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Theoretical Analysis of a Non-Symmetric
Polarization-Maintaining Single-Mode Fiber
for Sensor Applications

Mohammad Karimi, F. Surre, Tong Sun, K. T. V. Grattan, W. Margulis, and P. Fonjallaz

Abstraci—An  asymmetric  polarization-maintaining  single-
mode fiber with one side-hole being incorporated into the fiber
cladding has been investigated analytically in this work for po-
tential pressure measurements. The material birefringence of the
fiber is calculated using a thermo-elastic displacement potential
method through the superposition of sectional displacement po-
tentials. The results obtained are generic and are thus applicable
to any one-hole fiber structures, should the hole diameter or
position vary in the fiber cladding, or the fiber hole be empty or
filled in with any material. This enables the analysis to he applied
more widely in a range of optical fiber sensor applications.

Index Terms—Displacement potential, fiber optic sensor, polar-
ization-maintaining fiber, side-hole fiber, thermo-elastic.

l. INTRODUCTION

IBER optic sensors have developed rapidly over the last

threec decades [1]-[3], incorporating novelty both in fiber
structural design and in the sensing mechanisms used. They
have shown advantages over conventional sensor technologies
by being of small size, showing immunity to electromagnetic in-
terference and resistance to chemical attack, for example, thus
showing potential for both industrial and other practical mea-
surement applications [4]. Among these, high-birefringence op-
tical fibers have been widely explored for their potential for a
vaniety ol sensor applications, for example, for pressure mea-
surements. High-birefringence optical fibers, such as fibers with
an elliptical core or elliptical inner cladding, bow-tie, panda and
photonic crystal fibers, have been widely investigated both nu-
merically [5] and analytically [6], [7] and some of them have
been made commercially available. All these fibers have shown
symmetric structures in their designs.

This paper aims to explore the birefringence characteristics of
fibers with non-symmetric structures by using a new analytical
method to analyze one specialist polarization maintaining (PM)
fiber containing one side-hole in the fiber cladding. To do so,
a Poisson equation is used in this work to determine the stress
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Fig. 1. One-hole PM fiber which has a core diameter 2q of 8.7 ;:m and hole
diameter 2j; of 30 jym. The distance between the right edge of the core lo the
left edge of the hole, d — o — h, i8 9 ym.

distribution over the fiber cross-section by using cylindrical co-
ordinates and a displacement potential formulation. The total
stress in the fiber can thus be obtained with the superposition
of the displacement potentials derived from each section of the
fiber structure as the potential is a scalar.

II. ANALYTICAL METHOD

When the length of a fiber is sufficiently long (when com-
pared to the fiber diameter) the calculation of stress in the fiber
can be considered to be based on an infinite cylinder and there-
fore the 3-D strain measurements can be converted into 2-D
measurements in polar coordinates either by superposing axial
axis or by considering the axial strain to be zero if the external
force is applied in a direction perpendicular (o the fiber axis.

Fig. 1 shows schematically a PM fiber with one side-hole in-
cluded in the fiber cladding. Thus the birefringence of the fiber,
I3, can be determined from [7]

D= Clo, —og)cos20 = 2Co,psin 20( A7 = Adg)l (1)

where ¢ = 3.36 x 10 ® mm?/kg is the stress-optic cocfficient
of fiber, =, and =y are stress components in polar coordinates,



respectively, and o, is a shear stress and these parameters can
be given by [7]
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again where E = 7830 kg/mm? and v = 0.186 are Young’s
modulus and Poisson’s ratio, respectively. £ is a sum of a total
thermo-elastic displacement potential ¢ and Airy stress function
A given by

E=¢+ A )

The total thermo-elastic displacement potential ¢ is dependent
on the fiber material and shape and is also related to the product
o T across the fiber cross-section expressed by the Poisson
equation [8]

1+v

V2o = 4T, V=T i=1,2.3 (6)

((YL — (X« ))
where index 7 refers to the region in the fiber, i = 1 refers to the
fiber core and i = 2 and i = 3 refer to the fiber cladding and
hole, respectively. v is Poisson’s ratio and « is thermal expan-
sion coefficient and 7" = 1650°C is glass melting temperature.

Through the calculation of Poisson equation (6) for each sec-
tion of the fiber, i.e., fiber core, cladding and hole, respectively;
each sectional thermo-elastic displacement potential, ¢;, with ¢

referring to the same sectional regions in the fiber as shown in
(6), can thus be described as
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where K, K>, K| and K, are constant values and d is the

distance between the centres of the fiber and of the hole and
also o has a constant value.

In this work the Airy function is used to calculate the ¢ as
expressed in (5) and it is given by [7]

A(r,0) = bO’l'2 + Z (a-n"'n + b, ™

n=1

) cos(nf)  (11)

where Y denotes summation over all of n ranging from 1 to
oo and the coefficients a,, and 6,, will be determined by using
boundary conditions, which can be expressed as

o, =0,4 =0, whenr =b. (12)
Based on the boundary conditions in (12) and taking into ac-
count of the superposed sectional thermo-elastic displacement
potentials (¢ = @1 + @2 + 3) illustrated in (8) and (10) and
the Airy stress function A, £ can be expressed as
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In order to obtain the (13), a Green function is used
1
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Thus, the constant parameters shown in (11) can be given by
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As aresult, all the stress equations can be derived by substituting
(16), (17), and (18) into (11).

As illustrated in (5), the Airy stress function A and the total
thermo-elastic displacement potential ¢ are independent param-
eters therefore their respective calculations can be done sepa-
rately. This indicates that their associated fiber stress compo-
nents can be calculated separately before being combined to
form a total fiber stress. Following this, (2), (3) and (4) can be
further expanded as follows for the Airy function:
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where superscript ‘A’ refers to Airy function.
Further, results obtained for inside the core are as follows:
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And the results obtained for the cladding are
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The total stress of the fiber can be obtained by adding all the re-
lated stress components together, i.e., > and o' or g 12dding
for the core or the cladding, respectively.

As a result, (2)—(4) can be modified accordingly to be as
follows:

G, = 0_? + USore/C.laddmg (28)
A Core/Claddi

o9 = 0_5\ + o ore/Cladding (29)
A Core/Cladding

Org = Oy + T.p / . (30)

Finally, the fiber birefringence will be obtained by substitute
(28), (29) and (30) into the (1).

The above detailed calculation has been aimed to determine
the relationship between the birefringence of a one-hole fiber
and several key parameters of the fiber structure, including the
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Fig. 2. Radial stress distribution in one-hole fiber as a function of radial dis-
tance r. (a) Radial stress distribution within the fiber cross-section with a hole,
i.e., when ¢ varies from 0° to 30°. (b) Radial stress distribution within the fiber
cross-section outside the hole region when ¢ varies from 30° to 90°.

size of the hole, the fiber materials, the hole position and the
filling material inside the hole.

ITI. VALIDATION FOR SPECIALLY FABRICATED FIBER DESIGN

The fiber design shown in Fig. 1 was specially chosen for
this case study as it has been successfully fabricated by col-
leagues at ACREO, Sweden. The fiber has a hole diameter (24)
of 30 ;m and the distance between the right edge of the core
to the left edge of the hole, d — a — h, is 9 pm. The fiber
core diameter (2¢) is 8.7 ;2m and clad diameter (2b) is 125 ;m,
ap = 2.125 x 107%°C~! and a3 = 5.4 x 1077°C~! are core
and cladding thermal expansion coefficients, respectively. The
hole in the fiber is empty, i.e., there is no specific material being
filled in.

Equations (28) and (29) are used to calculate the variation of
radial stress (o,.) and circumferential stress (o), respectively,
as a function of r with different angle # and the simulation results
obtained are shown in Figs. 2 and 3. Fig. 2(a) illustrates the
stress distribution in a fiber section where the hole is included,
i.e., when & varies from 0° to 30° and Fig. 2(b) shows the stress
condition outside the hole region. Under both circumstances, it
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Fig. 3. Circumferential stress distribution in a one-hole fiber as a function of
radial distance. (a) Circumferential stress distribution within the fiber cross-sec-
tion with a hole, i.e., when ¢ varies from 0° to 30°. (b) Circumferential stress
distribution within the fiber cross-section outside the hole region when ¢ varies
from 30° to 90°.

is noticed that the radial stress varies with the increase of  but
reach smoothly to zero as the radial distance moves towards the
fiber boundary.

In Fig. 2(a), the radial stress has shown to decrease with the
increase of r until when 7 is approaching the cladding boundary
with the hole where a minimum stress has been observed. The
stress profile inside the hole region in Fig. 2(a) is not shown as,
under the simulation conditions, there is no material filling and
therefore the stress is zero. At the cladding/hole boundary, some
negative stress has shown to indicate the region is under com-
pression. In Fig. 2(b), the radial stress has shown the decrease
with the increase of r apart from the region which are affected
by the existence of the hole when r scans from # = 30° to
# = 45°. Fig. 3 shows the circumferential stress, respectively,
as a function of r with different angles, . It is noticeable that
all the circumferential stress inside the fiber has been demon-
strated to be negative, indicating the compression condition of
the fiber. Again in Fig. 3(a) it has demonstrated a discontinuous
profile due to the existence of the hole and the circumferential
stress inside the hole is zero. In Fig. 3(b) a decrease of the com-
pression has been observed with the increase of r apart from
the region affected by the hole when r scans from # = 30° to
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Fig. 4. Stress distribution across the cladding.
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Fig.5. Birefringence distribution in a one-hole fiber core as a function of angles
#. (a) Edge of the core. (b) Cross of the core

# = 45°. As shown in Fig. 3(b), in the region where there is
no hole, a zero stress can be eventually reached at the edge of
the fiber cladding, Fig. 4 shows a contour graph indicating the
stress distribution across the fiber cladding. It is noticeable that
the existence of the hole has changed the stress distribution pro-
file within the fiber cladding. The stress is shown to be negative
in some parts (dark blue) and positive (light blue) in others, with
the maximum stress being near the fiber core.

In this graph stress inside the core (small white hole) and the
hole (large white hole) is not considered.

Based upon the above, the fiber birefringence, as shown in
(1), can be obtained. Fig. 5(a) and (b) show an expanded view
of the birefringence in different directions. The stress-induced
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Fig. 7. Interference pattern from the Sagnac loop interferometer.

material birefringence of the fiber core shows birefringence at
# = 0 is maximum (8.2 x 10™°) then birefringence sinusoidal
decrease until it reach to a minimum at # = 180.

IV. EXPERIMENTS

In order to verify the above theoretical analysis, an experi-
mental system, showing the potential for sensor applications, is
set up and illustrated in Fig. 6.

As shown in Fig. 6, a 320 cm length of a PM fiber and a po-
larisation controller were fusion spliced between the two output
ports of a directional optical coupler to form a Sagnac loop in-
terferometer. One end of the interferometer is coupled to an op-
tical broadband CW light source (with maximum output power
of 3.42 mW and a central wavelength of 1550 nm with 55 nm
bandwidth). The other end of the interferometer is connected to
an optical spectrum analyzer, where the interferometer pattern,
as shown in Fig. 7, can be seen.

As indicated in Fig. 7, the wavelength spacing between the
peaks (A)) is 9.26 nm. Generally the birefringence is inversely
proportional to the wavelength separation between two output
transmission peaks of a Sagnac interferometer [9]-[11] as illus-
trated in (31)

€29

Therefore, the Birefringence of the fiber can be calculated to be
8.0 x 10~? and this is very close to the theoretical results shown
in Fig. 5. This result, however, has shown lower birefringence
by comparison to that of most commercial fibers, such as panda
fibers, to be approximately 4 x 10~*. But this fiber is more sen-
sitive to directional force compared to other symmetrical fibers
such as panda and bow-tie fibers.

In summary, the above theoretical and experimental data have
further confirmed the potential of this specialist fiber to be used
as a sensor, for directional force measurements, which has been
published elsewhere [12]

V. DISCUSSIONS AND RESULTS

This paper has demonstrated successfully the use of a generic
analytical method to calculate the birefringence and stress pro-
file for non-symmetric fibers. This has been achieved through
the superposition of sectional thermo-elastic displacement po-
tentials coupled with the calculation of the Airy stress function.

This method is generic and thus can be used for any fiber
birefringence analysis with or without the hole being filled with
materials. The simulation results obtained have shown both a
stress distribution inside the asymmetrical fiber as well as bire-
fringence in the fiber core. In most cases non-symmetric fibers
may demonstrate similar characteristics to symmetrical fibers
when there is no external perturbation, but when non-symmetric
fibers are used as sensors, they tend to demonstrate higher sensi-
tivity to external changes, therefore it is important to have an op-
timized design of the fiber structure to enable a better sensor per-
formance and this can be achieved by using the above method.
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