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THE PARTITION ALGEBRA AND THE
KRONECKER COEFFICIENTS

C. BOWMAN, M. DE VISSCHER, AND R. ORELLANA

ABSTRACT. We propose a new approach to study the Kronecker coefficients
by using the Schur—Weyl duality between the symmetric group and the parti-
tion algebra. We explain the limiting behaviour and associated bounds in the
context of the partition algebra. Our analysis leads to a uniform description
of the reduced Kronecker coefficients when one of the indexing partitions is a
hook or a two-part partition.

INTRODUCTION

A fundamental problem in the representation theory of the symmetric group
is to describe the coefficients in the decomposition of the tensor product of two
Specht modules. These coefficients are known in the literature as the Kronecker
coefficients. They are labelled by triples of partitions. Finding a formula or combi-
natorial interpretation for these coefficients has been described by Richard Stanley
as ‘one of the main problems in the combinatorial representation theory of the sym-
metric group’. This question has received the attention of Littlewood [Lit58], James
[JK81, Chapter 2.9], Lascoux [Las80], Thibon [Thi91], Garsia and Remmel [GR85],
Kleshchev and Bessenrodt [BK99] amongst others and yet a combinatorial solution
has remained beyond reach for over a hundred years.

Murnaghan discovered an amazing limiting phenomenon satisfied by the Kro-
necker coefficients; as we increase the length of the first row of the indexing parti-
tions the sequence of Kronecker coefficients obtained stabilises. The limits of these
sequences are known as the reduced Kronecker coefficients.

The novel idea of this paper is to study the Kronecker and reduced Kronecker
coefficients through the Schur—Weyl duality between the symmetric group, &,,, and
the partition algebra, P,.(n). The key observation being that the tensor product
of Specht modules corresponds to the restriction of simple modules in P.(n) to a
Young subalgebra. The combinatorics underlying the representation theory of both
objects is based on partitions. The Schur-Weyl duality results in a functor, F :
&,,-mod — P.(n)-mod, which acts by first row removal on the partitions labelling
the simple modules. We exploit this functor along with the following three key facts
concerning the representation theory of the partition algebra: (a) it is semisimple
for large n (b) it has a stratification by symmetric groups (c) its non-semisimple
representation theory is well developed.

We interpret the Kronecker and reduced Kronecker coefficients and the passage
between them in terms of the representation theory of the partition algebra. The
limiting phenomenon discovered by Murnaghan and some associated bounds (due
to Brion) are then naturally explained by the fact that P,(n) is semisimple for large
enough n.

Using the partition algebra we give a simple, unified approach to the cases where
one of the indexing partitions is a hook or a two-part partition. In particular,

2010 Mathematics Subject Classification. 20C30, 05E10.

©XXXX American Mathematical Society



2 C. BOWMAN, M. DE VISSCHER, AND R. ORELLANA

we obtain a positive formula in terms of the Littlewood-Richardson coefficients
for the reduced Kronecker coefficients in these cases (see Corollary 5.1). These
two cases have already been studied separately — a combinatorial interpretation
has been given for all Kronecker coefficients in the single hook case in [Blal2] and
a formula in terms of Littlewood—Richardson coefficients has been given for the
reduced coefficients in the single two-part partition case in [BO05].

Our approach brings forward a general tool to study these coefficients and pro-
vides a natural framework for the study of the outstanding problems in the area.
In particular, one should notice that our proofs are surprisingly elementary.

The paper is organised as follows. In Sections 1 and 2 we recall the combinatorics
underlying the representation theories of the symmetric group and partition algebra.
In Section 3 we show how to pass the Kronecker problem through Schur—Weyl
duality and phrase it as a question concerning the partition algebra. We then
summarise results concerning the Kronecker and reduced Kronecker coefficients that
have a natural interpretation in this setting. Section 4 contains a description of
the restriction of a standard module for P.(n) to a Young subalgebra, giving a
new representation theoretic interpretation of [BOR11, Lemma 2.1]. In Section
5 we specialise to hook and two-part partitions and obtain positive formulas for
the reduced Kronecker coefficients in these cases. Section 6 contains an extended
example.

1. SYMMETRIC GROUP COMBINATORICS

The combinatorics underlying the representation theory of the symmetric group,
&, is based on partitions. A partition A of n, denoted A F n, is defined to be a
weakly decreasing sequence A = (A1, Ag,..., A¢) of non-negative integers such that
the sum |[A\| = Ay + A2 + - -+ + Mg equals n. The length of a partition is the number
of nonzero parts, we denote this by ¢(\). We let A,, denote the set of all partitions
of n.

With a partition, A, is associated its Young diagram, which is the set of nodes

W ={G5) €z [j <N}
Given a node specified by 4,j > 1, we say the node has content j —i. We let ct()\;)
denote the content of the last node in the ith row of [A], that is ct(A;) = A\; — 4.
Over the complex numbers, the irreducible Specht modules, S(\), of &,, are

indexed by the partitions, A, of n. An explicit construction of these modules is
given in [JK81].

1.1. The classical Littlewood—Richardson rule. The Littlewood—Richardson
rule is a combinatorial description of the restriction of a Specht module to a Young
subgroup of the symmetric group. Through Schur—Weyl duality, the rule also com-
putes the decomposition of a tensor product of two simple modules of GL,,(C). The
Littlewood—Richardson rule is the most famous algorithm for decomposing tensor
products and has been generalised in several directions.

The following is a simple restatement of this rule as it appears in [JK81, Section
2.8.13].

Theorem 1.1 (The Littlewood-Richardson Rule). For A & ry, p F ro and v
T+ T2,

S, I8 ~
SWe'vE,, = D KSNESMW
ATy, ubre
where the c§ , are the Littlewood—Richardson coefficients (defined below).
The Littlewood—Richardson coefficient c u 1s zero, unless A C v, and, otherwise

may be calculated as follows. For each node (4, j) of y, take a symbol w; ;. Begin
with the diagram A and:
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(1) Add to it all symbols w; ; (corresponding to the first row of nodes of p) in
such a way as to produce the diagram of a partition and to satisfy (3).

(2) Next add all symbols us ; (corresponding to the second row of nodes of 1)
following the same rules. Continue this process with all rows of u.

(3) The added symbols must satisfy: (a) for all 4, if y < j, then w;, appears in
a later column than w; ;; and (b) for all j, if # < 4, then u, ; is in an earlier
row than u; ;.

By the transitivity of induction the Littlewood—Richardson rule determines the
structure of the restriction of a Specht module to any Young subgroup. Of particular
importance in this paper is the three-part case

[CHR—— ~ Sy fry X6
SWle! & %e,, = D (€,SORSMNe! &S,
Ebritre
vhrs

~ P >k, | SO RS(p) R S(n).

Abry, Ehri4re
pra,vbrs

14 I E 174
We therefore set c , = > ¢ 3 ,¢{,-

1.2. Tensor products of Specht modules of the symmetric group. In this
section we define the Kronecker coefficients and the reduced Kronecker coefficients
as well as set some notation. Let A and p be two partitions of n, then

S(\) @S(n) =P gk, S),

vkn

the coefficients gx,, are known as the Kronecker coefficients. These coeflicients
satisfy an amazing stability property illustrated in the following example.

Example 1.2. We have the following tensor products of Specht modules:
S(1?) ® S(1%) = S(2)
S(2,1) ®S(2,1) = S(3) & S(2,1) ® S(1%)
S(3,1) ®S(3,1) = S(4) @ S(3,1) ® S(2,1%) & S(2?)
at which point the product stabilises, i.e. for all n > 4, we have
S(n—1,1)®S(n—1,1)=S(n)@&S(n—1,1) ®S(n —2,1%) & S(n — 2,2).

Let A = (A1, A2,...,A¢) be a partition and n be an integer, define A\, = (n —

[Al, A1, A2, ..., A¢). Note that all partitions of n can be written in this form.
For )\[n], Hin)s V[n] € A, we let
Iy = dime(Home, (S(Apn)) @ S (p1m)), S(¥1m)))),

denote the multiplicity of S(v,)) in the tensor product S(Ap,) ® S(upy)). Mur-
naghan showed (see [Mur38, Murb5]) that if we allow the first parts of the par-
titions to increase in length then we obtain a limiting behaviour as follows. For
AN HiN]» ViN] € A and N sufficiently large we have that

VIN+EK] %

AIN4RH[N+E] LW
for all k > 1; the integers g5 , are called the reduced Kronecker coefficients. Bounds
for this stability have been given in [Bri93, Val99, Kly04, BOR11].

Remark 1.3. The reduced Kronecker coefficients are also the structural constants
for a linear basis for the polynomials in countably many variables known as the
character polynomials, see [Mac95].



4 C. BOWMAN, M. DE VISSCHER, AND R. ORELLANA

2. THE PARTITION ALGEBRA

The partition algebra was originally defined by Martin in [Mar91]. All the results
in this section are due to Martin and his collaborators, see [Mar96] and references
therein.

2.1. Definitions. For r € Z<, 6 € C, we let P,.(d) denote the complex vector
space with basis given by all set-partitions of {1,2,...,7,1,2,...,7}. A part of a
set-partition is called a block. For example,

d={{1,2,4,2,5},{3},{5,6,7,3,4,6,7},{8,8},{1}},

is a set-partition (for r = 8) with 5 blocks.

A set-partition can be represented by an (r,r)-partition diagram consisting of a
frame with r distinguished points on the northern and southern boundaries, which
we call vertices. We number the northern vertices from left to right by 1,2,...,r
and the southern vertices similarly by 1,2, ..., 7 and connect two vertices by a path
if they belong to the same block. Note that such a diagram is not uniquely defined,
two diagrams representing the set-partition d above are given in Figure 1.

12345678 12345678
12345678 1234567 8

FIGURE 1. Two representatives of the set-partition d.

We can generalise this definition to (r, m)-partition diagrams as diagrams repre-
senting set-partitions of {1,...,r,1,...,m} in the obvious way.

We define the product z -y of two diagrams x and y using the concatenation of x
above y, where we identify the southern vertices of x with the northern vertices of
y. If there are t connected components consisting only of middle vertices, then the
product is set equal to §° times the diagram with the middle components removed.
Extending this by linearity defines a multiplication on P,.(J).

We now fix a unique choice of (r,r)-partition diagram corresponding to a given
set-partition. Note that any block in a set-partition is of the form AU B where A =
{in <iz <...<ip}and B={j1 < ja2 <...<j,} (and A or B could be empty).
We draw this block by putting an arc joining each pair (i;,4;41) and (j;, ji4+1) and
if A and B are non-empty we draw a strand from 4; to j;, that is we draw a single
propagating line on the leftmost vertices of the block. Blocks containing a northern
and a southern vertex will be called propagating blocks; all other blocks will be
called non-propagating blocks. Note that in Figure 1, the leftmost diagram is of this
form. We often omit the numbering on the vertices.

It is known that P,(d) is generated by the elements s; ;, p; ; (1 < ¢ < j <r) and
p; (1 <i <r) depicted in Figure 2 below (see [Mar96, Proposition 1]).
Assumption: We assume throughout the paper that § # 0.

2.2. Filtration by propagating blocks and standard modules. Fix § € C*
and write P, = P,.(8). Note that the multiplication in P, cannot increase the number
of propagating blocks. More precisely, if x, respectively y, is a partition diagram
with p,, respectively p,, propagating blocks then z -y is equal to 6*z for some ¢ > 0
and some partition diagram z with p, propagating blocks, where p. < min{p,,p,}.
This gives a filtration of the algebra P, by the number of propagating blocks. This
filtration can be realised using the idempotents e; = d~'pipa...p; (1 < I < 7),
depicted in Figure 3.
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) J ) 7 J
17
Sij = pi = Pi,j =
——
i J i i J

FIGURE 2. Generators of P,(n)

l

o~

FI1GURE 3. The idempotent ¢;

‘We have
C=Pe.P.C Pe,_1P.C...CPeP.CP,.
It is easy to see that
(21) elPTel = Pr—l

and that this generalises to P,_; = ¢/ P.e; for 1 <[ < r. Moreover, P.e; P, is the
span of all (r, r)-partition diagrams with at most r — 1 propagating blocks and hence
we have

(2.2) P./(P.e1P,) = C8,.

Using equation (2.2), we get that any C&,-module can be inflated to a P.-module.
We also get from equations (2.1) and (2.2), by induction, that the simple P,.-modules
are indexed by the set A<, = [Jy<;<, Ai-

For any v € A<, with v - r — 1, we define a P.-module, A,.(v), by

(2.3) A.(v) = Pe; ®p,_, S(v).

(Here we have identified P,._; with e; P.e; using the isomorphism given in equation
(2.1) and the action of P. on A, (v) is given by left multiplication.) These modules
are easily seen to coincide with the modules defined in [Mar96, Definition 7].

It is known ([MS93]) that P.(d) is semisimple if and only if § € {0,1,...,2r — 2}
and in this case the set {A,(v) : v € A<, } forms a complete set of non-isomorphic
simple modules.

In general, the algebra P,.(d) is quasi-hereditary with respect to the partial order
on A<, given by A < p if |A] > |u| (see [Mar96, Proposition 3]). The modules
A, (v) are the standard modules, each of which has a simple head L, (v), and the
set {L,(v) : v € A<, } forms a complete set of non-isomorphic simple modules.

We now give an explicit description of the standard modules which follows di-
rectly from (2.3). We set V(r,r — ) to be the span of all (r,r — [)-partition dia-
grams having precisely (r — ) propagating blocks. This has a natural structure of
a (P(0),8,—_;)-bimodule. It is easy to see that, as vector spaces, we have

A(v)2V(irr—1)®es,_, S(v).

The action of P,(d) is given as follows. Let v be a partition diagram in V(r,r — 1),
x € S(v) and X be an (r,r)-partition diagram. Concatenate X and v to get 6%v’
for some (r,r — l)-partition diagram v’ and some non-negative integer ¢. If v/ has
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fewer than (r — ) propagating blocks then we set X (v ® x) = 0. Otherwise we set
Xver) =@z
Note that if v F r, then we have
A() 2 V(r,r) @, S(v) = S()
viewed as a P,.(n)-module via equation (2.2).

2.3. Non-semisimple representation theory of the partition algebra. We
assume that § = n € Z~( (the algebra is semisimple for n & Z>(, and we shall not
require the degenerate n = 0 case).

Definition 2.1. ([Mar96, Section 2]) Let p C A be partitions. We say that (p, A)
is an n-pair, and write p <, A, if the Young diagram of A differs from the Young
diagram of p by a horizontal row of boxes of which the last (rightmost) one has
content n — |p.

Example 2.2. For example, ((2,1),(4,1)) is a 6-pair. We have that 6 — |u| = 3
and the Young diagrams (with contents) are as follows:

0[1] 0[1]2]3]

SR S|

note that they differ by [2]3].

Recall that the set of simple (or standard) modules for P.(n) are labelled by the
set A<,. This set splits into P, (n)-blocks. In [Mar96, Proposition 9], Martin gives
a complete description of these blocks and the structure of the standard modules,
which we now recall. The set of labels in each block forms a maximal chain of
n-pairs

MO s AW A@ 2O
Moreover, for 1 < i <t we have that )\(i)/)\(i_l) consists of a strip of boxes in the
ith row. Now we have an exact sequence of P,(n)-modules

0= A0 5. 5 A02) 5 A0Y) 5 AN 5 LAY =0

with the image of each homomorphism being simple. Each standard module A, ()\(i))
(for 0 <i <t —1) has Loewy structure

LT()\(i))
LT(/\(i+1))

and so in the Grothendieck group we have
t
(2.4) [Le A = (=177 (A (D).
j=i
Note that each block is totally ordered by the size of the partitions. Note also
that it follows from (2.4) that if A is maximal in its block, then A,.(\) = L,(A), in
particular if A is a partition of r this is always the case.

Proposition 2.3. Let v € A<, and assume that v}, is a partition. Then we have
that (i) v is the minimal element in its P.(n)-block, and
(i) v is the unique element in its block if and only if n+ 1 — vy > r.

Proof. (i) Observe that for vy, to be a partition we must have n — |v| > ;. This
implies that ct(rv1) =v; —1 < n—|v| — 1. So we have v <, pu for some partition u
with p/v being a single strip in the first row. Thus we have v = v and p =M,
(ii) Now as (1) /v is a single strip in the first row with last box having content
n — |v|, we have that (M) /u| =n — || +1 — vy and thus [v™)| =n +1— ;. Thus
n+1—uv; > rif and only if v(V) ¢ A<,, which is equivalent to v being the only
partition in its P,.(n)-block. O
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3. SCHUR—WEYL DUALITY

Classical Schur—Weyl duality is the relationship between the general linear and
symmetric groups over tensor space. To be more specific, let V;, be an n-dimensional
complex vector space and let V,®" denote its rth tensor power.

We have that the symmetric group &, acts on the right by permuting the factors.
The general linear group, GL,, acts on the left by matrix multiplication on each
factor. These two actions commute and moreover GL, and &, are full mutual
centralisers in End(V,%").

The partition algebra, P.(n), plays the role of the symmetric group, &,, when
we restrict the action of GL,, to the subgroup of permutation matrices, &,.

3.1. Schur—Weyl duality between &,, and P.(n). Let V,, denote an n-dimensional
complex space. Then &,, acts on V,, via the permutation matrices.
(3.1) TV = Vg (s) for o € G,,.

Notice that we are simply restricting the GL,, action in the classical Schur—Weyl
duality to the permutation matrices. Thus, &,, acts diagonally on the basis of
simple tensors of V,¥" as follows

0 (Vs @V, ® - ®W4,.) = Vg(sy) @ Vg(in) @ @ Vg(s,)-

For each (r,r)-partition diagram d and each integer sequence iy ..., 4,1, ., iz
with 1 <i;,4; < n, define
(3.2)
¢T)n(d)ii$“‘7lf

s 1 if iy = is whenever vertices t and s are connected in d
0 otherwise.

A partition diagram d € P,.(n) acts on the basis of simple tensors of V%" as follows

iT5een,

Dy (d)(vi, @V, @ - B0y, ) = Z Gron(d) 0 R Uiy ® - @ vy

Theorem 3.1 (Jones [Jon94|). &,, and P.(n) generate the full centralisers of each
other in End(V,2").
(a) P.(n) generates Endg, (V,°7), and when n > 2r, P.(n) = Endg, (V7).
(b) &, generates Endp, (,,)(V,2").

We will denote E,.(n) = Endg, (V,2"). Note that as V" is a semisimple CS,-
module (as C&, is a semisimple algebra), we have that E,.(n) is a semisimple
algebra (see for example [Ben98, Theorem 1.3.4]).

Theorem 3.2 ([Mar96] see also [HR05]). We have a decomposition of V,2" as a
(&4, Pr-(n))-bimodule
VE" = P S(A\wy) ® Lr(N)
where the sum is over all partitions Xy, of n such that [\| <.
Using [GW98, Theorem 9.2.2] we have, for Ay, i), Vjn) = n with A = 7 and

p s,
Home, (S(v[n)); S(Apn)) @ S(ppn))
~ HomET(n)®E5(n) (Lr(/\) XL (/14); LT+S(V) \LET(n)®ES (n)) ifve A§r+s
0 otherwise.

Now L, 4s(v) is a simple P, 4(n)-module annihilated by ker @, ,, and hence also by
ker ®,.,, @ker @, ,,. Therefore, L, (V)| p,. (n)aP,(n) is the semisimple E,.(n)® E,(n)-
module L, (V)| g, (n)eE, (n) inflated to P,.(n) ® Ps(n), and so
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~ HomP,.(n)(X)Ps(n) (L’I‘(A) X L (/1')7 LT+S (V) l«P,.(’rL)(X)PS (n)) if ve A§T+s
0 otherwise.

In the next section, we shall implicitly use the fact that L,.(A) = A, (A) and Ls(\) =
As(A) for A7, pt s

3.2. Kronecker product via the partition algebra. Combining (3.3) with (2.4)
and Proposition 2.3(i) we have the following result.

Theorem 3.3. Let A, fi[n], Vjn) 1 with A1 and pt=s. Then we have

t . . .
V[n) Z (_1)2[ArJrS(V(Z))JrPT(n)@Pg(n): L,(AN)X LS(N)] ifve Ag(m-s)

Aln]bn] 1=0 )
0 otherwise

where v =0 s W) s B s the P,y s(n)-block of v.

For sufficiently large values of n the partition algebra is semisimple. There-
fore Theorem 3.3 reproves the limiting behaviour of tensor products observed by
Murnaghan (see Section 1.2). It also offers the following concrete representation
theoretic interpretation of the g u

Corollary 3.4. Let A& r and pt s and suppose |v| < r+s. Then we have
Gap = [Aris(V) Lp.(my@p.(n): Lr(A) B Ls(1)].
Remark 3.5. We recover the Murnaghan—Littlewood Theorem as follows. Let A, u, v

be partitions and suppose that [A| + |u| = |v|. Then we have that A, 4(v) = S(v),
A, (A) =S(A\) and Ag(n) = S() and so we have

gg\,u = CK,M‘
—v _ V[TL] .
Corollary 3.6. We have that g5 , = Iyttt if
n 2 min{ Al + [uf + v, A 4[] + s (V] 4 gl + A
Proof. When n > |A| + |u| + v1 we have that A,4s(v) = L,4s(v) by Proposition

2.3. The result now follows as
Vin) _ M _ Al
g)\[n]7u[n] - gk[n],U[n] - gl’[n]wl"[n] . |:|
Corollary 3.6 gives a new proof of Brion’s bound [Bri93] for the stability of the
Kronecker coefficients using the partition algebra.

3.3. The Kronecker coefficients as a sum of reduced Kronecker coeffi-
cients. In [BOR11] a formula is given for writing the Kronecker coefficients as a
sum of reduced Kronecker coefficients. We shall now interpret this formula in the
Grothendieck group of the partition algebra by showing that it coincides with the
formula in Theorem 3.3.

Let vp,) be a partition of n. We make the convention that vy = n — |v] is the Oth
row of vp,). For i € Z>¢ define 1/[]:] to be the partition obtained from v, by adding
1 to its first 4 — 1 rows and erasing its ith row. In particular we have I/[Tr?] =v.

Theorem 3.7 (Theorem 1.1 of [BOR11]). Let A, fifn); Vi) 1. Then

! i
5 = ST
i=0
where | = £(Ajp) ) () — 1.

Relating this to the partition algebra, we have the following.



THE PARTITION ALGEBRA AND THE KRONECKER COEFFICIENTS 9

Proposition 3.8. Let V[n] Fn withve A<, and let v = v s M) s be
the mazimal chain of n-pairs in A<,. Then the partitions

fi_,0)
Vi) =V

for alli > 0.

Proof. The i = 0 case is clear from the definitions. We proceed by induction.
Assume that

R
1/[;] v,

Then (vD); =n — |v| +1, @D); =v;_1 + 1 for j <i, and (VD); = v; for j > i.
Therefore

O =n—|y|+1+4) vj+i—l=n—vi+i
i
We have that (1) /v() is a skew partition consisting of a strip in the (i 4 1)th

row. By definition of an n-pair the content, ct(ui(j_tl)), of the last node is n — |v()].
Therefore

ct(ygitl)) = I/i(fil) —+l)=n—-Mn—-vi+i)=v; —i

and Vi(fll) = v; + 1, therefore V[TTE]Z'H) = plith), O
Remark 3.9. In Theorem 3.3, t is chosen so that [v®| < |\ + |u| and [vFD]| >
|A| + |p|. So Theorem 3.3 and 3.7 seem to give a different number of terms in the
sum. For example consider
(2) _ (1) _
9az,0 =1 Iaz),0n =0

these are given as a sum of one, respectively two terms in Theorem 3.3, both cases
have four terms in Theorem 3.7. Now consider

then £(Ap))¢(pn)) = 9. We have [y = (11%,1%) with [1}| = 38. But r + s = 40,
so we have two more terms in Theorem 3.3, corresponding to v(¥) = (11%,16) and
v(10) = (11%,17). However, we can show that in fact the two theorems give the
same sum.

First assume that £(A,))€(upn)) — 1 > ¢, then for all 4 >t we have

VTi
I =

as |VEZ]| > |A| + |]. And so the two sums coincide.

Now assume that £(Apy)€(upy) —1 < t. Then for all i > £(Ap))l(pp)) — 1, we
have

i > LN tn) = Ay N ()]

where (f1,,7)" denotes the conjugate partition of j,). (To see this observe that the
Young diagram of Ap,) N ()’ fits in a rectangle of size £(Ap,)) % £(p))). Now we
have

(WD) >0 > Ay N ()]

But this implies that g, = 0 by [Dvi03].
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4. THE RESTRICTION OF A STANDARD MODULE TO A YOUNG SUBALGEBRA

In this section we compute the restriction of a standard module to a Young
subalgebra of the partition algebra.

Set m = r+s for some r,s > 1 and fix § € C*. We write P. = P,.(8), Ps = P4(0)
and P, = P,,(§). We view P, ® Ps as a subalgebra of P,, by mapping each d ® d’,
where d (resp. d') is an (r,r)- (resp. (s,s)-) partition diagram, to the (m,m)-
partition diagram obtained by putting d and d’ side by side, with d to the left of d’.
When depicting an (m, m —I)-partition diagram we will draw a ‘wall’ separating the
first r northern vertices from the last s northern vertices to emphasize the action
of P. ® Ps.

We wish to understand the restriction of A,,(v) to the subalgebra P. ® Ps. Let
©,. denote the diagonal copy of &, in &,. x &,.. We will need the following lemmas.

Lemma 4.1. Let V(2r,0) be the subspace of V(2r,0) spanned by all (2r,0)-partition
diagrams having precisely r blocks of the form {i,j} with1 <i<randr+1<j<
2r. Then V(2r,0) is a &, x &,-module and we have

V(2r,0) = C15 S = (HS(A) R S(N).
Abr

Proof. A basis for V(2r,0) is given by the set {(1,k)vy : K € &, } where vy is the
diagram in V(2r,0) where vertex 4 is connected to vertex r + i for all 1 <4 < r as
pictured in Figure 4.

NN

FIGURE 4. The diagram vy in V(2r,0) (with r = 4)

Now, the map
f:V(2r,0) = C1g S =C(6, x 6,) ®p, C
given by
(1, k)vo) = (Lk) @1
is clearly a bijection. Moreover, for (1,7') € &, x &,, we have
H(@ ) (1 k)ve) = f((r,7'K)vo)

F((, 7 kT ) as shown in Figure 5
(L, 7sr H el

(L, 7k H®rl
= (n,7rk)®1

(r,7)(1,K)®1
= (n,7)f((1,K)vp).

Thus f gives the required isomorphism. O

Lemma 4.2. Let V(2r,r) be the subspace of V (2r,r) spanned by all (2r, r)-partition
diagrams having precisely v propagating blocks of the form {i,j, k} with 1 < i <r
and v+ 1 < j < 2r. Then, for any pu b r we have that V(2r,r) @, S(7) is a
S, x 6,.-module and we have

V(2r.r) ®s, S(m) = S(m) 15772 ) g5 ,8(p) K S(0).

p,otr
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FIGURE 5. The action of &, x &, on (1, )vg

Proof. Let X(m) be a basis for S(m). A basis for V(2r,r) ®s, S(m) is given by the
set
{LLkn@x:Kke€ESxzeX(m}

where v is the diagram in V(2r,r) with blocks given by {i,r +i,i} (for 1 <i <7r)
as depicted in Figure 6.

FIGURE 6. The element (1,x)v; ® x

Now the map
g:V(2r,1) ®e, S(r) = S(m) 157 = C(&, x &,) @9, S(7)

given by
g(Lrknez)=(1,k
is clearly a bijection. Moreover, for (1,7') € &, x &,., we have
g(r, ™YL, k) @x) = g((1,7K)v1 @)
= g((1, 7"k vy ® T2) as shown in Figure 7
= Lk YHYere
= (n7Tr®z
= (n)Lr) e
= (r,7)9((1, k)1 @ 7).
Thus g gives the required isomorphism. Finally note that
dime Home, xe, (S(m) 15", S(p) ® S(0))
), (S(p) ®S(0))457")
= dimc Homg, (S(7),S(p) ® S(0))

T
9p,o-

= dimc Homg, (S(7

O

Theorem 4.3. Writem =r+s andletvtEm—I1, A\Fr—1,. and u s —1Is for
some non-negative integers 1y, ls. Then Ay, (V) p.op, has a filtration by standard
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FIGURE 7. The action of &, x &, on (1,0)v; @ x

modules with multiplicities given by

. _ E § A
[Am(y> i/P,,-(XJPS . Ar<)\) X As(u)] - Cz,ﬁ,wca,p,ycs,g,ﬁg;a'
l1,l2 akr—1l,—l1—l2
I1+2la=1—1,—1s BFs—ls—1l1—12
m,p,0kly
YHlo

Remark 4.4. Note that these multiplicities are well-defined, this follows by the
general theory of quasi-hereditary algebras, see [DR92].

Proof. Recall that A, (v) = V(m,m—1)®s,,_, S(v) and the action of P, on A, (v)
is given in Section 2.2. Now, we say that a block of a diagram in V(m,m — 1) is
a crossing block if it contains at least one vertex in {1,...,r} and one vertex in
{r+1,...,74+s}. We say that a block of a diagram in V' (m,m —1) is a propagating
block if it contains at least one vertex in {1, ..., m} and one vertex in {1,...,m — [}.
We say that a block is an r-propagating block (resp. s-propagating block) if it is
propagating and it does not contain any vertices in the set {r +1,... 7+ s} (resp.
{1,...,7}). We claim that there is a filtration of A,,(v)|p.gp. With subquotients
isomorphic to

Vim,m —=1p, p.pene @6,,_, S(v),
where V(m,m—1)p, p, p..n. denotes the span of all diagrams in V' (m, m —[) having
precisely p, (resp. ps) r-propagating (resp. s-propagating) blocks, p. crossing
propagating blocks and n. crossing non-propagating blocks. (Note that we must
have p, + ps + p. = m —[l.) An example is provided in Figure 8.

7

FIGURE 8. An element of V(16,5)1,2,2.2.

To see this, we will consider the action of the generators of P. ® Ps on A,,(v).
As seen in Section 2.1, P, ® P; is generated by the set

{sijopij :1<i<j<rorr+1<i<j<r+4+stU{p;:1<i<r+s}

Let v be a diagram in V(m, m—10),, p. p..n., and X be a partition diagram in P, ® P.
Then we have Xv = %’ for some (m,m — [)-partition diagram v’ and some non-
negative integer t. We write p/.,p.,p. and n/, for the number of r-propagating,
s-propagating, crossing propagating and crossing non-propagating blocks in v/, re-
spectively. We will now take for X each of the generators in turn and consider how
these numbers relate for v’ to those for v.
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FX=s; forl<i<j<rorr+1<i<j<r+s)then itis clear that

(4.1) Pl = pr, pi = s, P = pe and n.. = n.

Now suppose that X = p; for some 1 < ¢ < r (thecase r+1 < i <r+sis
similar, with the role of r-propagating and s-propagating blocks interchanged). Let
A; be the block in v containing vertex i. Then all blocks in v’ are the same as those
in v except for A; which is replaced by A; \ {i} and {i}. Thus if A;\ {i} contains a
vertex in {1,2,...,r} or if A; is a non-propagating non-crossing block then we have

(4.2) Py = Pry Py = Ds, P\ = Pe and n,, = n..

Now suppose that 4 is the only vertex in A; N{1,...,r}. If A; is a non-propagating
crossing block then we have

(4.3) Py = Dry Py = Ps; P = pe and n =ne — 1.
If A; is a propagating crossing block then we have
(4.4) p.=pmp.=ps+1,p.=p.—1 and n. = n,.

Finally if A; is r-propagating then we have p/. = p, — 1, p, = ps, p. = p. and
n!, = n., but in this case we have p;(v ® ) = 0 (where x € S(v)) as v’ has fewer
than m — [ propagating blocks, (see Section 2.2).

Finally suppose that X = p; ; for some 1 < i < j < r (again, the case r + 1 <
1 < r+s is similar, with the role of r-propagating and s-propagating interchanged).
Denote by A; (resp. A;) the block containing 4, resp. j. Then we have that the
blocks of v’ are the same as those of v expect that the blocks A; and A; are now
replaced by a single block A; U A;. Thus, if A; = A; or if one of A; or A; is a
non-propagating non-crossing block then we have

(4.5) Py = Dry Py = Ds, P\, = Pe and n,, = n..

Now suppose that A; # A;. If both A; and A; are non-propagating crossing blocks
then we have

(46) p;« :prvp;:psvp,c:pc and n’C:nc—l.

If one of A; or A; is non-propagating crossing and the other is propagating crossing
then we have

(4.7) Py = Dr, Dy = Ds, P = pe and nl, =n, — 1.

If both A; and A, are propagating crossing blocks then we have p). = p,, p}, = ps,
p. = p. — 1 and n,, = n., but in this case we get p; j(v ® ) = 0 as v’ has fewer
than m — [ propagating blocks. If one of A; or A; is r-propagating and the other is
non-propagating crossing then we have

(48) p;:pr_lvp;:psvp,c:pc"_l and n/C:nc_]-~

Finally, if one of A; or A; is r-propagating and the other is propagating crossing
then we have pl. = p. — 1, p, = ps, p. = p. and n,, = n., but in this case we get
p;j(v ® x) =0 as v’ has fewer than m — [ propagating blocks.

It follows from (4.1)—(4.8) that the number of crossing non-propagating blocks
never increases when we apply an element of P. ® P; and so we get a filtration of
A, (v) with subquotients isomorphic to V(m, m —1),_ ®s,,_, S(v) where V(m, m —
1)n,. is the span of all diagrams in V(m, m — [) having precisely n. crossing non-
propagating blocks. Now, we also get from (4.1)—(4.8) that V/(m, m—1),, ®s, _,S(v)
has a filtration by the number of propagating crossing blocks with subquotients
isomorphic to V(m,m — 1), n. ®s,,_, S(v) where V(m,m — ), n. is the span
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of all diagrams in V(m,m — 1), having precisely p. propagating crossing blocks.
Moreover, each of these subquotients decomposes further as

@ Vi(m,m —=1p, p.pene 6, S(v).

PryPs
Pr+ps+pc=m—I

This proves the claim.
Now note that as (P, ® Ps, &,,—;)-bimodules we have
V(m7 m — l)pmps’Pc,nc = V(m7 (pTvpmpS))nc ®6pr XGPCXGBPS CGmil

where V(m, (pr, Pe, Ps))n. is the span of all diagrams in V(m,m — ). p. p..n. Such
that the r-propagating blocks connect to the first p, southern vertices, the propagat-
ing crossing blocks connect to the next p. southern vertices and the s-propagating
blocks connect to the last ps southern vertices, see Figure 9.

ea=Ld

FIGURE 9. An element, w, of V(16, (1,2,2))s.

Thus we get
Vim,m—=1p, p.pene ©6,, , S(V)
(V(m, (prspe, Ps))n. @6, x6,, x6,, COm—1) @s,,_, S()
V(m, (pr,De, Ps))n. O P XG, XS, (CGmfl ®Rs,._, S(v))
V(m, (Prs e, Ps))ne @6, x6,, x6,, S(V) 16, x6,, x6,.

( )

v m’(pr’pc’ps ne ® Spp XGp XGpy @Caﬁﬂ IXS( )&S(ﬁ)

abp,
Brps
Tpe

1R

1

1

(4.9)

From now on we write &g, q,,....q, for the Young subgroup G,, x G,, X ... x &,
of G4, +as+...+a,- Now observe that as (P, ® Ps, &), 5. p,)-bimodules we have

(4.10)
V(m, (Prs P, Ps))ne = (V(r,pr + pe +ne) BV (8,10 + pe + ps))
®Gpr+l’c+ncﬂlc+Pc+Ps V(p’! + 2pc + 2nc +p87 (pT7pC7pS))7lc
(Note that in V(p, + 2p. + 2n¢ + ps, (Pr, Pes Ds))n, We place a ‘wall’ after the first
pr + pe + ne northern vertices and so the triple (p., pe, ps) refers to the number of
propagating blocks on the left side of the wall, crossing the wall and on the right
side of the wall respectively.) This is obtained by decomposing the diagrams as

illustrated in Figure 10.
Moreover, as (S, 4p.+nenetpetpss Op,pe,ps )-Pimodules we have

V(pT + 2pe + 2ne + ps, (p7"7p07p8))nc = C6Pr+pc+"m"c+l’c+Ps ®6pr,pc,ncmc,pc,ps

(V(pr,pr) WV (2pe, pe) BV (21, 0) KV (ps, ps))
where we embed V (pr,pr) ¥V (2pc, pe) ¥V (2n,,0) ¥V (ps, ps) inside V (p, + 2p. +
2n. + ps, (pr,pc,ps))nc by putting V (p,, p.) on the set of vertices
{1,...pr,1,...,0r}, V(2pe, pc) on the set of vertices
{pr+1, s DrDes PPt 2ne 1, et 2pe 200, D + 1,1 Dy F D), V(216,0)
on the set of vertices {p, +p.+1,...,pr +pc+2n.}, and V(ps, ps) on the remaining
vertices. This is illustrated in Figure 11.




THE PARTITION ALGEBRA AND THE KRONECKER COEFFICIENTS 15

FIGURE 10. Decomposing the diagrams in V(m, (pr, pe, Ps))n.-

|
N\—j—%/ /
FIGURE 11. An element of V(p,,p,) ¥ V(2p.,p.) ¥ V(2n.,0) K

V(ps, ps) embedded into V (p, + 2pc + 2nc + ps, (Pr, Pe, Ps))n. With
pTzlandps:pc:nc:Z

It follows that

V(pr + 2pc + 2n¢ + ps, (pT7PC7ps))nc ®6pr,pc,p5 (S(O‘) X S(ﬂ-) X S(ﬁ))

= [(V(pr,pr) BV (2pe, pe) BV (206, 0) BV (ps, ps)) @,
(8(a) BIS(m) WIS(B))] 137w

1%

((V(prp0) @6, S(0)) B (V(Zerpe) ©6,, S(m) 0V (20, 0)
RV (s, ps) B, SRS 75 e

Pr,Pc NeMNc PesPs

Using Lemmas 4.1 and 4.2 and the fact that V(p,,p,) = C&,,. and similarly for
V(ps, ps) we get that it is isomorphic to

(Srne Bprotpe 95eS() B S(p) KS(7) KIS(7) KS(0) BIS(B))tarr retmemetretrs

Pr;Pc,Mc,Nc,PciPs

Now applying the Littlewood—-Richardson rule we get that this is isomorphic to

T A nw
@’Y"nc ®P70|‘pc 99,0 GBAFPrJr;Du*ch Ca,p,'ycq,g,ﬁs()‘) X S(/u’)
uEps+pe+ne

Combining this with equation (4.10) for a given direct summand in the decom-
position (4.9) we obtain

V(m7 (prvpaps))nc ®Gp7,,pc,p5 (S(O[) b S(?T) X S(B))

= (V(T’ Pr+ e+ nc) X V(S’ Ne + Pe + ps)) ®6pr+pc+ncmc+pc+ps
(Ga’ﬂ_”c EBPJ’_PC g;:,(f DPAFp,+petne Cg,p,’y657g,5s(/\) X S(M))
pEps+petne

1%

™ A m
@’Yk’ﬂc EBP;UFPC gp,o’ @)\’_Pr"rl)c‘i‘nc ca,p,’yc'\/,o',ﬁ
pEps+petne

(V(r,pr +pe 4 1) ®6,, 10 SA)) BV (S0 +pe +95) @61y, S(H))-
But by the definition of the standard modules A,.()\) and Ag(p), this can be

rewritten as
@ @ g;,acg\z,p,wcz,o,BAT(A) X As(p)-

YEne AFpr4petne
psotpe pEpstpetne
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Now noting that p, +ps +p. = m —1, pr +pc+ne =1 —1, and ps +pe. +ne. = s — g
and writing I = p. and Iy = n., we get that [ — [, — s = 1 + I and the result
follows by combining with (4.9). O

In [BOR11, Lemma 2.1] a formula is given for writing the reduced Kronecker co-
efficients as a sum of Kronecker coefficients and Littlewood—Richardson coefficients.
An immediate corollary of the above theorem is an interpretation of this formula in
the setting of the partition algebra.

Corollary 4.5. Let A, i, v be any partitions with || =r, |u| = s and |v| =r+s—1.
Then the reduced Kronecker coefficient gy , is given by

?K,p: Z Z Z ozﬁﬂ' ozp'yzoﬂgpo'

li,la akFr—Ili—ls m,p,otl;
I=11+2l3 BFs—1l1—12 yHla
Proof. This follows from Theorems 3.3 and 4.3, noting that for |A\| = r and |u| = s,
Ar(N) = Lr(N\) and A, (1) = L (p). O

5. HOOKS AND TWO-PART PARTITIONS

We now consider the case where one of the partitions in a reduced Kronecker
coefficient is either a hook or two-part partition. The first positive formula for the
two-part partition case was due to Ballantine and Orellana [BOO05]. Blasiak [Blal2]
has recently given a combinatorial interpretation of the one hook case.

The result below provides positive formulas for g:[[:]] . in the case that v, is
a two-part or hook partition and n is sufficiently large. These formulas reveal a
distinct symmetry between the two cases.

Corollary 5.1. Let Ay, i), V) be partitions of n with |\ = r, |u| = s and
vl =r+s—1.
(i) Suppose vy = (n — k, k) is a two-part partition. Then we have

(n— kk) —(k) _ A /
Iy = I = Z Z C(T—ll—lz)ﬁa’)’c’;,o’,(s—ll—lg)

lile oFl
l:l1 +2l2 ’Y'*lz

for all n > min{|\| + p1 + K, |u] + M + E}.
(ii) Suppose v, = (n — k,1%) is a hook partition. Then we have

(n—k,1%) _ _(1%) _ 2: A "
P = I = Z Car—ti-2),07%% 0, (15-11-12)
ll,lQ O'Fll

I=01 4213 ¥Fl2
for all n > min{|\| + |p| + 1, |u| + A1 + K, [N + p1 + &} and where o’ denotes the
transpose of o.

V[n)

Proof. Our assumption on n implies that Iyt

= g4, by Corollary 3.6.
(k)

a,fB,m

The result follows from Corollary 4.5, noting that ¢ (respectively c& ﬁ)ﬂ) is

zero unless o = (r — 1y —13), B = (s — Iy — I3), 7 = (I1) (respectively a = (17"l ~!2),
l

B = (157h=2) 7 = (11)) in which case it is equal to 1 and gf(,lj,) (respectively g,(,}gl))

is zero unless p = o (respectively p = ¢’), in which case it is equal to 1. (I

Remark 5.2. In [BO05] they compute the Kronecker coefficients

Bin) _ (n—kk)
g(’n k k:) )\[n] g)\ [n] s H[n]

when n — |A| — Ay > 2k, equivalently
n > A+ A+ 2k

Noting that k = |u| and for g5 , # 0, we must have that |u| < |A| +[v], we see that
Corollary 5.1 improves this bound (as |u| + A1 + k& < |A| + A1 + 2k).
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6. EXAMPLE

In this section, we shall compute the tensor square of the Specht module, S(n —
1,1) for n > 2, labelled by the first non-trivial hook, via the partition algebra. We
have that

Home, (S(¥5)),S(n — 1,1) ® S(n — 1,1)) = Homp, (nyg P, (n) (L1(1) ® L1(1), La(v){)

if v € A< and zero otherwise. Therefore, it is enough to consider the restriction of
simple modules from P5(n) to the Young subalgebra P;(n) ® P;(n).
The partition algebra P»(n) is a 15-dimensional algebra with basis:

LIOIILILZNN

e e

N L™

and the product of z,y € Py(n) is defined by concatenation of x above y. For

example:
- K o Y

There are four standard modules corresponding to the partitions of degree less
than or equal to 2; these are obtained by inflating the Specht modules from the
symmetric groups of degree 0,1,2. These modules have bases:

Ny(2) = Spanc{ + } As(1%) = Spanc{ — }
AQ(I) = Span((:{ ; ) } AQ(Q) = Spanc{ ) }

The left-action of P»(n) on the standard modules is given by concatenation on
the top. If the resulting diagram has fewer propagating lines than the original, we
set the product equal to zero.

The algebra P;(n) ® Pi(n) is the 4-dimensional subalgebra of Py(n) spanned by
the diagrams with no lines crossing an imagined vertical wall down the centre of
the diagram.

The restriction of the standard modules to this subalgebra is as follows:

Ao (2 py(myepy (= A1(1) B AL(L),  As(1*)lp, myep = A1 (1) B AL(D),
Ao (Ddp myer(m= A1(1 ) A1) & AL (D) BAL(1) @ A (1) K AL(0),
a0y o™ A1 (1) B AL (1) & A (0) B Ay (0).
In particular, note that g, ) = [Ag(u)¢p1 myepi(n): A1(1) KA (1)] =1 for v =
0,1,12,2

The partition algebra Py(n) is semisimple for n > 2. For v = 0, (1), (1%) or (2)
we have that vp,; = (n), (n—1,1), (n—2,1%), or (n—2,2) and v, is a partition for
n > 0,2, 3,4 respectively. Therefore the Kronecker coefficients

Vin)
I(n-1,1),(n-1,1)
stabilise for n > 4 and are non-zero for n > 4 if and only 1, is one of the partitions
above.
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Now consider the case n = 2. Neither v = (12), nor (2) correspond to partitions
of 2, we therefore consider v = ) and (1). We have that (1) C (2) is the unique
2-pair of partitions of degree less than or equal to 2 (see Section 3.3). Therefore
the only standard P»(2)-module which is not simple is Ay(1) and we have an exact
sequence

0 — La(2) = Ax(1l) = La(1) — 0.
Thus in the Grothendieck group we have that [La(1)] = [Aa(1)] — [A2(2)]. Hence,
2
we have that [La(1)|p, (2)gp, (2): L1(1) R L1(1)] = 0. We conclude that 982;,(12) =0

and gg;),)’(p) =1 as expected.
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