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A fundamental quantity in 141 dimensional quantum field theories is Zamolodchikov’s c-function.
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1 Introduction

Branch point twist fields are on the one hand twist fields, that is they are associated to an
internal symmetry of the theory under consideration, and on the other hand they are related
to branch points of multi-sheeted Riemann surfaces. The idea of quantum fields associated to
branch points of Riemann surfaces appeared in [I], where their scaling dimension was evaluated
in conformal field theory (CFT) (see also [2] for an earlier work concerned with similar ideas).
Their general description as twist fields associated to a symmetry was given in [3], where they
were studied in integrable massive quantum field theory (QFT). This description is independent
of integrability, and it was first used in massive QFT outside of integrability in [4].

Branch point twist fields arise quite naturally in the context of the computation of the bi-
partite entanglement entropy [Il [3]. In that context it is convenient to study “replica” versions
of QFTs consisting of a number n of non-interacting copies of the original model. A twist field
T is then associated to the Z,, symmetry of the extended model under exchange of the copies.
More precisely, the field’s action is characterized by

VT (x) = T(@)Vialy) a'>y'
Ui(yT(x) = T@)¥y) ' <y (1.1)

where W, (y) represents any field of the theory in copy 4, and i = 1,...,n with the identification
n + 4 = 1. With the characterization above the twist field is a local field of the replica theory,
because the energy density of the replica theory is invariant under permutation of the copies.
In addition, the usual interpretation of QFTs as perturbed conformal field theories implies that
any local field of the QFT, including the twist field, has a counterpart in the ultraviolet CF'T.
Branch point twist fields have the further requirement of being spinless and that this counterpart
be a conformal primary with the smallest scaling dimension. Then, CFT arguments show that
branch point twist fields have conformal dimensions (A7, A7)

- c 1
Ar=Ar=— - — 1.2
T=AT=5; <n n> , (1.2)
which are functions of the central charge ¢ and the number of copies n [II 2].

Since the twist field is associated to a primary field of the underlying CFT, the A-sum rule
[5] can be employed. This is a rule which provides a means to recover the value (LZ) from
correlation functions in the massive theory. More precisely, it is the statement that the function
A(r) whose derivative is

dA(r) T ((O(r)T(0)®r2), — (©)®2), (T)(®2),)

— , 1.3
dr 2<T>(R2)n ( )

with A(co) = 0, satisfies A(0) = A7. The subindices (R?),, mean that all correlation functions
must be considered on n copies of R?, where the twist field is defined.

The geometrical meaning of the ratio above becomes clear when twist fields are interpreted
in terms of branch points:

(O(r)T(0)®2),,
(T)®2),
where (O(7)) pmp is the expectation value of the trace of the stress-energy tensor on an n-sheeted

Riemann surface with a branch point at the origin and a branch cut in R™. The various Riemann
sheets are sequentially joined to each other along the branch cut, as described in detail in [3].

—(©)@2), = ((O(M)ay — (O)rz) (1.4)



In ([T4), we used the following steps: 1) in the n-copy model, © is the sum of the stress-energy
tensor traces on the various copies, (O(r) -+ )(r2), = >_7_1(©;(r) -+ )(®2), and the copies are
independent, hence (©)g2), = n(O)g2; 2) with the twist field insertion, the point (r,0) on copy

J is mapped to the point (r;,0) on sheet j of the Riemann surface % = (O(rj)) mz;
E2)p,

3) the trace of the stress-energy tensor is spinless, and the theory on the Riemann surface is
rotation invariant (w.r.t. the origin), so that (©(r;))mz is independent of j, giving (IL4).

Integrating (L3]) between 0 and oo we find A(co) — A(0) = —A7, a statement that has been
exploited for example in [I] as an alternative means to deduce the short distance behaviour of
the entropy in CFT. Integrating (L3]) instead between some value ¢ and oo we obtain a function
—A(rp) which “measures” the scaling dimension of the twist field at all energy scales between
the UV and IR fixed point along the renormalisation group (RG) flow.

The derivation of (IL3]) carried out in [5] relies heavily on the conservation law of the stress-
energy tensor in much the same way as does the derivation of Zamolodchikov’s c-theorem
[6] which can be found for example in [7]. Zamolodchikov’s c-theorem states that in a 1+1-
dimensional unitary QFT the function ¢(r) defined by

de 3r3

= = =2 (00O @), — (O, ) (1.5)
with ¢(00) = 0, has three fundamental properties: it is monotonically decreasing along RG-flows;
it is positive or zero for all values of r and its derivative given by (L5 vanishes only at fixed
points r = r,. At those points ¢(r,) = ¢, the central charge of the CFT describing the critical
point. These properties can be easily established from the definition (L5l and the properties of
the trace of the stress-energy tensor. Note that since r is an energy scale, the only fixed points
are at r = 0 and r = oo; but in certain cases, where the RG flow approaches other fixed point
at finite energy scales, a plateau structure is observed (see the famous example []] for a related
scaling function, and other works, e.g. [10L[11], where the c-function has been studied for various
models).

It is clear that for » = 0,00 the functions A(r) (L3)) and c(r) (LH) are proportional to
each other through (IL2). However, given the rather different nature of the correlation functions
involved one would naturally expect that

A(r) % (n - %) for r # 0, 00. (1.6)
Indeed for the Ising model, it is possible to obtain exact formulae both for ¢(r) and A(r) which
confirm (LG). Interestingly, they also show that the two functions are qualitatively very similar
so that one may ask whether or not A(r) in general satisfies the properties of a c-function stated
above. The first suggestion that a new c-theorem could be formulated for the function A(r)
subject to negativity of (L3)) appeared in the work [I]. Given the connection between the twist
field 7 and the entropy, it is also interesting to mention the work [9] where a new c-function
directly given in terms of the entanglement entropy was proposed.

The idea that ¢(r) and A(r) should be qualitatively similar beyond the Ising example is
strongly supported by results obtained in [I2]. The similarity between the functions ¢(r) and
A(r) can be best appreciated by comparing Fig. 1 in [I0] to Fig. 1 in [12]. In particular, in [12],
a plateau structure is observed for A(r), with plateaus at the same energy scales as those of
¢(r). These results have provided the initial motivation to carry out the present investigation.

The aim of this letter is to provide arguments supporting the conjecture that A(r) satisfies
the properties of the c-function.



2 Properties of A(r)

Based on expected properties of unitary QFT, we will argue that
<@(T)>M61 — (O)r2 <0 VO<r<o. (2.1)

Further, consider a model described by a CEFT perturbed by a primary spinless field ¢ of con-
formal dimensions A = A < 1/2,

A=Acrr -+ [ @26l (2.2)
where Acpr is the action of the underlying CFT on R?. Then, we will show that

(O vy — (O)ga o r22G—D (2.3)

asr — 0.
From (3], Equation (ZI) ensures that A(r) < 0, hence implies monotonicity of A(r). The
property of positivity A(r) > 0 for 0 < r < co then automatically follows by integration of (L3)),

n

A =5 [ dss (©)ar; — (©)s2) (2.4)

which converges by factorization of correlation functions at large distances and automatically
implements A(co) = 0. Equation (1)) says that A(r) can only vanish at 7 = 0 or r = co, the
fixed points of the RG flow. It does so at r = oo thanks again to factorization at large distances.
Thanks to (23] and (L3)), it also does so at r = 0 for all n, using the assumption that A < 1/2.

It is interesting to note that these properties do not necessarily hold for operators other than
the branch point twist field. The results of [10] (Figs. 2 and 3) and [I1] (Fig. 3) show explicit
examples of fields for which the monotonicity property of A(r) does not hold.

Zamolodchikov’s positivity principle, used to prove the c-theorem, does not work here, so we
develop new arguments: 1) analysis of the IR and UV regions using form factor expansions and
perturbed CFT, respectively; 2) general QFT-based intuitive arguments.

2.1 Neighbourhood of the IR and UV fixed points

We begin by considering the large distance region. In the two-particle approximation we write

0, d9 . E% 0,0\
n ({007t — (O Z / 2 @| b(91’92)< 2 (;; 2)) ¢—rmlcosh 01 +cosh 0)

(2.5)
where for simplicity we assume that we have, on the right-hand side, n copies of a QFT with
a single particle spectrum. The functions above are defined as Fflab(é?l, 02) := (0]O(0)]01602) ap,
where |0) is the vacuum, |6162)4, is a two-particle asymptotic state, and 60 o are rapidities.

For integrable models, the twist field form factor is known to be

(ﬂ ab
Tlab _ sin ( ) me(9 ’I’L)
By 7(01,02) = — L (iﬂ(Q(a—b) 1)+9) h<i7r(2(b—a)—1)—6) F (ir,n)’ (2.6)
sinh ( —=—,—>— ) sinh ( —=———) H'min\!"",
and the © form factor,
a 1
Fy'™(61,65) = 27m? Pty (6. 1) Oabs (2.7)

Fab ( 1)

min



with @ = 61 — 02 and (7)) the vacuum expectation value of the twist field. The normalization of

the form factor of O, F. = 2mm?, is fixed as explained in [14]. Form factors with a # b

are zero. F% (6,n) are the minimal form factors, analytic solutions to the equations

@|aa( )

Fab

min

(0,n) = Sap(0)F28

min

(—0,n) = F

min

(2min — 6,n), (2.8)

for any a,b=1,...,n.
Inserting these expressions into (2.5), we can write

(2.9)

m2sin® | mr cosh £ x,
n(<@<r)>Mg—<e>R2):_7n/deo@ h )FU( 1) F ()

min min
27 coshZ —cos X FU (im, 1) FLL (im,n)*’

min min

— 00

where K((t) is a modified Bessel function.

Clearly, the sign of (29) is only determined by the minimal form factor product, as all the
other quantities in the integrand are positive. It turns out that for integrable models of the type
considered here, the minimal form factor always admits some integral representation of the form

FX (z,n) = exp /OOO L(t))sirﬁ [% <n+ ﬁ)] , (2.10)

t sinh(nt T

where f(t) is a real function which depends on the scattering matrix of the model. The minimal
form factor is in general a complex function, however the product

1—cosi cosh nt 1-— cos L cosh ¢

smh nt + smh t

Rl P ) = e [~ Grto) ( ). e

is real and positive. This shows that near the infrared fixed point (mr large) the function A(r)
defined in ([3]) is negative. In addition, the presence of the exponential ([2.5]) ensures that the
value of the integral is larger for smaller values of mr. Note that for fields other than the branch
point twist field, there is no reason to expect that the present argument, which depends on the
particular form of the form factors, gives negativity.

A model in which the correlation function involved in (3] is known exactly is the Ising field
theory. In this case, the two-particle approximation (2.3l) is exact, and we have [15] [16]:

0
F2™M(0) = —2mim? sinh 5 (2.12)
We may directly adapt our formula (Z9) to the Ising case

Ko(2mr cosh §) sinh 5~ sinh §

X T
cosh £ - —cos

(@mwwwmmz~—m%—/ S @)

by employing F1! (z,n) = —isinh 5. This shows negativity for all 0 < mr < ooc.

Let us now turn to the short distance behavior of (L4)), using (2.2]). On dimensional grounds,
the coupling constant g is related to a mass scale m as g ~ m?~22, and we will take g > 0 and ¢
“positive” (see the next subsection) so that the spectrum of the theory is bounded from below.

There is a direct relationship between the perturbing field and © in the massive model,

O(z,2) = dmg(1 — A)b(z, 2). (2.14)



For A < 1 this equality is exact in the sense that no higher order corrections in g occur [17].
The expectation value (O(r)) sz can be evaluated through the operator product expansion
(OPE) of the left-hand side of (L4]). Keeping (2.I4)) in mind, we write

(6(r)T(0)) g2, {Ow) ®2),
<T>(]R2) Z Chr(r) Tan, (2.15)

in terms of some fields O, of the massive QFT. Considering the zeroth order of conformal
perturbation theory [I3], we directly replace the structure functions by their CFT value. The
leading term of the expansion (ZI5]) will involve a field Op, written as the composite field : ¢T :,

(0(r)T(0)) ®2), _ (9T 2(A T —A—AT) (: 0T ) ®2).,
<T>(R2)n ¢T <T>(]R2)n

(2.16)

C’;?]’z’:r2(A:¢T:7A7AT) in
terms of the conformal dimension of the new field A.47., and a dimensionless constant C :Q;T:.
It is possible to fix A.47. by comparing the OPE above to the standard CFT computation

of a correlation function of the form:
> - 2A(L-1)
AT INE — (g1, 0. D)ty = g GO OV S @), S @)+
(T)®2),
(2.17)
where r = |z| = v/2Z and f(z) = 2w is the conformal transformation that unravels the Riemann
sheets conformally mapping them to R?. The last equality is a short distance expansion. Here

O is an arbitrary product of local fields, not necessarily primary, at positions represented by the
sets ,x. From the comparison between ([216) and [2.I7) we can fix

where we have used dimensionality arguments to re-write C;érT: (r) =

A ~ T 1
Agg=—+A7 and ol = & (2.18)
We can then use (2.14), (2I6) and (2I8) to rewrite the difference (I4]) as
af(mr)?AG—D
(O(r) sy — (O)g2 = m? < & —p |+ (2.19)
where 47g(1 — A) = am?22 | (O)p2 = um? and
coT
GOT ey — Bm>, (2.20)

(T (r2).,

and «, § and p are all dimensionless constants. With n > 1, this shows (23)).

Clearly a > 0 if A <1/2 and g > 0. Hence, negativity of (ZI9) at short distances requires
B < 0. Although expectation value (7) (R?), 1s positive as it represents the partition function of
the theory on the manifold M{ (the exact value for the Ising model is always positive [3]), we
do not have a derivation of the negativity of (: ¢7 :)g2), (it follows from the arguments of the
next subsection). For the Ising model, (: ¢T :)(ge2), may be evaluated explicitly using [2.I3)):

m? m 1 1\? 1y
n (<@(T)>Mg — (O)g2) = _712—% cos o r (5 — %> (mr)n for mr < 1. (2.21)

The leading mr behaviour is as expected (with A = %) and the overall sign is indeed negative.



2.2 General arguments

We have established that (2] holds for large distances in a large class of integrable models,
and we have shown (23] in general. Further, formula ([2I3]) for the Ising model shows that (2.1])
holds for any mr in this case. We now provide model-independent arguments, based on expected
physical properties of unitary models, strongly suggesting that (2.1]) holds for arbitrary values
of mr. Here, we use in an essential way the geometric interpretation of the branch point twist
field, hence these arguments do not apply to any other field.

Note that proving (21]) (for n > 1) is equivalent to showing that

d
- ((©(r))mz) <O. (2.22)
Indeed, if (O(r)) pmp decreases with n, then so does (O(r)) pmp — (O)r2. Hence, the largest value

of the latter for n > 1 is at n = 1, where it is 0 because Mgzl = R2. Similarly, if

% ((0(r)aig) > 0. (2.23)
then (2] follows, because of factorization of correlation functions at large r. In particular,
establishing (Z23]) immediately shows negativity of the coefficient 5 in (Z:20]).

Our main argument uses the idea of virtual particle propagation. We re-interpret unitarity
as “positivity” of the perturbing field ¢ (hence of ©): ¢ should be an appropriate normal-ordered
(i.e. renormalized) product of an operator ) and its hermitian conjugate, ¢ = (1/71)), in analogy
with the factorization of positive-definite matrices. Then contributions to the expectation value
(©(r)) pmp come from virtual particles created and annihilated at the point (r,0), and propagating
in M{. Every path contributes a positive amplitude proportional to the exponential of minus the
single-particle Euclidean action (i.e. the Brownian motion measure of the path), with possible
branching due to interactions. Some of these paths go around the origin. As the angle around
the origin 27n increases, these self-interaction contributions become less important, because
the distance traveled is greater. Whence the derivative with respect to n is negative, giving
(Z22). A similar argument leads to (Z23]) for n > 1. Indeed, as r decreases, more and more
self-interaction loops must travel around the origin, hence giving lesser contributions.

A way to study the self-interaction loops around the origin is to use angular quantization.
Let us consider as an example the Klein-Gordon theory, and explicitly show (222)) in this case.
Angular quantization was developed quite generally in |20} 2] in the context of form factors in
integrable models; the Klein-Gordon angular quantization described in [2I] allows us to evaluate
correlation functions. The construction of the branch point twist fields in angular quantization
was described in [3]. Let us summarize few key ingredients.

We are interested in the operator © oc: ¢? : where ¢ is the Klein-Gordon field; the normal-
ordering is a point-splitting regularization, with a subtraction proportional to the identity. We
first compute the two-point function (¢(r,0)p(r’,0)), then take the limit » — 7/. In the angu-
lar quantization approach, correlation functions are expressed as traces over the space of field
configurations on the half-line (representation denoted by 7z). The density matrix used in this
trace is the operator performing a rotation by the angle necessary to go around the origin. The
corresponding conserved charge associated to rotation, denoted by K, is the Hamiltonian of the
theory. The presence of the branch-point twist field means that the angle around the origin is
27n. Hence, the density matrix is ™"

TrnZ (627TinK7TZ(' . ))
TI“FZ (627rinK)

(- hmp = (2.24)
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For the Klein-Gordon theory, 7wz is a representation of the Heisenberg algebra with oscilla-
tors b, that satisfy [b,,b,] = 2sinh(7v)d(v + v/). Then, the following relation holds [3]:

2min K .
TrﬂTZr 7(; - :;(f;m) _ an%%é (v + V). Further, the bosonic field is expressed as is [21]
wz(p(r,0)) = —/ dvb, K;,(mr) with K;,(mr) = —/ dfe=mmr cosh0ivd (2.25)
™ J_—c0 2 —00
Employing all these definitions, the two-point function can be written as
4 [ sinh(mv)
/ s /
{p(r, 0)p(r, 0)) sy = — /OO dve "“mlﬁ (mr)K_iy, (mr'). (2.26)

Since the conformal point is a free boson, this function diverges logarithmically when r — 1/
However, this divergence is independent of n, whence we differentiate then take r = r':

d(: o(r,0)* ) ap /OO sinh(7v)
— 4 UL

d
dn S Y inh? (mnv)

This establishes (2Z22]) for the Klein-Gordon theory.
For more general, unitary models, the argument goes as follows. The operator K, as it does
above, should have positive imaginary eigenvalues in order for the trace (Z24)) to be well-defined.

| K (mr)|> <0 for mr #0. (2.27)

Hence, let us write iK' = —J for a positive operator J. Differentiating with respect to n, we find
d
2 {0, 0)) gy = —2m (Jo(r, 0)) = (Tyapz (D(r,0)) mz ) - (2.28)

Since the measure is rotation invariant, and since J is proportional to the generator of rotations,
we have ([J,¢(r,0)])pmz = 0. Hence, J and ¢(r,0) can be interpreted as “classical” statistical
variables, and the derivative with respect to n is the negative of their statistical correlation.
We expect this statistical correlation to be positive: the statistical variable J is an “energy”,
composed of a kinetic energy (the conformal part) and a potential energy V (the perturbation
by ¢). Indeed, a moment’s thought shows that if the average potential energy (V) at fixed
total energy J increases with J, as should be expected, then J is positively correlated with V.

Finally, let us further justify the latter angular-quantization argument through a drastic
simplification. Instead of propagating a half-line around the origin for an angle of 27n, we
reduce to a finite number of degrees of freedom: we consider the propagation of a quantum
mechanical particle along a circle of circumference 27n. This simplification is expected to
provide the right sign of the variation with respect to n, which comes from particles propagating
around the origin. The operator J is replaced by the Hamiltonian H of the quantum system,
and the perturbing field ¢(r) is replaced by the potential energy V. The trace becomes

[ dz V(@) (zle”>|x)
[ da (zle=2mH )

Since quantum mechanics in imaginary time corresponds to a stochastic problem, we need to
evaluate the average of the potential V' (z), with an un-normalized measure given, for any value
of the position x, by the probability for a random walk in that potential to start and end at
x in a time 27n (more precisely, to come back to a position in a small, fixed neighborhood
[x — d,x + d]). As time increases, this probability decreases for any z. However, at lower values
of the potential, nearer to the absolute minimum, the additional time given to the particle is
more likely be spent near to its original position than it is at larger values, because the particle
has a tendency to fall back to the minimum of the potential. Hence, as time increases, lower
values of the potential get more relative weights. This implies that the average of the potential
decreases as the time 27n increases.

(2.29)



3 Conclusion

24nA(r)
n?—1

([24)) satisfies Zamolodchikov’s c-theorem even though it is not Zamolodchikov’s c-function.

We employed several types of arguments and techniques to establish our main conclusion.
First, we used a form factor expansion to show that A(r) is monotonically decreasing for large
distances; second we used the OPE of operators © and 7 to investigate the short distance behav-
ior of A(r). For the Ising and Klein-Gordon models we proved that A(r) is also monotonically
decreasing for all . We then argued, from various physical ideas, that this holds for general
unitary models. It would be very interesting to put these arguments on a more solid basis by,
for instance, explicit perturbative calculations.

In this paper we have provided evidence that the function é(r) = with A(r) given by
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