitrary excitations and X ,(,Oln), cgom) are the product of their scat-

tering — possibly a linear combination of several two-particle states. For this S matrix to be
physical and for the underlying theory to be integrable, several requirements should be satisfied.
The most obvious is the invariance of S under all symmetries of the theory

Sa2 (P, 9)Qu2 (P, q) = Qa2 (g, P)Sa2)(p, 9). 4.2)

Here Q(12)(p, ¢) is any (super)charge of A, acting on a two-particle state. Note that we impose
commutation with the off-shell symmetries as S¢12)(p, g) acts on particles that generally do not
satisfy the level-matching condition. Next, we require braiding and physical unitarity, which
read

Saz (g, p)Saxy(p,q) =1, (3(12)(17761))T3(12)(P,CJ) =1 4.3)

We also impose the Yang—Baxter equation on the three-particle Hilbert space

S12)(q,1)S23) (P, 1)S2)(P, ) = S23) (P, ¢)Sa12) (P, r)S03)(q, 1), 4.4)

which ensures that factorised scattering can be consistently defined. We will find that the Yang—
Baxter equation automatically holds for the psu(1|1)# . invariant S matrices, signalling that this
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is a good candidate to be an integrable theory. Lastly, there is the requirement of invariance under
the crossing transformation. We will come back to this in Section 4.3.

We will start by briefly recalling the form of some invariant matrices which will then be useful
to restrict the form of S by means of (4.3). Since our charges take the same form as the ones in
Ref. [34] up to suitably redefining the Zhukovski variables x*, we expect the final result to be
closely related to the one found there. We will see that this is the case, even if there are some
new features here. Imposing (4.3) will fix the S matrix up to some dressing factors, which we
will discuss in Section 4.3.

4.1. Invariant su(1|1)2 . S matrices

We start by considering operators that are invariant under su(1|1)? < o> which were first studied
in Ref. [22]. Since in this case the representations are much smaller, the resulting S matrices
are more manageable. Additionally, if we can define e.g. a matrix SM which commutes with
all the generators of the two-particle o representation, we are guaranteed that S™* @ S will
commute with all generators of the two-particle o1, ® g1, one, which is one of the psu(1] l)f.f.e.
representations which will be of interest to us. Clearly the same holds for all representations we
need to consider.

4.1.1. Same target-space-chirality scattering
Let us start from the case where we have two excitations in the representation gr. In [22] it
was found that the invariant S matrix takes the form

St epop)=Apgloses)  STlepvg)= By Vg dh)+ Crglegvy),
S yrur) = Forlvevy). ST Yyey)=Dorlepvy)+ Epe v dy). (4.5)

This is the case also for us, with the ratio of the S-matrix elements being a function of xfp and

qu , and of course the overall normalisation being arbitrary. We collect the expressions for these

coefficients in Appendix H. It is interesting to note that those expressions depend on %, k¥ and m
only through the Zhukovski variables.

From (4.5) we can immediately find the invariant S matrix describing the scattering of e.g.
two particles that both are in the gy, representation. In fact, since the representations g and g,
are related by a change of basis, we will have that

SIL — 1501 78St o, (4.6)

where O = O~! = o ® o is the change-of-basis matrix and IT¢ is the graded permutation that

accounts for the fermion signs. Up to suitably choosing O, this also yields SI& and SLL.16
The case of SRR, i.e. both particles being in the representation g, is similar and in fact follows
from the previous one by left-right symmetry. All we have to do is relabel everywhere L — R

. : RR pRR ; + +
and introduce new scattering elements A pq> B pq > etc. These will now depend on XRp and xg e

In a similar way, SRR, SRﬁ and Slili can be easily found.

16 The explicit form of the matrices SII, S':L and SU: is also spelled out in Ref. [34].
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4.1.2. Opposite target-space-chirality scattering
Let us now consider the case where one particle transforms in g1, and one transforms in gR.
At k = 0, such a set-up gives a scattering process of the form [22,27]

S|XpYF) = Tog | Vg Xy ) + Rpg| Yy X5), @.7)

where T, is the transmission amplitude and R, is the reflection one. Then, imposing LR-
symmetry and unitarity requires either amplitude to vanish, and comparison with perturbative
calculations sets R, =0.

On the other hand, when % # 0 we have that

H| X, V5 # H| AR V)), (4.8)

which immediately sets R, = 0 when imposing (4.2) for the Hamiltonian. This is an additional
a posteriori validation of the choice of a pure-transmission S matrix originally made in Ref. [22].
We can therefore write down the matrix S™R as

SR |pron) = Ak |onor)+ Bos|uryr),  S"RlebyR) = ChR|vier),
SRy vy ) = Epg Vg ) + Fylog o). S™NWpey) = Dipglog vry)- 4.9)

Here the S-matrix elements are functions of xL » and xﬁkq, see Appendix H. Just as before, we

can use changes of basis such as (4.6) to write down SLﬁ, SIR and SIR

Finally, we can once more use LR symmetry to write down SRL g ﬁL, S RL and Sﬁ. Due to
the relabelling L <> R, these will all depend on xﬁtp and xf e

4.1.3. Tensor-product structure

As we have argued, the tensor product of any pair of S matrices invariant under su(1|1)2
will yield a psu(1|1)¢, -invariant S matrix in a given representation. Let us consider a pair of
particles, transforming in two psu(1|1)? . representations which we call ox, ® oy, and 0x, ® oy,
respectively, where X; and ¥; could be L, R, L or R. The psu(1|1)#, -invariant S matrix will be
given by the tensor product of two su(1] l)g.e' S matrices. In formulae,

_ nr
Spsu(1|1)4 —Ssu(1|1)2 ®Ssu(l|l)2 (4.10)

Note that we have to account for signs arising from swapping fermionic excitations. To this end
we define the graded tensor product &, given by

(AGBYER I = (—Dyewenrerex AKL KL 4.11)

where € = 0 for bosons and € = 1 for fermions.
4.2. Matrix part of S

Let us decompose the S matrix in different sectors, depending on the mass of the incoming
particles, which clearly will be conserved during the scattering. We denote by S*® the sector of
massive excitations, S°° the one of massless excitations, and by §°*°, §°°® the S-matrix blocks
scattering particles of mixed mass.
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4.2.1. Massive sector

We can decompose the massive sector depending on whether the incoming particles have left
or right target-space chirality. According to the discussion in the previous section, the scattering
in each block should be given by the graded tensor product of two su(1|1)2 -invariant S matri-
ces, and indeed

se GLL & GLL  ee GRL & GRL
S = <S% LRQ? LR Ulf.L RRQ? RR)' (4.12)
RS QS ORRS TR S
Note here that we are writing down four undetermined factors, rather than the two (same-chirality
and opposite-chirality) that we would have in the pure-R—R case. Still, these are related pairwise
by left-right symmetry, so we take

ot (P a) =0 (x50, x01),  oRR(P,q) =0 (xpr. Xox):
orR(P, q) =8"(x;tL,xqiR), oRL(D, q) :5"(x§R,xqiL), (4.13)

where o *® and 5** are two appropriately defined functions.

4.2.2. Massless sector

In the massless sector we have two irreducible representations of psu(1|1), that form a dou-
blet under s1(2),. For this reason the S matrix here is the tensor product of a psu(1] 1)§.e.-invariant
one with an su(2)-invariant pre-factor:

8% = 0°°Sau) ® (ST & SF), (4.14)
where

S = 1+c¢,,10), 4.15

su(2) T §pq( Spq ) ( )

and I7 is the permutation matrix. In fact, the Yang—Baxter equation implies that Sgy,(2) should be
precisely the S matrix of the Heisenberg model, i.e.

s(p,q) =i(wp —wy), (4.16)

where w), is an appropriate rapidity, whose explicit form is to be fixed from physical considera-
tions.

This all follows closely what was found in Refs. [33,34]. However, a few differences emerge
at & # 0. Firstly, since now x+ £ 1/x~ at m = 0, the kinematics is richer. Consequently, scat-
tering processes that accidentally had the same amplitude at £ = m = 0 may now differ. For
example

(xgxp|Sxpxg) = (g Xp| S| X5 Xg) only atk =0, .17)

. . . . . LL LL 2 o,
while at & 7 0 the ratio of the two amplitudes is given by (A,//F},-)”. Additionally, both the

dressing factor o °° and the rapidity w, might have a more complicated form in the mixed-flux
case.
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4.2.3. Mixed-mass sector
Let us now consider the scattering of a massive particle with a massless one. On symmetry
grounds we can write

5% = [0 (S @ ") @ [0 (SR- ® SR ®?], (4.18)

where the subscript indices L, R on the dressing factors refer to the target-space chirality of
the massive excitation. The presence of two copies of the S matrix inside each square bracket
is due the fact that the massless psu(1[1)?, modules are doublets under su(2),. Once again,
we have two dressing factors, which should be related to one another by replacing x;tL < X,R
everywhere, i.e.

1
+ + + +
or°(p.q) :U.O(XLp’qu)’ or"(P.q) :U.O(xRp’qu) :0.o<xRp’ x?>7 19
Lg

where in the last equation we used that xlj{ =1/x at m = 0. The scattering elements and hence
the expression of o *° should not depend on whether we represent the massless particles as left-
or right-movers, which is a constraint on the form of the dressing factor.

In a similar way, we can also can write

S°°® — [Uf. (SLL ® SLL)@Z] ® [O_lg. (SLR ® S]:R)@Z], (420)

with the same caveats for the dressing factors as above.
4.3. Dressing factors

The linear symmetries that we used in the previous subsection cannot constrain the scalar fac-
tors. On the other hand, braiding and physical unitarity, and crossing symmetry will impose new
constraints. Before discussing those, let us fix the normalisation of each block of the S matrix.

4.3.1. Normalisations
The normalisation each S-matrix block can be read off from the elements listed below. In the
massive sector we have chosen

1
+ — + 1-— —_—
*Lp FLg XLy~ Xig X ATy 1

(Vg Yy |S|Y,¥y) =

NN = 1 LL IV
XLp ¥Lg ¥Lp ~ YL 1 — X, (ULLM)
1 1
+ - 1l——=—1—-—=
Xy X xtx xXoxi 1
RyL LyRy_ "Lp Rq Lp*Rg Lp*Rg
(Yq YP |S|YP Yt] )_ = xt 1— 1 1— 1 (&I:I.R )2’ “4.21)
LT —
Lp “Rq XL ¥Ry X pXRg P4

with two more equations following by LR symmetry when we exchange everywhere L <> R.
In the massless sector we set

1

(TSI =

(4.22)

Finally, in the mixed-mass sector we choose'’

17 The normalisation chosen here takes a different form to the one of [34] but reduces to it at k = 0. It is chosen to
simplify the form of the constraints imposed by unitarity.
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+ + - -
xLP — qu xLP — qu

595

(T;“Y[E|S|Y,ET;‘“) = <

12
9 ) ©OfF )2

+ p— —
XLp — XLy XLp — Xig
+ ot e N2
. . X X\ ox X 1
L L Lp Lg “Lp Lg
(vyre|s|Tyty,) = < - =1 = ) I (4.23)
p T g *Lp T Mg LLpg
and using LR-symmetry and the relation (3.39) this implies
1-— % 1-— % 1/2
; ; 1
(raeyRs|yRrio) = (— e et )T 1
l——4——F1—-——= (URqu)
*RpFLg *RpFLg
1-— % 1-— ,1 = 1/2
Rpaa aayR\ __ *Lp*Rg *Lp*Rq 1
(vy 1,7|S|T, Yq)—(l_ S ) . (4.24)
xlfpxi{q X ¥Ry rq

4.3.2. Unitarity
Owing to our choice of normalisation, the requirements of braiding an physical unitarity take
a simple form

1 * 1 " 1 *
oo _ oo ~ o0 __ _ (~ee oo _ oo
%p = oo = (qu) ) %p = Gee = (opq) ) %p = oo (qu) J
pq pa pa
1 % 1 *
0 _ 0 oce __ _ oe _ _ *
%gp = oo (C’pq) g %p = oo (qu) ; Sap =—Spg = (Spg)™> (4.25)
pa pa

where * denotes complex conjugation.

4.3.3. Crossing symmetry
The crossing transformation acts by flipping the sign of momentum and making the energy
negative:

E(p) = E(p) =—E(=p).

Note that in the latter relation we also flip the sign of p in E(p). That sign is irrelevant in a
parity-invariant theory, but it does affect the sign of the linear terms in the momenta in our case.

In general, it is convenient to describe the crossing transformation by introducing a rapidity
variable that uniformises the dispersion relation. In relativistic theories, this can be done using
a hyperbolic parametrisation, while for AdSs x S° strings one can use elliptic functions to de-
scribe a rapidity torus [64]. In both scenarios, crossing then amounts to an imaginary shift of the
rapidity. It is less clear how to uniformise the dispersion relation here. On the other hand, we can
realise (4.26) in terms of the Zhukovski variables by setting

1
i(p)

p—>p=-—p, (4.26)

NP =—=— ()= (4.27)
AR (p)

The supercharges are not meromorphic in x*, so that we have to resolve a square-root ambiguity
when performing crossing. We do this by setting

i

xp (P)

n-(p) = ), 1R p) = n“(p). (4.28)

X (p)
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In order to write down the crossing equation, we need to define a charge conjugation matrix,
which in our case will be the same as the one of [34]. Let us pick a basis

(4.29)

The charge conjugation matrix is

1

—i
i
@ - 1
L
i
—i
1
1
—1
—1
1
@ . ; (4.30)
—1 Cp
icp
icp
—icp
where we note that the dependence on p in the massless sector comes through
a.(p) [ . P}

cp= = —sgn|sin— |, 4.31)

" br(p) 2

where the last equality uses that m = 0. This is reassuring as it indicates that if we treat separately
left- and right-movers on the worldsheet, % is indeed a constant matrix. Note that, even if we
are taking the massless modes to be in the left representation, we see the coefficients of the right
representation appearing. This is not surprising as crossing exchanges the two kinematics.

We can now write down the crossing equation'®

€, ®1-8"(p.q)- €, ®1-S(p.q)=1®1, (4.32)

where we have introduced the short-hand S = ITS defined in terms of the permutation /7, and t;
denotes transposition in the jth space. From this we can read off the constraints on the dressing
factors.

In the massive sector we find

1 — 1

X\ 2 (x;, —xi)? = F
oo 2~e0 = 2 L. L L XL X1
O']_,L(p’ q) GRL(p’ q) = <_+q) — Ii +q + /’1 E ’
Xig (pr — qu)(pr - qu) 1-—

=
X XLy

18 There is one more crossing equation where crossing is performed in the second variable, which is equivalent to the
one given here by unitarity.
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1 1
()1 ) -
~ _ xR X X XL ¥R XL XR
O,Lolo{(p7q)20‘ﬁlt{(p’q)2 — (Tq> Lp~Rq 1 2Lp Rg +17 _q . (433)
*Rq (1-==) Lp T *Rg

pr'qu
Note that the Zhukovski variables carry the appropriate flavours with respect to the phases. This
is guaranteed by the fact that both the transformation (4.27) and the charge conjugation ma-
trix (4.30) swap left with right in the massive sector. Two additional equations can be written
down by LR symmetry, exhausting the constraints of crossing in this sector.
In the massless sector we have

- + 4+ -
0P (p 0 (p? = L T T (4.34)

Pq XLp T XLg ALp T Ay

It is interesting to note that
— + .+ — — + .+ —
Xpp =Xy XLp =Xy XRp — XRg YRp — Xrg
= atm =0, (4.35)
X —xt oxr —xr X=X xp — xg
Lp Lg “Lp Lg Rp Rg *Rp Rqg

so that the crossing equation for the massless phases does not depend on whether we decided to
represent the massless modes as left or right particles.
Finally, in the mixed-mass sector we have

0 2 _eo, = 2 XEP _x]:'—l] x]——li_l’ —qu oe 2 _oce/~ 2
of (p.q)°oR°(P,q)" = FT——F — — =or (q,p)o " (q, p), (4.36)
Lp — *Lg *Lp ~ ¥Lg

where in order to write down this equation only in term of left massless Zhukovski variables we
have used (3.39). The same formula, together with LR symmetry, yields
- L

_ Xp X Xg X7 oe oo, =
oR° (P, @)’0r° (P, q)° = — — 2 = 0% (q, p)PoR’(q, p)*. (4.37)
- ——1-—
YRpLg RpLg

Note also that the form of this crossing equation is compatible with (4.19).
5. Discussion and outlook

In this paper we have determined the complete all-loop worldsheet S matrix of Type IIB
string theory on AdS3 x S3 x T* with mixed R-R and NS—NS three-form flux, up to the dressing
factors. We further wrote down the crossing relations that these dressing factors have to satisfy.
These may be used as a guiding principle in constructing the factors, together with semi-classical
and perturbative input such as the one recently found in the massive sector in Refs. [46] and [65],
respectively.

In constructing the S matrix we relied on the off-shell symmetry algebra A of the gauge-fixed
theory and its representations. This method, initially advocated in the context of AdSs x S° [57],
has recently been shown to be particularly well-suited in the study of massless, as well as mas-
sive, excitations and allowed for the construction of the all-loop S matrix for the pure R-R flux
AdS;3 x S? x T* theory [33,34]. Our present work demonstrates the versatility of this approach
and provides strong evidence that, by using these methods, one will be able to tackle other classes
of backgrounds such as AdS3 x $3x 83 xSt [15,16,22-26,29], or the less-supersymmetric back-
grounds discussed in the context of integrability in Refs. [47,48,66-68]. It would be particularly
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interesting to investigate these backgrounds as well as to consider backgrounds related to the 1IB
AdS3 x S? x T* ones considered here by T dualities. Such backgrounds will in fact have a dif-
ferent off-shell symmetry algebra A, as we expect fluxes to couple to the T* directions and spoil
the so(4) invariance that we used here; on the other hand, a similar integrable structure should
exists there as well.

The analysis carried out here provides strong evidence for the validity of the g-dependent dis-
persion relation proposed in Ref. [44]. We find in particular that this form of dispersion relation
is satisfied by both massive and massless modes.

The S-matrix construction presented here elucidates a feature pure-R—R S matrix. There, for
massive particles, it was found that symmetries and unitarity leave two choices for the all-loop
S matrix: one where the target space chirality is always transmitted, and one where it is always
reflected [22,27]. Only the former option satisfies the Yang—Baxter equation and is compatible
with tree-level perturbative calculations [69]. Interestingly, in the presence of NS-NS fluxes we
find that the pure-reflection S matrix is immediately ruled out by symmetries, further motivating
the choice of a reflectionless S matrix in Refs. [22,27].

The S matrix presented in this paper provides a two-parameter family (A and g) of quantum
integrable models. It is likely that this parameter space can be further enhanced by the study of
so-called n-deformations [70—74]. This large parameter space, and the presence of novel massless
modes deserves a detailed investigation in the context of integrability and may provide us with
new inputs into the relationship between integrability and holography [75].

From our previous work [33,34] and the present paper we are lead to conclude that the solution
of the spectral problem in AdS3/CFT3 is likely to be within reach using integrable methods. In
particular it would be important to understand the mirror Thermodynamical Bethe Ansatz and
Quantum Spectral Curve for these backgrounds [76-84]. Given this, it would be interesting to
investigate other aspects of this class of dualities, such as scattering amplitudes, Wilson loops or
entanglement entropy using integrable methods. It would also be important to connect the results
presented here to the higher-spin holography of AdS3 backgrounds investigated in recent papers
such as [85-89].

Finally, our work suggests that connections between the integrable approach and other studies
of the AdS3/CFT, correspondence, that deserve to be explored more fully. Two links naturally
suggest themselves. Firstly, the mixed-flux theory investigated in the present paper was analysed
some time ago in the hybrid formalism [90] and it would be interesting to establish connections
between those results and the work presented in this paper. For example, might one be able
to see integrable structure in the framework of Ref. [90]? Secondly, type IIB string theory on
AdS3 x S x T* with only NS-NS flux was investigated in detail from the point of view of a
WZW theory in Refs. [91-93], where worldsheet CFT methods were used to powerful effect.
It would be intriguing to see if there is a way to take a ¢ — 1 limit of our integrable structure
in a controlled way. Uncovering the role of integrability in the pure NS-NS theory, as recently
investigated in Ref. [94], might provide new connections between integrable and worldsheet CFT
approaches.
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Appendix A. Conventions

In this appendix we give our conventions for indices. We denote worldsheet coordinates by
a, B, ... =1, 0;spacetime coordinates by indices m, n,...=0, ..., 9; and so(1, 9) tangent coor-
dinatesby A, B,...=0,...,9.Indices I, J, ... = 1,2 denote the two sets of spacetime spinors.

We also use indices referring to representations of the algebra so(4); x so0(4),, as described
in Ref. [34], where s0(4) corresponds to rotations along the AdS3 x S3 directions transverse to
the light-cone directions ¢ and ¢ and so(4), corresponds to rotations along T*. We use indices
a,b,...=1,2anda, lj, ... = 1,2 for the two Wey]l spinors of s0(4)1; and indices a, b, ...=1,2
and d,B,... =1, 2 for the two Weyl spinors of so(4),. We use indices i, j,...=1,...,4 for
the vector of s0(4);. We use the same indices for the transverse coordinates of AdS3 and S3
themselves (z; and y; respectively) with the understanding that z3 =z4 = y; =y, =0.

We raise and lower spinor indices with epsilon symbols normalised as

€2 =—epp=+1. (A.1)

We also occasionally write €'l by this we will always mean an expression of the following form

e’;lz,iaazz =710422 — 220021, Eézygaay[ = y300 Y4 — Y402 y3. (A-2)
Similarly in our conventions

porz=ydt=an b, oy =Ry = v+ e, (A3)

At various times we make use of s0(4) gamma matrices. These are understood to be embedded

inside 10d gamma matrices in the way described in Ref. [34]. Here we collect only those explicit

choices for these gamma matrices from Ref. [34] that are needed in this paper. We have matrices
(Y%, (7%, () and (7')%) chosen to be

yl=+4os.  yi=-il.  yYi=+ton  yi=+o.  Fl=+()
70 = +o1, — +o2, 8 = +03, % = +il, 7= —(ti)T. (A4
We also define
. 1, . . . L 1, .
(=37 =), ()% =50 =) (A5)

Appendix B. Killing spinors

In this appendix we present a derivation of the solution of the mixed-flux Killing spinor equa-
tions (2.7). It turns out to be helpful to re-write these equations in terms of two independent
spinors €] and €; by introducing
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1+4 -G 1+4 -3
a=—2la- =l €2=\/ ;qéz—k\/ e, (®B.1)

After some simple algebra the Killing spinor equations can then be written as

1 - -
<<8m + Zd’m)‘slj + (%Hm + f_giEm)a;j>€J = <4i8FEm - %Hm)o'[]JGJ- (B.2)

Now we insert the form of the fluxes (cf. Egs. (2.8) and (2.9)) and use the fact that the spinors €;
are anti-chiral with respect to 012345 [34]. From this we find that the right-hand side of Eq. (B.2)
vanishes. Furthermore, we can combine the terms coming from each flux on the left-hand side
into a single term proportional to the R—R flux. Altogether we can rewrite Eq. (B.2) as

1 0[3J
((am + Zgbm)au - Jﬂm)ef =0. (B.3)

48q

Since the R-R flux here is related to the flux of the pure R-R background by an overall rescaling
by ¢, this is precisely the equation satisfied by the Killing spinors of the pure R—R background
[34].

Recall, that the ¢ = 0 Killing spinors are given by

el =Me},, e? = Ms3, B4
where 8(1) are constant (9 + 1)-dimensional Majorana—Weyl spinors, which further satisfy

%(1 + B8l = %(1 + 158 g0 =0. (B.5)

The matrices M and M are given by

A

M = MoM,, M=M;'m", (B.6)

where

1 1, I
Mo = 1— —zMr9? ) (1 — -y rir’*),
\/(1 _ z%-i—z%)(l + y32+)’f) 2- 27"
i !

1 1 1.
M= 14— 9?1+ =y rir’), (B.7)
0 \/(1 z%+z%)(1+ y32+yf) 2- 27
_ s Rl
and
M, = e 2T P +oI™). M= o FEr 4o (B.8)

In summary, the Killing spinors of the mixed-flux background, €;, are given by a g-dependent
linear combination of the ¢ = 0 Killing spinors, €, as given in Eq. (2.10).

Appendix C. Explicit expressions for the Lagrangian
In this appendix we write down the explicit form of the Lagrangian to quadratic order in

fermions which are redefined in each of the two ways described in Section 2.3. We will make use
of the following definitions for contraction of the vielbeins E Q over AdS3 x S3 and T* separately
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5 9
=Y Enlas  En=) Enla, (C.1)
A= A=6

and we will then define two different sets of rotated vielbeins for the two different sets of field

redefinitions.
First, using the redefinition of the fermions coming from the combination of Eqgs. (2.31)
and (2.32), we define the rotated vielbeins K} and K/} via

R=M"'EM, K=M'EMm. (C.2)
With these rotations, Lyi, is given by
Lign = —iy®? [5;@@&; + 20, Badpdy + 0, Radpd)
+ 152_62’0[8,3192_ + 25g—¢aaﬂﬁ2— + é;_d’agﬂﬁ;
~2
q

Lo, 10 ELEfas

qzq M MO ELE N

+ %5‘1+M_1A71F012192+E5}E577AB} (€.3)

and Lwz is given by

MR 00 + 05 M MR o 959,)
TIME g0, + 0 M MEL0505)

LWZ=+ze°‘ﬁ[ (07 M~ MR 8505 + 0 M~ ME ,3595)
2
I
;M*Mﬁaaﬁﬁj+1§;M—1M¢aaﬂﬁ;)

+ %5;1‘;1711‘;1(%62’;3 +EEp) 0
+q (07 Radpd) +20] Eadpdy + 0 Radpo))
—q(9, Radpdy +20, Fodpd;, +0, aaﬁﬂ;)]. (C.4)

For a redefinition of the fermions coming from the combination of Egs. (2.31) and (2.32), we
define rotated vielbeins E4 and E2 via

E=My'EMo, = MofM;!. (C.5)
We fix the light-cone kappa gauge (2.34) and define light-cone coordinates
1 1
E*= 5(E5 +E%, xF= 5@+, (C.6)

Lyin 1s then given by
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Lkinz_ZiVaﬁ[ﬁlEA;F(aﬂm + T2010px ) + i Egf T (9pm2 — TP npdpx™)
+)_<113"$F*(35X1 —F12X13ﬁ)€7)+X253F7(3/3X2+F12X23/3x7)

~2
q _
- ZU?JXIFOIZXJEOI?EETIAB

+ T(x 1My + 3o MG 3 ) ELES nAB] (o)
and LWZ by
wz =2ie [%m%ﬁﬁ + Rl )My 202y, — %xz(iaiﬁ + Bol ) MAT 2y,
+ ﬁxliQM‘z(aﬁxz + M2 x005x7) + % o M2(3px1 — T2 x10px7)
+ 4X1¢a 2(3pm2 — IT'2020px ™) + G2l ME (9pm1 + I''2m18px7T)
+2 mﬁa *(9pm — I ma0px )+%ﬁzﬁaM§(3ﬁm + I n19pxt)
+qua+1" (3pm + T'2midpx™) — ginES I~ (3pm2 — I''2adpx™)

+ R ES T (9px0 — T2 x10px7) — qaEF I (9px2 + r”xzaﬁx—)}. (C8)
Appendix D. Supercurrents and bosonic Hamiltonian

In this appendix we give the bosonic Hamiltonian to quartic order, as well as the supercur-
rents to cubic order in bosons and first order in fermions. Some of these expressions are fairly
lengthy. To make them a bit more manageable we have left out the indices when there is a simple
contraction between two fields. The quartic order bosonic Hamiltonian is given by

H= +%(p§ + Py P+ 2T+ 2+ = 2q€ iz + iy))
+ i(pz2 + P+ i+ 7+ + ) (22— 07) + g€l iz — Biy))
+ izz(z — PP +qel iz + Niy)) — %yz(y’2 — P +q€L iz + Biy))
- %eil(pzzzl + PyiV) (P2 Py YA pa - D). (D.1)

For the currents we give the expressions separately for the massless, massive and mixed massless-
massive parts, so that the full currents are given as the sum
o e .o .o
Jr = ]I,massless + ]I,massive + ]I,mixed' (D.2)
The massless currents are given by

. 34 o]~ ~) ]~ /i~
]lr,massless iy et v’ (+xl7:iX1 —gx'Tixa — qxlTiX1)1
. T ) 7X7]/34 i~ ~ /]~ Ii~
J2, massless = l)/ te (+x TiX2 —4qXx TiX1+gx TiXZ)s

. 34 +x~y tiz ~ i~ si~
J1.massless = 1V~ € v (_x TiX1+gx TiX2+qgx Tin)s
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. . 34 x4 1i~ ~ i~ i~
Jg,massless =iy e vy (_xlTiXZ + qxl"fi)(l - qxlTiXZ)- (D3)

The massive currents are given by

T
J1 ,massive

—ietv 7" (+(ii — 3y + (& =) v — (2 = ) vi@na +gm)
1

R . . )
-3 ((z2 — ) (& -3 - E(zzi’- + 55 + (2 2t 4y )’)y‘-))yml

1 , . , . . . . »
a Z((Zz + 22+ 92+ 97 (@ ) = (0% + 2
q 1y I 1 g 7
L@ =) -3 - 5@+
+2zz—y -y - (Z-Z’zé+y-y/yl5)>ygnz

q .. . i i ~
=G iy D+ )7 n

= (P2 43255 + 26 (2 - 5D (= 34

+2¢; (y’:)’ililf + ZiZ,l}}k)))’lsnl

_%((Z.iéls+y.y')§k)_(y'.)’,zls+z'.z’yls)

—eij Yyt + ZiZ/lyk))Vlg);Mm)y (D.4)

J3 massive = i€ 7 <+(Z’5 =Y yina — (28 = )y e — (2 = ¥ vi@m — gm)

3 . . . .
(@A - -3@E A 2y i
(Z+2+ 72+ 9+ + 0P+ 297 ne

7 ’q 1 ri I
(=931 - @5

N[ A= N —

2

+2@ 2=y (=) — (-2t +y-y'yi)>1/z;n1
— TGty DE A+

+ (@ +9735) — 2 (2] — ¥ (¢ - )
—2¢ij (yé)/fzilf + Zéél)')k)))/lgﬁz

—%((Z-Zék+y~)'i)/lk)—(j)-)/fzk+z'-éyk)

— ey (yyleE + ziéiy’f))ykf“nz), (D.5)
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. . _ 34 ,s S . . " Vi i -
Jﬁmassive =iet™ <_(Zl— - yl')%_'m - (Zl‘ - yl')yi7/34771 + (Zl‘ - yl')yi(‘IUZ +gn)
1 2 2\ (i @i 3 270 270 ) )
-3 (22— )(z-—y-)+5(z YY) —(z- 2ty ) Jyim
L. . i~
= 5@+ D+t

+ 5@ =) E =53 - (2 4%

4
+20- 2=y =y) =2(y- v 2 2))vime
- %(('2 + 242492+ 2 ) (E + ) =32+ )
+ %((zzz@ +y23K) — 26 (2] — yigd) (2 — 54)
+ 2e€ij (122 =y 9L) (2% = ¥5)) yem
+ %((22 + 2 =2+ 497 — ¥ (E+h) +3(2E + yh)
+ 26 (y' 3 +ziijylf))y/g)734n1>, (D.6)

J2 massive = e 7" <_(Z/i =) vim + (= )y + (&= 3@ — an2)
1 P DT o .
) ((Zz =) =)+ @8 ) (e yy’-))%_-nz
A N A2
+3E 243 NE )y

+ (=) (E =3 = (2 %)

4
+2- 2=y =) =2(y -y +z-2y))vim
- %(('2 + 242432+ ) (E 4+ + 3+ )i
_ %((Zzi@ + yzy-lg) +2€;5 (z’iil _ yi)')j)(ilg _ y-lg)
— 263 (22 =y 3T) (&5 = 7)o
+ (P + 2= 243+ 5 = )+ E) +3(2E + )

4
— 26 (yylek + 212! y’f))yk;?34nz>. (D.7)
The mixed currents are given by

. C a1 i 34~ ~ i 34~ S ik 34~
Jlr,mixedzle+x v (‘5(22 —yz)(x’)/34fi)<1 +qle34fiX2) +qz’fy1xky‘4)/ilrk)<2

+ (P2 () m+ %(fc 20+ ¥y 7

B —



+

.T .
JZ,mixed =1e

NIQ SRR

—xm _1
2
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(e (2122 =y pd)ek — i (122 — y'30)xh)y

-0 (+ ¥y’ m) (D.8)

(2% =y (e + G2y o) + G2y Iy My ton

+ %(xz +27) (& + Yy - i(fc (2 vy m
+ 2 (e (2 =y 30t — (' = V13 M
%(x O+ ¥y’ nz) (D.9)
J1, mixed = et (‘%(12 — V) (&Y Ex — Gy x) — g y’xky341/z,fk)(2
%(x +27) (2 + Yy - l(fc 0+ vy m
%(e,l(zz _yy)x _EJ(ZZ-—Y. ) )V Tk X1
+ %(xz +x%) (! +yi)yz;)734n1>, (D.10)
3 mixea = 1€ v’ (—%(Z2 — V) (&Y Eix — iy Ex) — éZiylxky34nykX1
+ %(xz ‘Héz)(zi + y’;)yg)?ﬂm + l()'C 0+ yi)yg)?34n2
%(e,l(zz yy)x _EJ(ZZ-—)’. ) )V T X2
+ %(xz +x?)(<! +yi)7£7734772>- (D.11)

Appendix E. Poisson brackets

In this appendix we present the Poisson bracket expressions for fermions that are used in com-
puting A in Section 2.4. The fermionic Poisson bracket is symmetric and has the non-vanishing

elements

[, 2P}

)%, ()2}

(2%, (x2)% }pg

}
{ }
{Oa)%, (XD} pg
{ J

= S Apetheit i ) = (At

= = ANt G (o) =~ (A ettet,
= S ANt ) o)y =~ (A e,
= —f;(l — Apeted® L), ()P g = +;<A4)““ue”’e“’

(E.1)
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where the coefficients A; are given to quadratic order by

Al = 1 ij . .
1= —56—(2411 = Yi¥j),

As ——57/ ‘etoy p+1p R ZICATER AN

2
sy Do s
Az = +27/ @24y M+ oyTy= @iy — iy,
As=+37'7 (= . (E:2)
We note that these Poisson brackets are modified in a very simple way from the pure R—R Poisson
brackets: the terms mixing the fermions 7 and x; with 7, and x; are rescaled by a factor g.

Appendix F. Tensor-product representations

The superalgebra 5u(1|1)g.e, features the supercharges Qr, Qr and their conjugates (_)L, QR
satisfying the relations (3.14). The supercharges

Q'=Q®l, Q’=18Q., Qri=Qr®1l, Qr=13®Qg,
Qu=0Q.L®1, Qu=1®Q., QRR'=Qr®1, Qr’ =10 Qg, (F.1D

satisfy the algebra psu(1| l)je. of Eq. (3.1), and carry an (anti)fundamental su(2), index.
We can construct bi-fundamental representations of psu(1|1)?, out of pairs of fundamental
representations of su(1|1)2, of Section 3.1.3. Consider the representation o, ® o1, and identify

YL — ¢L ® ¢L’ nLl — wL ® ¢L7 an — ¢L ® I/IL, ZL — wL ® I//L. (FZ)

This yields precisely the left representation (3.5). Similarly, the right representation is found from
OR ® or by setting

R_ sR @ R, ® = yR @ ¢k, R =R @ wR, ZR—yRgyR.  (E3)
Finally, for the massless modes we use the representation (o1, ® 91.)%? and identify
711a=(1p]_,®1&1_,)a7 %uz(wL®&L)a’ Xa:(¢L®KZL)a7
2= (p- @ "), (F.4)

where the index a labels the two irreducible psu(1]|1)# ., modules.
Appendix G. Oscillator representation of the charges

The mixed-flux currents at quadratic order in fields are given in Eq. (2.36). Let us write the
fermions in components as follows:

P = +m/4m +m/4n“ (12)8 = ey e g
e—m/4 L —e m/4 L ’ —e+m/4r_)Rl e+m/4ﬁR2 s
x )gb _ +1n/4X+2 +zn/4X+1 o )gb _ eii”/4x_1 71.7_[/4 B
1 _e—m/4 + —e m/4 + ’ 2 —€+m/4)272 +m/4X .
(G.1)
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We introduce complex bosonic coordinates
Z=-n+izn, Z=-n-iun, Y=-y—iy, Y=—y+iy,
XM= —xe+ivg=(X2), X =xg—ixg =—(x)T, (G.2)

with conjugate momenta

P, =22,  Py;=27, P;=27, Py=2Y,

Pl =P, =2X2,  Pp=-P) =-2X" (G3)
These satisfy the commutation relations

[Z(01). P5(02)]| =[Z(01), Pz(02)] = i8(01 — 02),

[Y(o1), Pj(02)] =[Y (01), Py(02)] = i8(o1 — 02),

[X%(01), Py (02)] = i8}838(01 — 02), (G.4)
and the anti-commutation relations

{iiLa(oD), nb (02} = {iiR"(01). nra(02) } = 858 (01 — 02),

{XxaloD), x2(02)} = {K=a(01). X2 (02)} = 858(01 — o). (G.5)

Let us associate the components of the currents ( j})qd to charges QLd and Qg; which carry
a natural su(2) structure. Explicitly,

Q= —/da G Q= +/do(jf)22,

Q== [ ()" Q== [aw()" G.6)
The Hermitian conjugates of these,
Q=@  &'=@Qra)", G.7)

are then given in terms of the remaining components of the currents by:
~ .y 12 —~ .y 11
QL1=+/dG(11) , QL2=+/dU(11) ,
A .\21 ~ .1\22
&l =+ [ar (i) Q= [ar (D) @)
The explicit form of these charges, at quadratic order in the fields are:

. . 1 . o o
Q= e_”’/“fdcr[EPan“ +Z'(ignr" —qm.?) +iZn.*

- Eab<§P?’7u} Y Gy~ iqii) + Ynu;)
L s ga\ [~ =
— EeabPI}a)Ha _ (Xaa) (qu_a +6]€ab)(+b)i|a

i 1 = .5
Qro=e '”/4/d0[§PZ77Ra+Z/(lq77La +gnra) +iZnRra
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i r o r
+ e (5 PyiiR” +Y'(Gn” +iqir”) + YnR”)

2

We will now introduce creation and annihilation operators for both bosons and fermions and
use them to rewrite the supercharges. For the massive bosons we have

a:(p) = wiZ+1 Pz )e ™,
S ()
- e R - —ipo
arz(p) = \/E/ @(wpz+ 2PZ>€ )
arLy(p) = ;/d—6<a)LY+iPy)eipU,
’ V2r \/QTII; Pm2

ary(p) = L / o <wRY + iPy>e"""’, (G.10)
N2 /wlls P 2

with creation operators given by complex conjugation. The annihilation operators for the massive
fermions are

1 S
— = Paax="+ €, (XY (G R+ + anbX—b)]- (G.9)

+l7T/4
chl(p) =

fprlL +ighir")e ) e,

. +HT/4 p .
dr®(p) = — / f,, ngi +igniiLy)e . (G.11)

The corresponding creation operators are found by taking the complex conjugate and raising or
lowering the su(2) indices as appropriate. The representation parameters f’ 1';, f;, gll;, g? and the

dispersion wII;, a)R are given in Section 3.2.1. In the same way, for the massless bosons we define
Gaa(p) = ,—1 ,—(wpxaa + = Paa>e_l[w: (G.12)
where Xz, = (X%%)". For the massless fermions we define
7171/4 do 5 )
a(p) = N \/@(fpx+a igp€abX— ) —ipo.
+im/4 d 5 )
da(p)=° i =iro (G.13)

o @(fpeabx+ —igpX-b)e

All these operators satisfy canonical (anti)commutation relations.
In terms of these creation and annihilation operators, the supercharges become:

Qu = [ a5+ €l hs) 1 + (i + 5]

+ (€ d" ag, +a™"d,) f, ],
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Qri = / dp[(dlga“Ry - eaz;afazde)f}f + (a]tydL”. - Ga‘debT“LZ)gIE
+ (4% aga — €,5a"da) 3, (G.14)
Appendix H. Parametrisation of the S-matrix elements

In this appendix we define the coefficients of the su(1]1)2, S-matrix elements introduced in
Section 4.1. We have

= \1/2,F _ .+
ALL _ gLl _ (fp ) L Ty
- 9 - - X _7?
rq rq Tt X —xt
Lp Lp Lqg
- FN\1/2,~ _ t L + \1/2y— _
cLL _ (L tig g ~ g Tp pLL _ (M4 Lp T
P4\ xt o xp X, —x ok’ Pa -\ x X, —xt
Lp *Lg Lp Lg 'q Lg Lp Lg
- _ .+ L - .t \1/2,t _ .=
LL_ *Lp ~*Lp Tg L (YLptig Lp ~ Xig
EWL_ P2 P4 Fo=——-) —/—=, (H.1)
Pa T = F L rq T X X —x
Lp Lg 'p Lp *Lqg Lp Lg
and
LR
Cpg =1,
_1
F . T
1 *Lp*Rg
1 1
xljpx];q x]jpxlgq
1
+ .+ LR =T
FLR_Z’ *Lp *rRg "p'ly 1 FLR _ *Lp*Rg o
Pe T T | o = o r pqg — 1 (H2)
h XLp XRg XL p¥Rg | — == ——
X ¥Ry LpYRg

Note that the appearance of & in these last formulae is an artefact of our definition of n,. Once
we express this in terms of xT, there is no explicit dependence on /.
The remaining S-matrix elements follow by left-right symmetry.
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