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ABSTRACT: We demonstrate that dynamical noncommutative space-time will give rise
to deformed oscillator algebras. In turn, starting from some g-deformations of these
algebras in a two dimensional space for which the entire deformed Fock space can be
constructed explicitly, we derive the commutation relations for the dynamical variables in
noncommutative space-time. We compute minimal areas resulting from these relations,
i.e. finitely extended regions for which it is impossible to resolve any substructure in
form of measurable knowledge. The size of the regions we find is determined by the
noncommutative constant and the deformation parameter q. Any object in this type of

space-time structure has to be of membrane type or in certain limits of string type.

1. Introduction

The idea to extend the quantization procedure from canonical variables to space-time itself
[] traces back over sixty years. In recent years this general possibility has become more
and more appealing, especially in the context of quantum field theories as such type of
space-time structures will introduce natural cut-offs and theories on them are therefore
renormalized by construction [f, BJ. In addition, almost all possible theories of quantum
gravity require non-Minkowskian space-time in one form or another [[i, B, [, [1, §-

One of the interesting consequences of these type of space-time structures is that in
many cases they lead to modifications of Heisenberg’s uncertainty relations, which in turn
result in the emergence of minimal lengths. This means in such spaces one has almost
inevitably definite fundamental distances below which no substructure can be resolved
B, [T, I3, 3, L3, [4, 3, [Id, [7]. Recently some of us proposed [[[§] a consistent dynamical
noncommutative space-time structure in a two dimensional space which leads to a funda-
mental length in one direction, implying that objects in these spaces are of string type.
Here we provide a different type of dynamical noncommutative space-time implying a fun-
damental length in each of the two directions, thus giving rise to minimal areas for which
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any substructures is beyond measurable knowledge. In our construction procedure we will
not only postulate the deformed Heisenberg canonical commutation relations and check
their consistency, but we will also derive them from some more extensively studied and
more fundamental structure, namely g-deformed oscillator algebras for which the entire
Fock space can be constructed explicitly [[3, [[3, [4].

In section 2 we commence with various consistent deformations of Heisenberg’s canon-
ical commutation relations and investigate the consequences on the commutation relations
of the associated oscillator algebra. We find that the latter are almost inevitably deformed.
In section 3 we take this fact into account and reverse the setting by starting instead from
a well suited g-deformed oscillator algebra and derive from it Heisenberg’s uncertainty re-
lations for the dynamical variables. In section 4 we briefly recall the standard argument
leading to minimal length and compute the minimal area for a selected algebra. Our
conclusions and an outlook to further open problems are stated in section 5.

2. Creation and annihilation operators from noncommutative space-time

2.1 Oscillator algebras in flat noncommutative space-time

Noncommutative flat space-time in two dimensions manifests itself in the following modi-
fication of Heisenberg’s canonical commutation relations for the dynamical variables

[.Z'(), yO] = 297 [x07p1‘0] = Zhu [y07py()] = Zh7

2.1
[Pz, Pyo) = 0, [0, Pyo] = 0, [Y0, Pao] = 0. 1)

Restricting the noncommutative constant to be real, i.e. 8 € R, ensures that zg and yg
are Hermitian operators. We now wish to find a representation for creation and annihi-
lation operators in terms of the dynamical variables o, 4o, Dz, Py, satisfying the standard
commutation relations for a Fock space representation

[a;, a}] = 04j, la;, aj] =0, [aj-, a}] =0 fori,5 =1,2. (2.2)

In order to reduce the number of unknown coefficients in a possible Ansatz for the a;, a;r we

may take the properties of the dynamical variables under a P7 -transformation as a guiding
principle. These type of considerations have proved to be very fruitful, allowing even a
consistent formulation of non-Hermitian systems with real eigenvalues, see e.g. [[[9, B{, 1]
for a review or [R2, P for recent special issues. For this purpose we note that the relations
(.1) are P, T-symmetric and P, T -symmetric in the sense that they remain invariant under
a simultaneous reflection in the zg-direction together with a time reversal and under a
simultaneous reflection in the yg-direction together with a time reversal, respectively,

Pe: x0oH —T0, Yo Yo,  Pro F —DPaos Pyo = Pyos
Py: To > To, Yo —Yo, Dxo V7 Pros  Pyo ™ —Pyos
T: To—r Tos Yo Yo, Pao > —DPaos Dyo = —DPyes 0> —i, (2.3)

P{ET: To = —Zo, Yo+ Yo, Pxo F7 Do) Dyq = —Pyo> (s _i7
733171: To > Zo, Yo =7 —Y0, DPxzo 7 —Dzxo> Dyg = DPyo > 1 —i.
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We demand now to have a definite transformation property for the a;, aj, that is we would

like them to be either even or odd under a P, ,7-transformation, i.e. a; — a;, a;r — a;r

or a; — —aj, a;r — —a;-f, such that we can use this property to reduce the total number of
constants. Assuming that the dependence on the zg, Yo, Pz, Py, is still linear, the general

operators of the form

a1 = 1To + 102Yo + 13Dz, + 4Py, ay = 1Ty — 102Yo — LO3Pxy T A4Pygs

: . ) : (2.4)
az = aTo + 1Yo + Q7P T 8Dy, a; = Q5T — 106Y0 — LDz T+ A8Pyq s

with unknown constants ai,...,as € R for the time being, are P,7T-odd: a; — —a;,
;-f — —a;f and P, T-even: a; — a;, a;-f > a;r when using the realization (2.3). The reverse
scenario is simply achieved by a; — ia; for j =1,...,8.

The operators defined in (£.4) satisfy the commutation relations (B.J) provided that
the following four constraints on the constants hold

a

Qg _ Oag + hary o Oas + hasg

MTopAT MT T oA 0 YT oA T T T oA

(2.5)
where we abbreviated A := agag—asar # 0. This means we have still four almost entirely
free parameters left. Inverting the relations (R.4) while keeping the constraints (R.5), we
can express the coordinates and the momenta in terms of the creation and annihilation
operators

Ty = (Hqg + hag) (ag +'aJ{) + (Bag + har) (az + a%), Yo = %(al — aJ{) — ?‘Ti(ag — a;),
Pro = —5 (a1 — a}) + §2(as — a}), Py = —hao(ar +af) — hag(az + ab).
(2.6)

It is easily verified that these operators obey (R.]) when using (R.9).

2.2 Oscillator algebras from string type noncommutative space-time

Let us now carry out a similar analysis for the situation when the underlying space-time is
dynamical, i.e. the constant # becomes position and possibly also momentum dependent.
A set of consistent commutation relations for such a scenario was introduced in [[[§]

[z,y] = i0(1 + Ty?), [z, pe] = (1 + Ty?), [y, py] = ih(1 + %),

[pmvpy] = 07 [x,py] = ZiTy(epy + hiﬂ), [y,px] =0. (27)

Defining the analogues to the creation and annihilation operators and keeping the depen-
dence on the dynamical variables similar as in (2.4)

a1 = 1T + 12y + iagp; + aupy, dI = QT — QY — 13Dy + Py,

R . . X . . (2.8)
a2 1= Q5T + 106Y + 107Dy + 8Py, a; = QBT — 106Y — 17Dy + 8Py,

'For the specific choice

M Q@ « ! e e _de @ @ L
> 3= 04 = — 5= —Q6 = ) 7= o8 = )

hWKi h Ko VK2

we recover the representation found in @] when comparing with equations (57) and (58) therein and
identifying the quantities A1, A2 and K1, K2 which are defined in equation (56) and (59), respectively.

o] = Qg = —
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we can compute the resulting commutation relations. Keeping the constraints (R.§) and
setting in addition ag = 0 we find that the standard commutation relations are deformed

aaf) = 1+ = (wal +alan - mar - afal)  fori=1,2 (2.9)
a3
PN PN AT A AT A T A A A A AT A eI
[a1,a2] = [al,ag] = [a},aﬂ = [aI,ag] = a2 (alag + alag - aJ{ag - a}a%) . (2.10)
2

The asymmetry between i = 1 and i = 2 in (R.9) appears odd at first sight in the light
of (B.§), but it is a consequence of the non-symmetric nature of (2.7) and our choice
a3 = 0. Clearly when the deformation parameter 7 vanishes we obtain the usual Fock
space commutation relations (2.9).

2.3 Oscillator algebras from membrane type noncommutative space-time

We propose now a new type of deformation for the flat noncommutative space-time (2.1])

[jvg] = 20 + Z'T (j2 + g2) ) [j7ﬁ$] = Zh—l— Z%h (j2 + g2) ) [j,ﬁy] = 07
[Pas By] = i7 25§Dz — By) — P2 — D7), [5,By) = ih+ i (B2 +7%), [§,52) = 0.

(2.11)
In the same manner as for (2.7) we may verify that these commutation relations are con-
sistent in the sense that the Jacobi identities are satisfied. Using the standard arguments
to find a minimal length, we observe that the &, g-commutator implies a minimal length in
the = as well as in the y-direction, which means the underlying object, whose substructure
we can not determine, is of a membrane structure. Once again we define creation and
annihilation type operators analogously to (R.4) keeping the dependence on the dynamical
variables the same. When specifying the coefficients such that

a1 =/ 5F(F + i), CNLI =/ 55 (@ — ip), (2.12)
iy = \/129 & i+ 35y +ib.)], b=\ (B i+ LBy — )]

we find the commutation relations

i — Gf:) ’ ata; =0y, laj,a) =0, l[a.a]=0, fori,j=1,2.  (2.13)
As expected (R.2)) is recovered for 7 — 0. These relations are very reminiscent of the
q-deformed oscillator algebra studied in this context for instance in [B, [[d, [[1, [2, [(3, 4,
5, 4.

This example and the one in the previous subsection indicate that dynamical space-
time relations will naturally lead to deformed Fock spaces. As we have seen some of them
have a very convenient and well studied structure, as (R.1J), whereas others are rather
awkward such as (R.9) and (R.10). Let us therefore now reverse the scenario and deform
first the Fock space relations in a “nice” way and subsequently compute the corresponding
commutation relations for the dynamical variables.
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3. Noncommutative space-time from g-deformed creation and annihila-
tion operators

Resembling the relations (R.13) we g-deform the relations in (2.9) by defining a new set of
creation and annihilation operators Ay, AI, As, A; satisfying

A AT — i ATA =6, (AL Al =0, [4,4;]=0  forij=1.2 (3.1)

There exist various other possibilities to deform the relations (R.J) which still lead to
constructable Fock spaces, such as for instance using different ¢gs in the first relation of
B, ie. ¢*°9 — qféij or replacing the d;; on the right hand side of the first relation by
qg(AzTAi) with g(z) being an arbitrary function as in [[[1], [f]. Guided by the limit ¢ — 1
in which we should recover the relations (E) and the properties of these operators under
a PT-transformation, we expand the new set of deformed canonical variables X,Y, P, P,
linearly in terms of the Ay, AI, Ao, A; as

X = k1 (Al + A1) + ra(AL + Ay), P, = irs(Al — A)) + irg (Al — Ay),

. . 3.2
Y = ins(Al — A)) +ing(Al — A3), P, = ky(Al + A)) + ks(AL + Ay). (3:2)

The constants k1, ..., ks € R are unknown for the time being. Inverting the relations (B.2)
we may express the deformed creation and annihilation operators in terms of the deformed
canonical variables

A _/isX_’_Z Y @P _H_ZPy7 AI:%X Y—|—Z P HzPy,

3.3
Ay = —KTX — “3Y+z 5P, + 5LP,, Agz—%Xﬂfij “5P+ 5P, (3:3)

where we abbreviated A := 2(k1ks — kok7) # 0 and p := 2(kgks — k3kg) # 0. Using the
representation (B.9) together with (B.I]) we compute

[X,Y] = 2i(k1ks + Kake) + 2i(¢> — 1)(/{1/15AJ{A1 + K}QHGA;AQ), (3.4)
[ ] = 22(/4:1/13 + /452/4,4) + 21(q — 1)(/11/4:3141141 + /€2/£4A;A2), (35)
Y, P)| = —2i(ksky + kekg) + 2i(1 — 2)(/{5/{7141141 + /{6/{814;142), (3.6)
[Px, P, ] = —21(/%3/4:7 + /ﬁ:4/€8) + 22( 2)(/%3/%714{141 + I<L4I€8A£A2), (37)
(X, Py] = (3.8)
Y, Py = (3.9)
Next we employ the relations (B.3) and evaluate
2
t K3 2 Fiy2 K3 2 | K3 o 2kgh2 2K4k6
AjA = /\2X ,U2Y P )\2Py \Z XP, — TYPI (3.10)
.R4K§ /4,4/4,2 /4,6/4,8 /i@/ig
+i—[X, Y] + Y, P, X, P. P,, P,
v (X, Y] +i~ T g VBl - . N, Pl =i . el I,
2 2
ALAy = )\—X + FY 2 P )\2Py \Z XP, — TYPI (3.11)
I{3K7 /43/61 /i5/€7 I{5I{1
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Substituting (B.1() and (B.11]) into the right hand sides of (B.4)-(B.7) we obtain four equa-
tions for the four unknown commutators (X, Y], [X, P,], [Y, P,] and [Py, P,]. Solving these

equations, the resulting dynamical noncommutative relations are

q—q !

[X,Y] = if +

1
q+q! [

R5Ke (H,glig, + lilliﬁ) 2

2 2 2 2
KoKgk7 + K1K5Kg X2 4 KokgK3 + K1K5Ky V2

(Kakt — K1kg)?

3.12
(Kaks — K3ke)? (8.12)

(%4%5 - /43/46)2 ;

_ 2K1K (KeKT + Ksks)

(Kok7 — K1kg)?

th +

XP, —

2 2
KoK4K% + K1K3Kg X2 4 K3k (Koks + K1K4)

KR1R2 (HQFLE, + H1/€6)P2
(ko7 — K1ks)” ?
2K5 kg (Iinig + /€1K4)

(Kaks — r3kg)®

YPx:| ;

Y2

X, P .q—q_i [

Z —
q+q
2 2
RoK4K5 + K1K3K§ 9

(Kaks — %3%6)2
 2K1K9 (K4k7 + K3Kg)

(Koky — K1kg)?

Y, P,] = if -

(KoKt — K1Kg)?

XP, —

3.13
(/64/65 - %3%6)2 ( )

KR1R2 (/42163 + /€1K4)
(Kak7 — K1ks)°
2k3k4 (Koks + K1Ke)
(Kaks — /43/46)2
K7+ K5K8) KeKgk3 + KskTK S 2

2
Py

YPx} ;

X%+

q—q! [/17/48 (k6

1
q+q!
kske (Kek7 + K5Kg)

(kak7 — K1K8)

2

3.14
(%4%5 - /43/46)2 ( )

Iiﬁligli% + /{5/17/{% 9

(Kaks — /43/46)2
 2k7kg (Koks + Kike)

(Kok7 — K1kg)?

[P:vay] =

XP,

rrkg (Kak7 + K3kg)

(kak7 — K1kg)” *

_ 2K5K6 (Kak7 + K3ks)
(Kaks — Kzk)”

K3k4 (Kak7 + K3Kg)

YPx} ;

X2+ y?

-1
q—q [
qg+gq
2 2
K4K8K5 + R3K7K§ 9o
2
(Kaks5 — K3ke)
2/4,7/4,8 (Hg/ig + I<L1I<L4)

(Kok7 — r1kg)?

(Kakt — K1kg)?

XP,

3.15
(Kaks — K3ke)? (3.15)

I{4ligl{% + /{3/17/-{% 9
2 Ty
(Kok7 — K1Kg)
2:‘%3,‘%4 (li6l<a7 + H5/€8)

(Kaks — K3ke)>

YPx} .

For the constant terms of these commutators we have implemented here the constraints

K1K5 + KoKg

K1K3 + Kokyq

KsKk7 + KgKg

K3K7 + K4Kg

_ Z (1+¢), (3.16)
= g(1+q2), (3.17)
_ _g (1+¢?), (3.18)
=0, (3.19)

in order to ensure that the limit ¢ — 1 for the relations (B.13)-(B.15) will yield the standard
commutation relations for noncommutative flat space-time (R.1)). The relations (B.§) and

(B.9) remain of course unchanged.
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3.1 Some special limits

Keeping all the constants generic in the algebra (B.19)-(B.15) will make the handling very
cumbersome. However, using the fact that we still have four ks free at our disposal allows
us to extract some special limiting cases in order to obtain some more tractable algebras.

3.1.1 Dependent X and Y directions

Considering (B.J) the first natural limit is to reduce the number of free parameters to four,
e.g. Ki,...,Kq, and introduce some dependence for the coefficients in the Y-direction on
those in the X-direction. Considering the representation (B.3) we impose

K5 = K1, Kg = —Ko, K7 = —K3 and K8 = K4, (3.20)

such that without activating the constraints (8.16))-(B.19) the eight unknown constants are
already limited to four. The four constraints (B.16)-(B.19) are not independent for these
choices as (B.17) and (B.18) become identical. The remaining three constraints read

0 h
T 1 (1+ q2) ; K1K3 + Koky = 1 (1+ q2) and K2 = K3, (3.21)
which means we have still one constant at our disposal. The algebra (B.12)-(B.15), (B.§)

and (B.9) simplifies to

—g 1T — 2
(X, V] = if 419 | B TR o  y2y T2 (xp _vPR)|, (3.22)
q+q " LR1R4 + Kak3 K1K4 + KaK3
“1r -
. .q—(q R3k4 2 2 K1K2 2 2
X,P,| = ih+i X2y 4 M p2yopy| (323
[ g qg+q! _I{1K4—|—/€2/€3( ) I{1/€4+Iigli3( r y) ( )
T ]
V,P) = ih it | B (x2 vy MR (p2yophl o (304)
q-+q | K1K4 + KaK3 K1Kk4 + KoKg |
_1 B
q—q " | K1k4 — K2K3 o 2 2R3k
P., P, =— P Py —— (XP,—-YP 3.25
[ x> y] Zq+q_1 I{1K4+/€2K/3( T + y) Iilli4—|—/€2/€3( Yy m)— ’ ( )
(X, Py] =0, (3.26)
[Y, P,] = 0. (3.27)

The conditions A # 0, i # 0 now coincide and have translated into x1k4 + Kor3 # 0. Our
choice of constants has achieved that the terms X P, and Y P, have combined into the

angular momentum operator L.

3.2 Membrane and string type relations

As one of the s is still not fixed we can simplify the commutation relations (B.22)-(B.27)
further by setting ko = 0, such that all three unknown left are fixed by the remaining three
relations

h
== (144, K1k = 7 (1+¢*) and &3 =x]. (3.28)

IS

K
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We may now implement the constraints (B.2§) in the algebra (B.23)-(8.27) and eliminate
all constants x; being left with a purely q—deformed algebra

X,Y] =0 +il—9 + p= (X2 +Y?), (3.29)
X, P,] = ih 'q_q_lh X% 4y? 3.30
] —Hq—l—q—l ) ( + ) (3.30)
—aglh

v, P, = zh+ig+z_1§ (X2+7?), (3.31)

gt —q 2 2 h
[Pa,By) = =2 |P2 4 B + 25(XP, ~ Y Po)| (3.32)
[X,P,] =0, (3.33)
Y, P,] = 0. (3.34)

These relations reduce to (R.11) for ¢ = /(1 +7)/(1 — 7). Notice further that the g-
deformation and the #-deformation originally introduced in the space-space commutation
relations have become intrinsically linked through the constraints. We can no longer take
the limit § — 0 separately without taking also the limit ¢ — 0. However, the limit ¢ — 0
may still be taken separately and we recover (R.1)).

We named these relations “membrane type” as the relation (B.29) will give rise to a
minimal length in the X and Y direction in a simultaneous measurement as we will explain
in more detail below. As it stands, the relation ([3.29) will lead to the same minimal length
in either direction. This is by no means unavoidable and can be overcome by taking another
limit of the algebra (B.12)-(B.15), (B.§) and (B.9). Setting for instance ko = kg = 0 without
any additional constraints besides (B.16)-(B.1J), which in this case read

0 h h
Riks = o (1 + q2) ) K1R3 = 7 (1 + q2) ) KsRT == (1 + q2) , K3k = —Kgkg. (3.3D)

the algebra simplifies considerably

1
1X,V] = if + i1 (EXQ + ﬂiﬂ) , (3.36)
q+q " \K1 K5
o 1
[X,P,] = ih+ zZ - Z_l <:—i’X2 + %W) , (3.37)
5
o
V,P,] = zh—zg+g <“Z’§7X2+§Y2>, (3.38)
1 5
-1
q —q R7 2 R3 ,2
Py, P, x2 4 By 3.39
PPy = i1 [mm e ) (330
B8 p2 Pj oMy p 2“3“8Xpy] ,
/‘?4 K1K8 K4K5
X.B,] =0, (3.40)
Y,P,] =0 (3.41)

We notice that in (B.36) we have now different coefficients in front of the X2 and Y?-terms
and may achieve unequal minimal length in either direction, although they are not entirely
independent being related by the first relation in (B.35).
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Taking now a less trivial limit, we may obtain string like relations from (B.36)-(B.41))
similar to those proposed in [I§]. Parameterizing q = e2™r3 with 7 € RY and taking the
limit k5 — 0 we obtain yet simpler relations. As we have still many free parameters left
in (B.39) we have several choices. With respect to the constraints (B.35) we can take for
instance k3 = h/0ks, kg = h%/0ks, ks = (1+q°)/(4ks5) and derive the simple “string type”
relations

(X, Y]=i0 (1+7Y?), [X,P,] =ih (14 7Y?), [X,P,] =0,

3.42
[P, P, = iT2Y?, Y, P, = ih (1+7Y?), Y, P,] = 0. (3.42)

Arguing in the same way as in [[[§], we obtain now from the first relation in (B.42) a minimal
length in the Y-direction in a simultaneous X,Y-measurement as the commutator [X,Y]
is identical. The remaining commutators are, however, different.

There are of course plenty of other possible limits compatible with the constraints
B.16)-(B.19), which we do not present here.

4. Minimal areas and minimal lengths

As mentioned, one of the interesting physical consequences of noncommutative space-time,
especially when it is dynamical, is the emergence of minimal lengths in simultaneous mea-
surements of two observables. The standard noncommutative space-time relations (P.1)
give rise to additional uncertainties similar to the usual Heisenberg uncertainty relations,
meaning for instance that the two position operators zy and yg can never be known with
complete precision at the same time, where 6 plays the role of & when compared with the
conventional relations. When the underlying algebra becomes a dynamical noncommuta-
tive space-time structure the consequences are more severe and one finds that the position
operators X or Y can never be known, that is even when giving up the entire knowledge
about the canonical conjugate partner Y or X, respectively. Thus X or Y are said to
be bound by some absolute minimal length AXy or AY{, which is the highest possible
precision to which these quantities can be resolved.

Minimal lengths have been known and studied for some time [{, [0, [[1, i3, 3, [(4,
[[5, 4] in simultaneous z, p-measurements as a consequence of a deformation of the z,p-
commutator. In [[§] it was demonstrated explicitly that they also result in simultaneous
x,y-measurements as a consequence of the dynamical noncommutativity of space-time.
Whereas the algebra investigated in [I§] only gave rise to a minimal length in one direction,
i.e. “string like” objects, we demonstrate here that the algebras provided in section 3 will
lead to minimal lengths in two direction, i.e. minimal areas. Objects in these type of
spaces are “membrane like”, meaning that there exists a finitely extended region about
whose substructure it is impossible to obtain any measurable knowledge.

Following the standard arguments we will now compute these quantities by starting

with the well known relation 1
AAAB > L[([A,B]), (4.1)

which holds for any two observables A and B, which are Hermitian with respect to the
standard inner product. In order to determine the range of validity for this inequality
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we simply have to minimize f(AA,AB) :== AAAB — 1 |([A, B])| as a function of AB to
find the absolute minimal length AAy. This means we need to solve the two equations
oaBf(AA,AB) = 0 and f(AA,AB) = 0 for AA =: AA,i, and subsequently compute
the smallest value for AAn, in order to obtain the absolute minimal length AAgy. In
case we obtain minimal length for both of these observables we define the minimal area
and its smallest possible value of four times the product, that is A(AB)pin and A(AB),
respectively.

For definiteness we choose now # € R* and carry out the analysis for the algebra
(B-36)-(B-41)) starting with a simultaneous X, Y-measurement. When q? > 1 the imaginary
parts of all terms of the commutator [X,Y] are positive due to the first constraint in
(B39). The absolute value for [{[X,Y])| is therefore simply Im ([X,Y]). When ¢? < 1 we
use |A — B| > A — B for A, B > 0 to drop the absolute value. Using furthermore that the
mean-squared deviation about the expectation value (X) is given by AX? = (X?) — (X )2
and similarly for X < Y, we compute

VIa2 =11 (53 (X)? + K2 (V)2) + 0(g* — Drrs

AXpin = T , (4.2)
@2 — 1| (k2 (X)2 + k2 (Y)?) + 0(¢* — 1)k1k5
AYmin:w [0 () + 6 (1)) + 60" ~ Drass s
2qK1

such that the absolute minimal lengths result to

AXOZ% iZ—-1 and AY():% 2 — 1], (4.4)

hen (X) = (Y) = 0. Together with the first constraint in (B.35) the absolute minimal area
in the X, Y -plane results to
AXY)o=0]¢*—q?|. (4.5)

This means the size of the minimal area is independent of the free parameters x; and xs.
We can also make AY] a function of AXy and compute for given AX( the corresponding
minimal length AYj or vice versa. Note that it is impossible to achieve any of the minimal
lengths to vanish without the other becoming infinitely large. We illustrate this in figure
1, where we plot AYy(AXy) = +6 |¢> — ¢72| /(4AXy) for a specific value of § and various
values of q. The two minimal areas indicated in the figure have the same size.

For a simultaneous X, P,-measurement we compute similarly the minimal momentum
in the X-direction

V(@ = D2((0)? + (Y2)R382 + hlgt — 1| mmsn? + (X)? (2 — 1)w3R2

AP:(: min — )
(AF) (¢* + 1)K1ks
(4.6)
such that the corresponding absolute value turns out to be
> — 1]
AP)g = 263——— 4.
(AP;)o = 2k3 ) (4.7)

— 10 —
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There is no minimal length for X in this case as we can tune AX to be as small as we wish
by enlarging AP,.

14_ T T T T T T T T T .I. T T T T T T T T ]
2 19=0.1 E: —q-5]
10 |- i
s | ]

6 o .
4 -

N
T

o & b No
T

12 L 4

14 [ \ ] \ ] \ ] \ ] \ T \ ] \ ] \ ] \ ] \
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

AX_
Figure 1: Minimal areas in the XY-plane.

Similarly we compute for a simultaneous Y, P,-measurement the minimal momentum
in the Y-direction

\/(q2 — 12((X)? + (X2))k2k2 + |1 — ¢* ksrrsl + (V)2 (2 — 1)2k3k2
(¢® + 1)k1ks

(APy)min —

9

(4.8)
with corresponding absolute value

(AP,) = 2, V1] (4.9)
q°+1
By the same reasoning as in the previous case there is also no minimal length for Y in this
case as AY can be taken to be as small as desiredh by enlarging AP,.
The analysis for a simultaneous P,, P,-measurement is less straightforward due to the
appearance of the angular momentum term. we first note that

2
g —1 K7 2 K3 2
P, P)))| > X?) - |—5| (Y 4.10
Il Al q2+1‘ [’H4H7+H3/€8’ </<;8/<a%< > K1k < >> ( )
K8 2 KR4 2 R4RK7 R3K§
— (P — (P —2——[(YP,)| —2 XP, ,
+58(02) 4 E(P2) - 2 iy py) - 25 x|

where for definiteness we assumed that x% < k3. Using next the estimate [(AB)| <
AAAB + |(A) (B)| we compute
1

AP,AP, > 3

K4ak7 K3K8

AYAP, —2

2
q°— 1] [Kg 9 K4 9
—| | —=AP — AP —2
q2+1H/<a4 ~’°‘+ng v

AXAP, + )\} ,
(1.11)

K1Kg8 K4R5

— 11 —
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with
K K K K
A:_ygf+iumﬁumm+@@( T (X)? - 2<nﬁ (4.12)
K4 K8 Rgk{ /i4/€5
K4aK7 KR3Kg
-2 YV(P) -2 X\ (P,)].
S|y (Pl - 2228 () ()

When varying the inequality (JL11]) in the same manner as the expressions above we find

4 2 2
q* — 1| k3ksg (* = 1) | karr| Ka
AP, min = —|7—AX - —AY 4.13
(AP )umin 49?  Kaks 4¢? K1Kg | Kg (4.13)
i|q2 —q_Q\ K2EZAX? . I 2| ks AXAY 4q2 Nk |
4 KEK] KiKg wslg? =1 (2 + 1)1 kg (g2 — 1)2
and
2 2 4
q —1) K3 |1—q| K4K7 1
AP min = —( AX — AY 4.14
(APy)min 42 /fw?w% 4q2 F1Rg Hlfislﬁg ( )
i‘(f —q7 % | k3riAX2 n KIkZAY? 2|k | R AXAY 4q2 \kg .
4 KiK3 R ks (@2 — 11— ka(2—1)°

We can minimize this expression further with a subsequent X,Y-measurement. This is,
however, a matter of interpretation if one would like to view measurements as a pairwise
succession or whether this should be considered as a simultaneous measurement of four
quantities. A further option would be to exploit the explicit occurrence of the L -operator
and take this complication here as a hint that the angular momentum variables are possibly
a more natural set of variables. We leave this problem for future investigations. Similar
expressions are obtained for the choice k3 > k3.

5. Conclusions

We have demonstrated that dynamical noncommutative space-time relations will inevitably
lead to deformed oscillator algebras. Taking some well studied oscillator algebras with the
useful property that the entire Fock spaces associated to them is explicitly constructable as
a starting point, we derived some very general commutation relations (B.19)-(B.15) for the
dynamical variables. Since these relations are rather cumbersome, we investigated some
specific limits leading to simplified and more tractable variants, whose properties can be
discussed more transparently. All of these special limits led to minimal lengths in the two
dimensional space and mostly to minimal areas which we have calculated explicitly ({.5).

There are some obvious further problems following from our considerations. First of
all it would be very interesting to explore the consequences of taking different types of
deformations as starting points and derive the resulting dynamical commutation relations.
Secondly it would be interesting to consider explicit models on these type space-time struc-
tures and thirdly but not last a generalization to three dimensional space would be highly
interesting. The latter will almost inevitably lead to minimal volumes.

— 12 —
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